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PREFACE  TO  TAUT  I. 


The  work,  of  which  tho  part  now  issued  is  a  first  instal- 
ment, has  been  compiled  from  notes  made  at  various  periods 
of  the  last  fourteen  years,  and  chiefly  during  the  engagements 
of  teaching.  Many  of  the  abbreviated  methods  and  mnemonic 
rules  are  in  the  form  in  which  I  origiually  wrote  them  for  my 
pupils. 

The  general  object  of  the  compilation  is»  as  the  title 

indicates,  to  present  within  a  moderate  compass  the  funda- 
mental theorems^  formulad,  and  processes  in  the  chief  branches 
of  pure  and  applied  mathematics* 

The  work  is  intended,  in  the  Erst  place,  to  follow  and 
supplement  the  use  of  tfie  ordinary  text^books,  and  it  is 
ananged  with  the  view  of  assisting  the  student  in  tho  task  of 
roYision  of  book-work.  To  this  end  X  have,  in  many  oases, 
merely  indicated  the  saUent  points  of  a  demonstration,  or 
merely  referred  to  the  theorems  by  which  the  proposition  is 
proved.  I  am  convinced  that  it  is  more  beneficial  to  the 
student  to  recall  demonstrations  with  such  aids,  than  to  read 
and  re-read  them.  Let  them  be  read  once,  but  recalled  often. 
The  difference  in  the  effect  upon  the  mind  between  reading  a 
mathematical  demonstration,  and  originating  one  wholly  or 


Digitized  by  Google 


iv 


FBBFAOB. 


partly,  is  very  great.  It  may  be  compared  to  the  diffcrenco 
between  the  pleasure  experienced,  and  interest  aroused,  when 
in  the  one  case  a  traveller  is  passively  conducted  through  the 
roads  of  a  novel  and  uuexpiored  country,  and  in  the  other 
case  he  discovers  the  roads  for  himself  with  the  assistance  of 
a  map. 

In  the  second  place,  I  venture  to  hope  that  the  work, 
when  completed,  may  prove  useful  to  advanced  students  as 
an  aide-memoire  and  book  of  reference.  The  boundary  of 
mathematical  sdence  forms,  year  by  year,  an  ever  widening 
circle,  and  the  advantage  of  having  at  hand  some  condensed 
statement  of  results  becomes  more  and  more  evident. 

To  tlio  original  investigator  occupied  with  abstruse  re- 
searches in  some  one  of  the  many  branches  of  mathematics,  a 
work  which  gathers  together  synoptically  the  leading  propo- 
sitions in  all,  may  not  therefore  prove  unacceptable.  Abler 
hands  than  mine  undoubtedly,  might  have  undertaken  the  task 
of  making  such  a  digest ;  but  abler  hands  might  also,  perhaps, 
be  more  usefully  employed, — ^and  with  this  reflection  I  have  the 
less  hesitation  in  commencing  the  work  myself.  The  design 
which  I  have  indicated  is  somewhat  comprehensive,  and  in 
relation  to  it  the  present  essay  may  be  regarded  as  tentative. 
The  degree  of  success  which  it  may  meet  with,  and  tho 
suggestions  or  criticisms  which  it  may  call  forth,  will  doubU 
Iq:  i  have  their  effect  on  the  subsequent  portions  of  tho  work. 

With  respect  to  the  abridgment  of  the  demonstrations,  I 
may  remark,  that  while  some  diffuseness  of  explanation  is  not 
only  allowable  but  very  desirable  in  an  initiatory  treatise, 
conciseness  is  one  of  tiie  chief  requirements  in  a  ?rork  intended 
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for  the  purposes  of  re\nsioii  and  reference  only.  In  order, 
howeyer,  not  to  saorifice  cleamesB  to  condseness,  much  more 
labour  has  been  expended  upon  this  part  of  the  subject-matter 
of  the  book  than  will  at  first  sight  be  at  all  evident.  The  only 
palpable  result  being  a  compression  of  the  text,  the  result  is 
80  far  a  negative  one.  The  amount  of  compression  attained 
is  illustrated  in  the  last  section  of  the  present  part,  in  which 
more  than  the  number  of  propositions  usually  given  in 
treatises  on  Geometrical  Conies  are  contained,  together  with, 
the  figures  and  demonstrationB,  in  the  space  of  twenty-four 
pages. 

The  foregoing  remarks  have  a  general  application  to  the 
work  as  a  whole.  With  the  view,  liowever,  of  making  the 
earlier  sections  more  acceptable  to  beginners,  it  will  be  found 
that,  in  those  sections,  important  principles  haye  sometimes 

been  more  fully  elucidated  and  more  illustrated  by  examples, 
than  the  plan  of  the  work  would  admit  of  in  subsequent 

divisions. 

A  feature  to  which  attention  may  be  directed  is  the  uni- 
form system  of  reference  adopted  througbout  aU  the  sections. 
With  the  object  of  facilitating  such  reference,  the  articles  have 
been  numbered  progressiyely  from  the  commencement  in 
large  Clarendon  figures ;  the  breaks  which  will  occasionally 
be  found  in  these  numbers  having  been  purposely  made,in  order 
to  leave  room  for  the  insertion  of  additional  matter,  if  it  should 
be  required  in  a  future  edition,  without  disturbing  the  original 
numbers  and  references.  With  the  same  object,  demonstrations 
and  examples  have  been  made  subordinate  to  enunciiitions  and 
formttUSy  the  former  being  printed  in  small,  the  latter  in  bold 
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type.   By  these  aids,  the  interdependence  of  propositions  is 

moro  readily  shown,  and  it  becomes  easy  to  truce  the  connexion 
between  theorems  in  different  branches  of  mathematics,  with- 
out the  loss  of  time  which  would  be  iucurred  in  turning  to 
separate  treatises  on  the  subjects.  The  advantage  thus  gained 
will,  however,  become  more  apparent  as  the  work  proceeds. 

The  Algebra  section  was  printed  some  years  ago,  and  does 
not  quite  correspond  with  the  succeeding  ones  in  some  of 
the  particulars  named  above.  Under  the  pressure  of  other 
occupations,  this  section  moreover  was  not  properly  revised 
before  going  to  press.  On  that  account  the  table  of  errata 
will  be  found  to  apply  almost  exclusively  to  errors  in  that 
section ;  but  I  trust  that  the  list  is  exhaustive.  Great  pains 
have  been  taken  to  secure  the  accuracy  of  the  rest  of  the 
volume.   Any  intimation  of  errors  will  be  gladly  received. 

I  have  now  to  acknowledge  some  of  the  sources  from  which 
the  present  part  has  been  compiled.  In  the  Algebra,  Theoxy 
of  Equations,  and  Trigonometry  sections,  I  am  liirgely  in- 
debted to  Todhunter's  well-knuwu  treatises,  the  accuracy  and 
completeness  of  which  it  would  bo  superfluous  in  me  to  dwell 
upon. 

In  the  section  entitled  Elementary  Geometry,  I  have  added 
to  simpler  propositions  a  selection  of  theorems  from  Town- 
send's  Modern  Geometry  and  Salmon's  Conic  Sections. 

In  Greometrical  Conies,  the  line  of  demonstration  followed 
agrees,  in  the  main,  witli  tliat  adopted  in  Drew's  treatise  on  tlie 
subject.  I  am  indined  to  think  that  the  method  of  that 
author  cannot  be  much  improved.  It  is  true  that  some  im- 
portant properties  of  the  eUipse,  which  are  ariived  at  in 
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Drew's  Conic  Sections  through  certain  intermediate  propoei- 
tioiis,  can  be  deduced  at  once  from  tbo  circle  by  the  method  of 
ortKogonal  projection.  But  the  intermediate  propositions  can- 
not  oil  that  account  be  dispensed  witli,  for  tliey  are  of  value  in 
themselves.  Moreover^  the  method  of  projection  applied  to 
the  hyperbola  is  not  so  successful ;  because  a  property  which 
has  £rst  to  be  proved  true  in  the  case  of  the  equilateral 
hyperbola,  might  as  will  be  proved  at  once  for  the  general  case. 
I  have  introduced  the  method  of  projection  but  sparingly, 
always  giving  preference  to  a  demonstration  which  admits  of 
being  applied  in  the  same  identical  form  to  the  ellipse  and  to 
the  hyperbola.  The  remarkable  analogy  subsisting  between 
the  two  curves  is  thus  kept  prominently  before  the  reader. 

The  account  of  tlie  C.  G.  S.  system  of  units  given  in  the 
preUminary  section,  has  been  compiled  from  a  valuable  con- 
tribution on  the  subject  by  Professor  Everett,  of  Belfast, 
published  by  the  Physical  Society  of  London.*  This  abstract, 
and  the  tables  of  physical  constants,  might  perhaps  have  found 
a  more  appropriate  place  in  an  after  part  of  the  work.  I  have, 
however,  introduced  them  at  the  commencement,  from  a  sense 
of  the  great  im])ortance  of  the  reform  in  the  selection  of  units 
of  measurement  which  is  embodied  in  the  C.  G.  S.  system, 
and  from  a  belief  that  the  student  cannot  be  too  early 
familiarized  with  the  same. 

The  Factor  Table  which  follows  is,  to  its  limited  extent,  a 
reprint  of  Burckhardt'a  "  Tables  das  diviseurs,''  published  in 


*  "  niastrations  of  the  Ccntimetre-Qiamme-SeooDd  System  of  Unita." 
London:  Tajlor and  Fmnois.  1875. 
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1814-17,  which  give  the  least  divisors  of  all  numbers  from  1 
to  3,036,000.  In  a  certain  sense,  it  may  be  said  that  this  is 
the  only  sort  of  purely  mathematical  table  which  is  absolut  ely 
indispensable,  because  the  information  which  it  givcB  cannot 
be  supplied  by  any  process  of  direct  calculation.  The  loga- 
rithm of  a  number,  for  instance,  may  bo  computed  by  a 
foimula.  Not  so  its  prime  &ctors.  These  can  only  be 
arrived  at  through  the  tentative  process  of  successive  divisions 
by  the  prime  nimibers,  an  operation  of  a  most  deterrent  kind 
when  the  subject  of  it  is  a  high  integer. 

A  table  similar  to  and  in  continuation  of  Burckhardt's  has 
recently  been  constructed  for  the  fourth  million  by  J,  W.  L. 
Glaisher,  F.R.S.,  who  I  believe  is  also  now  enpjaged  in  com- 
pleting the££th  and  sixth  millions.  The  factors  for  the  seventh, 
eighth,  and  ninth  millions  were  calculated  previously  by  Dase 
and  Rosenberg,  and  pubhshed  in  1862-Go,  and  the  tenth 
million  is  said  to  exist  in  manuscript.  The  history  of  the 
formation  of  these  tables  is  both  instructive  and  interesting.* 

As,  however,  such  tables  are  necessarily  expensive  to  pur- 
chase, and  not  very  accessible  in  any  other  way  to  the  majority 
of  persons,  it  seemed  to  me  that  a  small  portion  of  them 
would  form  a  useful  accompaniment  to  the  present  volume. 
I  have,  accordingly,  introduced  the  first  eleven  pages  of  Burckh- 
ardt's tables,  which  give  the  least  factors  of  the  first  100,000 
integers  nearly.  Each  double  page  of  the  tabic  hero  printed  is 


•  See  Faetor  TabU  for  ike  FouHk  Umim,**  By  James  Glaisher,  F.R.S. 
London:  Taylor  and  Francis.  1880.  Also  Oamh,  PhiL  Boo.  Proc,  Vol.  HL, 
Ft  IV.,  and  Naiwre,  No.  542,  p.  462. 
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an  ezAot  reproduction,  in  all  bat  the  typo,  of  a  Binglc  quarto 
page  of  Burckhardt's  great  work. 

It  may  be  noticed  here  that  Prof.  Lebesque  constructed 
a  table  to  about  this  extent,  on  tlio  y>lau  of  omitting  tho 
multiples  of  seven,  and  thus  reducing  the  size  of  the  table 
by  about  one-sixth.*  But  a  small  calculation  is  required  in 
using  the  table  wliich  counterbalances  the  advantage  so  gained. 

The  values  of  the  Gamma-Function,  pages  30  and  31,  have 
been  taken  from  Legcndre's  table  in  liis  Exercices  de  Calcul 
Integral"  Tome  I.  The  table  belongs  to  Part  II.  of  this 
Volume,  but  it  is  placed  here  for  the  convenience  of  having 
all  the  numerical  tables  of  Volume  I.  in  the  same  section. 

In  addition  to  the  authors  already  named,  the  following 
treatises  have  been  consulted — Algebras,  by  Wood,  Bourdon, 
and  Lefebure  de  Fourcy ;  Snowball's  Trigonometry ;  Salmon's 
Higher  Algebra  ;  tho  Geometrical  Exercises  iu  l*otts's  Euclid; 
and  Greometrical  Conies  by  Taylor,  Jackson,  and  Benshaw. 

Articles  260,  431,  569,  and  very  nearly  all  the  examples, 
are  ongiuaL  The  latter  have  been  framed  with  great  care,  in 
order  that  they  might  illustrate  the  propositions  as  completely 
as  possible. 

G.  S.  C. 

Haolit,  Middlmix; 
J%  23, 18tX). 


*  *'TftblM  divenet  poor  1»  dtomposition  dos  nombraa  «n  lean  &otem 
pMBiien.'*  Fkkr  y.  A.  Lefaeaqne^  Parid.  18(}1. 
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PREFACE  TO  PART  11. 


Apologies  for  the  non-oompletion  of  tliis  yolame  at  an 
earlier  period  are  due  to  friends  aud  enquirers.  The  labour 
involyed  in  its  production,  and  the  pressure  of  other  duties, 
must  form  the  author's  excuse. 

In  the  compilation  of  Sections  VUI.  to  XIV.,  the 
following  works  have  been  made  use  of: — 

Treatises  on  theDifferenftiel  and  Integral  OalonloSjbyBeitrand, 
Hymer^  Todhnnter,  Williamson,  and  Ghregory's  Examples 
on  thesamesobjects;  Sahn  on 's  Lessons  on  Higher  Algebra. 

Treatises  on  the  Calculus  of  Variations,  by  Jellett  and  Tod- 
hunter;  Boole's  Differential  Equations  and  Supplement; 
Carmich'iel's  Calculus  of  Operations;  Boole's  Ualoalns  of 
Finite  Differences,  edited  by  Moulton. 

Salmon's  Conic  Sections ;  Ferrers's  Trilinear  Coordinates ; 
Kempe  on  Linkages  {Proc.  of  Roy.  Soc.,  Vol.  23) ;  Frost 
and  W olstenholme's  Solid  Geometry ;  Salmon's  Geometry 
of  Three  Dimensions. 

Wolstenholme's  Problems. 

The  Index  which  concludes  the  work,  and  which,  it  is 
hoped,  will  supply  a  felt  want,  deals  with  890  volumes  of 
32  serial  publications:  of  these  publications,  thirteen  belong 
to  Great  Britain,  one  to  New  South  Wales,  two  to  America, 
four  to  France,  five  to  Germany,  three  to  Italy,  two  to 
Russia,  and  two  to  Sweden. 

Ab  the  volumes  only  date  from  the  year  1800,  the 


Digitized  by  Google 


PBEFACE. 


important  contributions  of  £uler  to  the  Transactions  of 
ihe  St.  Petersburg  Academy,'*  in  the  last  century,  are 
excluded.  It  was,  however,  unnecessary  to  include  them, 
because  a  very  complete  classified  index  to  Baler's  papers, 
as  well  as  to  those  of  David  Bernoulli,  Fuss,  and  others  in 
the  same  Transactions,  already  exists. 

The  titles  of  this  Index,  and  of  the  works  of  Euler 
therein  referred  to,  are  here  appended,  for  the  convenience 
of  those  who  may  wish  to  refer  to  the  volumes. 

Tableau  g6o6ral  dee   poblicationB  de  I'AcadSmie  ImpSrisle  de 
St.  F^tersboitrg  depois  aa  fondatioD.  1872.  [B.M.C.:*  MM, 

2050,  e.] 

I.  Oommentarii  Aoademiao  Scientiarom  ImperiaUs  PtetropoKtaiUB. 

1726-1746;  UtoIb.  [B.M.G.:  431,/] 
U.  Novi  Gommentarii  A.  S.  I.  P.    1747-75,  1750-77  ;  21  vols. 

[B.  M.  C. :  481,/.15-17,  y.1-16,  A.l, 2.] 
m.  Acta  A.  S.  I.  P.  1778-86;  12  vok.  [B.  M.  C:  431,  A.  8-8;  or 
T,0,  8,0.11.] 

IV.  Nova  Acta  A.  S.  I.  P.  1787-1806;  15  vols.  [B.  H.  C:  431, 

h.9-16,  t.1-8 ;  or  T,0. 8,  a.2d.] 
y.  Leonhardi  Ealer  Opera  minora  coUeota,  vel  ComtDentationea  Arith- 
metical cdiecfce ;  2  vols.  1849.  [B.  M.  0. :  8534,  ee.] 

VI.  Opera  poethoma  mathemafcica  et  phyaioa;  2  vols.  1862.  [B.M.C.: 
8534,/.] 

VII.  Opuscula  analytica ;  1783-5;  2  vols.  [B.M.C.:  dO,t.ld.] 
Analyaifl  infioitorDm.  [B.M.  C. :  529,iwll.] 

G.  S.  C. 

Loii]Kiii,N.W.,18S6. 


*  Brilith  Muaoum  Catalogue. 
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MATHEMATICAL  TABLES. 


INTKODUCTION. 

The  Centimetre-Gramme-Second  system  of  units. 

Notation. — ^The  decimal  measures  of  lengtli  are  the  kilo- 
metre, heetomcfre,  decametret  metre,  decimetre,  centimetre, 
millimetre.  The  same  prefixes  are  used  with  the  litre  and 
gramme  fop  measures  of  capacity  and  Toluae.  »^»*)^  a^^****- 

Also,  10^  metres  is  denominated  a  metre- f^er en;  10''  metres, 
B,  seventh -met re ;  10"  ornnmics,  a  rjrnmwe-fijteen  ;  and  so  on. 

A  gi-amme-milikm  is  also  called,  a  meffagrnnuni' ;  ami  a 
million tli-graumie»  a  microgramme ;  and  similarly  with  other 
measures. 

Definitions. — The  C.  G.  S.  system  of  iiuits  refers  all  phy- 
sical measurements  to  the  Centimetre  (cm.),  the  Graniine  (gm.), 
and  the  Second  (sec.)  as  the  units  of  length,  mass,  and  time. 

The  quadrant  of  a  meridian  is  approximately  a  metrC' 
seven.  More  exactly,  one  metre  =  3*2808694  feet  =  39-370432 
inches. 

The  Gramme  is  the  Unit  of  mass,  and  the  weight  of  a 
gramme  is  the  Unit  of  weight,  being  approximate  ly  the  weight 
of  a  cubic  centimetre  of  water;  more  exactly,  1  gm.  = 

15-4:12:1M)  grs. 

The  Litre  is  a  cubic  decimetre:  but  one  cubic  centimetre 
is  the  C.  G.  S.  Unit  of  volume. 

1  litre  =  035317  cubic  feet  =  -2200967  gallons. 

Hhe  Dyne  (dn.)  is  the  Unit  o//or(;e,  and  is  the  force  which, 
in  one  second  generates  in  a  gramme  of  matter  a  velocity  of 

one  centimetre  per  second. 

The  Erg  is  the  Unit  rfworJc  and  energy,  and  is  the  work 
done  by  a  dyne  in  the  distance  of  one  centimetre. 

The  absolute  Unit  of  atmospheric  pressure  is  one  megadyne 
per  square  centimetre  =  74*9G4  cm.,  or  29*514  in.  of  merciuial 
colunm  at  0°  at  London,  where    =  981*17  dynes. 

Elasticity  of  Vohme  =  h,  is  the  pressure  per  unit  area 
upon  a  body  divided  by  the  cubic  dilatation. 
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Ti'hjidlty  ss  is  the  shearing  stress  divided  by  the  angle 
of  the  shear. 

Young's  Modulus  =  M,  is  tlie  lonpritudinal  stress  diyided 
by  the  elongation  produced,  =  9nk  -r-  (.i/i'-l- 

Tenacitii  is  tlir  fnisUe  Strength  of  the  substance  in  dynes 
per  square  centimetre. 

The  Qramme-degrvr  is  the  Unit  ofheatf  and  is  the  amount 
of  heat  required  to  raise  by  1^  C.  the  temperature  of  1  gramme 
of  water  at  or  near  0". 

Therm (il  capacity  of  a  body  is  the  increment  of  heat 
divided  hy  tlie  increment  of  temperature.  When  the  incre- 
inont^  are  small,  this  is  the  thermal  capacity  at  the  given 

tem})('ratu'-o. 

SiJcrijic  heat  is  the  thermal  capacity  of  unit  mass  of  the 
body  at  the  (riven  temperature. 

Tlie  Eh'ctrostafir  vnit  is  the  quantity  of  electricity  which 
rt'pels  an  (>qual  quantity  at  the  distance  of  1  centimetre  with 
the  force  of  1  dyne. 

The  EJectronuiijnetic  U7iit  of  quantity  =  3X  10"  electro- 
static  units  approximately. 

The  Unit  of  potential  is  the  potential  of  uuit  quantity  at 
unit  distance. 

Tlie  Oinn  is  the  common  elect romarjnetic  unit  of  resistance, 
and  is  approximately  =  JO"  C  (r.  S,  units. 

The  Volt  is  the  unit  of  electromotive  force^  and  is  =  10* 
0.  G*  8,  units  of  2)ot€nt{al. 

The  Weber  is  the  unit- of  current^  being  the  current  due  to 
an  electromotive  force  of  1  Yolt,  with  a  resistance  of  1  Ohm. 
It  is  =      C.  G.  S.  unit. 

Resistance  of  aWire= Specific  resistanceX  Length 'i- Section. 

Physical  constants  and  FormuUe, 

In  the  latitude  of  Lo&doiii  g  =  3-2*  10084  feet  per  sorond. 

=  981*17  centimetres  per  becond. 
In  laiitade  X,  at  a  height  h  above  the  sea  level, 

g  =  (980  ('u56-2-50J8  cos  2A-  000008  A)  centimetres  perseoood. 
Seconds  pendulum  =  (1)9  ^502 —  '2536  cos  2A  — -000000:3  h)  centiinetrus. 

THE  7^.1 7r/7f.- Semi-polar  axis,  20,854^1)0  feei»  =  (V:3:.4ll  x  10" centime. 
Mean  scmi-ctiuatorial  diameter,        20,9-'G202  „  •  =  0  37824-  x  10*  „ 
Quadrant  of  meridiao,        S9'377786  x  lO'  inches*  =  1'000196  x  lO'metreB. 
Volnme,  1*08279  cnbic  contimetre-ainee. 
Ham  (with  a  density  6^)  =  Six  gramme- twentj-eeveos  nearly. 

*  These  dimennoas  sxe  taken  from  CUrke'e  **  Geodesy/'  1880. 
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Yelodij  in  orbit  =  2933000  centims  per  aee.     ObliqoUy,  23"  27*  le*.* 

Aiicrnlar  velocity  of  rotation  =  1  13713. 

Prec«iii»ion,  i>0"'2U.*    Progrobsiun  of  Apse,  H"'25.    Eccentricity,  c  =  "OltJ79. 
Centrifugal  force  of  rotation  at  tbe  equator,  3*8912  dynes  per  gramme. 
Force  of  attraction  upon  moon,  '2701.      Force  of  sun'H  attraction,  '5839. 
Batio  of  ^  to  coutrifu^'al  force  of  rotation,  g  :  rw^  —  281). 
Son's  horizontal  parallax,  ti"7  to  Aberration,  20"-!  1  to  20"79.* 

Semi-diametor  at  earth's  mean  distance,  16*  l''*82.* 

Approximate  mean  di8tanci>,  92,000000  milrs.  or  148  continietre-(birteeD8.t 

Tropical  year,      3G5  242216  days, or  3\J>->i'>'.>l7  iieoondft. 

Sidereal  year,       36o-25U374      „     3i,^5til50  „ 

Anomaltstic  year,  365*259544  days.      Sidereal  day,  86164  seconds. 

THE  MOON.—Uasa  =  Earth's  mass  X  011304  =  6*98  10»  grammes. 
Horizontal  parallax.    From  53'  5t»"  to  61'  24".* 

Sitlureal  revolatiou,  27d.  7h.  43m.  1  l-4t)8.  Lunar  month,  29d.  12b.  Um.  2-878. 
Greatebt  distance  from  tbe  eartb,  2t>1700  miles,  or  4'0o  centiniutru-teus. 
Least  „  „  225600       „  3-63 

Inclination  of  Orbit,  5°  9'.    Annual  regressiim  of  Nodes,  10°  20'. 

Ri  i  r. — {The  "IKu -I- 1)-T-19,    The  rctnaivder  /V  the  Gulden  Ntmber, 
{The  GoUhm  Number— i)  X  11-^30.    The  retnuiiuier  is  tJui  E^act. 

QKAYITATION.^  AiirvicWim  between  masses  )  _         wm^   , 

7)1,  in'  at  a  distance  /      )  ~  i  x  I'.".  I:!  x  1*/  ' 


Tbe  mass  wbich  at  unit  distance  (1  cm.)  auracts  an  equal  mass  with  unit 
force  (1  dn.)  is  s  v^(l*543x  10^)  gm.  =  89tS8  gm. 

IF^r^/fc— Density  at  0°C.,  unity  ;  at  4°,  1  000013  (Kupffer). 
Volume  elasticity  at  15%  2*22  x  10^. 

Compression  for  1  mogadyne  per  sq.  cm.,  4*51  x  10~*  (Amaury  and 
Descamps). 

Tbe  neat  required  to  raise  the  temperatnre  of  a  mass  of  water  from  0^  to 
is  proportional  to  <+*00002l^+OOOU008^  (Begnault). 

Expansion  for  VC,  -008665  =  l-s-273. 
8pccilic  lieat  at  oonwtant  pressure  _  j.^^g 

Spocitic  beat  at  constant  volnme 
Density  of  dry  air  at  0''  with  i3ar.  at  76  cm.  s  •0012932  gm.  percb.  om. 
(Keguanlt). 

At  unit  pres.  (a  megadyne)  Density  =  '0012759. 
Density  at  press.  p=.px  1*2759  X  10~*. 

Density  of  saturaU'd  steam  nt  ^,  withp  taken)  _  •793('.09Q/) 

from  Table  II.,  is  approximately  )  'OUotiti^j  i&' 

SOUXD. — Yilocily    =  \/ {('la  f^ticlty  of  medium  denfify). 
Velocity  in  dry  air  at      =   Mii'^i  tO        +  •003(jt)i)  centimetres  per  second. 
Velocity  in  water    at  K)'  =  14;:UU0  „ 


LIGHT'. — Velocity  in  a  nudium  of  absolute  refi-nngibility  fA 

=  3  UU4  X  10'" /i  (Coi-uu). 

If  P  be  tbe  pressure  in  dynes  per  sq.  cm.,  and  /  tbe  temperature, 
^'1  s  2903  X  lO-^JP^Cl+  OOSeOt)  (Biot  A  Amgo). 

*  Thi<Ke  data  are  from  the  "Nautical  Almanack"  for  188:i. 

t  Tcaiuit  of  VtHMu,  lS7t, Aatima.  8.c  Ktflic«%"  Vula  37,  IS. 
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MATHEMATICAL  TABLES. 


Table  I. 

Various  Measures  and  their  Equivalents  in  0.  G.  8.  units. 


1  inch 
I  foot 

1  mile 

1  nautical  do 

1  Bq.  incli  = 
1  sq.  foot  = 
1  sq.  yard  = 
1  sq.  mile  = 

1  cb. inch  = 
1  cb.  foot  = 
1  cb.  yard  = 
1  galhm  ss 


Diiiii  nsioHS. 

=  2  o400  cm. 
s  80*4797  „ 

=  1600:^3  „ 
.  =  18V2;>u  „ 

G  lolG  sq.  cm, 
i)2i)01  „ 
83G113  „ 
2-59  X  10\ 

lC-387  cb.  em. 
28316 
764535 

277"274  cb.  in.  or  iho  vo- 
lume of  10  lbs.  of  water 
Bit  62°  Fah.,  Bar.  SO  in. 


n 


=  06479895  gra. 
s  28*8495  „ 
=  453-5926  „ 
=  1,016047  „ 
1  kilogramme   =  2-20462125  lbs. 
I'ponnd  Avoir,  s  7000  grains 
1  pound  Troj  ss  5760 


1  grain 
1  canoe 

1  pound 
1  ton 


If 


Vdodhf. 

1  mile  per  honr  =  44-704  cm.  per 
Ikilometie  -27777 


Pressure. 


1  gra.pcrsq.cm.  =  981  dynes  per  sq.cm. 
1  lb.  per  ttq.  foot  =  479  ^ 


1  lb.  per. '^q.  in.    s  68971 
76  centimetres^ 

of  mercury  [  =  1,014,000 

atO'C.  ) 
Iba.  per  eg.  in^  _  _ 
gma.perBq.  cm. 

Force  of  Orantif. 

upon  1  gramme  =  981 


n 
n 

»> 


•01422;$ 


>» 


1  grain 

1  OS. 

1  lb. 
1  cwt. 
1  ton 


=  63-56777 
=  2-7811  xlO« 
=  4-4497  xlO» 
=  4-9837  X  10' 
=  9-9674  X  10» 


djnes 


»t 
•> 

»» 

» 


Work  (g  =  9S\). 

1  gramme*centimetre  =  981  ergs 
I  kilogram-metre      «  981  x  10^  „ 
1  foot-grain  =  1-937  x  10»  „ 

1  foot-pound  =  1-356  x  10'  „ 

1  foot-ton  =3-04x10'*  „ 

1  'horse  power'  p.  see.  ss  7*46  X  lOP  „ 

Heat. 

1  gramme-degree  C.  =  42  X 10^ 
1  ponnd-degree  =191x10" 
1  pound-degree  Fah.  s  106  x  10^ 


ergs. 

n 
n 


Table  II. 

Pre.'is'vrp  of  Aqurovs  Vapour  in 
dynes  ^er  aqua  re  cent  im. 


Temp. 

Fnaflsare.' 

Temp. 

40^ 

Fkvware. 

—20* 

i-2-.;»' 

73200 

IKt.G 

122'>00 

-10° 

27itO 

60= 

198500 

-  5" 

4150 

80* 

472900 

(f 

6133 

loo* 

1-20* 

lOUooo 

5*» 

8710 

liHHitOO 

10* 

12220 

140° 

3t>2iHW0 

15* 

16930 

160* 

6210000 

•  20* 

23190 

180*" 

100*30000 

25* 

31400 

200° 

15600000 

80* 

4205^) 

Table  III. 

VaJnrs  for  fhr  pri i\ri pal  Lines  of 
thi'  Sp'  rf  ni  1,1  lu  air  at  160°C» 
with  Bar.  70  cm. 


Wave-length 

No.ofvibrationp 

in  ccntiras. 

por  8ecf<nd. 

A 

7-604  X  10- ■■ 

3  yoo  X 10'* 

B 

6-867  „ 

4-378  „ 

c 

6-5G-201  „ 

4-577  „ 

D  (mean) 

5-89212  „ 

5-097  „ 

5-26U13  „ 

5-700  „ 

F 

4-86072  „ 

6179  „ 

Q 

4-30725  „ 

G  073  „ 

a. 

3T'C)S01  „ 

7-569 

St 

3-93300  „ 

7636  „ 
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••a 


•J 

ca 


0  o 
1*1- 

9158 
2081 
96190 
19850 
1521 
1615 

9827 

13360 
5690 

lintt)  of 
Conduction 

of  Sound 
in  cm.  per  sec. 

'  CO  -H     -ri  CI  to  <M  '  CO 
'C  t>.     CM  to  r>.  lo  CO  o  >o 

•      •             •      •      «      «      •       •      •  • 

e4iH      «H  «9  OO  09  ^      AO  ^ 

Conduc- 
tivity. 

— <0    (OCOOOt^             i^CO  1 

coo  '»-<OGOco  'CO  'coco  ' 

ft 

,  —  —  > 

lO     o        Ci        00  o 

CO    1  CO    1  »0  "+    1     1  Ci    1     1  Ol 

CO  1  00  1  Moll 

■£  1.-'" 
a  o 

•000875 
•001483 

•002861 

00196 

•00175 

•00193 

•001111 

001258 

001260 

•00227 

•00294 

•00081 

=  » 

.£  s  e 

fid  o  S. 

•000027 
•000045 
•000180 
•000086 
•000061 
•000054 
•000054 
•000033 
•000040 
•000037 
•000063 
•000088 
000015 

Tenacity. 

f-i      s  s      s  s  s  s 

1   I   Ix  l-^oo  |«oeor<.r^  1 

?  '              do  Ci  r  - 
oi     -^j*  CO     'C     r?  o 

Elasticity 
of  volume 

%            8       fi  S  &  S 

1    1  Ol   1    1        1  -f"  to       I    I  o 

00        to  >-0  r- 

'               -O       C-  X 

Rigidity 

N. 

^  to  CO  CD  "T"  -<i< 

'it -5  . 

&     a  ft  s  8  s  s 

1   1   |x|-*«oococi|  jco 

Ci      CO           *0  CO  o 
lO      «M  O  CO  Ci  — 1 

V     r-i  r-  -H     CI  o 

to         cc  —  >t  1  -  —J  51 
to  Ci  o  1*     !  >.  :c  1^     Ci  Ci 

Ol  O  CO  ■»}»  X  't  CI  to  X  CI     1  C. 

^O99r^ododot^r<>i>>^«ii^c4 

04  1^  ^  i-H 

Phitmum 
Gold 
Mercnry 
Lead 
Silver 
Copper 
jjrass,  drawn 
Iron,  cast 
Iron,  wrought 
Steel 
Tin,  cast 
Zinc,  cast 
Glass,  flint 

w 
•J 

■< 
Eh 


Density. 

»Or-lt^Q«"^C0»Ot>. 

to  X  CO  O  Cl  -"f"      o»  x 
CO      X  O  CO  CO  to  X  ■^t' 
c-^XOrHOOr^to 

< 

in 
Miles. 

888000 
3000 
7700 
79^6 
4500 
92000 
75000 
36000 
35000 

Timo  of 
liotatioD. 

liO  X  CI 

Ol           CI  C  I  I-i 

S  O  ud  f-t  CP        o  1  1 

.  O  -f^  cc  cc  •'^  Ci  o 
^  O  Ol  Ol  C4  Ol  i-H 

Incliiiiition 

of  Orbit 
to  Ecliptic. 

^     I  O  CO   1  rH  X  ~  :£  ^£ 

'        OJ    '  »0  r-i  CI 
O        IN.  CO  — '  >— (  CI  i-H 

Sidereal 
Revolution 
in  Days. 

87-969 
224  701 
365256 
686  980 
4332-585 
10759-220 
30686-821 
60126-722 

c  d 
5  5  'A 

J  «  a 
^  2 

0  30750 
0-71840 

0-  98322 

1-  38160 
4-95182 
9-00442 

18-28916 
29-77506 

1  .g-^ 

..•CO. 
.5  3  S  " 

-  £  t  - 

-t 

0-46669 

0-  72826 

1-  01678 
1-66578 

1007328 
2007612 
30-29888 

Sun 

Mercury 
Venus 

Mars 

Jupiter 

Saturn 

Uranus 

Neptune 
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Table  VI. — Funetims  of  w  and  e. 


31415926 

•3183099 

e 

271828183 

«» 

9-8696044 

w* 

•1013212 

«• 

7389056J1 

«» 

3100G2r»31 

•0322515 

e-' 

0-3o7h794 

17724r):{i> 

200' 

-T- 

r,3't;t  119772 

c-' 

0  13r>33r>3 

1«0' 

07  21*o7795 

04:3429448 

206264"*8 

log.  10 

2-30258509 

Table  Vn.  Table  VIU. 


tttk 

X 

log;  if. 

n 

1  ••i'»<i<J>>l  fi 

0 

q 
o 

1  •  l.l->o  i<it; 

3 

•  i"""  1  •>  1  q 

A 

4f 

1  -"^UTJ.*  il  1 

5 

o.'oi'/ '  "J 

c 
0 

1  / '  "'t' t  0.' 

7 

ft 
0 

11 

4 

13 

1.11  qci^OA 

8 

2-8-284271 

2-0O0u0(Mt 

• 

17 

1 -23044^9 

283321334 

9 

3-0000000 

2-08O0H37 

19 

1-2787530 

2  •94443^98 

10 

3  1022777 

2 1544347 

23 

1-3017278 

313549422 

11 

3-3106248 

2-2'239801 

29 

1-4623980 

3*36729583 

12 

3  4C41010 

2-2894280 

31 

l'4913t;i7 

3-43398720 

13 

3  0Uor).')13 

2  3.M;m7 

37 

1  50H2O17 

3  01091791 

14 

3  7416574 

241U1422 

41 

16127839 

3  71357-207 

15 

3-8729833 

2-4662121 

43 

1-6334685 

3-76120012 

ir, 

4-0000<HM) 

2519H421 

47 

1  072'".>79 

3>5014760 

17 

4 1-231  "»r)i; 

2  571 2H 10 

53 

1-7242  759 

3  97029191 

18 

4-2420407 

2-6207414 

5l« 

1-7708520 

407753744 

19 

4-3588989 

2  6684016 

01 

1-7853298 

4-11087386 

20 

4  4721  :'.<;«> 

2-7144177 

67 

1-8200748 

42(t40Vt202 

21 

1  .'^25757 

2-75><H-243 

71 

l-KriI25S3 

4-20207988 

22 

4  0904158 

2-802U393 

73 

1-8633229 

4-29045944 

23 

4-7958315 

2-8438670 

79 

1-8976271 

4-36944785 

24 

4-8l»89795 

2  ss4 1-991 

H3 

1-919<7^1 

4-4ls>i4o01 

2r. 

5-0(MMMlOO 

2-9^24ol77 

Hl» 

1-941>3900 

4-48S«;3r)37 

20 

50990195 

2  9024^00 

97 

1  9867717 

4  57471098 

27 

51961524 

3-0000000 

mi 

20043214 

4-61512052 

28 

5  2'.>irv>2»; 

30365889 

ln:5 

2  r»12>=*372 

403472S99 

29 

5  3>;5l04^ 

307-23168 

l'»7 

20293^'3!^ 

4  r,72^2ss^3 

30 

5-47  72250 

31072325 

109 

20374205 

409134788 

Note. — The  authorities  for  Table  IV.  are  as  f  -llows: — Columns  2,  3,  and 
4  (Mercury  excepted),  Everett's  experiments  (rial.  Tian.**.,  1807);  (j  is  hero 
t«ken  =  981*4.  The  densities  in  these  oases  are  those  of  the  specimens 
employed.  Culs.  5  and  7,  Rankinc.  Col.  0,  Watt's  Diet,  of  Chemisfciy. 
Col.  8,  Dulon^  and  Petit.    Col.  lo,  Wertlieiin.    Col.  1 1,  MatiUieiitfea. 

Table  S .  is  abridged  from  Loomis's  Astrouumy, 

The  TalneBia  TaUe  IIL  are  Angstrom's. 


Digitized  by  Gooj^Ie 


7 


BUECKHARDT'S  FACTOR  TABLES. 
Fob  all  nitmbebs  fbou  1  to  99000» 


Explanation. — The  tables  give  the  least  divisor  of  every 
number  from  1  up  to  99000 :  but  Tuimbors  di\asible  by  2,  3, 
or  5  are  not  printed.  All  the  di«rits  of  the  number  whoso 
divisor  is  sought,  excepting  the  units  and  tens,  will  be  found 
in  one  of  the  three  rows  of  larger  figures.  The  two  remaining 
digits  will  be  found  in  the  left-hand  column.  The  least  divisor 
wm  then  be  found  in  the  column  of  the  first  named  digits,  and 
in  the  row  of  the  units  and  tens. 

If  the  number  be  prime,  a  cipher  is  printed  in  the  place  of 
its  least  divisor. 

The  numbers  in  the  first  left-hand  column  are  not  conse- 
cutive. Those  are  omitted  which  have  3,  or  5  for  a  divisor. 
Since  2*. 3. 6*  =  300,  it  follows  that  this  column  of  numbers 
will  re-appear  in  the  same  order  after  each  multiple  of  300  is 
reached. 

Mode  op  using  the  Tables. — If  the  number  whose  prime 
factors  are  required  is  divisible  by  2  or  5,  the  fact  is  evident 
upon  inspection,  and  the  division  must  be  effected.  The 
quotient  then  becomes  the  number  wliose  factors  are  required. 
If  this  number,  being  within  the  range  of  the  tables,  is  yet 
not  given,  it  is  (livisible  hi/  3.  Di\nding  by  3,  we  refer  to  the 
tables  again  for  the  new  quotient  and  its  least  factor,  and  so  on. 

Kt  xMPr-E'i. — Reqnired  tlie  prime  factors  f)f  310155. 

Dividing  hj  5,  tbe  quotieut  is  GJU^i.  This  iiuinbcr  is  withia  the  range 
of  the  tables.   Bnt  it  is  not  found  printed.   Therefore  8  is  a  divisor  of  ii. 

Dividing  by  3.  (he  qaotient  is  20077.  The  tahle  gives  28  for  the  least  factor 
of  2it<>77.    Dividing  by  23,  the  quotient  is  81»9. 

Tbe  table  gives  29  for  the  least  factor  of  8Ud.  Dividia^  bj  29,  the  quo- 
tient is  3 1 ,  a  prime  namber.   Therefore  810155  =  8 . 5 . 23 . 29 . 81. 

Again,  required  the  divisors  of  92881.  The  table  gives  293  for  the  least 
divisor.  Dividing  by  it,  the  quotient  is  31  7  KL-fiTi  iiig  to  the  tables  for  317, 
a  cipher  is  found  in  the  place  uf  the  least  divisor,  and  this  signifies  that  317 
is  a  prime  number. 

Therefore  92881  =  293  x  317,  the  product  of  two  primes. 

Tt  may  be  remarked  that,  to  have  resolved  HJj^SI  into  these  factors  with- 
oat  the  aid  of  the  tables  bv  the  method  of  Art.  oGO,  would  have  iuvolved 
fifty.niae  firoitlesB  trial  divuioos  by  prime  nnaihenk 
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20596 

21908 

23224 

24542 

25864 

27180 

28517 

I. S3 

29H4H 

31182 

32520 

33860 

35204 

36551 

37000 

30254 

4Ot;i0 

41969 

1  84 

J  "J.JO  I 

4006t» 

A  T A 

4/4o7 

48812 

fill 

oOiUO 

515/ 1 

62000 

o4342 

55/33 

1.85 

57126 

58522 

59922 

61325 

62730 

64140 

65551 

66966 

68384 

69805 

1.86 

71230 

72657 

74087 

75521 

76057 

78307 

70839 

81285 

82734 

S4186 

1.87 

85640 

87098 

88559 

90023 

01490 

92060 

04-133 

95910 

07380 

08871 

1.88 

9.9800356 

01844 

03335 

04830 

06327 

07827 

00331 

10837 

12346 

13859 

1.89 

15374 

16893 

18414 

19939 

21466 

22996 

24530 

26066 

27606 

29148 

1.90 

30693 

32242 

33793 

35348 

36905 

38465 

40028 

41595 

43164 

44736 

1.91 

46311 

47890 

49471 

51055 

52642 

54232 

55825 

57421 

50020 

60622 

1.92 

r.2226 

63834 

65445 

67058 

68675 

70294 

71917 

73542 

75170 

76802 

l.O'A 

78436 

80073 

81713 

83356 

85002 

86651 

88302 

89957 

91614 

93275 

1  94 

94938 

96605 

98274 

')'»*)4t^ 

03299 

04980 

0666.3 

O8350 

Too.^9 

X  wo*/ 

1.95 

9.9911732 

13427 

15125 

16826 

18530 

20237 

21947 

23659 

25375 

27093 

1.96 

28615 

30539 

82266 

33995 

35728 

87464 

89202 

40948 

42688 

44435 

1.97 

46185 

47937 

49693 

51451 

53213 

54977 

56744 

58513 

60286 

f>20n2 

1.98 

63840 

65621 

67405 

6;>lii:2 

70982 

72774 

74570 

76368 

78169 

79972 

1.99 

81779 

83588 

85401 

87216 

89034 

90854 

92678 

94504 

96333 

98165 

tho  ono  nearest  to  the  trao  value  whether  in  oxcoas  or  defect.  This  table,  and 
the  teble  of  Least  Factors,  have  each  been  Butjiwiod  tO  iwo  MMBJfleliQ  Mid  IB* 
itfmimt  twmooM  b«for«  iioally  priaiiug  oft 
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ALGEBRA. 


FACTORS. 


1  a'-b'  =  (a- 6) 

3  a»H-ft»  =  {a+b)  (a«-a6+6«). 

And  generally, 

4  «"-//'  =  («-^)  («-i4.a'--64....  +  6''-')  ahvjiys. 

5  =  (aH-6j  «"  -7y+...—/>''-^)  if  n  be  even. 

6  a- 4-6"  =  (a+6)  (a"-*-a"-*6+...-|-6"-^)  if  «  be  odd. 


8  Gr-f  a)  (07+6)  (.r-f  c)  =  cr'+(a+6+c)^ 

10  =  a*-2a6-i-6^ 

11  («+*)•  =  a»+3a*6+3a6*+ft^  =  i^+l^-^Sah  {a+b). 

12  (a-6)»  =  o*-3a*6+3ii6«-ft'  =  ii^-A»-3o6  (a-6). 

Generally, 

(a±6y=a'±7«'6^-2la•62±;J5rl*6'-|-3oa'6*±21a^6'^^-7«6«±6^ 

Newton's  Rule  for  fonninf?  the  coefficients  :  Mnltlpltf  any 
coefficient  by  fJif'  iuih.r  of  fin  h  ailing  qf/anfify,  mtd  diridr  by 
the  number  of  terms  to  that  placr  to  obtain  the  eocffiriciif  oj  fhc 
term  next  foUoirimj.  Tims  21  xr)-^3  gives  35,  the  following 
coe£&cieut  in  the  example  giveu  above.  See  altto  (125). 

To  square  a  polynomial :  Add  to  the  square  of  each  term 
twice  the  product  of  that  term  and  cvei'y  term  that  follows  it» 

a*+^(6+«+il)+6^+2d(c+<f)+c*+2c«l+il*. 

F 
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ALQBBIU. 


13  a*4-aW+**  =  (a*+ab-\-b')  (a*-ab-j-b'). 

14  a*+6*  =  {a'+ab  V2+b')  (a'-ab  v^2+6*). 

Observe  that  in  an  algebraical  equation  the  sign  of  any 
letter  may  be  changed  throughout^  and  thus  a  new  formula 
obtained,  it  being  borne  in  mind  that  an  even  power  of  a 
negative  quantity  is  positive*  For  example,  by  changing  the 
sign  of  c  in  (16),  we  obtain 


18  a»+6«-c»+2o6  =  (a+6)«-c»  =  (a+i+c)  (a+6-c) 

by  (1). 

19  <i«-6«-c«+26c=  a*-(6-c)«=  («4-6-c)  («-64-c). 

20  fl^+^+c'-aoAc  =  (a-f  («H6*+c*-6c-«i-ii6). 
81  W+5^c+«i^+c»a+ay+a*6+a»+6»-hc» 

22  bc^'^b'c+ca''^(^a+ah'-ha'b'^3abc 

=  (a+6+e)  (6e+ca+a6). 

23  bi*-{-b*c+ca'+c^a-{-ab'-\-a'b+2abc={b-\-c){r+a){a-{-b) 

24  ^+6*c+cii*+c*a+a6*+rt*6-2«6f--a^-6*-c» 

=  (*+c-a)  (c+a-A)  (a+6-c). 

25  W-6V+co»-c»a+a6«-a*ft  =  (6-c)  (c-a)  (a-6). 

26  26V+2c'a*+2ri*6«-a*-6'-c* 

=  (a4-6+c)  (AH-c-a)  (c+a-6)  (a+6-c). 

Generally  for  the  division  of  (»*H-y")  by  a!*+«y -fy* 

see  (545). 
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 ^n'-  

MULTII^LICATION   AND  DIVISION, 

BY- THE  METHOD  OF  DETACHEU  COEFFICIENTS. 

 •  J   .  

1+0-3+2+1 
1+0-2-2 


1^.0-3+2+1 

-2-0+6-4-2 
-2-0+6-4-2 

1+0-5+0+7+2-6-2 

BMolt   a'-5a»6*  +  7a'6*  +  2aV-t3«6«-2«»'. 


Bx.2:      (a'-5a(»  +  7a!«+2a;*-6.B-2)  +  (x*-3a5'  +  2a!  +  l). 

1+0-3+2+1)    1+0-5+0  +  7+2-6-2(1+0-2-2 

-1-0+3-2-1 


0-2-2  +  G  +  '>-6 
+2+0-6+4+2 


-2+0+6-4-2 
+2+0-6+4+2 


>B6flalt  a^-2a;— 2. 


Synthetic  Di visum, 
Ex.  3 :  Employing  the  laafc  example,  the  work  stands  thus, 

I  1+0-5  +  0  +  7+2-6-2 

-0  '  0+0+0+0 

+3+0-6-6 
-2+0+4+4 
-1+0+2+2 


+3 
-2 
-1 


1+0-2-2 

Result  0*-2«-2.  [See  also  (248). 

Note  that,  in  all  operations  witb  detached  coefficients,  the  result  mast  be 
written  oat  in  sncoessive  powers  of  the  q^iuuitity  whioh  stood  in  its  sneoessive 
powers  in  the  original  ezprsssum. 
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ALQBBMA. 


INDICES. 


89   Multiplication :       X     =  a*  *  =  a%  or  l/a' ; 

Divinon :    a*-5-a*  =  a*"*  r=r  a*,  or  l/a ; 

 a"-ra"'=  a''""=a"",  or  V^r~. 

InYoltttion:  (a*)^  =  g^***  =  g^,  or  l/a. 
Evolution:  a^,  or  v^a'. 

.  _  • 


HIGHEST  COMMON  FACTOR. 


30  Rule. — To  find  the  highest  common  factor  of  two  ex- 
pressions  :  Divide  fhe  one  which  is  of  the  highest  dirnensioii  h>/ 
the  other,  rpjrrfing  first  ani/  factor  of  cither  eai^esHon  which 
IS  not  also  ajacfor  of  the  nthor.  Operate  in  the  same  manner 
upon  the  remainder  and  the  dlcisnr,  and  continue  the  process 
imtil  there  is  no  remainder.  The  ia;st  divisor  will  be  the 
highest  cominon  factor  required. 


31 


Example.— To  find  the  H.  C.  F.  of 

3«*-10x'+15.c  +  8    and    ar'- 2«*-().c'+ Aj^  +  LSr  +  C. 


1-  2-  6-f  4+13+  6 
3 

3-  6- is +  12+39  +  18 
-3-  4-1-  (3  +  12+  5 

2  )j-10- 12+24+44+18 

-  5-  6+12+22+  9 

3 


5 


-15-18+36+66+27 
+  15  +20-30-60-25 


2)2+  6+  6+  2 

1+  ii+  3+  1 


3-1-0-10+  0+15+  8 
-3+6  +  18-12-39-18 
2)6+  8-12-24-10 

3+  4-  6-12-  5 

-3-  9-9-3 

-  5-15-15-  5 
+  5+15+15+  5 


Result  H.  C.  1?  .  =  a:'  +  3^*  +  3«  +  l. 
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87 


32  Otherwise.  —  To  form  the  H.  C.  F.  of  two  or  more 
algebraical  expressions  :  Separate  the  expressions  into  their 
simplest  /actors.  The  U.  C.  F.  will  he  the  prodvct  of  the 
factors  common  to  all  the  expressums^  taken  in  the  lowest 
paicers  that  occur. 


LOWEST  COMMON  MULTIPLE.  . 


83  The  L,  C*  Jf.  of  two  quantities  is  equal  to  their  prodvct 
divided  by  the  E.  G.  F, 

34  Otherwise. — To  form  the  L.  C.  M.  of  two  or  more 
algebraical  expressions  :  Separate  them  into  their  simplest 
factors.  The  L.  G.  M.  icill  he  the  product  of  all  the  factors 
that  occur,  taken  in  the  highest  powers  that  occur. 


BxAMiLE.— The  H.C.F.  of  a\h-mfdd  and  <^(b-»yf^e  is  o«(6-»)V; 
and  the     C.  M.  ia  <i^(6-«)V<i«. 


K  VOLUTION. 


To  extract  the  Sqoare  Root  of 


•    3a^/a    Sv^a  ,  41a  ,  , 

"--g  a-  +  l6 


Axranging  aooording  to  powwa  of  a,  and  rednoiag  to  one  denomuiator,  the 

16a*-  24ai  +  41a  -  24ai  + 16 


ezpreaaion  heoomea 


16 


85    Dettaohing  the  coeffieieiits,  the  work  is  as  follows 

16-.SS4^41-24+16  (4-3+4 
16 


8-3 

24+41 

-3 

24-  9 

8-6+4 

32-24+16 

-32  +24-16 
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ALGEBBA. 


To  extnwt  the  Cube  Boot  of 

The  terms  here  contain  the  sucoessive  powers  of  x  and  y/y ;  therefore, 
detaehtng  the  ooefBeMnta,  the  work  will  be  m  follows 

I.  n.  III. 

8^36  +  66-  63  +  33  -9  +  1  (  2  -3+1 
8  

-36  +  00^63  +  33— 9  +  1 
+36-54+27 

12-86+27  12-36  +  33-9  +  1 

6.9+1  -12+36-33+9-1 

12-86+88-9+1 

Beenlt      2eP— &b  ^/y + y . 

Explanation. — The  cabe  root  of  8  is  2,  the  first  term  of  the  result. 
Place  8  X  2  s  6  in  the  first  oolimm  I.,  3x2Ps5l2in  colamn  U.,  sod  2f  s  8 
in  in.,  ohsTiging  its  sign  for  smlitrsction. 

—  86-^12  =  —  3,  the  second  term  of  the  result. 

Put -3  in!.;  (6-3)  X  (-3)  gives  -18  +  9  for  II. 

(12— 18+9)  X 3  (changing  sign)  gives  36-54+27  for  III.   Then  add. 

Pat  twice  (—8),  the  term  last  found,  in  I.,  and  the  sqiUUO  of  it  II. 
Add  the  two  last  rows  in  I.,  and  the  three  last  in  IL 

12-7-12  gives  1,  the  third  term  of  the  result. 

Put  1  in  col.  I.,  (6-9  +  1)  xl  gives  6-9  +  1  for  col.  II. 

(12-36+33-9  +  1)  X  1  gives  the  same  for  III.  Change  the  signs,  and 
add,  and  the  wcvfc  is  finished. 


The  foregoing  process  is  but  a  slight  variation  of  Homer's 
rule  for  solving  an  equation  of  any  degree.    See  (533). 


Transformations  frequcDily  required. 
88   Iff=f.ti.en  2±J=£±J  [68. 

39   If    -+.V  =  «>  then  r  =  !!"+?;• 


40  {^+yy+('^-yy  =  2  (a-^+ir). 

41  (*+3f)'-(*-y)"==4ay 


6-3^ 
6-9  +  1 


12 

-18+  9 

12-18+  9 

+  9. 
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42  i'^-^-yY  =  (a'-y)"^+4i;y. 

41  EXAMPLSS. 


.[38. 


Td  sinipliff  a  oompoond  fraotioo,  u 

1 


mnltiplj  the  numerator  and  denominator  bj  the  L.  C.  M.  of  all  tlie  smaller 
denominatore. 


Betolt 


(a'  +  a/>-t-6')  +  (a'-o6-f  6*)  _a*  +  6' 


QUADRATIC  EQUATIONS. 


45  If    a^^+6*+c  =  0,  ^,^-6±v/6^-4«e 

46  If    007*+ 2607 -f-c  =  0 ;    that  is,  if  the  coefficient  of  a;  be 


47  Method  of  solution  without  the  formula, 
DiTidebyS^   1  0. 
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ALQEBRA. 


Complete  the  square,    ar—  -«+  ^-j  =      ~  2  ~  16* 

_  ,  7  5 

Take  aqoftre  root, 

48   Biile  for. "completing  the  square"  of  an  ezpression  Uke 

a^— fi5 :  Add  ihe  8^Te  of  half  the  coefficient  of  9, 


49     The  aolntion  of  the  foregoing  equation,  employing  formula  (45),  is 

_  -|>:Ly6*-4ac_7:fcv'49-24_7±5  _q  1_ 
•~         2a  4  4    ~  2* 


THBOEY  OF  QUADRATIC  EXFEESSIONS. 

If  a,  /3  be  the  roots  of  the  equation  ax--\-h3i-\-c  =  0,  then 

50  <M!*+&r+  c  =  o  «) 

51  Sum  of  roots  ^  —  . 

a  . 

52  Product  of  roots      cUS  = 

a 

Condition  for  the  existence  of  equal  roots — 

53  b*—4Me  must  vanish. 

54  The  solution  of  equations  in  one  unknown  quantity  may 
sometimes  be  simplified  by  changing  the  quantity  sought. 


Ex.  (1) :  2»+  f^]  +  =  M    (1). 
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y 

ylukrioglieea determined  from  this  quadratic,  a;  is  afterwards foaod  from  (2). 

55    Bx.2:  i,+ic-|--^=s4. 

z 

Pai  s  y,  ftnd  mIto  the  qnadratie  m  y. 


56    Bx.3:  «»+«+|-y2«'+»+2  =  -|+l. 


Pot    v^2<'+«  +  2  =  y,  and  solve  the  qnedratie 


67  »x.4= 


,  ,  2  ?_!« 


A  qnftdrmtic  in  y  s 


58    Tojind  Mtu^ima  and  Minima  values  by  means  efa 

Quadratie  Equation, 

Ex.— Given  y  =  ae*+6a!-|-7, 

to  find  what  value  of  x  will  make  y  «  maximnm  or  minimam. 
Solve  the  qaadratic  equation 

8*»+6«+7— y  =  0. 


3 

In  order  that  a;  may  be  a  real  qnantitj,  we  mast  have  3y  not  lesa  than  12 ; 
therefore  4  ia  a  minimum  value  «f  y,  and  the  value  of  m  whieh  makes  y  a 
mittimnm  is 

0 
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ALGEBRA. 


SIMULTANEOUS  EQUATIONS. 


Genera/  solution  wUh  two  unknown  qwtniUieM. 

Given 

General  solution  wOk  three  unknown  quantities, 

60    Giveu  (ti^v-^-biiz-^CiZ  =  <ii  | 

a,  (6.C3— fe3go)+«,  (63^1— Alt's) +«8  (6iC2— 
and  symmetrical  forms  for  y  and  2. 


Metkods  of  solving  simultaneous  equations  between  two 
unknown  quantities  j;  and  y, 

61  I-  Bif  substitution, — Find  one  unknoicn  in  terms  of  the 
other  from  one  of  the  two  equationsy  and  substitute  this  value 
in  the  remaining  equation.    Then  solve  the  resulting  equation^ 

Ex.:  a;+dy  =  23  (1)1 

7y  =  28  (2))* 

From  (2),  y  s  4.   Snbetiinto  in  (1) ;  tbns 

62  the  method  of  Multipliers. 

Ex.:  8^  +  .5y  =  36  (1)  ) 

•2i;-3y=    5  {-l))' 

£iimmate;r  b/  mnltiplying  eq.  (1)  by  2,  and  (2)  bj  3^  thad 

6.r  +  10y  =  72, 
6.?;-  %  = 
19?/  =  :)7,  by  subtraction, 

i/  = 

a;  =   7,  by  substitution  in  (2y. 
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63  III.  By  changing  the  quantities  sought, 

Ex.  1:  x-y=   2  (1)) 

aj'-y'+a'  +  y  =  30  

I*et  x  +  y  =  «,    x—y  =  V. 

Substitute  these  values  in  (1)  and  (2), 

t>=  2) 
Mw  +  n  =  30  1  * 
.-.    2tt  +  «  =  30, 
«  =  10  ; 
x-hy  =  10, 
x-y  =  2. 

From  which  a  s  6   and   y  =  4. 


84    Ex.2;  2?±V  +  iot£:iiL=  9  (1) 

~  »— y       «+y  ^  ' 

•^+7y*  =  64  (2) 

Substitute  2  for  ^^t^  iu  (1)  ; 
»— y 

.  .-,     2.+ =  9, 

Z 

2«'-9«+10  =  0. 
nmii  which  «  s      or  2, 

■5-+  ^ -8  or  l 
y  2 

From  which  at  as  ^  <nr  <^y. 

SabBtitaie  in  (2)  ;  thoB     y  =  2    and   a;  =  G, 
or  ys-^  and  »  =  2v'7. 


85    Ex.  3:  3a;  +  5y=   (1)  ] 

2«+7y=saEy  (2))  * 

Divide  each  quantity  bj  «y ; 

-  +     =  l  (3) 

y  a; 

Multiply  (3)  bj  2y.and  (4)  by  3,  and  by  snbtractiOD  y  ia  eliminated. 
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IV.  By  sttbstituiing  y^tx,  when  the  equaiians  are 

homogeneous  in  the  terms  which  contain  jc  and  y. 

Ex.  1:  62a!'+7«y  =  5y»   (1)  ) 

bx-3>j  =  17   (2)  )  * 

From  (1),  bZa?-\-7tx'  =  b(*x*  (3)  ) 

and,  from  (2),  bx-'^tx  =  17   (4)  i  ' 

(3)  gives  52  +  7f  =  5/', 

a  quadratic  equation  from  which  I  must  be  fouud,  and  its  value  bubbtituted 
in  (4). 

9  is  tliiiB  determinad;  and  then  y  from  y  =:  to. 

87    E«.  2 :  2»«+«y +3/  =  16  (1)  7 

^~2x^  4  (2)>* 

From  (1),  bj  paUing  y  s=  to, 

a?(2+«+8i»)  =  16  (3)7  . 

from  (2),  «(3t-2)s  4  (4)i  ' 

■qwuring,  tf  (9^-12<+4)  =  16 ; 

9^-12<+4s2+<+8<*, 
a  qnadrfttio  eqtiation  for  t 

t  being  found  from  this,  eqnst'on  (4)  will  deiermiao  « ;  and  finally  y  s  to. 


RATIO  AND  PROPORTION. 


68    It  a  :  b  ::  c  :  d ;  then  ad  =  be,  and  ^=  ^ ; 

o  o 

b         d   *      b   ~    d    '    a  —  b^c—d' 


General  theorem. 
70      ■j-= -J  =  ^  =  *<5'  —  *  say,  then 


wbere  ^,  r,  &c.  are  any  quantities  whatever.  Proved  as 
in  (71). 
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71  Rule. — To  verify  any  equation  between  such  proportional 
quantities :  Substitute  for  a,  e,  ^c,  their  equivalents  kb,  kd, 
kjy  ^c.  respectively,  in  the  given  equation, 

Ex. — U  alb  ::  Old,  to  show  that 
Pnt  hbiara,  and  Itii  for  c ;  thus 


Identioal  fMolto  being  obteined,  the  propoAed  eqafttion  nmsfc  ba  tiii«, 

72  If  a  I  &  :  c  :  I  e  &c.,  forming  a  continued  proportion, 
then    a  :  c  : :     :  6*,  the  duplicate  ratio  of  a  :  6, 

a :  d a' :  6',  the  triplicate  ratio  of  a  :  6,  and  so  on. 
Also    Va  :  V6  is  the  subdoplioate  ratio  of  a  : 

a* :  M  is  the  Besquiplicate  ratio  of  a  :  6. 

73  The  fraction  -~-  is  made  to  approach  nearer  to  unity  in 

value,  by  adding  the  same  quantity  to  the  mumerator  and 
denominator.  Thus 

is  nearer  to  1  than  4-  is* 

74  I^Ei*'. — Ihe  ratio  compounded  of  the  ratios  a  :  h  audc  ;  d 
is  the  ratio  ac  :  bd, 

75  Via\h  \\  c  \  dy  and  a  :  h' ::  c  :  d';  then,  by  compound- 
ing ratios,  aa' :  Ik' ::  ce' : 

VAMATION. 

76  If  a  a  0  and  ho.c^  then  (a±6)  a c  and        a  c. 

77  K««5|,thenacoc6dand^aA. 
and   tfoed)  c  d 

78  If  a  a  6,  we  may  assume  a  =  mb^  where  /^i  is  some  constant* 
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ARITHMETICAL  mOGKESSION. 


General  firm  of  a  aerw$  in  A»  P. 

79  «,  a  +  il,  a+2rf,  a+3d,   a+(«-l)rf. 

a  =  first  term, 

d  =  common  difierence, 
I  =  last  of  n  terms, 

«  =:  sum  of  /*  terms ;  then 

80  ls=a+{»-l)d. 

81  *  =  («+0|. 

83  #={2a+(ii-l)rf}-|. 

Proof.— Bj  writiog  (79)  in  zerened  order,  and  adding  both  lerifls 

together. 


GEOMETBIOAL  PBOGBESSION. 

General  farm  efa  series  m  6.  P. 

83  a,  ar,  ar,  ar^,  ar*~*. 

a  =  first  term, 
f*  =  common  ratio, 

/  =  last  of  n  terms, 

#  =  sum  of  fi  terms ;  then 

84  I  =  at^-K 

85  #=an=i  OP  ai=r:. 

r— 1  1— r 

If  r  be  less  than  1,  and  n  be  infinite, 

86  since  »*  =  0. 

1— r 

Proof  — (So)  is  obtained  by  mnlftipljing  (83)  bj  r,  and  subtracting  one 

series  from  the  other. 


FJSMMUTATIONa  AND  COMBINATIONS, 
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HABMOJSICAL  PEOGiiiiiSSlON. 


87  b,  c,  d,  &c.  are  in  Harm.  Prog,  when  the  reciprocals 

— ,        — ,  4-»      WTO  ill  Aiith.  ProflT*! 

a      6     c  a 

88  Or  when  a  :  h  a^h  :  h^e  is  the  relation  subsisting 
between  any  three  consecutive  terms. 

89  term  of  the  series  =r  7  tt^,  sr.        [87,  80. 

(n— l)a— (n— 2)  *■ 

90  Approximate  sum  of  n  terms  of  the  Harm.  Prog. 
ah'  ^  com^  with  a. 

Proof.— By takiiig inatead the G.P.        +  ,         +  ,  °*  r  + ... . 


91  Arithmetic  mean  between  a  and  6  = 

92  Geometric  do.  =  y/ab. 

93  Harmonic  do.  = 
The  three  means  are  iu  continued  proportion. 

PEUMUTATiOXS  AND  COMBINATIONS. 


94  The  number  of  permutations  of  n  things  taken  all  at  a 
time      =  ft  (»— 1)  (n— 2)  ...  3 .2 . 1  =  n I  or  n^">. 

Proof  bt  LsDucrioN. — Assume  the  formula  to  be  true  for  n  things. 
Now  take  f»+l  things.  After  eacb  of  tbene  the  remaining  n  things  may  be 
arranged  in  n !  ways,  making  in  all  nx  )il  [that  is  (n  + 1) !]  permutations  of 
n  + 1  thingB ;  therefore,  4c.  See  hUq  (233)  for.  the  mode  of  proof  bj 
Induction. 
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05  The  number  of  permutations  of  n  things  taken  r  at  a 
time  is  denoted  by  P  (n,  r). 

P  («,  r)  =  It  (n-1)  (it-2)  ...  (w-r+1)  =ti<'">. 

PfeOQV.— By  (94) ;  for  {n—r)  things  are  left  out  of  eaoh  permatation  ; 
therefore  P(fhr)  s  »! r)!. 

Observe  that  r  =:  the  namber  of  factors. 


96  The  number  of  combinations  of  m  things  taken  r  at  a 
time  is  denoted  by  C  («,  r). 

^^'"'"^^  1.2.d...r  =7T 

For  every  combination  of  r  things  admits  of  r!  permuta- 
tions ;  therefore  C  (»,  r)  =  P  («,  r)  -5-  r  1 

97  0  {n,  r)  is  greatest  when  r  =  \n  or  i  (i»±  1)»  aooording 
as  fi  is  even  or  Mid. 


98  The  number  of  liomogeneous  products  of  r  dimensions 
of  n  things  is  denoted  by  H{ii,  r). 

^  '  ^  1.4...r  

When  r  is  >  n,  thia  Fednces  to 

(r-H)  (r+2)...(iiH-r-l) 

n 

Proof. — n(n,  r)  is  equal  to  the  number  of  terms  in  the  product  of  the 
expansions  bj  the  Bin.  Th.  of  the  n  expressions  {i—ax)~\  (I— fc<c)'\ 
(1— car)  \  Ac. 

Pat  a  =  6  =  c  =  Ac.  =  1.  The  Qamber  will  be  the  coeffieient  of  x'  ia 
(1 -»)-".    (128,  129.) 
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100  The  number  of  permutatioos  of  n  things  taken  all  to- 
gether,  when  a  of  them  are  alike,  b  of  them  a&e,  e  alike,  &a 

a  I  6 !  e  I ...  &c/ 

  * 

For»  if  the  a  things  were  all  different,  they  would  form  at 
permutations  where  there  is  now  but  one.   So  of  &g. 


101  The  number  of  combinations  of  7i  things  r  at  a  time* 
in  which  any  p  of  them  will  always  be  found,  is 

s=  C  (n— p,  r—p). 

For,  if  the  p  things  be  set  on  one  side,  we  have  to  add  to  them 
r—p  things  taken  •  from  the  remaining  »— things  in  every 
possible  way. 


102   Thbobbm:   C(n-1,  r-l)+C(ii-l,  r)  =  C(it»  r). 

pBOOF  BY  Induction  ;  or  as  follows :  Put  one  out  of  n 
letters  aside;  there  are  — l,r)  combinations  of  the  re- 
maining n — 1  letters  r  at  a  time.  To  complete  the  total 
C  {n,  r)p  we  must  place  with  the  excluded  letter  all  the  com- 
binations of  the  remaining  n— 1  letters  r— 1  at  a  time. 


103  If  there  be  one  set  of  P  things,  another  of  Q  things, 
another  of  R  things,  and  so  on  ;  the  number  of  combinations 
formed  by  taking  one  out  of  each  set  is  =  FQB ...  &a,  the 
product  of  the  numbers  m  the  several  sets. 

For  one  of  the  P  thines  will  form  Q  combinations  with 
the  Q  things.  A  second  ot  the  P  things  will  form  Q  more 
combinations ;  and  so  on.  In  all,  PQ  combinations  of  two 
things.  Similarly  there  will  be  PQB  combinations  of  three 
things ;  and  so  on.   This  principle  is  very  important. 


104  On  the  same  principle,  if  7,  r,  &c.  thinp^s  be  taken 
out  of  eacli  set  respectively,  the  number  of  combinations  will 
be  the  product  of  the  numbers  of  the  separate  combinations  ; 

that  is,  =  C  {Pp) .  C {Qq) .  C  (Rr)  ...  &c. 

H 
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105  The  number  of  bombinations  of  n  things  taken  m  at  a 
time,  when  p  of  the  n  things  are  alOce,  q  of  them  alike,  r  of 
them  alike,  &c.,  will  be  the  sum  of  all  the  combinations  of 
each  possible  form  of  m  dimensions,  and  this  is  equal  to  the 
coefficient  of  «**  in  the  expansion  of 

(l+«+jB*+ ...  +05^)  (1  -|-a?+aj*+ ...  4-aj«)  (1  +»+a!*+ ...  • 

106  The  total  number  of  possible  combinations  under  the 
same  circumstances,  when  the  n  things  are  taken  in  sll  ways, 
1,  2,  3  ...  n  at  a  time, 

=  (p+i)(g-l-i)(r+i)...  -1. 

107  The  number  of  permutations  when  they  are  taken  m 
at  a  time  in  all  possible  ways  will  be  equal  to  the  product  of 
fn  1  and  the  coefficient  of  as"  in  the  expansion  of 

 &C. 


STJBDS. 


108  To  reduce  \/2808.  Decompose  the  number  into  its 
prime  factors  by  (3 GO)  ;  thus, 


109  To  bring        to  an  entire  surd. 

110  rationaiUe  fraetwm  having  mrd$  m  l/k«lr 

ileiioititfMilorff. 
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111  gr7go='-Tl^  =  ^^^+^^^^' 

nnoe  (9-  ^&0)  (9+  ^SO)  a  81- 80»  tij  (1). 


112 


1         ^  l->-2y3+v/2_  1  +  2^3+^/2 
1  +  2^3- v/2     (l  +  2y3)*-2       ll  +  4v/3 

_  (14-2^34- y2)  (11-4^3) 
-  73 


»/3-y2  3*-2»* 

Fafe3*=siBy  2*=iy,  and  take  6  the  L.C.M.  of  the  de nominators  2 and  3,  then 
1  ^aF-l-aiV+g'.v'-HA'W-l-v'^  by  (4)  • 

1  3«+8*2*+8»2»+3>2»+8»2»+2» 


therefore 


8>-^  8«-2« 

=  3t/9+3y72+e+2y648+4^^-|-4v^. 


114  ^  .  .  Hen  the  reeaU  will  be  the  aame  as  in  the  last  exaroplo 
if  the  mgn  of  the  eren  temui  be  changed.  [See  5. 


115  A  surd  cannot  be  partly  rational ;  tliat  is,  cannot 
be  equal  to  y/b±,c.  Proved  by  squaring. 

116  The  product  of  two  unlike  squares  is  irrational ; 

'v/7x  y^3  =  v^21»  an  irrational  quantity. 

117  The  sum  or  difference  of  two  unlike  surds  cannot 
produce  a  single  surd;  that  i8»  ^a-\-^b  cannot  be  equal 
to  y/e.  By  squaring. 

118  If  a+v^m  =  b-\-x/n;  then  a  =  b  and  »»  =  ». 

Theorems  (115)  to  (118)  are  proved  indirectly. 


119   If  ^/^^+  ^^f^  =  ^xi-  s^y, 

then  V'a—  Vb  =  ^x—  ^y. 

By  squaring  and  by  (118). 
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120    To  express  in  two  terms  v/7-f  2  V6. 
Let  V'7+276=  y»+v^»; 

then  8+y  =  7   by  sqnMing  and  by  (118), 

and  s-y  =  yr-C^ye)'  =  v/49^=  5,  by  (119)  ; 

A  «s6  and  y  =  l' 

General  f ormala  for  the  same — 
181   Vi±Vb^  v^i(a+>/a*-6)± V'i(a-'v/a*-6). 

Observe  that  no  simplification  is  eSeoted  unless  (  is  a 
perfect  square. 


122   To  simplify  Va+  ^b. 

Assume  Vo+      =  ^y- 

Let  es=t/«*— 6. 

Then  a;  must  be  found  by  trial  from  the  cubic  equation 

and  y  =  J?"— c. 

No  simplification  is  effected  unless  a*— 6  is  a  perfect  cube. 


Bx.  1:  V7-f5v/2  =  a5-f-yy. 

c=  y49-50a  -1. 

4i^+3«s7;    /.  »  =  1,  y  =  2. 

Result    1  4-  v/2. 


Bx.  8 :  V9y»-liy2  a  y«-K/Ff  two  diifweiki  tttrda. 

Cubing,      9y3-llv/2  =  xy«+a»yy  +  3yya;  +  y/y} 

9v/3  =  (x-|-3y)  ya:]  .  (X18) 

«  =  3  and  y  =  2. 
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123     To  simplify      v/(12  +  4v/3  +  -iy5  +  2yi6). 
ARsarae  ^(12  +  4^3  +  4^5  +  2^15)=  ^x-^^y-^-^u. 

Square,  and  equate  corresponding  surds. 


184  To  express  V A-^^B  in  the  form  of  two  surds,  where  A 
and  B  are  one  or  both  quadratic  surds  and  n  is  odd.  Take  ^ 
tuch  that  q  {A^—B*)  may  be  a  perfect      power,  say  by 

(361).    Take  8  and  t  the  nearest  integers  to  \/ (i(A-^By 

and      {A^B)\  then 


EiAMPLi:     Torednoe  v^89v'3+109v'&. 

A*— ^  si;    .*.  p  s  1  md  9  s  1. 

y g  (.1  +  2^)'  =  9+/ \       /  being  a  proper  fraction ; 


BINOMIAL  THEOBEM. 


125  (fl+6)*  = 

^1  o  i 

186    Goueral  or  (r  +  l)^**  term, 

1)  (n— 2)  ...  («— r+l)^,„,p 
r! 

if  fi  be  a  positive  integer. 
If  ^  be  negative,  the  signs  of  the  even  terms  will  be  changed. 
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'  If  H  be  negative  the  expanBktt  xednces  to 
128  («+6)-  = 

189   General  term, 

(-l)>«(«'+l)('»+2)-('«+»-')a-.-^y.  [See 98. 

Ruler's  proof, — Let  the  erpandon  of  (l-fx)*,  as  in  (125), 
be  called  /(n).   Then  it  may  be  proved  by  Induction  that  the 

equation  /WX/(«)   (1) 

is  true  wjien  m  and  n  are  integers,  and  therefore  univeraally 
true ;  beoauae  the  form  of  an  algebraical  product  is  not  altered 
by  changing  the  letters  involYed  into  fractional  or  negative 
quantities.  Hence 

/(TO+7i+i?-h&c.)  =fim)Xf(n)Xfip),  Ac. 
Put  m  =  n  =  p  s  to.  to  k  terms,  each  equal      and  the 

theorem  is  proved  for  a  fractional  index. 

Agun,  put  —n  for  m  in  (1) ;  thus,  whatever  n  may  be, 
/(-»)X/(n)=/(0)  =  l, 
which  proves  the  theorem  for  a  negative  index. 


130   For  the  greatest  term  in  the  expansion  of  {a-\-by,  take 

r  =  the  mtegral  part  of  ^ — ' — or  ^  f-f 

*  a-\-b  a  —  o 

according  as  n  is  positive  or  negative. 

But  if  h  be  greatt^r  than  and  n  negative  or  fractional, 
the  terms  increase  without  limit. 


EXAHPLCa. 

Required  the  40th  term  of       -  ~  j**. 

Here  rssSO;  «  =  «  =  42. 

By  (127),  »l»o  Urm  will  be 

al39!V     3/  1.2.3    Vs/  "J^*^^- 
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Required  the  31  st  trerm  of  (a — x)'*.  .  .          .     .  • 
Here  r  =  30  ;  6=—*;  n  =  — 4. 

Bj  (129),  the  term  is  ■ '  -  ' 

,           5. 6. ..30.31.32.33  ^,  31.32.33       .  ,^0% 
 172  .  3. ..30  -1:2:3-0^^  <^^>- 

131    Beqnired  U&e  gnateat  torin  io-ihe  «s|MtiiBio&  of     ^     when  « = 
(l-f>Ji*~  Here  n  =  6^  a  =  1,  fc  =  as  in  the  formula 

iliflnfore  r  s  23,  by  (ISO),  uid  the  greatest  term 

-/   ,x«5.6,y„.27/14\»_    24.25.26.27 /M\« 
^   ^  1.2.a...2aU7/  1.2.3.4    U7/  ' 


13S  Find  the  first  negative  term  in  the  ezpansion  of  (2a  +  36)^, 
lore 


We  must  take  r  the  first  integer  which  makes  ft— r+ 1  negative ;  thcre- 
I  r>f»+ls  V-fl^^l  tberefure  rs?.  The  term  mil  be 


17      1*       11       «      St/"   » 

.^^  .  »  .^y^.fS       (2<i)-»(36)'  by  (126) 


17.14.11.8  5.2. 1  U 


7!  (2a)» 


183    Beqnired  tl^e  ooeflBoient  of  e^  iu  the  expansion  of  (|^^)  • 

g±g=(a>3.V(W=(^y(i-f.)- 
„(x.,a.+  |..)[i+2(|)^^-^(|)'+  

 +33(3^)%8i(|)%85(^^)%*c.  ..|. 

the  tlireo  t*  rms  Inst  written  being;  those  which  produce  »**  after  moltipljing 
bjr  the  factor  (I  +  3x+  Jar*)  ;  for  we  have 


-|sr» x33  ( 3* X 84  ( 1 X 35  (I) 
giving  for  the  coefTicit  nt  of  x^*  iu  the  i-etsult 

^(|)%,02(l)%3.(A)"=aO«(^)" 
The  coefficient  of  «"  will  in  like  manner  bo  9i>  (|)"~'. 
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134  To  write  the  ooeflioient  of        in  the  expansion  ^ 

The  genera]  term  is 

(2n4-l)!  1  _  (2n4-l)! 

(2»  +  l-r)!r!  'a^  ~  (2n  +  l-r)  !  r! 

Eqoate  4»— 4r+2  to  3m +1,  thas 

^_4»— 8m+l 
 4  • 

Sabttitote  this  value  of  r  in  the  general  tevxn;  the  required  ooeffioient  heoonea 

 (8nH>l)!  

[i(4n+S«+3)] !  [i(4n-Sm+l)]  \ 

The  ralae  of  r  shows  that  there  is  no  term  in        unless  is  an 

integer.  * 

135  An  approximate  value  of  (l-|-<r)",  when  x  is  smally  is 
l+m»,  by  (125)»  neglecting  ^  and  liigher  powers  of  x, 

136  Bx.~An  approximation  to  by  Bin.  Th.  (125)  is  obtained  from 
the  first  two  or  three  terras  of  the  expansion  of 

(1000-1)*  a  10-i .  1000"*  s  10-T^  s  BMrlj- 


MULTINOMIAL  THEOREM. 


The  general  term  in  the  expansion  of  (a +^a;-j-ca;'-f  &c.)"  is 

137  (»-2)  ...  (PH-I)^p^,^r^,  _^^^,f2M^t 

^1  rl  »!  ... 

where  j7+2  +  r+«+&c.  =  «, 

and  the  number  of  tormB  p,  7,  r,  &o.  corresponds  to  the 

number  of  terms  in  the  given  multinomial. 

/)  is  integral,  fractional,  or  negative,  according  as  n  is  one 
or  tlie  other. 

If  n  be  an  integer,  (137)  may  be  written 

138  *  _^iL.^a''6'c^</,...ar^+*'+*. 

!  q\  r\  91 

[Dednoed  from  the  Bin.  Theor. 
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Ex.  1- — To  write  t  he  coefficient  of  o'6c*  in  the  expaiiHion  of  (o  +  fc  +  f  + 
Her©  put  n=10,a!  =  l,j9  =  .H,  ^  =  1,  r=6,  «  =  0  in  (138). 

Resnlt  #J-r-  7.8.9.10. 


£<x.  a. — To  obtain  the  coefficient  of  a*  in  tlie  expansion  of 

(l-2»+8a!»-4a»)*. 
Here,  oompariog  with  (137),  we  have  a= I,  (  =  ~2,  c=  S,  <l ss'-i, 


1 

0 

1 

2 

0 

0 

2 

0 

1 

2 

1 

0 

0 

4 

0 

Tlia  numbero  1,  0, 1,  2  are  paiiicniar  yalnes  of  p,  9,  r,  s  respeciiveij, 
whieh  satiaf  J  the  two  eqnationa  ^ven  ahove. 

0,  2,  Of  2  are  another  set  of  values  which  also  satisfy  those  e(|aaiH>ii8; 

and  the  four  rows  of  numbers  consfitutc  all  the  solutions.  In  formiog  thoM 
rows  always  try  the  highest  possible  numbers  on  the  rip^ht  firet. 

Now  substitute  each  set  of  values  of  j7,  9,  r,  s  in  formula  (138)  succet- 
aiyelj,  ae  imder: 


-2)"3'( 

-4)'  = 

.576 

2!  2! 

-2)'3«( 

-4)'  = 

384 

4.1 

21  ^ 

-2)'3'( 

-4)'  = 

864 

4.' 

-2)°3*( 

-*)•  = 

81 

BeBQlt  1905 


Ex.  3. — Required  the  coefficient  of    in  (l+2ie— 4a*-2«F)~*. 
Here  as  1,  5s2,  c s~4^         2,*n  =— i ;  and  the  two  eqaationa  are 

+        »•+  «  =  - 
g  +  2r  +  3«=    4,  • 


1 

1  2 

1 

0"' 

1  ; 

~-  » 

1  * 

0 

CI 

.  7 

il 

0 

1 

0 

-f 

4 

0  1 
1 

0 

1 

I 
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Employing  i'urmala  (137),  the  remaiuikr     the  work  stands  as  follows  : 

(-|)(-f)i-*a'(-4)'(-2)'  =  -  3 


h{-\)  (-1)  {-|)l-'>'H-*)'(-2)'=  16 

i.(-2K-2)(-¥)(-l)'""^<-*)"(-^>'= 


35 
8 


Bwali  22| 


139  The  miiuber  of  terms  in  the  expansion  of  the  multi- 
nomial +  to  11  terms)'"  is  the  same  as  the  number  of 
homogt'nt'ous  products  of  )t  things  of  /■  dimensions.  Sec  (97) 
and  (98). 


The  s2:n'atest  coefficient  in  the  expansion  of  (a  +  6  +  c4- 
to  m  terms)",  n  being  an  integer,  is 


Proof. — ^By  oiAking  ihe  drntominaftor  in  (138)  M  nuAll  as  poinble.  The 
not»ti4m  is  explained  in  (96). 


LOGARITHMS. 


14S  logs  N=t^  signifies  that  a'  =  JV,  or 

Dw. — The  loija  rlthm  of  a  number  is  the  power  to  which  the 
base  must  be  raised  to  produce  that  number. 


143 

log«  a  = 

1,   log  1  =  0. 

141 

log  MX  = 

logi/+logiV. 

1 

log  J/— log  iV. 

lug  {My  = 

n  log  M. 

log  Vilf  = 

ilogJIf. 

fl 

[142 
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That  is — The  logariifm  of  a  number  to  any  base  is  equal  to 
the  logarithm  of  the  nuvl^er  divided  by  the  logarithm  of  the 
base^  the  two  last  named  logarithms  being  taken  to  any  the 
same  base  at  pleasure. 

Proof. — Letlog,.rt  =  as  and  loge6  =  y;  theno  =  c',  6  =  c".  Eliminate  c. 

±      i.  * 
o  =  «•  =  b';      /.  a  =  h',      ihai  u,  log^u  ^ 

y       Q-  0.  a. 


146  log»a  =  Put  c  =  a  in  (145). 

log.  A 


147  ^««-^^  =  l^^^(^^^)- 

m 

148  =  -48429448 ... 

log,  10 

is  called  the  modulus  of  the  common  system  of  logarithms ; 
that  is,  the  factor  wliicb  will  convert  lo<;arithms  of  numbers 
calculated  to  the  base  e  into  the  corresponding  logarithms  to 
the  base  10.    See  (154). 


EXPOJ^fiKTIAL  THEOREM. 

149  a'==l+e.i;+^l:f:  +  ^  +  &c., 

where       c  =  (a-l)-i(a-l)*+i(a-l)«-&c. 

Proof.  a*=  {l  +  (o— 1)]^.  Expand  this  by  Binomial  Theorem,  and 
collect  the  eoeffioients  of  «;  thns  c  ia  obtained.  Assume  0|,  as  the 
coenicicnf 8  of  the  succeeding  powtMS  of  j\  and  with  this  assumption  write 
out  the  rxpansiong  of  a^,  a",  and  a''"'.  Form  the  product  of  the  (ir>t  two 
series,  which  product  must  be  equivalent  to  the  third.  Therefore  equate 
the  ooeflioieiit  of '« in  this  prodaot  wiUi  that  in  the  ezpanaion  of  a**'.  In 
the  identity  so  obtained,  eqnate  the  ooefBcients  of  the  SDCoessiTe  powers  of 
3f  io  determine  Ct,  Sm. 
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Let  e  be  that  value  of  a  which  makes  c  =  1,  then 
150  e'=l+^-|-|:+il  +  &c. 


161  e  =  l  +  l  +  l  +  l-h&c. 

=  2718281828  ...  [See  (295). 

Proof. — By  making  x  =  1  in  (150). 


158   By  making  a;  =  1  in  (149)  and  x  =  em  (150),  we  obtain 
0  =  6";  that  is,  c  =  log«  a.    Therefore  by  (149) 
154       log,a  =  («-l)-i  («~1)-+1  («-l)^-&c. 


166         log(H-a-)=  ^-:^-f-^~^+&c. 

ft 

156  log(l-,,)  =  -*-^-^-^-&0.  [184 

157  log{±£=2j...+  £:  +  £l+&c.j. 


Put  for  ,c  iu  (157) ;  thus. 

w  +  1  ^  ' 


158  .og«=2S^;+^^^)V|(^)V*c.j. 


l^ut  2^^i  thus, 


159  log(it+l)-logfi 

?2«+l  "^a(2w  +  l)*'^o(2/i-|-i)*'^  •$ 
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CONTINUED  FRACTIONS  AND  CONVERGENTS. 


160    To  find  converorents  to  8'  14159  = 


in  the  rule  for  H.  C.  F. 
7 


4 


100000 

314159 
300000 

99113 

887 

14159 

854 

887 

33 

'5289" 

29 

4435 

4 

854 

4 

66 

194 
165 

"29 
28  ! 


15 


25 


314159 
iOOOOO' 


Proceed  as 


The  oontmued  fraction  is 

3  +  1  

7  +  1 

15+^. 

conye- 


or,  as  It  18  more 
niently  writteu, 

1  1 


3+ 


7+  15  + 


The  convergents  are  formed  as  follows : — 

3     7     15      1       25       1  7 


4 


3  22  333  355  9208  9563  76140  314159 
1'    7*  106'  113*  2931'  3044'  24239'  IOOOOO 

161  Bulb. — ^Write  the  quotients  in  a  row,  and  the  first  two 
convergents  at  sight  (in  &e  example  3  and  3+^).  Multiply 
the  numerator  of  any  convergent  bj  the  next  quotient,  and 
add  the  previous  numerator.  The  result  is  the  numerator  of 
the  next  convergent.  Proceed  in  the  same  wav  to  determine 
the  denominator.  The  last  convergent  should  be  the  original 
fraction  in  its  lowest  terms. 


168         FartmUa  fhr  Jbrming  the  eonvvrgenU, 

If  -^^j  ^  are  any  consecutive  convergents,  and 

gn-2      7n-l  % 

^••it         Oi»  tlie  corresponding  quotients ;  then 
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The     conyergent  is  therefore 


The  true  value  o£  the  continued  fraction  will  be  expressed 

by 

163 

in  which  is  the  complete  quotient  or  value  of  the  contiuued 
fraction  commencing  with  <?». 


164  PMq»-i—Pm-iqn  =  ±1  alttruately,  by  (102). 

The  convergents  are  alternately  greater  and  less  than  the 
original  fraction,  and  are  always  in  their  lowest  terms. 


165  The  difference  between  F^^  and  the  true  value  of  the 
continued  fraction  is 

and    >  —r^  

and  this  difference  therefore  diminishes  as  n  increases. 

Pboof.— By  taking  the  difference,  ^-  -        '^P".  (163) 

Also  F  is  nearer  the  true  value  than  any  other  fraction 
with  a  less  denominator. 


166  is  greater  or  less  than  ^according  as  is 

greater  or  less  than  P^^i. 


General  Theory  of  Cmtinued  Fraction* 

167    First  class  of  contiuued     Second  class  of  continued 
fraction.  fraction. 

^1+         fl»H-&c.  «!—  Ot—  &c. 

a^,  hi,  &o,  are  taken  as  positive  quantities. 


.         Ly  Google 


aONTINUSD  FBA0TI0N8.  63 


— ,       &c,  are  termed  eomponenta  of  tlie  continued  frao- 

tion.  If  the  components  be  in&iite  in  number,  the  oontipued 
fraction  is  said  to  be  infinite. 

Let  the  successiye  conyergents  be  denoted  by 

ti^k—k;    ^  =  andsoon. 


168   The  law  of  formation  of  the  conyergents  is 
For  F,  I  For  V, 

CP.  =  a.Pn^^+b,Pn^,  c  p.  =  a.p,..^6.p.., 

[Proved  by  Indvetba. 

The  relation  between  the  successiye  differences  of  the 
coDvergents  is,  by  (168), 


Take  the  —  sign  for  F,  and  the  +  for  V. 


170  J?nqn-l-Pn-.gn  =  i-^'-'W^^  •■•  h„.  (168) 


171   The  odd  conyergents  for  JP,  Ac.,  continually 

ft  78 

decrease,  and  the  eyen  conyergents,  &c.,  continually 

ft  ft 

increase. 

Eyery  odd  conyergent  is  greater,  and  eyery  eyen  con- 
yergent  is  less,  than  all  following  conyergents.  (169) 


172  DBF. — If  the  difference  between  oonsecutiye  conyer- 
gents diminishes  without  limit,  the  infinite  continued  fraction 
is  said  to  be  definite.  If  tbe  same  difference  tends  to  a  fixed 
yalue  greater  than  zero,  the  infinite  continued  fraction  is  rn- 
definite ;  the  odd  conyergents  tending  to  one  yalue,  and  tlie 
eyen  conyergents  to  another. 
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173  is  definite  if  tlio  ratio  of  every  (luotient  to  tlio  next 
component  is  greater  than  ;i  fixed  quantity. 

PuooF. — ^Apply  (169)  Boooemivelj. 

174  F  iR  incommensttrable  when  the  components  are  all 
proper  fractions  and  infinite  in  number. 

Pkook. — Indirectly,  and  by  (168). 

175  If  o  be  never  less  than  ft +1,  the  convergents  of  V  are 
all  positive  proper  fractions,  increasing  in  magnitude,  and 

also  increasing  with  n.  By  (167)  and  (108). 

176  If,  in  tliis  case,  V  be  infinite,  it  is  also  definite,  beinp^ 
=  1,  if  ft  always  =h-\-l  while  h  is  less  than  1,  (175);  and 
being  less  than  1,  if  a  is  ever  greater  than  6  +  1.        By  (180). 

177  V  is  incommensurable  when  it  is  less  than  1 ,  and  the 
components  are  all  proper  fractions  and  infinite  in  number. 

180  If  in  the  continued  fraction  F  (167),  we  have  a„  s=  1 
always;  then,  by  (168), 

s=:  6x+ftift2+^i^afta+"*  to  n  terms,  and  q^  = 


181  If)  in  the  continued  fraction  F,  <\  and  are  constant 
and  equal,  say,  to  a  and  h  respectively ;  then  ^„  and  are 
respectively  equal  to  the  coefficients  of    ~'  in  the  expansions 

of  and  , 

1— oaj— 1  — a*— 6a!* 

Proof. — and  o«  are  the  terms  of  two  recDrnoff  fleiiee.  See  (IG8) 
Md  (251). 


182    To  convert  a  Series  into  a  Continued  Fraction. 
The  series       l+£.+.^-f  ...  +£l 

is  equal  to  a  continued  fraction  V  (167),  with  n+1  com- 
ponents; the  first,  second,  and  n+l***  components  being 

[Proved  by  Indaotioii. 
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183    The  series 


is  equal  to  a  continued  fraction  V  (167),  with  n+1  compo- 
nents, the  first,  second,  and  9i+ 1^  components  being 

1       vx  •  [prowd  by  Indaotioa. 


184  The  si^  of  fr  may  be  changed  in  either  of  the  state- 
ments in  (182)  or  (183). 

185  Also,  if  any  of  these  series  are  convergent  and  infinite, 
the  continued  fractions  become  infinite. 


186     Tojind  the  wUue  of  a  continued  fraction  with 

recurring  quotientg. 

Let  the  continued  fraction  be 


a.  =  *!_.  where  y  =  ^ni-  ^ 


m 


80  that  there  are  m  recurring  quotients.  Form  the  con- 
vergent for  X,  and  the  m}^  for  y.  Then,  by  substituting  the 
complete  quotients  a^-hy  for  and  a^^^  -^-y  for  a^+M  in  (168), 
two  equations  are  obtained  of  the  forms 

jp  =  — i^— —    and   It  =  — '-^ — , 

from  which,  by  eliminating  ?/,  a  quadratic  equation  for  de- 
termining X  is  obtained. 

187  If  |4r    .  ^ 

be  a  continued  fraction,  and 

£l,    £• 

K 
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the  correspoiiding  first  n  convergents;  then  developed 

by  (168),  produces  the  contiuued  fraction 

«•  H-  a«-i+  ...  +     +  «i 

the  quotients  being  the  same  but  in  reversed  order. 


INDKTEBMINATE  EQUATIONS. 


188   Given  ax-^-hf  =  e 

h'vo  fi-oin  fractions,  and  a,  /3  intt  irral  valiu-s  of  .r  and  //  wnich 
satisfy  tho  equation,  the  complete  iutegral  solution  is  given  by 

j?=  a— ft* 

y  =  i8+al 

where  t  is  any  integer. 


Example. — Uiven  6j;  +  %  =  11*2. 

Then  as  =  20,  y  =  4  are  values  ; 

Tilc  valnet*  of  x  and  y  may  be  exhibited  as  under : 

t= -2  -101234567 

«=  26     23    20    17    U    11     8     5     2  -1 

y  =         -1     4     9    14   19   24   29   34  39 

For  Sf)IntioTis  in  pusilivc  intoji^oi-s  /  must  lit'  between  =  (i\  und  — *  ; 
that  is,  t  must  be  0,  1,  2,  -i,  4,  5,  or  0,  giving  7  positive  intcgrHl  fiolatioos. 


189    I(  the  equation  be 

«.r— ftjy  =  c 
the  solutions  are  given  by 

a?  =  a+fti 
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ExAMPLK  :  4ar  — 8*/  =  19. 

Here  «  =  10,    =  7  satisfy  the  equation  ; 

«  —  10  +  3<  j  i^jj^j^j^  j^ji  ^  Bolationa. 

y  =  7  +  'J-n 

The  aimnltaneoas  ▼alnoB  of  and  y  will  be  as  follows : — 
^  =  _5  «4  -3  -2  -1  0  1  2  S 
«  =  -5  -2  1  4  7  10  13  16  19 
ys-lS   .9   .5-1      3    7   11   15  19 

The  namber  ot  pontiTe  integral  solations  is  infinite,  and  the  least  positive 
integral  valoea  of  x  and  y  are  given  by  the  limiting  value  of  vis., 

i>-^   and  <>-j; 
that  is,  t  most  he  ~1, 0, 1,  2, 3,  or  greater. 


190  two  values,  a  and  /3,  cannot  readily  be  found  by 
inspection,  as,  for  example,  in  the  equation 

17a;+lSy  ^  14900, 

diriiJe  by  the  hast  riicffwient,  and  equate  the  remaining  Jrac- 
tiong  to     an  integer;  thus 

=  1146+ ^   (1). 

4b— 2  =  13<. 

Repeat  tho  process ;  thus 

Put  M  =  1, 

t  =  2, 

and  y-|-a;  +  ^  =  1146,  by  (1), 

y  =  1146-7-2  =  1137  =  />. 
The  geueral  solution  will  be 

x=  7-l'St, 
y  =  1137  +  17<, 

Or,  changing  the  sign  of  i  for  convenience, 

«=  7-1-13/, 
1137-174 
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Here  the  namW  of  aolntioofl  in  positive  integers  is  equl  to  the  namber  of 
integers  lying  between         —  ^  end  ; 

or  —^9>xi&  66H;  t]»fc  67. 

191  Otherwise. — Two  values  of  x  and  y  may  be  found  in 
the  following  manner : — 

17 

Find  the  nearest  converging  fraction  to  ...       [By  (160). 

This  Is  |.   By  (164)  we  have 

17x3-13x4  =-1. 
Maltiply  by  14U00,  and  change  the  signs; 

17  (-44700) + 13  (59600)  =  14900 ; 

s -44700 
59600 

and  the  general  eolation  noay  be  written 

»s-44700+lS<, 

ys  59600-171. 
This  method  has  the  disadvantage  of  producing  bigb  valneK  of  a  and  /9. 


which  shows  that  wc  may  take 


192  The  values  of  x  and  //,  in  positive  integers,  which 
satisfy  the  equation  ax±,by  =  c,  form  two  Arithmetic  Pro- 
gressions, of  which  h  and  a  are  respectiTelj  the  common 
differences.   See  examples  (188)  and  (189). 


193  Abbreviation  of  the  method  in  (169). 

ElAMFLS :  lloi— 18y  =  63. 

Pat  X  =  92,  and  divide  by  9 ;  then  proceed  as  before. 

194  To  obtain  integral  solutions  of  ajp-^-by-^-ez  =:  d. 

Write  the  equation  ilius 

ax+by  =  ci—cz. 

Put  successive  integers  for  ;• ,  and  solve  for  x,  ij  in  each  case. 
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TO  REDUCE  A  QUADRATIC  SURD  TO  A 
CONTINUED  FRACTION. 


195 


Example  : 
^29 


x/29  +  5 
4 

v/29+3 
5 

v/29+2 
5 

y29+3 
4 


5  +  ^^29-5 

v/29  -  3 


=  6  + 


v/29+5* 


2  +  ^i--=  2  + 
5 

/OQ_Q  ^ 

2  + 

v/29+5=  10  +  v/29-6  =  10  + 


5 


,  .  y 29 -  3 
6 

2  +  ^^ 


v/29+3' 

5 

V'294-2' 
4 

-v/29+i* 

1  _ 
-v729  +  5' 

4 

v/2y  +  5" 


llie  quotients  5,  2, 1,  1,  2,  10  are  the  greatest  integers 
contained  in  the  quantities  in  ^e  first  column.  The  quotients 
now  recur,  and  the  surd  \/29  is  equiyalent  to  the  continued 
fraction 

i_  i_  i_  1^  \  L- 1_  L_  i_ 

6-f  2H-  1-1-  1+  2+  10-h  2+  1+  1+  2-h&c. 

The  convergents  to  v^29,  formed  as  in  (160),  will  be 

6    11    16    27    70    727    1624   2251   8776  9801 
1*    2*    3*    6'   13*  135'    283*    418'    701'  1820* 

196  Note  that  the  last  quotient  10  is  the  greatest  and  twice 
the  first,  that  the  second  is  the  first  of  the  recurring  ones,  and 
that  the  recurring  quotients,  excluding  tlie  last,  consist  of 
pairs  of  equal  terms,  quotients  equi-distant  from  the  first  and 
last  being  equal.  These  properties  are  uniyersal.  (See  204 
-210). 

To  flrm  high  eonvergenU  rapidly. 

197  Suppose  m  the  number  of  recurring  quotients,  or  any 


Digitized  by  Gopgle 


70 


ALGEBRA. 


multiple  of  that  number,  and  let  the  7/1"'  cnnver<xent  to  \/Q  be 
represented  by  F^;  then  the  2m"'  convergent  is  given  by  the 

formula  =  i  S !  ^^^^^ 

198  For  example,  to  approximating  to  v/29  aboTe,  there  «re  6?e  recvrtDg 
quotient!.   Tkke  m  s  2  x  5  3=  10 ;  therefore,  hj 

=  the  10">  convergent. 


19201 


Therefore        F,  =  i  ?^-|-29x  ^  {  =  l^^H^i 

"      (1820^       <»80n  35675640 

the  20"'  ronvtMX'cnt  to  ^/29 ;  and  the  laboar  of  calculating  the  tntervening 

couvetgctiu  iH  haved. 


GENERAL  THEORY. 


199   The  process  of  (174)  may  be  exhibited  as  follows : — 


200  Then 


1          1   1^ 


The  quotients  /ij,  a,,  a^,  &c.  are  the  integral  parts  of  the  frac- 
tions on  the  left. 
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201    The  equations  connecting  the  remaining  quantities  are 
Ci  =  0  fi  =  1 


p  •  •     •  • 


The  n***  conyergent  to  y/Q  will  be 


Ejl  =  [By  Indnotion. 

The  trae  value  of  y/Q  is  what  this  becomes  when  we 

substitute  for  a,  the  complete  quotient  ^^^^"^  of  which  a, 
is  only  the  integral  part.   This  gives 

203  =  /'.-.+»-.?-«. 

« 

By  the  rrliitions  (luy)  to  (203)  the  following  theorems  are 
demonstrated : — 

804    All  the  quantities  a,  r,  and  c  are  positive  integers. 

205  The  gi'eatest  c  is  Cg,  and    =  cti. 

206  No  a  or  r  can  be  greater  than  2a,. 

207  If  '•«  =  l,  then  c^  =  ai. 

208  ^or  all  values  of  n  greater  than  1,  a— is  <r«. 

209  Tlie  number  of  (luotients  cannot  be  greater  than  2a^. 
The  last  quotient  is  2ai,  and  after  that  the  terms  repeat. 

The  first  complete  quotient  that  is  repeated  is  and 

a,,  r„     commence  each  c^xle  of  repeated  terms. 
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210    Let       r^,     be  the  last  terms  of  the  first  cycle  ;  then 
O'm-u      ij  ^w-i  are  respectively  equal  to  (ij,  r^,  t-^;  r„_a, 
are  equal  to  ^a,  /'j,,  r^,  and  80  OD,  [By  (1S7). 


EQUATIONS. 


Special  Coks  in  the  Solution  of  Simultaneoue  Equations. 

211  First,  with  two  unknown  quantities. 

If  the  deuoiniuators  vanish,  we  have 

^  =     ,  and  a?  =s  oo,  y  =  oo  ; 
a,  6^ 

unless  at  the  same  time  the  numerators  Yanish,  for  then 

and  the  equations  are  not  indepeiident,  one  being  produced  by- 
multiplying  the  other  by  some  constant. 

212  Next,  with  three  unknown  quantities.  See  (00)  for 
the  ecpiations. 

If  (is,  all  vanish,  divide  each  equation  by  z,  and  we 
have  three  equations  for  finding  the  two  ratios  ^  and  ^ ,  two 

onlv  of  which  equations  are  necessary,  any  one  being  dedu- 
cibie  from  the  other  two  if  the  three  be  consistent. 


213    To  solve  simultaneous  equations  hp  Indeterminate 

Multipliers, 

Ex. — Take  the  equations 

3»  +  6y+  72+  tr  =  48, 

bx-\-Sy  +  10«  — 2w  =  65, 
7a;  4-  %  -f  5s  4-  4i£;  =  03, 
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Multiply  the  first  by  A,  the  second  by  B,  the  third  by  (7, 
leaving  one  equation  unmultiplied ;  and  then  add  the  results. 

Thns       {A + 50+ 7)  a5+ (2ii + 6)  y 

4- (3/1  +     +  lOC-l- 5)  2 -f  (4.4  +  7? - 2C-h4)  m; 

=  27-4+485+650+53. 

To  detenmne  either  of  the  unknowns,  for  instance 
equate  the  coefficients  of  the  other  three  separately  to  zero, 
and  from  the  three  equations  find     B,  0,  Then 

_  27.1 +48/? +  650 +53 
*        ^+3i;f+50+7  • 


MISCELLANEOUS  EQUATIONS  AND  SOLUTIONS. 


214  •r^±l  =  0. 

Di\4de  by  g^,  and  throw  into  factors,  by  (2)  or  (3).  See  also 
(480). 

816  4j»-7*-6  =  0. 

X  = —1  is  a  root,  by  inspection ;  therefore  ,(?  +  !  is  a  factor. 
Divide  by  a;+l,  and  solve  the  resultiug  quadratic. 

216  ar'+Ku*  =  455. 

fl^+l&R*  =  455aj  =  65X  7af, 

^^•+66«i«+  (  49ar'+65x  7a!+  (^^^J, 


RuiiE.  —  Divide  the  absolute  term  (here  455)  into  two 
factors,  if  possible,  such  tlint  cue  of  them,  minus  the  squtire 
of  the  other,  equals  tlie  coetlicieut  of  x»  fcJee  (483)  for  general 
solution  of  a  cubic  equatiou. 

L 
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217  **-y*=  14500,  .1-^  =  8. 
Put  and  y  =  0. 

Eliminate    and  obtain  a  cubic  in    which  solve  as  in  (216). 

218  .i^-y*=aod3,  **-y=a 

Divide  the  first  equation  by  the  second,  and  subtract  from 
tbe  result  the  fourth  power  of  x—y.  Eliminate  («*+y*)t  Mid 
obtain  a  quadratic  in  ajy. 

21t         On  fornung  Symmetrical  EapreMwnt, 

Take,  for  example,  the  equation 

(jr— c)(2— 6)  =  a*. 

To  form  the  remaining  equations  symmetrical  with  this,  write 
tbe  corresponding  letters  in  vertical  columns,  observing  the 
circular  order  in  which  a  is  foUowed  by  b,  b  by  c,  and  ehj  a. 
So  with  X,    and  s.   Thus  the  equations  become 

(y_e)  =  a\ 

(«— a)  (.r— <?)  =  A^, 
(a— 6)(y--ei)  =  c*. 

To  solve  these  equations,  substitute 

x  =  b'^c-\-x\   y  =  c  +  a-\-y\   z  =  a-\rb-\-^; 
and,  multiplying  out,  and  eliminating  y  and  2,  we  obtain 

bc  —  ca  —  ab  * 

and  therefore,  by  symmetry,  the  values  of  y  and  z,  by  the 
rule  just  given. 

220  3f*-h«'+Sf»  =  a«   (1), 

z'-{-a'-\-zd:  =  h'    (2), 

^'+/+*t3f=c^  (3); 

.-.    -5  I =  26V+2ra--h2'/-V-a*— 6*-c*  (4). 
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^^ow  add  (1),  (2),  and  (3),  and  we  obtain 

2(<B4-y+«)*-3(y»+«»+«y)  =  a*+6*+6'   (5), 

From  (4)  and  (5),  {x-\-y-\-z)  is  obtained,  and  then  (1),  (2), 
and  (3)  aie  readily  solved. 

221  ar'^yz  =  a»    (i), 

^-jibr;=6>    (2), 

S*-diy=l<*    (3), 

Multiply  (2)  by  (3),  and  subtract  the  square  of  (1). 
Besult       «  (8a!y»-«»-/-ai»)  a 

Obtain  X'  by  proportion  as  a  fraction  with  numerator 

=  a^—yz  =5  a*. 


^=<y  +  A»    (1), 

y  s=  o«  +  c^   (2), 

»  =        ay   (3). 

Eliminate  a  between  (2)  and  (3),  and  substitute  the  value  of 
X  from  equation  (1). 

i/  ^ 
Besalt  =  1 — 'i  =  1  r 


IMAGINAKY  EXPRESSIONS. 


223    The  following  are  conventions : — 

That  \/(  — «*)  is  equivalent  to  av^(— 1);  that  — 
vanishes  when  a  vanishes;  that  the  symbol  ay/{ — 1)  is  sub- 
ject to  the  ordinary  rules  of  Algebra.    v'( — J)  is  denoted 
by  I. 
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224    If  «+iV3  =  7  4-  tS ;  then  «  =  7  and  ^ =3. 

S25  «+  '7^  ^nd  «— are  conjogate  ezpressiotiB ;  their  pro- 
duct = 

226  The  sum  and  product  of  two  conjugate  expressions  are 
both  real,  but  their  difiereoce  is  imaginary. 

8S7    1  he  modulus  is  + 

288    i£  the  modulus  vanishes,  a  and  ^  must  vanish. 

229  If  two  imaginary  expressions  are  equal,  their  moduli 

are  equal,  by  (224). 

230  The  modulus  of  the  product  of  two  imaginary  expres- 
sions is  equal  to  the  product  of  their  moduU. 

231  Also  the  modulus  of  the  quotient  is  equal  to  the 
qnotient  of  their  moduli. 


MBTHOD  OF  IJ^DETBRMIXATB  COBPFICIBNTS, 


232    If  -^  +  /''  -f^"''+   •=  be  an  equa- 

tion which  holds  for  all  vahu  s  of  < ,  tlie  coefficients  .4,  kc, 
not  involving  then  A  =  A\  B=B^y  0=^(7^  ^c;  that  is, 
the  coefficients  of  like  powers  of  v  must  be  equal.  Proved  by 
putting  4r  =  0,  and  dividing  by  x  alternately.  See  (234)  for 
an  example. 


233    METHOD  OF  PKOOF  BY  I.XDUCTION. 


Ex.— To  prove  that 

b 
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o 

_  n(n-H)  (2n+l)H»6 («  +  !)'  _  (n  +  1)  {tt(2n-H)-t»6fa+l)> 
~  6  « 

_  («-H)r»4-2)(2»-f-3)  _  n7n  4-l)(2»^-H) 
6  6  * 

wlien  »'  IS  written  forn+ 1 ; 

It  ia  thiu  proved  thai  ^^formmla  J»  true  for  n  U  U  also  true  for  n+1* . 

Bat  the  formnla  is  trne  when  n  =  2  or  3,  as  may  be  sliown  by  actual 
trial ;  thureforo  it  is  trne  when  4;  therefore  also  when  5,  and  ao  on; 
therefore  nniversally  trae. 


234  Ex. — The  same  theorem  proved  bj  the  method  of  In- 
determinate coe^OLcients. 

Aflsame 

l+2»  +  3'+...+n*  =A-\-Bn         -^Cn'  -l-&c.; 

1  +  2^  +  3*  + ...  +n«+(«+l)«  =         (»+l)  +  0(n-|-l)«+ J>(»+l/+Ao. ; 

thenloro,  by  sabtractioTi, 

n»  +  2n  + 1  =  £ -H  6'  (2n  + 1)  +  jD  (3n'  +3»+ 1), 

writing  no  terms  iu  this  equation  which  contain  higher  powers  of  n  than  the 
highest  which  occurs  on  the  left-hand  side,  for  the  OOefficientftoC  such  tenofl 
may  In;  shewn  to  be  s^eparately  equal  to  zeio. 

Now  equate  the  coefticients  of  like  powers  of  n  ;  thus 

2C+3i>s2,      /.   Os~,    and  As 0; 

as 

tberefbro  the  mm  of  the  eeries  ie  equal  to 

"  4.  !!l  -I- 1**  —  !L(^±^)  (2n  + 1 ) 


PARTIAL  PRACTIONS. 


In  the  resolution  of  a  fraction  into  partial  fractions  four 
cases  ])resent  themselves,  which  are  illustrated  in  the  follow- 
ing examples. 
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235  First,— When  there  ore  no  repeated  fiuston  in  the  de- 
nominator of  the  ^▼en  fraction* 

Ex.— To  resolve  ; — — tzt-, — sr  hito  partial  fractions. 

(«-l)(aj-2)(»-3) 

(«-l)(»-S)(»-8)  «-2  • 

8«-a  =  il  («-2)  (a-3)+B (»- 3)  («-l)  +  (7  («- 1)  («-2). 

Since  Ay  and  0  do  not  oontain  and  this  equation  is  true  for  all  Talaea 
of  X,  put  «sl ;  then 

3-2  s  ^  (1  -2)  (1-3),  &om  whiok  A-^, 

m 

Similarlj,  If  «  be  put  ss  8,  we  have 

6-2  sB  (2-8)  (2-1); 
and,  putting  «  ss  8| 

9-2=  0(3-1)  (3-2);  /.  a=|. 

 3x-2  _      1      _   4  7 

.  («-l)  (»-2)  (x-3)     2(a-l)    «-2  2(«-3/ 

886   Secondly. — When  there  is  a  repeated  factor. 

Ex. — Kesolve  into  partial  fractions  J^'T^y'^^. 

T.r'-lO.r^-HGa;  _      A  B  C  D 

(*-i)V+2)    (x-iy  ^  (x- ly  '^x-i  2' 

Theee  lonna  an  neoeasuj  and  sufficient  Mnltipljing  np,  m  liave 

74^-10^+6«s^(«+2)+B(«-l)(«+2)+C(a-l)*(«+2)-hJ>(«-l)« 

 (I). 

Make«  =  l;  7-10+6  =  ^  (l-h 2)  ;       .'.  A^l. 

Sabatitate  this  value  of  A  in  (1)  j  thna 

7a^-iar»+6»-2- J(»-l)(a»  +  2)+(7(»-l)«(«+2)+I>(»-l)*. 
Divide  by  s—l;  thoB 

7a^-a»+2  =a  B  («+2)  +  C    -  l)(a- -I- 2)  +  D  (« - 1)«  (2). 

Make    =  1  again,    7-3  +  2  =  2?  (1  +  2) ;       .-.    £  =  2. 
Snbetitnte  this  valnc  of  ^  id  (2),  and  wc  have 

7s>.&v-2s  C(«-l)(«+2)+i>(«-l)'. 

DiTidebjM-l,         7«+2  «  a(»+2)+D(«-l)  (3). 

PaftiBBlnthiidtime,   7+2^(7(1+2);    /.  Cs3. 
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iMtljr,  make  a;  =  -2  in  (3), 

-14+2  eX>  (-2-1);      /.   D  =  4. 


(a— 1)»     (ar-1)'     x-l     ar  +  2' 


237  Th  i  T  (11  y . — When  there  is  a  quadratio  factor  of  imaginaiy 
rootfi  not  repeated. 

Bx«— Resolve     —  "ito  partial  fractions. 

Here  we  mast  assume 

 1  Ax±B  Cx-\-D 

ar-f-l  and  +  «  +  !  have  no  real  factors,  and  are  therefore  retained  as 
deDomhiatovB.   The  reqntdto  farm  of  the  nnmemtora  u  Men  faj  adding 

together  two  simple  fractions,  such  a6  H — 

Hnltiplying  np^  we  have  the  equation 

1  =  (Am+B)  («»+»+l)+(Ob+D)   (I). 

Le*  a^+lsO;      .*.  <^s-L 

Snhetitttte  this  value  of    in  (1)  repeatedlj ;  thna 

1  m  {A»-^B)  X  =  Aa^-^-Bn^-A+Bx ; 
or  Bst^A—l  =  0. 

Bqnate  coeffiiaflnts  to  nto;    .*..  PsO, 

A^-l. 

Again,  let  a!^+ar+l  =  0; 

.'.    a^  =  — X— 1. 
Snbetitnte  this  value  of  ar*  repeatedly  in  (1)  ;  thus 

1  =  {Cxi-D)  i-x)  =  -Ca^-Dx  =  Cx-^O-Dx; 
or  (C-D)a!  +  C-1  =  0. 

£qnate  ooeffioients  to  aero;  thus  C  =  1, 

1>=1. 

1          =  -^+1 

(*'-|-l;(a»»+»  +  l)    «*+x  +  l  «*+l" 

888  Fourthly. — ^When  there  is  a  repeated  quadratio  factor 
of  imaginary  roots. 

40aj— 103 

Ex. — Kesolvo  j— ^^^F:I~^-r^t  into  partial  fractions. 

(.1-  + 1  )*  (or— 4« + 8)* 
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40-g-103        _     Az-^B  Cx-\-D  Bx-^F 


40te-lO8  =  {(-4a!+Bj  +  (Caj+I))(aP-4a+8)+(ir*  +  F)(»'-4a+8)*j  C-s  +  l)' 

+  {G+Hix-i-l)}  (z'-4r  +  8)»    (I). 

In  the  first  place,  to  determine  A  and     equate  ^—ia-k-Q  to  aero}  tJins 

Snbstitiite  tiiis  Talue  of  repeatedly  in  (1) ,  as  in  the  preTioas  example, 
nntil  the  first  power  of  m  alone  remains.   The  resulting  equation  is 

40»- 108  =  (l7A+eB)  9-4SA-7B, 

Eqoating  coefficients,  wo  obtain  two  eqaations 

Nezi,  to  determine  C  and  D,  sabstitnte  these  valnes  of  A  and  B  in  (1); 
the  cqaation  will  then  be  divisible  by  «^'-4e+8.   Divide^  and  the  resulting 

equation  is 

0  =  2a:  +  13+[Cj;  +  D+(i:x  +  F)(a:>-4B+8)}  (»+l)« 

+  {0+JEr(»+l)}  («»-4«+8/    (2). 

Equate       4e-|-8  again  to  sero^  and  prooeed  ezaetlyas  before^  when 

finding  A  and  T>. 

Next,  to  determine  E  and  F,  Rubstituie  the  values  of  Candid,  last  foand 
in  equation  (2)  ;  divide,  and  proceed  as  before. 

Lastly,  O  and  H  aie  determined  bj  equating  or+l  to  sero  sneoessiYdly, 
as  inBxample  2. 


GONV£BGENCY  AND  DIVERGENCY  OF  SERIES. 


239  Let  ai-\-a,-\-a^-^SiLC.  be  a  series,  and  a,,.,  any  two 
consecutive  terms.  The  following  tests  of  convergency  may 
be  applied*  The  series  will  converge ,  if,  after  any  fixed  term — 
(i.)  The  terms  decrease  and  are  alternately  positive  and 
negative. 

(ii.)  Or  if  is  always  (jreater  than  some  quantity 
greater  than  unity. 
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(iii.)  Or  if  is  never  less  than  the  oorresponding  ratio 
in  a  known  oonverging  series. 

(iv.)  Or  if  —  «^  is  always  greater  than  some  quan- 
tity greater  than  unity.  [By  244  uid  iii. 

(v.)  Or  if  — »— 1^  log  n  is  always  greater  than 
some  quantity  greater  than  unity. 

240  The  conditions  of  divergency  are  obviously  the  converse 
of  rules  (i.)  to  (v.). 

841  The  series  ai+atX+OiS^-^&o.  oonverges,  if  is 
always  less  than  some  quantity  J9,  and  0  less  than  ~. 

[By  239  (ii.) 

242  To  make  the  sum  of  the  last  series  less  than  an  assigned 
quantity  j7»  make  less  than  ^^j^*  ^  being  the  greatest  co- 
efficient. 


GenertU  Theorem. 

243  If  'P  {•>')  bo  positive  for  all  positive  intecfral  values  of  ir, 
and  continually  diminish  as  u;  increases,  and  if  m  be  any  posi- 
tive integer,  then  the  two  series 

*(l)+^(2)+^(8)+*(4)+  

<^  (1 ) + m<t>  (m)  4-  wt-^  {m  )  -f  m  ((>  {m^)  +  

are  either  both  oonyergent  or  divergent. 


844   Application  of  this  theorem.  To  ascertain  whether  the 

1  ^  1  ^  1  ^  1  . 


is  divergent  or  convergent  when  p  is  greater  than  unity. 
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Taking  m  =  2,  the  second  series  in  (243)  becomes 


a  geometrical  progression  which  converges ;  therefore  the 
given  series  conyerges. 

245  1  he  series  of  which       ^       is  the  general  term  is 

coiivcrgeut  if  ;j  be  greater  than  unity,  and  divergent  if  p  be 
not  greater  than  unity.  [By  (243),  (244). 

246  The  series  of  which  the  general  term  is 

1 


nk{n)  \^{n)  X'-(n)  {X"**  (»)}«»' 

where  X  signifies  log?/,  X^(?0  signifies  log  {log  (^?)] ,  and 
so  on,  is  converge  lit  if  />  be  gi-eater  than  unity,  and  divergent 
if  ^  be  not  greater  than  unity.  [By  Induotiim,  and  by  (243). 

247   The  series  ai+Ot+^c.  is  convergent  if 

nan  log  («)  log-  {n)  log'-(w)  {log,+i  {n)Y 

is  always  finite  for  a  value  of  ji  greater  than  unity;  log*(«) 
here  signifying  log  (log  n),  and  so  on. 

[See  TodHniiter's  AlgBhra^  or  Boole*8  Finite  Differeneet. 


EXPANSION  OP  A  FRACTION. 


4» — 10«* 

248    A  fractional  expression  such  as  - — -  -}-  H,  ^ — 

be  expanded  in  ascending  powers  of  x  in  three  different  ways. 

First,  by  dividing  the  numerator  by  the  denominator  in 
the  ordinary  way,  or  by  Synthetic  Division,  as  shewn  in  (28). 

Secondly,  by  the  method  of  Indeterminate  Coefficiento 

(232). 

Thirdly,  by  Partial  Fractions  and  the  Binomial  Theorem. 
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To  expand  by  the  method  of  ludetermioate  Coefficients, 
proceed  as  follows ; — 

Assume  ,  =  J +      -H/V-f  iV  +  <fec. 

4»— 10ae*s^+  ^+  Dx'+    Ex*+  Fx'+.,. 

->6il«-  6^»»-  6(?a^-  6Ite»-  6^a^-... 
+  110**+  ... 

Equate  ooefficients  of  like  powera  of  x,  thas 


A 

0. 

B  = 

4 

0-  BB-^llA 

-10, 

0  = 

14 

D-6(7+UB-  6il 

0, 

2)  = 

40 

E-61)+nC-  6D 

0, 

^  = 

110 

0. 

304 

The  formation  of  the  same  coetlicieiits  by  synthetic  division  is  now 
exhibited,  iu  order  that  the  connexion  between  the  two  processes  may  be 
cl^rljr  seen. 

The  diTMion  of  4i— IQa^  by  1— 6«+lLi^— &e*  is  as  follows:— 
0+4-10 

24+84+240-1-660 
-44-154-440-1210 

+  24+  84+  240+  660 


+  6 
-11 
+  6 


0+4+14+40+110+304+ 
A   B   0    D    S  F 


If  wo  8top  at  the  term  UUx*,  then  the  undivided  rcmaiudor  will  be 
aCMd^— 970tt*+660.^,  and  the  complete  resnlt  will  be 

304jB»-970a^+660tt? 


4B  +  14a;H40i:»+110**+ 


l-6«f+llaf'-a*»  ' 


249  Here  the  concliiding  fraction  may  be  rof^irded  as  the 
sum  to  iiifinity  after  four  terms  of  the  series,  just  as  tlie 
original  expression  is  considei'ed  to  be  the  sum  to  infinity  of 
the  whole  series. 


250  If  the  general  term  be  required,  the  method  of  ex- 
pansion by  partial  fractions  must  be  adopted.  See  (257), 
where  the  general  term  of  the  foregoing  series  is  obtained. 
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EEGUEEINa  SERIES. 


a.,-\-(ti.i-\-(i.r--\-ar^-]-&:c.  is  a  recur  ring  series  if  the  co- 
eiiiciunts  are  couuected  by  the  relation 

261  «»  =  Pia»-i  +P4«.-i+...+P.««-». 

The  Scale  oi"  ilckiUun  is 

262  1— pio?— />ia?^— 

The  sum  of  n  terms  of  the  series  is  equal  to 

253  [The  first  m  ternis 

—pi>i'  (first  ?«— 1  terms  -f  the  last  term) 

—pt^  (^t  m— 2  terms  +  the  last  2  terms) 

(first  m— 3  terms  +  the  last  3  terms) 
•••       •••       ••■       •••  •>• 

— ;^m-iJ''""^  (firet  term  -|-  the  last  m— 1  terms) 
^Pm^*^  (the  last  m  terms)]    [1— px**'""!*!**-" 

254  H  the  series  converges,  and  the  snm  to  infinity  is  re* 
quired,  omit  all  "  the  last  terms  "  from  the  formula. 


255  Example. — Required  the  Scale  of  Relation,  the  general 
term,  and  the  apparent  sum  to  infinity,  of  the  series 

Obserre  that  six  arbitrary  terms  given  are  anffieient  to  determine  a  Seale 

of  Relation  of  the  form  \  —p.r  —  qjr  —  rj;^,  involving  three  constanta  p,  g,  r, 
for,  hy  (^51),  we  can  write  three  equations  to  determine  these  oonstante; 

namely,      110=   4^)/)4-  14^+  4r"j  The  solation  gives 

304  =  1 10/)  +  407  +  I'*''  [•      y  =      g  =  -  li»   r  =  6. 

854  =  MJ4p  +  1 IO7  +  40r  j 

Hence  the  Scale  of  Relation  is  1  — 6-r+ ll.r  — 6^'. 

The  sum  of  tbc  series  without  limit  will  be  loand  from  (254),  by  patting 

Pi  =         =  —11,  p,  =  6,  m  =  3. 

The  first  th  rec  terms  =  4r  +  1  4t=  +  40j^ 
—  6  X  the  first  two  tonns  =  —  2  Ax'  — ^  i^* 
-f  11a;  X  the  first  term      «  +44j;' 
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a  4<E-10g' 

the  BManing  of  which  is  ihat«  if  (his  fraction  be  expanded  in  ascending 
powera  of  X,  the  fint  six  ternia  wOl  be  those  given  in  the  question. 

256  To  obtain  more  terms  of  the  serieBi  we  ntkj  nse  the  Scale  of  Relation; 
thus  the  7th  term  will  be 

(6  X  854 - 1 1 X  304i + 6  X 1 10)  a'  =  2440a5', 


257  I'o  find  the  general  term,  S  must  be  decomposed  into 
partial  fractions ;  thus,  by  the  method  of  (235), 

4ai-10tt»'      ^    I     .     a  3 

By  the  Binomial  Theomn  (128), 

l+3«  +  3V  +  +3V, 

s-s-as  -ai?-  


1-29 

 3_ 

l-x 

Hence  the  general  term  involving  x"  is 

(3-^.2-♦'-3)  x\ 

And  by  this  formnla  we  can  write  the  "  last  terms  "  reijuired  in  (2'>3),  and 
80  obtain  the  sum  of  anj  finite  number  of  terms  of  the  given  series.  Also, 
hj  the  same  formnla -we  can  oalcnlate  the  snoceesiTe  terms  at  the  beginning 
of  the  series.  In  the  present  case  this  mode  will  be  mora  expeditions  than 
that  of  employing  the  Scale  of  Relation. 


258  If)  in  decomposing  8  into  partial  fractions  for  the  sake 
ol  obtaining  the  general  term,  a  quadratic  factor  with  ima- 
ginary roots  should  occur  as  a  denominator,  the  same  method 
must  be  pursued,  for  the  imaginary  quantities  will  disappear 
in  the  final  result.  In  this  case,  however,  it  is  more  con- 
venient to  employ  a  general  formula.  Suppose  the  fraction 
which  gives  rise  to  the  imaginary  roots  to  be 

p  and  q  being  the  imaginary  roots  of  =  0. 

Suppose  jp  =5  o  -h  1/3, 

q  =  a— 1/3,  where  f =\/ —1. 
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If,  now,  the  above  fraction  be  resolved  into  two  partial 
fractioDS  in  the  ordinary  way,  and  if  these  fractions  be  ex- 
panded separately  by  the  Binomial  Theorem,  and  that  part  of 
the  general  term  furnished  by  these  two  expansions  written 
out,  still  retaining  ^  and  and  if  the  imaginary  Talnes  of  p 
and  q  be  then  substituted,  it  will  be  found  Siat  the  factor  will 
disappear,  and  that  the  result  may  be  enunciated  as  follows. 


259    The  coefficient  oi  x"*'^  in  the  expansion  of 


+ 


M 


{("-1)  a«-i8-C(n-l,  3)  a-^ 


260  With  the  aid  of  tbo  known  expansion  of  sin  iiQ  in 
Trigonometry,  this  formula  ibr  the     term  may  be  reduced  to 


in  which       ^  =  tau  ^  =  tau  "^ 


L^Ma 


If  )i  be  not  erroator  than  100,  sin  (nd  —  <p)  may  be  obtained 
from  tlie  tables  coi'iect  to  about  six  places  of  decimals,  and 
accordin<2^1y  the  term  of  the  expansion  may  be  found  with 
corrospouding  accuracy.    As  an  example,  the  100"'  term  in 

the  expansion  of  ^  ^2^+^^  ^  ^^^^^J  ^omnA.  by  this  method 


To  detertnine  whether  a  given  Sertes  is  recurring  or  not, 

261  I^  certain  first  terms  only  of  the  series  be  given,  a  scale 
of  relation  may  be  found, which  shall  produce  a  recurring 
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series  whose  first  terms  are  those  given.  The  method  is 
exemplified  in  (255).  The  number  of  unknown  coefficients 
p,  q,  r,  &c.  to  be  assumed  for  the  scale  of  relation  must  be 
equal  to  half  the  number  of  the  given  terms  of  the  series,  if 
that  number  bo  oven.  If  the  number  of  given  terms  be  odd, 
it  may  be  made  even  by  prefixing  zero  for  the  first  term  of 
the  series. 

862  Since  this  method  may,  however,  produce  zero  values 
for  one  or  more  of  the  last  coefficients  in  the  scale  of  relation, 
it  may  be  advisable  in  practice  to  determine  a  scale  from  the 
first  two  terms  of  the  series,  and  if  that  ?cale  does  not  produce 
the  following,  terms,  we  may  try  a  scale  determined  from  the 
first  four  terms,  and  so  on  until  the  true  scale  is  arrived  at. 

If  an  indefinite  number  of  terms  of  the  series  be  given, 
we  may  find  whether  id  is  recurring  or  not  by  a  rule  of 
Lagrange's. 

263        the  series  be 

•  ■ 

Divide  xmitv  by  i9  as  far  as  two  terms  of  the  quotient,  which 
will  bo  of  the  form  P'\'qxj  and  write  the  remainder  in  the  form 
S'  being  another  indefinite  series  of  the  same  form  as  S, 

Next,  divide  S  by  S'  as  far  as  two  terms  of  the  quotient, 
and  write  the  remainder  in  the  form  S*'^, 

Again,  divide  S"  hy  S",  and  proceed  as  before,  and  repeat 
this  process  until  there  is  no  remainder  after  one  of  the 
divisions.  The  series  will  then  be  proved  to  be  a  recurring 
series,  and  tlie  order  of  the  series,  that  is,  the  degree  of  the 
scale  of  relation,  will  be  the  same  as  the  number  of  divisions 
which  have  been  effected  in  the  process. 


Example.— To  determine  whether  the  seriee  1,  8^  6, 10, 15,  21,  28, 96, 

45,  ...  is  recniring  or  not.  .  . 

lutiodncing  x,  we  may  write 

Then  we  shall  have  y  =  1— 3»+    with  a  remainder 

ite'-f  8a!^+15flj»+24»'+35a^+Ao. 
Therefore  <8:=  3  +  a«  +  15a!'+24c»  +  35«*+Ao., 
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with  »  mnuunder      ^  (a^-f  Sa^+da^+lOki^-l-Ae. ...). 
Therefora  we  maj  take  8"  =  l+'^+&v*-MOae'+Ac 

Lmily   '  ,  —  3—2  without  auj  remainder. 

Conaaqneatly  the  aeries  ia  a  reeatruig  aeriea  of  the  third  order.  It  is,  in 
faei.  the  expaaabii  of  ^^^^1^^^ 


SUMMATION  OF  SEEIfiS  BY  THfi  METHOD  OF 

DIFFERENCES. 


861  Rule. — Form  successive  sorleii  of  differences  until  a  scries 
of  equal  di  fferences  is  obtained.  Let  a  ,  b,  c,  Ac.  be  the  first 
terms  of  Uie  several  series;  then  the  n^  term  of  the  given 
series  is 

265  a+(»-l)64-i  j-^  .'c+    'd+ 

The  sum  of  u  terms 
S66      =m.+  !L(ll^6+IL(!L^JE^c+&c. 

Proved  bj  Induction. 

EzAMPLI:         o  ...  1+  5  +  15  +  35  +  70  +  126+... 

6 ...  4+10  +  20  +  35+66+... 
c  ...  6  +  10  +  15  +  21+... 
d  ...  4+  5+  6  +  .., 
e  ...  1+  1  + 

The  100<^  term  of  the  first  series 

^1.2  ^    1.2.3  ^  1.2.3.4 
The  Bun  of  100  terms 

inA_i_  100.09^  1^  100.99.98^  .  100.99.98.97^  .  100.99.98.97.96 
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267  To  interpolate  a  term  between  two  terms  of  a  series  by 
the  method  of  differences. 

Ex.— Oiven  log  71,  log  72,  log  73,  log  74,  it  is  required  to  find  log  72'54. 
Form  the  aeries  of  difforenoes  from  the  gireii  logarithms,  as  in  (266), 

log71  log72*         log73  log  74 

a...  1-8512583       1-8573325       1*8633229  1-8602317 
5...    -0060742         -0059904  -0059088 
«  ...  -  0000838       -  0000816 

d.,.  —'0000022  coDsidered  to yanisb. 

Log  72-54  mast  be  regarded  as  an  interpolated  term,  the  anmber  of  its 
place  being  2*54. 

Therefore  put  2*51  for  n  in  formula  (265). 

Eie&xdt  log  72-54  =  1-B605777. 


DIB.ECT  FACTORIAL  SERIES. 

868   Ex.:    6. 7. 9+7. 9. 11 +.9. 11. 13+11. 13.15  +  ... 

d  =  common  difference  of  factors, 
m  =  number  of  factors  in  each  term, 
n  =  nnniber  of  terms, 
a  =  first  factor  of  first  term  — 


term  =  (o+«rf)  (a+ji+lrf)  (a+it+w-ld). 

269    To  find  the  sum  of  n  terms. 

j{pi,E. — From  the  last  term  with  the  next  highest  fact  or  talcs 
the  first  term  with  the  next  lowest  factor  ^  and  divide  by  (ni+l)  d, 

PnOi  iF.-  Bv  TtKlncf  iois. 

Thus  the  6um  of  4  tenut*  of  tlic  above  scries  will  be,  putting  cl=  2,  m  =  3, 

«  a  11.13.15.17-.3.5.7.9 

«»s4^as3,  (3  +  1)2  • 

Proved  either  by  ladaction,  or  by  the  method  of  Indeterminate  Coefficients. 


N 
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INVERSE  FACTORIAL  SERIES. 


2'**  5T:9'*"r^'^9.11.13"*"ll.l3.15"'"  " 


Defining  d,      n,  a  as  be*£ore,  the 
n«»  term  = 


1 


(a-^nd)  (a+n+l<l) ...  (o+n+m-Iil)' 

271  To  find  the  sum  of  u  terms.    Rule. — From  the  first 
term  wantimj  Us  last  far  tor  take  tiie  last  term  wanting  its  jirst 
factor i  and  divide  Inj  {^m  —  \)d. 

Thus  the  ram  of  4  terma  of  the  ftbove  wriet  wfll  be^  putting  d = 2,  m  s  3, 

A  1 

^-A  5.7  13.15 

•"^•-^  (3-1)2  ' 

Proof. — Bj  Indaction,  or  bj  decomposiDg  the  terms,  as  ia  the  following 
example. 

272  Ex.:  To  earn  the  same  series  by  decomposing  the  terms  into  partial 
fraotioms.  Talro  the  general  term  in  the  simple  form 


(r-2)r(r+2y 
Resolye  this  into  the  three  fractions 

^     -  A  +  cjrAin  (235). 


8(r-2)     4r  8(r+2) 

Siibstitate  7,  0,  11,  dc  sncceasively  f or  r,  and  the  giren  seriefl  haa  for 

its  equiTaient  the  throe  series 

H  I  o  7  9  11  13  2«+3> 
J.C     2_2_2_2_  _    2    _    2  > 

'^Sl~'7      9      11      l:i  2;r+3  2«-fo5 

"*"H     i"*"  Tl     ^  ■*"2M^'*'2M^  5'^2»  +  7l' 

and  the  sum  of  n  tei*ms  is  seen,  by  inspection,  to  be 

iii-i  i„  ^  M  -  '  i  ^        ^     '  ? 

8l  5      7     2i»+5^2«  +  7)      4(5.7     (2»+5)  (2n  +  7) ) ' 

a  result  obtained  at  once  by  the  rule  in  (271),  taking  ^     for  the  first 

5.7.9 

t«m,  ..d  _     ^^^^  j^^^^^  for  the      or  I«t  term. 


Digitized  by  Google 


FACTOEIAL  3JSRIB8. 


91 


273  Analogous  series  may  be  reduced  to  the  types  in  (268) 
and  (270),  or  else  the  terms  may  be  decomposed  in  the  manner 
shewn  in  (272). 


1.2.3     2.3.4    3.4.5  4.5.6 
has  for  ita  general  term 

 ^    -         by  (235). 

and  we  may  proceed  as  in  (272)  to  find  the  sum  of  n  term.s. 

The  method  of  (272)  includes  the  method  known  as  "Summation  by 
Snbtmctioii,"  bat  it  baa  tb«  advantage  of  being  more  general  and  eaaier  of 
application  to  oomplez 


COMPOSITE  FACTOBIAL  SERIES. 


874  If  the  two  Bories 

be  multiplied  together,  and  the  coefficient  of  x*  in  tbe  product 
be  equated  to  the  coefficient  of    in  the  expansion  of  (1— 
we  obtain  aa  the  result  the  Bum  of  the  composite  series 

5.6.7.8x1.2+4.5.6.7x2.3  4-3.4.5.6x3.4 
+2.3.4.6X4.5+1.2.3.4X6.6==  ^y^^lp. 

275    Generally,  if  the  given  series  bo 

PiCi+AG.+...+P..ift,.i  (I), 

where  =  r(r+l)  (r+2) ...  (r+g-1), 

and         Fr  =  (n—r)    —  r  + 1)  .. .  {n ~ r  +p — 1) ; 

tlie  sum  of      1  terms  "will  be 

p\gl  (n+/>+y-l)I 
(p+7+1)!*      («-2)!  • 
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MISCELLANEOUS  SERIES. 


276   Sum  of  the  power*  of  the  terms  of  an  Arithmetical 

Progression. 

1+2 +8 +...+«  =«li^  =5, 

I+2'+y+...+,.'  =  ''("+^H-"+^)  =s; 

i-f  g'+a.-|-    -|-^«-  ««(«-H)(2»+l)(3»'+ai»-l)_  „ 

[By  the  method  of  Tndeterminate  Coefficients  (234). 

A  general  formula  fur  the  .suin  of  the  powers  of 
1 .2  .'6  ...  ti,  obtained  iu  the  same  way  is 

where  Ai,  A^,  &c.,  are  determined  by  putting  j?  =  1,  2,  3,  <fec. 
successively  in  the  equation 

1 


(|>-h2)I^r(p)!^r(r~l)(j>-i)!^'>(r^t)...(r-;>-H)- 

877         «*+(«+<0"+(tf +2</)--f ...  +  («^-ll</}"• 
=     + 1}  (r+S^  ma  "  '      ^',C'  (m,  '2ur-  -  d- 

Ph.  "r  F. — Bj  Binomial  Theorem  and  {276). 


278    Summation  of  a  series  partly  Arithmetical  and 

partly  Geometrical, 

Example. — ^To  find  the  sum  of  the  series  1  -}-3  i -h5j;^-|-to  n 
terms. 
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Let      s  =  1  +  3«+ 5a-*  +  7a-' -I- . . .  +  (2« - 1) 
by  subtraction, 

=  l  +  2ar  +  2.r'-|-2*»-h...+2ai«-»-(2n-l)»» 
=  1  +2*  -(2n-l) 

1  —X 

879   A  general  formula  for  the  sum  of  n  terms  of 

r+(a+2d)  r«+(a+3<l)  r»+&o. 


Obtamed  aa  in  (278). 

EuLK. — Multiply  hj  the  ratio  and  subtract  the  resulting 

280  =  l+^+af»+^+...+^-i+-£L. 

281  Tj^,  =  l+2*+3*'+4«'+... 


(«— 1)  *+ (ii-2)  *»+ («-3)  *■+,.. +2*»-»+«*"* 


288  ("-^gH»-^)+&e.  =  2-, 


By  mftkiug4*^i»  in  (125),        ^v  r^^-v 
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884    The  series 

,  _  »  -3  _^  (n-i)  (u  ^     _  {n-:^)  {n-r.)  (n  -  7)  ^ 

rl 

consists  of  ^  or        terms,  and  the  sum  is  given  bj 


n 

if  ?i  be  of  the  form  G//i  +  3, 

0 

if  n  be  of  the  form  6//i±l, 

_  1 
n 

if  n  be  of  the  form  6//i, 

8^ 

2 

if  n  be  of  the  form  6m±2. 

PBOor.^By  (545),  potting  |>  s        9  =  ^1      ftppljing  (546). 

885   The  series  n''-n(ii-l)'+2ii|=:12(n-2)' 

takes  the  values      0,   m  1 ,       (n+ 1)  1 
according  as  r  is      <n,  =n,  or  = 

Proof. — By  expanding  (e*— 1)",  in  two  ways:  first,  by  the  Exponential 
Theorem  and  ^^^!tinonlial  ;  secondly,  by  the  Bin.  Th.,  and  each  term  of 
the  ezpaasion  by  the  Expoueatial.  Equate  the  coefficients  of  x''  in  the  two 
TCsnlts. 

Other  results  are  obtained  by  putting  r=n+2,  n+3,  &c. 

The  series  (285),  when  divided  bj  r !,  is,  in  fact,  equal  to 
the  coefficient  of    in  the  expansion  of 
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286  By  exactly  the  same  process  wc  may  deduce  from  the 
function  {e*— d  '}*  the  result  that  the  series 

takes  the  values  0  or  2*,n\,  according  as  r  is  <n  or  =  n; 
this  series,  divided  hj  rl,  being  eqnal  to  the  coefficient  of  of 
in  the  expansion  of 

S ,S  ,5  )  M 

^■^81  +  51+-!  • 


POLTGONAL  NUMBERS. 


887  The  term  of  the  9^  order  of  polygonal  numbers  is 
equal  to  the  sum  of  n  terms  of  an  Arith.  Prog,  whose  first 
term  is  unity  and  common  difference  r^2 ;  that  is 

=  1  {2+(n-l)(r-2)}  =«+i«(«-l)('--2). 


288    The  sum  of  n  terms 


_  n  (n+1)  ^  n  (ii-l)  (n+1)  (r->2) 
2      ^  6 


By  reaolving  into  two  aeries. 


M*^  torn. 

!  1 

1 

1 

111111 

\l 

n 

1 

2     3     4    5     6  7 

i»(n+l) 

1 

3     6   10  15  21  28 

n' 

1 

4     9    16    25   36  49 

5 

i/i(3»-l) 

1 

5    12    22    35    51  70 

6 

1 

6   15   28   45   66  91 

••• 
1. 

r,  3+3(r-2),  4+6(r-2),  5  +  10(r-2), 

6+15  (r~2),  &G. 
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In  practice — to  form,  for  instance,  the  6***  order  of  poly- 
gonal numbers — write  the  first  three  terms  by  the  formula, 
and  form  the  rest  by  the  method  of  differences. 

Bz.:  1     6     15  28  45   66   91   120  ... 

5    9     13  17  21   25  29  ... 
[r-2s4]  4     4     4    4    4    4  ... 


FIGURATE  NUMBERS. 


889  The  term  of  any  order  is  the  sum  of  n  terms  of  the 
preceding  order. 

The      term  of  the  r"*  order  is 

(r-1) ! 


890   The  sum  of  n  terms  is 

(n+r-l)  ^  a(  V 
r  I 


Order.         Figarato  Numbem. 

1 

1 

2 
3 

4 

5 

6 

1,  1,   1,    1,     1.  1 
1,  2,   3,   4,     5,  6 

1,  3,    6,  10,    15,  21 

1,  4,  10,  2U,    35,  56 
1,  5,  15,^35,    70,  126 
1,  6,  21,  56,  126,  252 

1 

n 

n  + 
1.2 

n(»  +  l)(/i  +  2) 
1.2.3 

7i(n-fl)0i+2)  (n  +  3) 
1.2.3.4 

n(n-hl)("+2)(n  +  3)(n+4) 

1.2.3.4.6 
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291  i  +  ^^+«(^±iilI^^ 

a(a+l)  (a^-2)P(p^\)  (^8+2)   ,  „ 
^        1.2.a.y(y4-l)(7+2)  ^  ' 

is  convergent  if  a;  is  <  1, 

and  divergent  if  « is  >  1 ;  (239  ii.) 

and  if    =  1»  the  series  is 

convergent  if  y— a— j9  is  positive, 

divergent  if  7— a— /3  is  negative,  (239 
and  divergent  if  y— is  zero.  (239  v.) 

Let  the  hypergeometrical  series  (291)  be  denoted  by 
J'(a,  /3,  y) ;  then,  the  series  being  convergent,  it  is  shewn  by 
induction  that 

292  ^<"'f'^i-yt^^  =  j— r  concluding  with 


2r-l 


1— &c.... 

where  ik„  A:,,     &c.,  with  e^r.  Are  given  by  the  formulas 

K      _  (a-fr-l)(y+r-l-i8)  .r 
ty-i-2r-2)(y+2r-l> 

.  _(j8+r)(y-|-r-«)^ 

•"(y+2r-l)(y+2r) 

^     _  F(ft+r,  y-f-2r4-l) 
if'(a+r,/8+r,y+2r) 

The  continued  fraction  may  be  concluded  at  any  point 
with  h^z^^^.  When  r  is  infinite,  =  1  and  the  continued 
fmction  is  infinite. 

0 
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293  Let 

f(y)  =  1 4-  —  H  ^  A  —  h&c 

the  result  of  substituting  — .  for  x  in  (291),  and  making 
/3  =  a  =:  00  .    Then,  by  last,  or  independently  by  induction, 

f(y)        14-14.  i+...  +  l+&c. 

with    =  - —  Trr~i~\' 

294  In  this  result  put         and  -|  for  a;,  and  we  obtain  by 

i::xp.  Til.  (loU;, 

=        Cj:  £jr&c.  component  being 

Or  the  continued  fraction  may  be  formed  by  ordinary  division 
of  one  series  by  the  other. 

n 

895       is  incommensurable,  m  and  n  being  integers.  From 

the  last  and  (174),  by  putting  x  = 


INT£R£ST. 


If  r  be  the  luterest  on  £1  for  1  year, 
n     the  number  of  years, 

P     tlie  Principal, 

A     the  amount  in  n  years.  Then 


296  At  Simple  Interest      A  =z  P  (1+itr). 

297  At  Compound  Interest  A^P  (\-\-r)\  By  (84). 
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898   But  if  the  payments  of 


it  If  the  payments  of)  . 
Interest  be  made  qy  A=:P(l+L\  , 
times  a  year  )  ^  9^ 


If  be  an  amount  due  in  n  years*  time,  and  P  the  present 
worth  of  A.  Then 

299  At  Simple  Interest         P  =  ^  ^    .  Bv  (2%). 

l+nr 

300  At  Compound  Interest   P  =  tt— r-.  Bv  (21)7). 

r)* 


801  Disoonnt  il-P. 


ANNUITIES. 


amount  of  an  Annu- 

tj  of  £1  in  n  years,  [  =  ii+iiliLlii  r.  By  (82). 
it  Simple  Interest ...  j  * 


302    The  amount  of  an  Annu 
1 

at 


303    Present  value  of  same     =    +  '\ 

l+nr 


By  (29y). 


304  Amount  at  Compound')  _  (1-fr)"— 1 

Interest  J  —  (X^I^JZT  *         ^  ^  ^' 

Present  worth  of  same  =  -  "/^'^n^'^T^*  (^)- 

305  Amount  when  the  pay-^  /, 

ments   of   Interest  /      \     1//  „ 

are  made  q  times  per  {  ~  7TT~rV^ — T  * 


annum 


•••    •■•  J     \   I     I  ^ 


Present  value  of  same    =s  ^ — 


\  7 
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306   Amount  when  the  pay- } 
ments  of  the  Annuity 
are  made  m  times  per 


annum   


_  (14-r)«-l 


Present  value  of  same  s 


m{(14-r)--l} 

m  {(l  +  r)«-l} 


307   Amount  when  the  In-  ^ 
tercst  is  paid  q  times 
and  the  Annuity  m 
times  per  annum  .... 


m 


Present  value  of  same  = 


R'+t)-'-'!' 


PROBABILITIBS. 


309  If  ^  ^he  ways  in  which  an  event  can  happen  be  m 
in  number,  all  being  equally  likely  to  ooeur»  and  if  in  n  of 
these  m  ways  the  event  would  happen  under  certain  restrictiye 
conditions ;  then  the  probability  of  the  restricted  event  hap* 
pening  is  equal  to  n-i-m. 

Thus,  if  the  letters  of  the  alphabet  be  chosen  at  random, 
any  letter  being  equally  likely  to  be  taken,  the  probability  of 
a  vowel  being  selected  is  equal  to  The  number  of  un- 
restricted cases  here  is  26,  and  the  number  oi  restricted 
ones  5. 

310  Iff  however,  all  the  ul  events  are  not  equally  probable, 
they  may  be  divided  into  groups  of  equally  probable  cases. 
The  probability  of  the  restricted  event  happening  in  each 
group  separately  must  be  calculated,  and  the  sum  of  these 
probabilitKS  wiU  be  the  total  probability  of  the  restricts 
event  happening  at  all. 


Digitized  by  Google 


PROBABILITIES. 


101 


BxAMmc— There  eve  ihiee  hege  At  Bf  snd  0» 

A  oontaias  2  white  end  3  blaek  balle. 
B     „  .  B      „      4  It 

0       n       ^        If        *  »» 

A  bag  is  taken  at  random  and  ft  bill  dvBWn  from  it.  Beqnired  the  pro- 
bebilitj  of  the  ball  being  white. 

Here  tfic  probability  of  the  bag  A  being  chosoi         tkud  the mhseqiieilt 

probability  of  a  white  bill  boinu;  drawn  =  *. 

Therefore  the  probabilitj  of  a  white  bail  being  drawn  from  A 

"3      5"  15' 
SiiuUarlj  the  probabUitj  of  a  white  ball  being  drawo  from  B 

"~  3     7  "  7 
And  the  probability  of  a  white  ball  being  drawn  from  0 

"3      9  ~  27" 
Tberefiore  the  total  probability  of  a  white  ball  being  drawn 

15     7     27  94b' 


If  a  be  tlie  number  of  ways  in  which  an  event  can  happen, 
h  the  number  of  ways  in  which  it  can  &til,  then  the 

311  Probability  of  the  ev^nt  happening  =   «  . 

312  Probability  of  the  event  failing       =  ^^j* 
Thus  Certainty  =  1. 

If  J),  p'  be  the  respective  probabilities  of  two  independent 
events,  then 

313  Probability  of  both  happening  -^pp'* 

314  »       of  not  hoik  happening  =  l^pp\ 

315  »»        of  one  happeniug  and  one  failing 

316  „        of  both  failing  =  (l-j>)  (1 
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If  the  probability  of  an  event  happening  in  one  trial  be 
and  the  probability  of  its  failing  9,  then 

317  rrobabilitj  of  the  event  happening  r  times  in  n  trials 

=  C(n,  r);>V'. 

318  Probability  of  the  event  failing  r  times  in  n  trials 

=  C  («,  r)  p*'^q^.  [By  indnotiim. 

319  Probability  of  the  event  happening  at  h^asf  r  times  in 
11  trials  =  the  sum  of  the  Jirat  n — r+ 1  terms  in  the  expansion 
of  (i?+g)". 

SSO  Probability  of  the  event  failing  at  least  r  times  in  n 
trials  =  the  snm  of  the  last  fi— r+1  terms  in  the  same  ex- 
pansion. 


321  The  number  of  trials  in  which  the  probability  of  the 
same  event  happening  amounts  to  p' 

^loy(l~p-) 
log  (1-/1) 

From  the  equation  (1  —  j))'  s=  1— j>'. 


322  Defin'TTIOn. — When  a  sum  of  moncv  is  to  be  received  if 
a  certain  event  liajipens,  tliat  puni  multiplied  into  the  proba- 
bility of  the  event  is  termed  the  expectation. 

ExAHTLB. — ^If  three  coins  be  taken  at  random  from  a  bag 
containing  one  sovereign,  four  half-crowns,  and  five  shillings, 
the  expectation  will  be  the  sum  of  the  expectations  founded 
upon  each  way  of  drawing  three  coins.  But  this  is  also  equal 
to  the  average  value  of  three  coins  out  of  the  ten ;  that  is» 
i^ths  of  35  shillings,  or  10s,  6d. 


323  The  probability  that,  after  r  chance  selections  of  the 
numbers  0,  1,  2,  ^1  ...  n,  the  sum  of  the  numbers  drawn  will 
be  8,  is  equal  to  the  coctHcicut  of     in  the  expansion  of 
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324  The  probability  of  the  existence  of  a  certain  cause  of 
an  observed  event  out  of  several  known  causes,  one  of  which 
must  have  produced  the  event,  is  proportional  to  the  apnori 
probability  of  the  cause  existing  multiplied  by  the  probability 
of  the  event  happening  from  it  if  it  does  exist. 

Thus,  if  the  a  priori  probabilities  of  the  causes  be  Pi,  Pt 
...  &c.,  and  the  corresponding  probabilities  of  the  event  hap- 
pening from  those  causes  Qi,  Qt  ^c.,  then  the  probability 
of  the     cause  having  produced  the  event  is 

PrQr 


S25  If  Pi,  ...  &c.  be  the  a  priori  probabilities  of  a  second 
event  happening  from  the  same  causes  respectively,  then, 
after  the  first  event  has  happened,  the  probability  of  the 


second  happening  is       ^•S^u/i  ^ ' 


POP* 

For  this  is  the  sum  of  such  probabilities  as  ^t^^v  » '^^^^^ 

the  probability  of  the  r^^  cause  existing  multiplied  by  the 
probability  of  the  second  event  happening  from  it. 

£z.  1. — Snppow  there  eve 

4  vasei  ooniaininif  each  5  white  and  6  black  balls, 
2  vases  containing  each  3  white  and  5  black  balls, 
and  1  vase  contuiuing         2  wliite  and  1  black  ball. 

A  white  ball  lias  been  drawD,aad  the probabiiitj  that  it  cauiu  k'om  the  group 
of  2  vases  is  requitx'd. 

Here  P,  a=  P,  =s  y,      ^»  ^  y 

01  =  ^.         =  ^=f- 

Therefore,  by  (324),  the  probability  required  it 

2.3 

778  _  99 

4^.2.^    1.2  W 
7.11**"  7.8  "*"7T3 


Ex.  2.-^After  the  white  ball  has  been  drawn  and  replaced,  a  ball  is 
dmwn  again ;  required  the  probability  of  the  ball  being  black. 
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Here  PJ  =  ~,         ~  ^*  \' 

The  lyroliebiUfy.  by  (825)»  wUl  be 

4.5.0)      2J^^     1^  J. 
7.11  .117.8.8     7..S.:{  _  r>R630 
2J     1.2  m7]28' 
7.11"*"  7.8  ^7.3 

If  the  probability  of  tlie  second  bell  being  white  is  required,  QiQi^ 
mnst  be  employed  instead  o£  Pi'PxP^ 

386  The  probability  of  one  event  aJt  least  Imppening  out  o£ 
a  number  of  events  whose  respective  probabilities  are  a, 

&c.,i8  Pj-.p,+p,-P^4.&c. 

wLero      Pi  is  the  probability  of  1  eveut  happening, 

and  so  on.   For,  by  (31 G),  the  probability  is 

1— (1— a)(l— 5)(1— c)        2a— 2a64-2a6c— ,  ... 


327  ^^he  probability  of  the  occurrence  of  r  assigned  events 
and  no  more  out  of  n  events  is 

where  Qr  is  the  probability  of  the  r  assigned  events ;  Q^^i  tho 
probability  of  r+1  events  including  the  r  assigned  events. 

For  if  a,  6,  c  ...  be  the  probabilities  of  the  r  events,  and 
a\  h\  c' ...  the  probabilitieB  of  the  excluded  events,  the  re* 
quired  probability  will  be 

fl&c...  (l-a')(l-i')(l-6')... 
=  ahc  ...  (l-2a>2a'6'-2aW+...). 


328   The  probability  of  any  r  events  happening  and  no  more 
Nora.— If  a  =  6  =  c  =  Ac,  then  SQ^ = G  (»,  r)  0,,  &c. 
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330    t'^f'i"*""^?''  lies  between  the  greatest  and  least  of 

the  fractions  ...       the  denominators  being  all  of 

the  same  sign. 

Proof. — ^Ijet  ft  be  the  greateBt  of  the  fnustiona,  and  ^  any  other;  then 

Or 

a».<ftfr^  Snbstiinte  in  this  way  lor  each  a.  Simnarlyif  h  be  the  least 
fraction. 


331  •  > 

332  «.+«.+ -+a.  >  v«i^.7a,; 

ft 

or.  Arithmetic  mean  >  Geometric  mean. 

Proof. — Snbstitnte  both  for  tbe  greatcfit  and  least  factors  tbeir  Arith- 
metic mean.  The  prodnct  is  thus  increased  in  value.  Repeat  the  process 
indefinitely.   The  limiting  valne  of  the  6.  M.  is  the  A.  M.  of  the  qnantitieB. 

833  ^>  {^-f-J. 

excepting  when  m  is  a  positive  proper  fraction. 

where  ar  =  Employ  Bin.  Th. 


excepting  when  m  is  a  positive  proper  fraction. 

P 
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Otberwise. — Tkt  Arithmetic  mean  of  the  m^  powers  is 
greater  than  the  power  of  the  Arithmetic  mean^  exciting 
when  mis  a  positive  proper  fraction. 

p!,-ooK.--Sitnilar  to  (332).  Sabstitate  for  the  greatest  and  least  on  the 
left  side,  employing  (833). 


836   If  ^  and  m  are  pontive,  and  x  and  ma;  less  than  unity ; 

theu  (H-aO"">  1— WiO?.  (125,240) 

337  If  ^*  and  ft  are  positive,  and  n  greater  than  m ;  then, 
by  taking  x  small  enough,  we  can  make 

For  X  may  be  diminished  uutii  l'{-nx  is  >  (1  — and  this 
is  >  (l-i-a;)'",  by  last. 

338  If  0  be  positive,      log(l+dr)<4?.  (150) 

If  a;  be  positive  and  >  1,    log  (1+.*)  >  a?—  (165,  240) 

If  0  be  positive  and  <  1,   log        >  ^.  (156) 


839  When  n  becomes  infinite  in  the  two  expressions 

l.;3.5  ...  (271-1)       ,    3.5.7  ...  (2y^4-l) 
2.4.0...  2»  2.4.6...  2«  ' 

the  first  vanishes,  the  second  becomes  infinite,  and  their 
product  lies  between  \  and  1. 

Shewn  by  adding  1  to  each  factor  (see  73),  and  multi- 
plying the  result  by  the  original  fraction. 

840  If     he  >  Ji,  and  ?i  >  a, 

("ttfy  i8<(ii±^y. 

a/         \n— a/ 


« 
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311  If  <i»  ^  be  positive  quantities, 
{Similarly  a"  6 V  > 


These  and  similar  theorems  may  be  proved  by  taking  loga- 
rithms of  each  side,  and  employing  the  Ej^pon.  Th.  (158),  &c. 


8CALE8  OF  NOTATION. 


348    If  iV^  be  a  whole  number  of  ft+ 1  digits,  and  r  the  radix 
of  the  scale,   i\r  =  j?»r"+i>ii-ir""*4-i>»-«'^"*+  — 
where •••i^o  '^^^'^  the  digits. 

343    ?5imiUirly  a  radix-fraction  will  be  expressed  by 
where  Pi»p»9  &c.  are  the  digits. 

EiAMPLKS:    3426  in  the  Bcalo  of  7   =  3. /•  +  4. 7^  +  2.7 -hG; 


344  Ex.— To  transform  34268  from  the  scale  of  5  to  the 
scale  of  11. 

Rule. — Divide  successively  hy  the  new  radix, 

11 : 3426S 
UiJ348-l 
11 1 40-3 

1-9         Kvnli  1931,  in  which  i  stands  for  10. 
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345  Ex. — To  transform  tOA  from  the  scale  of  12  to  that 
of  7,  e  standing  for  II,  and  t  for  10. 

'RjM,-^Multiply  successively  by  the  new  radix, 

*lOel 


5*^7 
  7 

61931 
7 

1-6497 
 7 

0-2971  BMQlt  5610... 


346  Ex. — Tn  what  scale  does  2t7  represent  the  number  475 
in  the  scale  of  ten  ? 

SoIto  tke  equation        2r* + 10r+ 7  =  475.  [178 
BmhU  rslS. 


347  The  sum  of  the  di^ts  of  any  number  divided  by  1 
leaves  the  same  remainder  as  the  number  itself  divided  by 

1 ;  r  being  the  radix  of  the  scale.  (401) 

348  '^he  difference  between  the  sums  of  tlie  digits  in  the 
even  and  odd  places  divided  by  r  +  1  leaves  the  same  re- 
mainder as  the  number  itself  when  divided  by  r  +  l. 


THEORY  OF  NUMBERS. 


349   If  0,  is  prime  to  6,      is  in  its  lowest  terms. 

Fboof. — Let     ~  T*^t  ft  fraction  in  lower  terms. 

Divide  a  lij  a,,  remainder    qootieiit  qi , 
&     (i,  remainder  6«  quotient  ; 

and  so  on,  in  finding  the  H.  C.  F.  of  a  and  a,,  and  of  b  and  6|  (aee  30). 
Let  a.  and  6«  be  the  highest  common  ^tors  thos  determined. 
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Then,  becania     ^  =  f,    . .  ^  =  =  Ji,  (70) 

and flo on ;  ilwB      4"  =  -r^=^  =  4o  — 

Therefore  a  and  6  are  equimnltiples  ol  a,,  and  tw  *  tliat  is,  a  18  not  prime  to  h 
if  Eny  fraction  exists  in  lower  tonne. 


850    If  a  is  prime  to  6,  and  ^  =  ^1  then  a!  and  6'  are 

0  o 

equimultiples  of  a  and  h,  * 

Pboof. — ^Let  ^  reduced  to  ito  lowest  terms  be  Then  JLss^.^  and, 
sinoe  p  is  now  prime  to  9,  and  a  prime  to  6,  it  follows,  by  349,  that  is 

neither  greater  nor  less  than  ~  ;  that  ia,  it  is  eqnal  to  it.    Therefore,  <&c. 

0 


351  If  06  is  divisible  by  c,  and  a  is  not ;  then  h  must  be. 
PBOOF.-Let  ^  =  g;     .  .  ^  =  ^. 

C  CO 

Bnt  a  is  prime  to  0;  therefore,  by  last,  6  is  a  multiple  of  c. 

352  iii^ti  b  be  each  of  them  prime  to  f,  ai/  is  prime 
to  [By  (351). 


353  If  ohcd ...  ia  divisible  by  a  prime,  one  at  least  of  the 
Actors  a,  hi  Of  &o,  must  also  be  divisible  by  it. 

Or,  if  be  prime  to  all  but  one  of  the  factors,  that  factor 
is  diyiaible  by  p,  (351) 

354  Therefore,  if  a*  is  divisible  by  p  cannot  be  prime  to 
a;  and  if  |)  be  a  prime  it  must  divide  a. 


355  If  is  prime  to  6,  any  power  of  a  is  prime  to  any 
power  of  6. 

Also,  if  a,  bt  e,  SbO.  are  prime  to  each  other,  the  product 
of  any  of  their  powers  is  prime  to  any  other  product  of  their 
powers. 
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8B6   No  expression  with  integral  coefficients,  such  as 

can  represent  primes  only. 

Paoot . — For  it  is  divisible  by  x  if  ^  =  0 ;  and  if  not,  it  is  divisible  by  A, 


357    i'^e  number  of  primes  is  infimte. 

Pkoof. — Suppose  if  ponible  jp  to  be  the  greatest  prime.  Then  the  pro- 
duct of  all  piiriics  up  in  p.  plus  unity,  is  either  a  pnmo,  u\  which  case  it 
would  l>e  a  greater  prime  than  p,  or  it  mast  be  divisible  by  a  prime  ;  bat 
no  prime  up  to  ^  divider  it,  becaase  there  is  a  remainder  1  in  each  case. 
Therefore,  if  diTisible  at  all,  it  mast  be  by  a  prime  greater  tbao  p.  In 
either  case,  then,  a  prime  greater  than  j»  exists. 


358  If  a  be  prime  to  6,  and  the  quantities  a,  2a,  3a,  ... 
(6—1)  a  be  divided  by  6,  the  remainders  will  be  different. 

Proof. — Assnme  ma—nb  =  m'a— n'6,  m  and  n  being  less  than  6, 


Then  by  (850). 


359  A  number  con  be  resolved  into  prime  factors  in  one 
way  only.  [By  (353). 

360  i-'o  resolve  5 (J  10  iuto  its  prime  factors. 
Rule. — Divide  by  the  prime  numbers  auceesewely. 

2x5  5040  

21  504 
2 1  252 

2 1  126  

7163 
319 

3         Tbna  l»040  s  2*.8".5.7. 


361  Required  the  least  multiplier  of  4704  which  will  make 
the  product  a  perfect  fourth  power. 

By  (196),  4704  =  2».3.r. 

Then  2».3».7*x2».S*.7«  =  2«.3*.7*  =  84«, 

the  indices  8,  4,  4  being  the  least  mnltiples  of  4  which  are  not  less  tbnn 

5,  1,  2  respectively. 

Thus  2'.3'.7^  =  3584  is  the  multiplier  required. 
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868  All  nambere  are  of  one  of  the  forms  2n  or  2ii+l 

2itor  2ii— 1 


9»  9* 

99  99 

99  99 

99  99 


3n  or  ii/i  i  1 

4n  or  4»:iil  or 

4ii  or  4fi±l  or  4fi— 2 

5«  or  o«il  or  ow  i^ 


and  so  on. 

868  All  square  numbers  are  of  the  form  &n  or  5it±l. 

Pboop. — Bj  iqiuuring  the  forms  in,  Sn-kl,  $»±2,  whidi  comprehend 
all  nnmben  whatever. 

864    All  cube  numbers  are  of  the  form  7'<  or  y^il- 
Aud  similarly  for  other  powers. 

365  The  highest  power  of  a  prime  which  is  contaiued  in 
the  product  m  1 ,  is  the  sum  of  the  integral  parts  of 

m     m     7n  o 

y  ^r. 

For  there  are    -  factors  in  m !  which  p  will  divide  :    r  which 

p  ^  P  , 

it  will  divide  a  second  time;  and  so  on.  The  suooessive 
divisions  are  equivalent  to  dividing  by 

fl 

pi'.pj^...  Ac.  =pp  . 

Example. — The  in<;lie8t  power  of  3  which  will  divide  29!.  Here  the 
factors  ;i  6,  12,  15,  18,  21,  24,  27  can  be  divided  bv  3.  Their  number  is 
29 

=  y  (the  integral  part). 

The  faotoTB  9, 18,  27  can  be  divided  a  aeoond  time.   Their  tininber  ie 

^  s  3  (the  integral  part). 

«» 

29 

One  factor,  27,  is  divisible  a  third  time.    ^'  ^  ^  (integral  pnrt). 
9+S+ 1  ss  13 ;  that  is,  3**  is  the  highest  power  of  3  which  will  divide  29!. 

866   The  prcidnct  of  any  r  oonseoative  integers  is  divisible 

Fboof:  T^^i"  1)  jg  necessarily  an  integer,  by  (i*6). 
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367    If  n  be  a  prime,  every  ooeffident  in  the  expansion  of 
except  the  first  and  last,  is  divisible  bj  n.       By  last. 

868  If  »  be  a  prime,  the  ooefficient  of  every  terra  in  the  ex* 
pansion  of  (a +6 +c  ...)*»  except  a*,  6%       is  divisible  bj  n. 

Pboof.— Bj  (367).    Put    for  (6-I-C+  ...). 


369  Fermat*s  Theorem. — If  p  be  a  prime,  and  N  prime  to 
p ;  then  ^''"^—1  is  divisible  by  p> 

Pboof:  2^=  (1+1  +  ...)'  =  ^T+Jfp.  By  (368). 

370  If  |>  be  any  number,  and  if  1,  a,  5,  e, ...  1)  be  all 
the  numbers  less  than,  and  prime  to  p ;  and  if  n  be  their 
number,  and  m  any  one  of  them ;  then    ^1  is  divisible  by  p. 

Prook. — Tf  .r,  a.r,  l.r  ...  (;)  —  !)  x  be  divided  by  p,  the  lemainders  will  be 
all  diticrcut  and  pntue  to|>  [as  in  (358)]  ;  therefore  the  remainders  will  be 
1,  a,  6,  c ...        1) ;  therefore  the  product 

x"a&c  ...  ip—l)  =  abc  ...  (p  —  l)  +  Mp. 


371  WiLson's  Theorem. — If  j9  be  a  prime,  and  only  then, 
1+(|>— 1)  1  is  divisible  by  p. 

Put  p  —  l  for  )•  and  n  in  (285),  and  apply  Fermat's  Theorem 
to  each  term. 

372  If  i>  be  a  prime  =  2n+l,  then  is  divisible 
hyp. 

Proof.  —  By  mnlti|>lyin£j  together  eqni-difitant  factors  of  (/>— 1)!  in 
Wilson's  Theorem,  and  putting  -u  +  1  for  p. 


373  Let  N=  a''  />''  in  prime  factors ;  the  number  of  in- 
t^ers,  including  1 ,  which  are  less  than  n  and  prime  to  it,  is 

''(>-i)C-i)l'4)- 

Pboof.— The  number  of  Integers  prime  to  N  contained  in  a*  is   

Similarly  in      c**,  &c.    Tftko  the  prodact  of  these. 
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Also  the  number  of  integers  less  tliau  and  prime  to 
(Nx  M X  &c.)  is  tlie  product  of  the  corresponding  numbers 
for      M,  &c.  separately. 


374    The  number  of  divisors  of  xY,  inchidiug  1  and  N  itself, 
is  =  0>  +  l)  ('Z  +  l)  (^  +  1)        ^or  it  is  equal  to  the  number  ' 
of  terms  in  the  product 

(l+a+..,+a^)(l+6+...+ii»)(l+c+.,.+0-*<5. 


876  The  number  of  ways  of  resolving  N  into  two  faetora  is 
hia  the  number  of  its  divisors  (374).  If  ike  number  be  a 
square  the  two  equal  factors  must,  in  this  case,  be  reckoned 
as  two  divisors. 


876  If  the  &ctors  of  each  pair  are  to  be  prime  to  each  other, 
put  jp,  q,  r,  &c.  each  equal  to  one. 


877    The  sum  of  the  divisors  of  N  is 

qp^^-I    ^^^^-1  e^*'-l 
a-1   '  b-1  '  c-1 

Proov. — Bj  the  product  in  (374),  and  by  (85). 

378  If  p  be  a  prime,  then  the^— 1***  power  of  any  number 
IB  of  the  form  mp  or  mp-\-l.       By  Fermat's  Theorem  (369). 

Ex. — The  12*''  power  of  any  number  is  of  the  form  13m  or  ISw  +  l. 


379    To  £nd  all  the  divisors  of  a  number ;  for  instance,  of  504. 


L 

U. 

1 

504 

2 

2 

252 

2 

4 

126 

2 

8 

68 

8 

8 

6 

12 

24 

21 

3 

9 

18 

36 

72 

7 

7 

7 

14 

28 

56 

21 

42 

84 

1G8 

63 

126 

252 

504 

Explanation.  —  Eesolve  504  into  ita  primo  factors,  placing  them  tai 
Wiliiiiiii  II. 

Q 
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The  dtriflOfra  of  504  am  bow  formed  from  the  nnmben  in  oolmnn  11.,  and 
placed  to  tlie  right  of  thai  odnnm  in  the  fioUowing  manner:— 

Place  the  divisor  1  to  the  right  of  oolmnn  II.,  and  follow  this  rule— 

Multiply  in  order  idl  the  dici<iir<  irhirh  are  written  d'ncn  hij  the  ne.(t  nnniher 
in  column  II.,  which  has  nul  already  been  used  us  a  multiplier :  phice  the  first 
new  divisor  to  obtaitied  and  oU  the  following  product*  in  order  to  the  right  of 
'  column  Jh 


380  i^,.  tlie  sum  of  the  r*''  powers  of  the  first  7i  natural 
numborci  isj  divisible  by  2u-[-l, 

Floor :  «  ...  (i^-i^ 

oonititaiee  2»+l  IhctovB  dinsiUe  bj  8)i+l,  bj  (366).  Ifnltiply  out,  to- 
jooting«,  which  IB  to  be  leas  than  SS»+i.  Thus,  unng  (872), 

a^-flr,a^-»+fl;a*-«- ...  5.., «•+(-!)•  ([*)•  =  K  (2»+l). 

Pat  1,  2,  3  ...  (n— 1)  in  sacccssion  for  x,  and  the  solution  of  the 
eqnalionB  is  of  the  form       8,siM  (2n+  !)• 
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FACTORS  OF  AN  EQUATION. 


General  farm  of  a  raiumdl  nUegrai  eqnaUm  ^ihe  degree. 
400     jPoJ?"+i>i**-'+|>i^'-*+  ...  +p-ia?+p,  =  0. 

The  kffe  side  will  be  designated  /(d?)  in  the  following 


401  If /(^)  be  divided  by  K—a,  the  remainder  will  be  f(a). 
By  assuming  /(«)  =  F  (»-«a)  +E. 

402  If  a  be  a  root  of  the  equation/(a;)  =  0,  then/(a)  =  0. 

408  To  compute  /(a)  numerioally;  dimde  f{x)  by  a— a, 
and  the  remainder  mil  bef{a).  [401 

404  BuMPLB.— To  find  the  value  of  4B"-dfl^ -h  l2iB*—s^ + 10  when  0  s  2. 

4—3  +  12  +0  -1    +0  +10 
8+10+44+88+174+348 


2 


4+54-22+44+87+174+858    Tbu  /(2)  =  858. 

If  a,  by  c  ...  k  be  the  roots  of  the  equation  /(»)  =  0: 
then,  by  (401)  and  (402), 

405       /(a?)  =  po       a)  (07—6)  (a?— c) ...  (<r— A). 

Bj  mnltipljin^  out  the  last  equation,  and  equating  coefficients  with 
equatioa  (400),  comidonag jp^ss  1,  (iio  following  xesolte  are  obt«iaed:>- 
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406  the  sum  of  all  the  roots  of/ (^). 

C  the  sum  of  the  produotB  of  the  roots  taken 
X       two  at  a  time. 

{the  sum  of  the  products  of  the  roots  taken 
three  at  a  time. 


/^\r„  _  (the  sum  of  the  products  of  the  roots  taken 
V   ^)J?r-^  rataiame. 

•  ••* 

(  — l)*jp.  =    product  of  all  the  roots. 

407  The  number  of  roots  of /(«)  is  equal  to  the  degree  of 
tiie  equation. 

408  Imaginary  roots  must  occur  in  pairs  of  the  form 

The  quadratic  factor  corresponding  to  these  roots  wiH 
then  have  real  coefficients;  for  it  will  he 

a4J_2a.T+a«-f  P*.  [405,  226 

409  If  /(  ^')  be  of  an  odd  degree,  it  has  at  least  one  real  root 
of  the  opposite  sign  to  p^. 

Thus  fl^— 1  =  0  liaa  tU  least  one  positiTe  root 

410  If  /(.^)  be  of  an  even  degree,  and  negative,  lihere  is 
at  least  one  positiye  and  one  negative  root. 

ThQB  fl^— 1  has  +1  And  —1  Ibr  roote. 

411  If  several  terms  at  tlie  beorinning  of  the  equation  are  of 
one  sign,  and  all  the  rcbt  of  auotiier,  there  is  one,  and  only 
one,  positive  root. 

Thoa  a5'+2»'  +  3j^+a!'— 5x— 4  =  0  has  only  one  podtlvB  root. 

412  If  &I1  the  terms  are  positive  there  is  no  positive  root. 

413  If  all  the  terms  of  an  even  order  are  of  one  sign,  and 
all  the  rest  ieore  of  another  sign,  there  is  no  negative  root. 

^14    Thw  3^^^+i^'»»i-l  ^  0  has  no  native  root 
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415  If  all  the  indices  are  even,  and  all  the  terms  of  the  same 
sign,  there  is  no  real  root ;  and  if  all  the  indices  are  odd,  and 
all  the  terms  of  the  same  sign,  there  is  no  real  root  but  zero. 

Thus  a!*+aj'-+-l  =  0  has  no  real  root,  and  z*-f  z'+a;  =  0  has  no  real  root 
bat  zero.  In  this  last  equation  there  is  no  absolute  term,  because  such  a 
term  would  iaTolre  tiie  ano  power  of  which  is  even,  and  by  hypothens  is 
waiiftni|f« 

■ 


DESCARTES*  RULE  OF  SIGNS. 


416    In  the  following  thcoi-cms  every  two  adjacent  terms  in 
/(.r),  which  have  the  same  sigus,  count  as  one  "continuation 
of  sign";  and  every  two  adjacent  terms,  Tvith  different  signs, 
count  as  one  change  of  sign. 


417  /(<^*)j  multiplied  by  (a;  — a),  has  an  odd  number  of 
cli£U3ges  of  sign  thereby  introduced,  and  one  at  least, 

418  /(^)  oaimot  have  more  positiTe  roots  ihao  changes  of 
ogn,  or  more  negative  roots  tnan  oontmuations  of  sign. 


419  When  all  the  roots  of  f{x)  are  real,  the  number  of 
positive  roots  is  equal  to  the  number  of  changes  of  sign  in 
f(x) ;  and  the  number  of  negative  roots  is  equal  to  the  number 
of  changes  of  sign  in /(—a;). 

420  Thus,  it  being  known  that  the  roots  of  the  equation 

a!*-10aj*+35j:'-50^  +  24  =  0 

are  all  real ;  the  number  of  positive  roots  will  bo  equal  to  the  number  of 
chaugee  of  sign,  which  is  four.  Also  /(  — a?)  =  -f  lOaj'  -J-  Zdx*  +  bOx + 24  =  0, 
and  nnoo  tlMre  is  no  ohaage  of  sign,  tbora  is  oonseqneDtlj,  hf  the  niloi  no 
a^gfttiTO  foot. 


421  If  the  degree  oif{x)  exceeds  the  number  of  changes  of 
sign  in  /(«)  and  /(— fe)  together,  bj  /i,  there  are  at  least  /i 
imaginaiy  roots. 

422  If>  between  two  terms  in /(a?)  of  the  same  sip^,  there 
be  an  odd  number  of  oonseontive  terms  wanting^  wen  tbero 
must  be  at  least  one  more  than  tibat  number  of  imaginary 
roots  i  and  if  the  missing  terms  lie  between  terms  of  di&cemt 
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sign,  there  is  at  least  one  less  than  the  same  number  of 
imaginary  roots. 

Thai,  ia  ihe  oabic  equation  a^-f  4dB— 7  =  0,  there  mofit  be  two  imagizuucy 
And  in  ilte  eqaaiiba        s  0  thme  ue,fbroerftaii^ 

423  K  an  even  number  of  consecutive  terms  be  wanting  in 
J\x),  there  is  at  least  the  same  number  of  imaginary  roots. 

Thas  the  equation  z^+X  =  0  has  foor  terzufl  abeentj  and  therefore  four 

imagiixary  roots  at  iuabt. 


THE  DEBIVBD  FUNCTIONS  OF  f(ai). 


Rule  for  forming  the  derived  functions. 

424  Multiply  each  term  hfj  the  index  of  a?,  and  reduce  the 
index  by  one;  UulI  is,  dij'eratitiate  the  function  with  respect 
to  X. 

ExAiiiLi. — Take 

P  ((b)  s  4i^+aB>-iS»  -1 

y*(9)a:  aOkB*+12(«F+6«i-2 
/•(a,)=  60»«+2i»+6 
/*  {x)  =  120x  +U 
f{z)  =  120 

(>)t  J*      ^  wo  called  tha  first*  leoo&d,  do.  derivted  Ametioiui  of/Co)* 


425  To  form  the  oquiition  whose  roots  dill'er  li'om  those  of 
/(a?)  by  a  quantity  a. 

Put  ssssy-\-ain  f{x) ,  and  esepand  eaeh  term  by  the  Binomidl 
Theorem,  arranging  the  reeulte  tn  vertical  cohmm  in  the  foU 
lowing  momner:^ 

/(a+y)=  (a+2/)*+(a+y)*+(a-|-y)'-(a-hy)'-(a-hy)-l 
aa       o!^  4.    a*    +         —    4^    .    a    — 1 

+(  5a«  -t-         +         -  8»    -  l)y 
+(10^  +         +  8a    -  1)1^ 
+aOa^  +  4«  +1)/ 

+ 
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€kmpKmg  tlub  renlt  wHh  that  aem  in  (424),  ib  ii  leea  that 

486  /(«+y)  =/(o)+/'(o)y 

80  ihat  the  coefficient  generally  of  y  in  the  tmnsformed 

equation  is  ' 

 \1,  

487  iom  the  equation  most  expeditioiiBly  when  a  has  a 
nmnerical  Talue,  dmde  f{x)  eowtimumsly  by  x—a,  and  ihs 
sueceswve  remainders  mil  furnish  the  coefficients, 

ExAMPLX. — To  expand  /(j/4-2)  when,  as  in  (425), 

f{x)  =  »'+a;*-i-j:'  — x'  — x-1. 
Divide  repeatedly  by  a;— 2,  as  foIIowB 

1  +  1  +  1-    1-  1-1 

+  2  +  6  +  14  +  26  +oO 


1  + 

3 

+  7 

+ 

13 

+ 

25 

+49 

2 

+ 

2 

+  10 

+ 

31. 

+ 

94 

2 


1+5  +17  +  47 
+  2  +14  +  62 


1  +  7+31 
+  2  +18 

1  +  9[+4^=  ^ 
+  2 


+  119  =/(2) 


1 


11 


15 


That  iheae  remainderB 

are  the  required  coefficienta 
is  Been  by  inspecting  the 
foim  of  the  eqaation  (426) ; 
fat  if  that  eqnation  he  m- 
vided  by  as y  repeaU 
edly,  these  remainders  are 
obviously  prodaced  when 


Thus  the  equation,  whose  roota  are  each  less  by  2  than  the  roots  of  the 
proposed  equation,  is  y»+lly*+49y»+10V+ll%+49  =  0. 


428  To  make  any  assigned  term  vanish  in  the  transformed 
eqnation,  a  must  be  so  determined  that  the  coefficient  of  that 
term  sha^l  vanish. 

Example.-— In  order  that  there  may  be  no  term  involying  y*  in  equation 
(426),  we  musl  have  /*(a)  s  0. 
Find/«(a)aain  (424): 

thus  120a  +  24  =  0;       /.    a  =  - 

The  equation  in  (424)  must  now  be  divided  repeatedly  by  z  +  y  after  the 
manner  of  (42 7)|  and  the  resulting  equation  will  be  minus  its  second  term. 
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429  Note,  that  to  remove  the  second  term  of  the  equation 
f(x)  as  0,  the  requisite  yalue  of  a  is  =  —  ^  ;  that  is,  ihe 

coefficient  of  the  second  ff  rm,  irith  iln  siij/i  chonofd,  dirirh  d  by 
the  coefficient  of  the  first  term,  and  by  the  number  expressing 
the  degree  of  the  equation, 

430  To  transform  /(</•)  into  an  equation  in  i/  so  tliat  //  —  ^  (./•), 
a  given  function  of  x,^ut  a:  =  ^~*(y),  the  inverse  function  of  y» 

BuMFU. — ^To  obtein  •&  eqution  whxm  roots  we  ntpootivelj  thzee  taoiM 
ihozoote  of  the  oqiiation  0*— Gjt  +  I  =  0.  Hera  y  ss8»;  therefera  «s<|>, 
and fhe eqaaium beoomes  27" ^  +  ^  =         y'->54^+27 sO. 

431  To  transform  ./'(./)  =  0  into  an  equation  in  which  the 
coefficient  of  the  first  term  shall  be  unitj,  and  the  other 
coefficients  the  least  possible  integers. 

EXAMPLB. — Take  (he  equation 

288x'  +  240i'-176x-21  =  0. 
I>iTide  bj  the  coeflioienfe  of  the  first  term,  and  redooe  the  fracti<Hi8;  the 

eqution  beoomee  ^    -  ^  0. 

o         lb  vo 

Sabetitnte      for  e^  and  mnltiplj  hjk*i  we  get 

^     6  ^     18  ^  96 


Hfexi  leeolTe  the  denominatora  into  their  prime  factoni^ 

^    2.3^     2.8"^  2».3 

The  smallest  valnc  mast  now  be  assigned  to  k,  which  will  snfficc  to  make 
each  coefficient  an  integer.    This  is  easily  seen  by  inspection  to  be  2*.  3  =  12, 

and  the  resulting  eqnatiou  is  y'  +  lOy'  — 88y  — 12G  =  0, 

tiie  roots  of  which  are  connected  with  the  roots  of  the  original  equation  by 

the  nlatioB  y  s  12m, 


EQUAL  ROOTS  OF  AN  EQUATIO:^. 


By  ea:panding  f{x-{-z)  in  powers  of  z  by  (405),  and  also 
by  (4^6),  and  equating  tiie  ooeffieients  of  z  in  the  two  ez- 
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pansions,  it  is  proved  that 

432      f  (_^.)  =  M:^  +  fi^  +  JlLL  +  &c., 

from  which  result  it  appears  that,  if  the  roots  a,  6,  c,  &c.  are 
all  unequal,  and  /"(./•)  can  have  no  common  measure  in- 
voh-ing  X.  If,  however,  tluTe  are  r  roots  each  equal  to  a, 
8  roots  equal  to  6,  ^  roots  equal  to  c,  &c.,  so  that 

f{j;)  =  p^(,p— a)'-(j7-6)'(.r-c)'.., 

then 


433 


and  the  greatest  common  measure  of /(.t)  and  J'{x)  will  be 

(.r-a)''"'  (*-c)'-^ .. 

When  ^' =  /(^'),  /('C),  ...  Z*""^  (ic)  all  vanish.  Similarly 
when  ,c  =  h,  Sec. 

Pradieal  meUiod  ef  finding  the  equal  roots* 

446  / (*)  =  -X",  X]      Xj  Xj  . . .  Xr,  wliore 

X,  =  prodact  of  all  the  factors  like  {x  —  n), 
Xj=  „  „  (•'•-"/. 

Find  the  gitiaiest  common  measure  of  / (x)  and  /(j:)  =  Fi  (x)  sajr, 

F,(x)Biud  F;ix)=.l'\(x), 

•«« 

••• 

Lastly,  the  greatest  comraoa  measure  of  Fa»-i(«)  and  =  ^mC^)  =  1* 

Nexfc  perform  the  divisions 

f(x)^l'\ix)  =f^<ix)  say, 
Fdx)^F,(x)  =f,{x), 

•»»  •••  ••• 

sk* 

And,  finall J,  ^  (») -s- (»)  «  Xi, 

fj(a»)4.^(«)  =  ^. 


=  9A^)  =  X..  [T.  82. 

S 
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The  tolntaoiiof  the  eqnations  X,  =  0,  X^ssO^  &e.  will  famish  all  the 
rootd  of/ (a) ;  thoM  ivhich  occur  twice  bdng  found  from  ;  tboM  which 
ooonr  three  tiiiMA  each,  from     I  uidsooii. 

4M   K  f{x)  has  aQ  its  coefficients  oommensiirable,  Xi^X^X^^ 
liave  likewise  their  coefficients  commensurable. 
Hence,  if  only  one  root  be  repeated  r  times,  that  root  must 

be  commensurable. 


447  lu  all  the  following  theorem unless  othenvise  stated, 
f{r)  is  understood  to  have  unity  for  the  coefficient  of  its  first 

term . 


LIMITS  OF  THE  BOOTS. 


448  If  the  greatest  negative  cocfhcients  in  /(r)  and  /(—■*') 
be  2^  and  q  respectively,  then  and  —  (j-i-l)  are  limits  of 
the  roots. 

449  If  •b""''  and  .p""'  are  the  highest  negative  terms  in  f{x) 
and  /(—.')  respectively,  (I and  —  (l  +  v^j)  are  limits 
of  the  roots. 

450  If  ho  a  superior  limit  to  the  positive  roots  of  /^~^  * 
then      will  be  an  inferior  limit  to  the  positive  roots  of  /(«}. 


461  If  each  neg-ative  coefficient  be  divided  by  the  smn  of  all 
the  preceding  positive  coefficients,  the  greatest  of  the  fractions 
so  formed  +  unity  will  be  a  superior  limit  to  the  positive 
roots. 


452   Newton's  method. — Puta;=^+y  ^f(^)i  ^^^>  (^^}* 

/(/^+3/)  =/(^0+i(/"W -^^fW  4- ...  +  |f  y^W  =  0. 

Take  h  so  that  /(//),  fW^TW  .••/*(^')  '^^^'^  ail  positive; 
then  h  is  a  superior  limit  to  the  positive  roots, 

463  According  as/((/)  and  f{b)  have  the  same  or  different 
signs,  the  niuuber  of  roots  intermediato  between  a  and  h  is 
even  or  odd. 
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454  Rolivs  Theorem. — One  real  root  of  the  equation  f  (x) 

lies  Ix^tween  every  two  adjacent  real  roots  of  /(^). 

455  Cob.  1. — f{.r)  cannot  have  more  than  one  root  greater 
than  tlie  prreatcst  root  in  f{x);  or  more  than  one  less  than 
the  least  root  in /'(,<•). 

456  Co£.  2. — If  /{x)  haa  m  real  roots,  f(x)  has  at  least 
m^r  real  roots. 

467  CfOB.  3. — ^If  f^(x)  has  n  imaginary  roots,  f(x)  has  also 
li  at  least. 

468  Cob.  4.— If  a,  y ... «  be  the  roots  of  /(.«) ;  then  the 
number  of  changes  of  sign  in  the  series  of  terms 

/(a),  /(/3),  /(^).../(-0Q) 

is  equal  to  the  number  of  roots  of  /(»). 


NEWTON'S  METHOD  OF  DIVISORS. 


459   To  discover  the  integral  roots  of  an  equation. 

BzAMPLi.— To  aaoertain  if  5  be  a  root  of 

a<*-6a^+86»*-176«+105  =  0. 

If  5  be  a  root  it  will  divide  105.    Add  the  quotient  to  the 
next  coefficient.  Resalti 

If  5  be  a  root  it  will  divide  —155.    Add  the  quotient  to 
the  next  coefficient ;  and  so  on. 

li'  the  uuinbor  tricii  be  a  root,  the  divisions  will  be  effectiblo 
to  the  end,  and  the  last  quotient  vill  be  —1,  or  —po,  Po  be 
not  unify. 


460  In  employing  this  metliod,  limits  of  the  roots  may  first 
be  found,  and  divisors  chosen  between  tliose  limits. 

« 

461  Also,  to  lessen  the  number  of  trial  divisors,  take  any 
integer  m ;  then  any  divisor  a  of  the  last  term  can  be  rejected 
if  a— m  does  not  divide  /(w). 

In  practice  take  m= +1  and  —1. 

To  find  whether  any  of  the  roots  determined  as  above  are 
repeated,  divide  /  (x)  by  the  factors  corresponding  to  them, 
and  thep  apply  the  method  of  divisors  to  tiie  resulting  equation. 


5)105 
21 

-176 
5  )  -156 
--81 
86 
5)55 

11 

-6 

5) -5 
-1 
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Example. — Take  tlie  cquutiou 

Potting  x=l,  wc  tind /  (I)  =  —24.    Tbu  divisors  of  144  are 

1,    2,    3,    4,    6,    8,    9,    12,    It],    24,  4c. 

Th©  values  of  a  —  m  (since  m  =  1)  are  therefore 

0,    1,    2,    3,    5,    7,    8,    11,    15,    23,  &c. 

Of  these  last  nuiubt-rs  only  1,  2,  3,  and  8  will  divide  24.  Heuce  2,  3,  4,  and 
9  are  the  only  divisors  of  144  which  it  is  of  ma  to  tij.  The  oidj  integral 
roots  of  the  equation  will  be  found  to  be  ±2  and  ±d. 


462  If  fi'i')  and  F{X)  have  cuuunon  roots,  thev  are  con- 
tained in  the  greatest  common  measuie  of /(a*)  and 

463  If  /(•*')  has  for  its  roots  a,  <^(a),h,  ip{J>)  amongst  others  ; 
then  the  ecjuations J\£)  =  0  an^/(f  (a;)j  =  0  have  the  common 
roots  a  and  b. 


464  But,  if  all  the  roots  occur  in  pairs  in  this  way,  these 
equations  coincide. 

For  example,  suppose  that  each  pair  of  roote,  a  and    satisfies  the  equation 

a  +  6  =  2r,  We  may  then  assume  a  —  b  —  2r.  Therefore/"  (r  +  r)  =0.  Thie 
equation  involvee  only  even  powers  of  2,  and  may  be  solved  for  2*. 


465  Otherwise:  Let  at  =  2;  then  f  (x)  is  divisible  by  (x  —  a)(z—h) 
=  2*  — 2rj;  +  z.  Perform  the  divi>{on  until  a  remainder  is  obtained  of  the 
form  Fx-^-Q,  where  P  and  Q,  only  involve  z. 

The  eqoationa  Ps  0,  Q  =  0  determine  2,  bj  (462) ;  and  a  and  h  are  found 
from  a<f  A  s  2r,  06  s  it. 


RECIPROCAL  EQUATIONS. 


466   A  reciprocal  equation  has  its  roots  in  pairs  of  the  form 

a,      ;  also  the  relation  between  the  coefi&cients  is 
a 

Pr  =  P»-r»  or  else       =  —  Pa-r* 


467  A  reciprocal  equation  of  an  even  deyrci't  tcith  its  last 
term  positive,  may  be  made  to  depend  upon  the  solution  of  an 
equation  of  half  the  same  degree. 
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468  ExAMPi.E  :  4.f''-24eH57.r*-73,/r»  +  o7.i;*-24.K  +  4  =  0 
is  a  reciprocal  equation  of  au  even  degree,  with  its  last  term 
positive. 

Any  reciprocal  equation  w)iich  is  not  of  this  form  may  be 
reduced  to  it  />//  dicidiiuj  by  x-\-\  if  the  last  term  be  jmsUice  ; 
(uidy  ij  the  hint  term  be  negative^  Jyj/  (UvldiiHj  lij  x—  \  or  .r^  — 1, 
sn  as  to  hri/ifj  the  egvntion  to  a>u  even  degree.  Then  proceed 
ill  the  following  niaiiuer  : — ' 

469  First  bring  together  equidistant  terms,  and  divide  the 
equation  by    ;  thus 

4     +  i,)  -  24 +  ^)  +  57  (.  +  i-)  -  73  =  0. 

By  putting  a;  +  ~  :=     and  by  making  repeated  use  of  the 

1      /  lY 

relation     +     =  f »  +  —  \  —  2,  the  equation  is  reduced  to 

a  cubic  in  y,  the  degree  being  one-half  that  of  the  original 
equation. 

Put|>  for  X  +  ~,  and      for        — . 

470  The  n  latlon  between  the  successive  factors  of  the  form 
p^  may  be  expressed  by  the  equation 

471  The  equation  for  p,„,  in  terms  of  p^  is 

Pm^P  — Wip  -f— ^    5  P      —  ... 

+  (— 1)'  fflCffl—y— 1)  >  »  (m— 2r-f  1)  ^«-tr^. 

By  (545),  puttmg  q  =  l> 


BINOMIAL  EQUATIONS. 

472  If  be  a  root  of  a-*— 1  =0,  then  a*  is  likewise  a  root 
where  m  is  any  positive  or  negative  integer. 

473  If  a  be  a  root  of  af + 1  =  0,  then        is  likewise  a  root. 
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474    If  w  and  n  be  prime  to  each  other,  «*— 1  and  af— 1 

have  no  coinmoTi  root  but  unity. 
Take  pm—^u  =  1  for  an  indirect  proof. 

476  K  »  be  a  prime  number,  and  if  a  be  a  root  of  1 =0, 
the  other  roots  are  o,  a\  a* ...  a\ 

These  are  all  roots,  by  (472).  Phire,  by  (474),  thai  no  two  can  be  equal 

476  If  n  be  not  a  prime  number,  other  roots  besides  these 
may  exist.  The  successive  powers,  however,  of  some  root 
will  furnish  all  the  rest. 

477  K  flf— l=sO  has  the  index  nssmjpq;  m,  jj,  q  being 
prime  factors ;  then  the  roots  are  the  terms  cl  the  prodoct  • 

(l  +  a+a^-f-  ...  +«"-^)(l4.)3+j3»+  ...  4-/3"-^) 

X(l-h7  +  7'+...  +r-')y 
where  a  is  a  root  of  a?"— 1, 

y  » 

but  neither  a,  /3,  nor  7  =  1.  •         Proof  as  in  (475). 

478  If  »  =  m*,  and 

a  be  a  root  of  a;""  —  1  =  0, 
/3        „       aj"-a  =  0, 
y        „       aj--(3  =  0; 
then  the  roots  of  <b*— 1  =  0  will  be  the  terms  of  the  product 

(l+a-ha^-h  ...  +a"-')  (1  4-^^-^^-^  ... -f /3-^) 

  X(l+7-hr+  ...  +7""')- 

479  a;"  ±  1  =  0  may  be  treated  as  a  reciprocal  equation,  and 
depressed  in  degree  after  the  manner  of  (468). 

480  The  complete  solution  of  the  equation 

^-1  =  0 

is  obtained  by  De  Moi\Te's  Theorem.  (757) 
The  n  different  roots  are  given  by  the  formula 

ft  n 

in  which  r  must  have  the  successive  yalues  0, 1,  2,  8,  &e., 

concluding  with     ,  if  n  be  even;  and  with  if  w  be  odd. 
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481   Similarly  the  n  roots  of  the  eqnatiQii 

are  given  bj  the  formula 
=  COS 

n  n 

r  taking  the  succeBBiye  valneB  0,  1,  2,  3,  &c.,  up  to  ^  ,  if 
»  be  even;  and  up  to  if  »  be  odd. 


482    I'he  number  of  difierent  values  of  the  product 

is  equal  to  the  least  common  multiple  of  m  and  when  m  and 
n  are  integers.  • 


CUBIC  EQUATIONS. 
488  To  solve  the  general  cnhic  equation 

Remove  tiie  term  im^  by  the  method  of  (429).  Let  the  trans* 

formed  equation  be      <r'+5'«^+^  =  0. 

484  Cardans  method. — The  complete  theoretical  solution 
of  this  equation  by  Cardan's  method  is  as  follows : — 

Put  «  =  y4.»  (i.) 

Put  8y8+g  =  0;    .•.   y  =  — 

SubBtitute  this  value  of  and  solve  the  resulting  quadratio 
in  The  roots  are  equal  to  y*  and  if  respectively;  and  we 
have,  by  (i.). 
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The  cubic  must,  bare  one  rcftl  root  at  leant,  by  (400). 

Let  m  be  one  of  the  three  vmliiee  of  ^  —     +         ^  27  )  * 
of  the  thiee  yalnea  of  |^  ~  ""2  ~  \/t     ^  1 
4:86         ^*        ^  ^  three  cabe  roots  of  vanij,  eo  that 

•  «  —  J-  +  Y  and     =  -  i  -  i  v^.  [472 

487  T^ri,  mao9  Vm*  s  m  y  1,  the  roots  of  the  cubic  win  be 

m  +  »,    am  +  a*«,    a*ni  +  an. 
Now,  if  in  the  expansion  of 

hj  the  Binoniial  Theorem,  we  pat 

fi  as  Uie  earn  of  the  odd  terras,  end 

y  s  the  sum  of  the  eren  terns ; 

then  we sheU have  m^fi  +  y,           andnss/t— r; 

or  else  m  =  fi+rV^— 1,  and  nas  fi--yy/^^ ; 

y/j-^  27  iB  wal  or  imaginary. 
By  sabstitutiug  these  expressions  for  m  and  »  in  (487),  it  appears  that^ 

488  (>•)  ^  -!r  +  ^  l»o  positive,  the  roots  of  the  onbio  will  be 

2^,    -/i  +  »'v''-^J,    — ^-»'%/^^. 

(ii.)  ^      *^  27  ^  negative,  the  roots  will  be 
2/1,    »^+rv^8,  -|»-rv^8. 

(iii.)  If  ^  +  ^  =  0,  the  roots  are 

2ifH    — w,    —  OT ; 

ainoe  m  is  now  equal  to  ft. 

489  Trigonometrical  method. — The  equation 

may  be  solved  in  the  following  manner,  by  Trigonometry, 
when  ~-\-^ia  negative. 

Assume  0  =s  »  cos  o.   Divide  tiie  equation  by  n* ;  thus 
cos'o  -H     COS  o  4-  ^  =  0. 

•But  cOB'a^-^  GOBm^^Si^^O,  Bj  (t)57) 
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Equate  coeficients  in  the  two  equations ;  the  result  is 

o  must  now  be  found  with  the  aid  of  the  Trigonometrical 
tables. 

490    The  roots  of  the  cubic  will  be 

Ji  COS  a,    It  cos  (Jv+a),    n  cos  (Iv— a). 


491  Observe  that,  according  as  ^  +  27  positive  or  nega- 
tive. Cardan's  method  or  the  Trigonometrical  will  be  practi- 
cable. In  the  former  case,  there  vAW  be  one  real  and  two 
maginary  roots;  in  the  latter  case,  three  real  roots. 


BiyUADKATlC  EQUATIONS. 


492  Descartes'  Solution. — To  solve  the  eq^uatiou 

.  0?*  4-  go?*  +     4-  ♦  =  0   (i.) 

the  term  in    having  been  removed  by  the  method  of  (429). 

Assume      (^+cir+/)  (a^^ea^+g)  =  0  (ii.) 

Multiply  out,  and  equate  coefficients  with  (i.) ;  and  the  fol- 
lowing equations  for  determining  /,  g,  and  e  are  obtained 

493  e«+27e*-f  (</--  iy)  c'-r"  =  0   (iv.) 

494  The  cnl'ic  in  r  is  r>  <liicihh'  hij  CardiUin  methofi,  when  the  biijnodratio 
has  two  real  and  two  imaijinary  roott.  For  proof,  take  a  ±  </3  and  —a  ±  y  aa 
the  rooto  of  (i),  since  theii'  sum  most  be  sero.  Form  tiie  earn  of  eech  pair 
for  tbo  valnes  of  e  [see  (ii.)],  and  apply  the  rules  in  (488)  to  the  cable  in  e*. 

If  (he  biquadratic  has  all  H«  roots  real,  or  all  imaginarij,  the  cuhic  trill  have 
(dl  its  roots  real.  Take  a  t/3  and  —a  iy  for  four  ipiagiuary  roots  of  (i.), 
and  form  the  Tslaes  <rf  0  m  before. 


496  |iri^,/l^,Y*(e0^ffwlf  o/tibeottiw  ^  ^,  lAe  rooU  of  ih»  fnguadraiio 
wiUhe   -J(«+^+y),   |(«+^-y),   4(/3+y-a),  i(y+a-i3). 

S 
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For  proof,  take  w,  x,  y,  x  for  the  roots  of  the  biqaadratic }  then,  hj  (ii.),  ih$ 
sum  of  each  pair  moat  give  »  yalvB  of  «.  Henoo,  wo  hftTO  only  to  solve  tiio 
gymmolrioal  oqoatioiis 

z+z  =  fi,  «>  +  !/  =  — 

»+y  =  y,  w-i-x  =  —  y. 

496  Ferrari's  solvHon. — To  the  left  member  of  Uie  equatioii 

h* 

add  the  quantity  cue*  +    +  — ,  and  assome  the  result 


497  Expanding  and  eG|uating  coefficients,  the  following 
cubic  equation  for  determining  m  is  obtained 

8m'— 4^m*-|-(2/>r— H»)  m-\-4sqg—ph-'r  =  0. 

Then  9  is  given  by  the  two  quadratics 

««  +  |.r  +  m  =  ±?|^ 

498  "^^'^  cubic  in  m  is  reditcible  by  Cardan's  method  when  the  biqiiadraHc 
has  two  real  and  ttco  imaginary  root*.  Assume  a,  /3,  y,  3  for  the  roots  of  the 
biqaadratic ;  then  a/3  and  yh  are  the  respective  products  of  roots  of  the  two 
qnadvatioB  abore.  From  Uiis  find  m  in  terms  of  a^yh. 

499  Euler9  solution. — £emove  the  term  in  fl^;  then  we 
have  ^+qa^+rjc+s=sO. 

600    AsBurae  a?  =  y  -fz       and  it  may  be  shewn  that  y", 
and     are  the  roots  of  the  equation 

501    The  six  values  of  y,  2,  and      thence  obtained,  are 

restricted  by  the  relation   yzu  =  — 

Thus  a;  =  ^-f  a+M  will  take  lour  diSerent  values. 
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COMMENSUEABLE  ROOTS. 


503   To  find  the  oommeiiBurable  roots  of  an  equation. 

First  transform  it  by  putting    =  "|-        ^.n  equation  of 

the  form       cr"4-/)icr"~^+/),.r'*"^+  ...  +i>n  =  0, 

haying    =  1,  and  the  remaining  coefficients  integers.  (431) 

503  This  equation  cannot  have  a  rational  fractional  root, 
and  the  integral  roots  may  be  fonnd  by  Newton's  method  of 
BiTisors  (459). 

These  roots,  divided  each  by  ky  will  furnish  the  commen- 
surable roots  of  the  original  equation. 

504  Exam  pu. — ^To  find  the  ootnmenBiinble  roots  of  the  equation 

Diriding  bj  81,  and  prooeeding  aa  in  (431),  we  find  the  reqnwte  aahetito- 

tiun  to  be  aj  = 

9 

The  tranafofmed  equation  is 

-  23y*-  %•  -I-  80  ly«  + 1 62^/  -  6832  =  0. 
The  root^  all  lie  between  24  and  —34,  by  (451). 
The  method  of  diyisors  gives  the  iutogral  roots 

G,  —4,  and  3. 

Therefore,  dividing  each  by  9,  we  find  the  coinmonsurable  roots  of  tho  original 
equation  to  be  I*  ~fi  *^^d  ^. 

505  To  obtain  the  remaining  roots  ;  diminish  the  transformed  equation  ty 
the  roots  6,  — 4^  and  3,  in  the  following  manner  (see  427)  :— 

1-23-    9  +  801  +  162-5832 
6-102-666 + 810  4-  6832 


-4 

8 


1-17-111  +  135  +  972 
-  4+  84+108-972 


1-21-  27+248 

3  -  64-243 


1-18-  81 

The  depressed  equation  is  therefore 

i/  -  ISv  -  81  =  0. 

Tiie  roots  of  which  are  9  (1+  n/2)  and  0  (1—  y/'I)  ;  and,  con^qnently,  the 
iaflOBunenanrable  roots  of      proposed  equation  are  1+  '^2  anft  1  —  v^2. 
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INCOMMENSURABLH  ROOTS. 


506  Sturtns  "rheorem. — If  / (j-),  freed  from  equal  roots,  be 
divided  by/ (i;),  and  the  last  divisor  by  the  last  renmind' i, 
changing  flie  sign  of  each  remainder  before  dividing  by  it, 
until  a  remainder  independent  of  x  is  obtained,  or  el>t'  a  vv- 
raainder  which  cannot  change  its  sign  ;  then  /(a?),  /'('  ),  ^^iid 
the  successive  remainders  constitute  Sturm's  functions,  and 

are  denoted  by  /(a)^  fi{^)$  M^)»  ^  AW- 

The  operation  may  be  exhibited  as  follows : — 

/•  W  =  q^A  (^)  -/« W» 
•••  •••  ••• 

507  Note. — Any  constant  factor  of  a  remainder  may  .be 
rejected,  and  tlie  quotient  may  be  set  down  for  the  corres- 
ponding function. 

508  An  inspection  of  the  foregoing  equations  shews — 

(1)  That  ./",«(')  cannot  be  zero;  for,  if  it  were,  /{^)  and 
fi  (•'■)  would  have  ji  coiutiiou  factor,  and  therefore  J\je)  would 
have  equrd  roots,  by  (4->lJ}. 

(2)  Two  consecutive  functions,  after  the  first,  cannot 
vanish  together  ;  for  this  would  make  /«  (.r)  zero. 

(-3)  A\'hen  any  i unction,  after  the  Ei'st,  vanibhos,  the  tWO 
adjjicent  ones  have  contrary  signs. 

509  Ij\  f^-'^  ^  inereaseSj  f{.r)  pasties  through  the  value  zero^ 

titunn\9  functi^^fi'^  lose,  one  chaihge  of  si(jn. 

For,  before  /'C-^)  takes  the  value  zero,/(j:)  and /i  (.r)  have  contrary  si^S, 
and  aftorwurds  tliey  Imve  the  same  sign ;  as  may  be  shewn  by  makmg  h 
smali,  and  changing  its  sign  in  the  expansion  of /(x+h),  by  (426). 

510  If  dny  other  of  Stunn^s  functions  vanishes,  thete  is 
neither  loss  tior  gain  in  the  number  of  changes  of  sign* 

This  will  appew  on  inspecting  tbe  equations. 

511  Result. — The  nwmher  of  roots  off(x)  between  a  and  h  is 
equal  to  the  difference  in  the  number  of  changes  of  sign 
Sturm* s  functions f  when  x^a  and  when  m=b. 
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612  Cor. — The  total  number  of  roots  of  / (x)  will  be  found 
by  taking  a  =  -{-  cc  and  h  =  —  oc  ;  the  sign  of  each  funotion 

^\'ill  tlion  be  the  same  as  that  of  its  first  terra. 

When  the  number  of  functions  exceeds  the  degi'ee  of  j{x) 
hy  unity,  the  two  following  theorems  hold  : — 

513  If  ih,e  first  terms  hi  all  the  /mictions  ^  after  the  firat^  are 
positive;  all  the  roots  off(x)  are  reaL 

514  if  i^tf'  first  terms  are  not  all  positive ;  then^  for  every 
change  of  sign^  there  vfill  be  a  pair  ofimaginartf  roots. 

For  tiie  proof  pat  s^  +  m  and  —  oo,  and  ezamine  the  nnmber  of 
changea  of  sign  in  each  case,  applying  Deaoartes'  rale.  (416). 


515  ^  M  bas  no  factor  in  common  ^vith  /  and  if  ^  (x) 
and /"(.r)  take  the  same  sign  wlien  /  (x)  =  0 ;  then  the  rest  of 
Sturm's  functions  may  be  found  from  /(./')  and  ^  (j-),  instead 
oif{r).  For  the  reasoning  in  (o09)  and  (510)  will  apply  to 
the  new  functions. 

516  If  Sturm's  functions  be  formed  without  first  removing 
equal  roots  from/(.r),  the  theorem  vdW  still  give  the  number 
of  distinct  roots,  without  repetitions,  between  assigned  limits. 

For  if  and  /,  (x)  be  divided  by  their  liighost  common  factor  (see  444), 
and  if  the  qnotients  V)c  used  iustea<l  (»t"/(r)  and  (.r)  to  form  Storm's  func- 
tions ;  then,  by  {olo),  the  theorciu  will  applj  to  tlio  new  set  of  functions, 
whidi  will  differ  only  from  those  formed  from  /  (x)  and  j\  (/.)  hy  the  absence 
of  the  same  fiwitor  in  every  term  of  the  series. 

517  BxAMPLS. — To  find  the  position    the  roots  of  ^e  equation 

Storm's  fimctiona,  formed  aooording  to  /(«)  20^^40'+  a;*+  60+  2 

the  rule  ^ven  above,  are  here  calculated.  /,(sp)=s              6x*+    «+  3 

The  first  terms  of  the  functions  are  all  /t(x)  ~ 

positive i  therefore  there  is  no  imaginary  f^(x)^ 


foot 

The  changes  of 
sign  in  the  fnnc- 
tions,  as  x  passes 
throagh  iutt^gral 
valnes,  are  ezhi« 
hited  in  the  adjoin- 
ing table.  There 
are  two  chanees  of 
sign  lost  while  » 
psisos  from  ~1  to 
0,  and  two  more 
lofet  while  X  passes 
frvm  2  to  3.  There 


a-  1 
12 


4 

9  = 

-2 

-1 

0 

2 

8 

4 



+ 

+ 

+ 

+ 

+ 

+ 

.  Aix)  = 

+ 

+ 

/.(*)  = 

+ 

+ 

k  '„  ■ 

+ 

4- 

N"o.  of  changes  | 
.  of  sign  j 

4 

4 

2 

0 

2 

0 

0 

134 


TBEOnY  OF  BQCTATIONS. 


are  tii«rafore  two  roots  lying  bofeweeii  0  «im1        and  tworootoalBobehvMn 

2  and  3. 

These  roots  are  all  inoommensiiTable,  by  (503). 

518  Fourier's  Theorem. — Fourier's  functions  are  the  fol- 
lowing quantities  /(d?),  f{w\  f\x)  /*(^). 

519  Properties  of  Fourier's  functions.  —  As  x  increases, 
Fourier's  functions  lose  one  chancre  of  sign  for  each  root  of 
the  e(iuation  /(.i')  =  0,  through  which  J3  passes,  and  r  changes 
of  sign  for  r  repeated  roots. 

520  If  any  of  the  other  functions  Tanish,  an  even  number 
of  changes  of  sign  is  lost. 


521  Results. — The  numher  of  real  roots  of  f  («)  between  m 
and  /3  cannot  be  more  than  the  diffrrmce  between  the  nutnber 
of  changes  of  sign  in  Fourier's  functions  when  a;  s  a,  and  the 
mmher  of  changes  when  as  =  /3. 

522  When  that  difference  is  odd^  the  number  of  intermediate 
roots  is  oddf  and  therefore  one  at  least. 

523  When  the  snnie  difference  is  even,  the  number  of  inter- 
mediate roots  is  either  even  or  zero. 


584  Descartes'  rule  of  signs  follows  from  the  above  for  tho 
signs  of  Fourier's  functions,  when  x  =  0  are  the  signs  of  tho 
terms  in/(a;) ;  and  when  a;  =  oo,  Fourier's  functions  are  all 
positive. 


585   Lagrange^s  method  of  a^^tro^nmaiing  to  the  meom- 
mensurahle  roots  of  an  equation. 

Let  a  be  the  greatest  integer  less  than  an  incommen- 
Burable  root  of /'(''')•  Diminish  tlie  roots  of /(r)  by  a.  Take 
the  reciprocal  of  tlie  resulting  equation.  Let  b  be  the  greatest 
integer  less  tluui  a  positive  root  of  this  equation.  Diminish 
the  roots  of  this  eqmition  by  b,  and  proceed  as  before. 

526  Lot  (I,  h,  r,  &c.  be  the  quantities  thus  determined  ;  then, 
an  approximation  to  the  inconmiensurable  root  oif{x)  will  be 

the  continued  fraction    x  =  a  -h  J—  ^- 

6+  c+ 
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527  NetctoiCs  method  ofapproxhnntion. — If  (\  be  a  quantity 
a  little  less  than  one  of  the  roots  of  the  equation  f{x)  =  0,  so 
that  f{r^-\-h)  =  0;  then  is  a  lirst  approidmation  to  the 
value  of  the  root.   Also  because 

/(C.+A)  ^/(cO+V'W  +  j|/"W+&o  (426). 

and  h  is  but  small,  a  seoond  appt-oziination  to  the  root  will  be 

In  the  same  way  a  third  approximation  may  be  obtained  from 
C|»  and  so  on. 


588  Fourier's  limitatian  of  NewtoiCs  meihod. — ^To  oisure 
ihafc  <a,  ^c.  shall  successively  increase  up  to  the  value 
Cx-\-h  without  passing  beyond  it»  it  is  necessary  for  all  Talues 

of  X  between     and  Cy-\-li. 

(i.)  That  f  {x)  a7ul  f'(.r)  should  have  contrary  signs. 
(ii.)  Th<Uf  {m)  and  f"(x)  should  have  the  same  sign. 


Fio.  1.  Fxo.  S. 


A  proof  may  be  obtained  from  the  figure.  Draw  the  curve 
y  OX  be  a  root  of  the  equation,  and  ON  ~ 

draw  the  successive  ordinates  and  tangimts  NF^  PQ,  QjB,  &o. 
Then  OQ  =  c^,  0S  =  Cg,  and  so  on. 

Fig.  (2)  represents  >  OX,  and  the  subsequent  approxl- 
mationa  decreasing  towards  the  root. 

■  ■  ■  * 

• 

530  Newton* s  Rule  fir  Limits  of  the  Roots. — Let  the  co- 
efficients of  f(x)  be  respectiyely  di\  ided  bjr  the  Binomial 
ooeffidfliits,  and  let  a,,  Oj,  Oi ...     be  the  quotients,  so  that 

/(»)  =  a^-hna.nf^'  +  n{n--^l)  a,a^-»+„^+naj|^fl.+aj.. 
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Let  yl*,  /I5 . . .  be  formed  hy  tlic  law  A^.  =  ol — a,._|a^+|. 
Write  the  first  series  of  quuutitius  over  the  secpnd,  in  the  fol- 
lowing manner ; — 

«t»      (H»      ^9      Os  fl*-lf  ^nf 

- .  .    A^f  Ag  '^^11-19  4»» 

Whenever  two  adjacent  terms  in  the  first  series  have  the 
same  sign,  and  the  two  corresponding  terms  below  them  in 
the  second  series  also  the  same  sign;  let  this  be  called  a 
double  permanence.  When  two  adjacent  terms  above  have 
different  signs,  and  the  two  below  the  same  sign,  let  this  be 
known  as  a  variatum^permanmee, 

531  RuLK. —  The  numher  of  douhJ('  peniianenccs  in  the  asscf- 
ciafrd  scries  is  a  superior  limit  to  the  number  0/  negative  roots 

Thr  ii>nnh< rr  oj  rar tat permanences  is  a  superior  limit  to 
the  hii'iiiJii  r  of  jiitsii I  vt  r*>i,i.s. 

The  niinibii'  of  t iitdijiuarij  roofs  cannot  he  less  than  the 
number  of  variations  of  sign  in  the  second  dericif,' 


532  SylveHer^*  Theorem. — Let  /(a;+X)  be  expanded  bj 
(426)  in  powers  of  ds,  and  let  the  two  series  be  formed  as  in 
Newton's  Rule  (530). 

Let  P  (X)  denote  the  number  of  double  permanences. 
Then  P{\)'*P  {p)  is  either  equsd  to  the  number  of  roots 
of  /(«)»  or  surpasses  that  number  by  an  even  integer. 

Note. — The  first  series  may  be  multiplied  by  |_^,  and  win 
then  stand  thus, 

Tbe  second  series  maj  be  reduced  to 

G.(A),    G..i(X),.  G..,(X)...(?(X), 

^vheie      G, (X)  =  {/^  (X) j«  -  (X) (X). 

n — T 

533  Horner's  Method. — To  find  the  numerical  values  of  the 
roots  of  an  equation.    Tiike,  for  example,  the  equation 

and  find  limits  of  the  roots  by  Sturm's  Method  or  otherwise. 
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Ifc  has  boon  shewn  in  (517)  that  this  equation  has  two 
mcoramensnrable  roots  between  2  and  3.  The  process  of 
calculatiug  the  least  of  these  roots  is  here  exhibited. 
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Boot  ^  2-414218562872. 

Method. — Diminisb  the  roots  by  2  in  the  manner  of  (427). 
The  resalting  coefficieiitB  are  indicated  bj  ^„      (7|,  J)i, 

Bj  Newton's  nile  (527),  —        ;  that  is,  — is  an  approziinaitoii  to 

J  "i 
the  remaining  part  of  the  root.    Tbis  gives  "3  for  the  next  figure  ;  '4  will  ba 

fimnd  to  be  the  correct  one.   The  highest  Bgare  mast  be  taken  which  will 

not  change  the  sign  of  A, 

Diminish  the  rr>ots  by  '4.  This  is  accomplished  most  earily  by  affixing 
ciphei^  to  J,,  if„  C|,  J>i,  in  the  manner  shewn,  and  then  employing  4  instead 

of -4. 

Having  obtained  Af,  and  observing  that  its  sign  is      reti-aco  the  bttpa, 

T 
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trying;  5  instead  of  4.  This  trlvi  s  Jj  with  a  minas  sif^n,  thereby  proving  tlio 
existenco  of  a  root  between  2slt  and  2*5.  The  new  coefficients  are  A^  Ji^  Uf. 

—  ^  gives  1  for  the  next  figure  of  the  root. 

Affix  ciphers  ns  before,  and  lUminish  the  roots  by  1,  distinguishing  the 
new  coefficients  as  A  3,  ii,,  L',,  lU- 

Note  that  at  every  stage  of  the  work  ^4  and  B  mnst  preserve  their  signs 
unchanged.    If  a  change  of  sign  takes  place  it  shews  that  too  large  a  figure 

has  been  tried. 

To  aliri(lL:e  the  oiilculsjtion  proceed  thus: — After  a  certain  nnmber  of 
figuixs  of  tbe  root  Imvo  been  obtained  (in  this  example  foui*),  instead  of 
adding  ciphers  cut  ofl'  one  digit  from  i>4,  two  from  and  three  from  D^. 
This  amounts  to  the  same  thing  as  adding  the  ciphers,  and  then  dividing 
each  nnmber  by  10000. 

Colli  imic  tlie  work  with  the  numbers  so  reduced,  and  cut  off  digits  in  liko 
manner  at  each  sCiire  until  tlie  D  and  C  columns  have  disappeared. 

A,  and  /?-  now  alone  ri  rnain,  and  six  atlditional  figures  of  the  toot  are 

determined  correctly  by  the  division  of  ^1^  by  f'-. 

To  find  the  other  root  which  lies  between  -  and  3,  wo  proceed  as  follows  :— 
After  diminishing  the  roots  by  2,  try  6  for  the  next  figure.   This  gives  J« 

negative;  7  d(  cs  the  same,  but  8  makes      positive.    That  is  to  say,  /(2  7) 

is  nei^ative,  and  /  (2  S)  pt^sitive.  Tliereforo  a  root  exists  between  2*7  and 
2  8,  and  it.>5  value  may  be  ajiproximatc-d  to,  in  the  manner  shewn. 

Throuffhout  this  last  calculation  A  will  preserve  the  negative  sign. 
Observe  also  that  the  trial  number  for  the  next  figure  of  the  root  given  at 

each  stage  of  the  process  by  the  formula  —  will  in  this  case  be  always 

too  great,  as  in  the  former  case  it  was  always  too  smslL 


SYMMETRICAL  FUNCTIONS  OF  THE  ROOTS  OF 

AN  EQUATION. 


Notation. — Let  a,  6,  c  ...  be  the  roots  of  the  equation 

/(.)=:0. 

Let     denote  ,  the  sum  of  the       powers  of 

the  roots. 

Let  denote  « '"//^ +  -f- '» r^' ...  through  all  the 
permutations  of  the  roots,  two  at  a  time. 

Similarly  lot      ,  ,^  denote  taking  all 

the  pormutatious  oi  the  roots  three  at  a  time ;  and  so  on. 
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5M    SUMS  OF  TEE  POWERS  OF  TEE  BOOTS, 

*i«4-;^i*",«-i-fy>-"»*-;.-2+.-.4-;>,«-iA"i4-''*i>m  =  0, 

where  m  is  less  than     the  degree  of  /  (x). 

Obtained  hy  expanding  bj  diTimon  each  term  ia  the  yalne  of  /  (z)  given 

at  f4;V2),  arranf^iiif,'  the  whole  iu  powers  of  a*,  and  equating  cocfTii^ients  in  the 
result  aoid  iu  the  valae  of /  (x),  found  by  differentiation  as  in  (424). 

535  If  m  be  greater  than  n,  the  formula  will  be 

Obtained  bj  multiplying  /  (  r)  =  0  by  Babstitating  for  x  the  roots 
Uf  h,  c,  &c.  in  snccession*  and  adding  the  reealts. 

By  these  formulas     ^     Ae.  may  be  calculated  sucoossirely. 

536  To  find  the  sum  of  lUe  negative  powers  of  the  roots,  put 
m  equal  to  n— 2,  n— 3,  &c.  successively  in  (535),  in 
order  to  obtiiin  .s_i,  «_.2,  s_^f  &c. 


537    To  calculate  «^  independently. 

RuLB :  «^  =  —  r  X  coefficient  of       in  the  expansion  of 

log  descending  jjowers  of  x. 

Proved  by  taking  /(«)=  {x~a)(x-h)(x—c)  ..,  dividing  by  «*,  and 
expanding  the  logarithm  of  the  right  aide  of  the  equation  by  (ld6). 


538    SYMMETinCAL  FrM  TlOXS  WffJCH  .iRE 
NOT  POWERS  OF  TEE  ROOTS. 

These  are  expressed  iu  terms  of  the  suras  of  powers  of 
the  roots  as  under,  and  thence,  by  (534),  iu  terms  of  the  roots 
explicitly, 

The  last  equation  may  be  proved  by  multiplying  s^^^  by 
8^1  and  expansions  of  other  symmetrical  functions  may  be 
obtained  in  a  sinular  way. 


540    If  b:^  a  ra lion rd  intrgr.d  function  of  ,r.  ilicn  tlio 

symmetrical  function  of  the  roots  of  /  (.*:),  denoted  by 
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^  (a) +  </»(/>)  4-^  +  ^^'^'»  oqiml  to  the  coetBcicnt  of  in 
the  reinaiuder  obtained  by  dividing  ^  (^•)  /'{-f:)  by 

Proyed  bj  mvltipljing  the  equation  (432)  by         and  by  theorem  (401). 


541  To  find  the  equation  whose  roots  are  the  Bquares  of 
the  differences  of  the  roots  of  a  given  equation. 

Let  F(x)  be  the  given  equation,  and  SV  the  sum  of  the 
powers  of  its  roots.    Let  /(.i;)  and  s,,  have  the  same  meaning 
"with  regard  to  the  required  equation. 

The  coefficients  of  the  required  equation  can  be  calculated 
from  those  of  the  given  one  as  follows : — 

The  coefficients  of  each  equation  nuty  he  connected  with  the 
sums  of  the  powers  of  its  roots  by  (534) ;  and  the  sums  of  the 
powers  of  the  roots  of  the  two  equations  are  connected  Inf  the 
formula 

542  &^==  «S^-2r5.S,^x+^^^-^^  5,5^,-.  ...+nS^. 

Ki  le. — 2.^^  /.s  equal  to  the  formal  e.rpansion  of  (S—S)-''  luj 
til''  J'iuoiiiial  llicoreai^  in'th  t/ir  first  and  last  terms  each  mvK 
tip} nil  la/  11,  and  the  imJ'ius  till  rliaiiqnl  to  siijjires.     As  tlie 

equi-ilistant  terms  ai*c  equal  wu  can  divide  by  2,  and  take  half 
the  series. 

DBMOBSTRATioir. — Let  a,     c  ...  be  tbe  roots  of  F(x). 

Let  <;>(.'■  )=  (x  - ay'  -^-{x-hy'-i-   (i.) 

Exparnl  each  term  on  the  riglit  by  the  Win.  Theor.,  and  .idd,  ?nbsritntin|:f 
jS'j,  iS„  &c.  In  the  result  change  x  into  </,  b,  c  ..  succcssivelj',  and  add  the  n 
equations  to  obtain  the  formnla,  obseiring  that,  by  (i.), 

f  (a)+^.(fc)  +  ...  =2»^ 

If  //  be  the  degree  of  F{x)y  then  \ii{a^\)  is  the  deLneo 
of /W.  By  (yO). 

543  The  last  term  of  the  equation  f{^)  =  0  is  equal  to 

n^F{a)F{p)Fiy)... 
where  a^p,  y,  ...  are  the  roots  of  F'(x).   Proved  by  shewing 
that  r(a)  r{h) ...  =  wT(a)  F{i3) ... 

544  If  F(;x)  has  negative  or  imaginary  roots,  /(.r)  must 
have  imaginary  roots. 
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545  The  sum  of  the  m'''  powers  of  the  roots  of  the  quad- 
ratio  equation  a^^pjp+q  =  0. 

IJL 

By  (537)  oxpaiidiug  tlio  logoriLbm  by  (15G). 

646  The  sum  of  the  powers  of  the  roots  of  ai*— 1  =  0 
is  n  if  ifi  be  a  multiple  of  n,  and  zero  if  it  be  not. 

fiy  (587) ;  expanding  the  logarithm  by  (156). 

547    if  <^  W  =  <i» + Oiiu + OjdT  -j-  &c  (i.) , 

then  the  sum  of  the  selected  terms 

willbe  #  =  i-  {a— »^(flur)+i8--^(iar)+y— ^(ya?)+&c.} 
where  a,  ^,  7,  &c.  are  the     roots  of  unity. 

For  proof,  multiplj  (i.)  by  a""*,  and  change  »  into  cue ;  so  with  /S,  y,  &c.f 
■ad  add  the  resulting  eqastione. 


548  To  a])pi'oximate  to  tlie  root  of  an  equation  by  means  of 
the  sums  of  the  powers  of  the  roots. 

By  taking  m  large  enough,  the  fraction        wiU  approx- 

imatc  to  the  value  of  the  iniinerically  greatest  root,  unless 
there  be  a  modulus  of  imaginary  roots  greater  than  auy  real 
root,  in  whicli  case  the  fraeliou  has  no  limiting  value. 

549  Similarly  the  fraction   «*  m+t     m+i  approximates,  as  m 

increases,  to  the  greatest  product  of  anv  pair  of  roots,  real  or 
imaginary ;  excepting  in  the  case  in  which  the  product  of  the 
pair  of  imaginary  roots,  though  less  than  the  product  of  the 
two  real  roots,  is  greater  than  the  square  of  the  least  of  them, 
for  then  the  fraction  has  no  limiting  value. 
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550   Similarly  tlie  fractioi^  ^m^i'm**  approximates, 

as  m  increases,  to  tlie  stun  of  tbe  two  nomericallj  greatest 
roots,  or  to  the  sum  of  the  two  imaginary  roots  with  the 
greatest  modulus. 


EXPANSION  OF  AN  IMPLICIT  FUNCTION  OF  jc. 


Let  ir(^^''+)+/(i^i^''+)+...+/('S^+)  =  0  (1) 

be  an  equation  arranged  in  descending  powers  of  ^,  the  co- 
efficients bein^  functions  of  a;,  the  highest  powers  only  of  x 
in  each  coefficient  being  written. 

It  is  required  to  obtain  ^  in  a  series  of  descending  powers 
of  X. 

First  form  tlie  fractions 

a—b       a—c       a^d  a— « 


_  >  B   ••••••  .♦..•1 

a — p       a— y       a — o  a — 9 

Let  ^  =  ^  be  the  greatest  of  these  algebraically,  or 

if  several  are  ctqual  and  greater  than  the  rest,  let  it  be  the 
last  of  such.  Then,  with  the  letters  corresponding  to  these 
equal  and  greatest  fractions,  form  the  equation 

^M  -h  +^w*  =  0   (3). 

Each  yalue  of    in  this  equation  corresponds  to  a  yalue  of 
commencing  with  vaf. 

Next  select  the  greatest  of  the  fractions 

— r»   ......   \^)' 

Let  —  ^"^^  =  i'  be  the  last  of  the  greatest  ones.  Form 

K  —  V 

the  corresponding  rqn  \tion    A'a*+...-i-A'M''  —  0   (o). 

Then  each  value  of  u  in  this  equation  gives  a  corresponding 
value  of  Iff  commencing  with  iiif'. 
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Proceed  in  tliis  way  until  the  last  fi'action  of  the  Behes  (2) 

is  readied. 

To  obtain  the  second  term  in  the  expansion  of  y,  put 

y  =  a;'  (m+^i)  in  (1)  (6), 

emplopng  the  different  values  of  u,  and  again  of  f  and  u,  f 
and  V,  &c.  in  succession ;  and  in  each  case  this  substitution 
win  produce  an  equation  in  y  and  »  simikr  to  the  original 
equation  in  y, 

Bepeat  the  foregoing  process  with  the  new  equation  in 
obflerviug  the  following  additional  rule : — 

Win  a  all  the  rahicta  of  t,  t\  i'\  ^c.  have  been  ohtaiueif^  the 
lugative  ones  only  laust  be  eniployed  in  J'ormiiuj  the  cyiiiatious 
ia  u.  (7). 

552  To  obtain  ^  in  a  series  of  iiscending  powers  of  x. 

Arrange  equation  (1)  so  that  a,  /3,  y,  &c.  may  be  in  as- 
eendiny  order  of  niagiiitude,  and  a,  b,  c,  ifcc.  the  loivetst  powers 
of  a;  in  the  respective  coefficients. 

Select  /,  the  greatest  of  the  tractions  in  (2),  and  proceed 
exactly  as  before,  with  the  one  exception  of  substituting  the 
word ^oaiticc  for  negative  in  (7). 

553  ExAXPLS. — ^Take  the  equation 

(r»+;r*)  +  (3*'-o.r"')y+(--4r-}-7*'  +  a;')i/'-l/'  =  0. 
It  is  required  to  expand  y  in  asceudiug  powers  of  x. 

'n»efractioni(2)a»  -^5f    _3-  l    _        .      ^  ^ 

The  first  two  being  equal  and  gicatest,  we  have  t  =  l. 
The  fractioiis  (4)  redaoe  to  -.|^s:^  =  r. 

Eqnatum  (3)  is  l+8«-4«^sr0, 
which  gives  «sl  aod        with  I  si. 

Equation  (5)  is  -4tt'-i»*  =  0, 

t&d  from  this  «  =  0  and  -4^  with  fzs\. 

We  have  now  to  snbstitnte  for  y,  accord  ing  to  (G),  either 

Pot  y  ssz  (1  the  tirst  of  tliese  vuiucb,  iu  the  original  equation,  and 

vitage  in  ascending  powers  of  y,  thns 

The  lowest  power  only  of  « in  eadi  coefficient  is  hare  written* 
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The  fractioDi  (2)  now  become 

^'^-^    _4~3    _4-5    _4-^  _4-5. 
0-V      0-2*      0-3*      0-4*  0-6* 

<w  1,    I    -h    -h  -f 

From  iheee  las  1,  and  equation  (3)  beoomes 

Henoe  one  of  the  Tallies  of  yi  is,  as  in  (6),  i^i'^Vt)' 

Therefore  y  +»(~|-f  yt)}  — 

Thns  the  first  two  teima  of  <me  of  the  ezpansbos  have  been  obtained. 


DETERMINANTS. 


654  JD^nitions. — The  determinant 


is  equiyident 


to  a^h.,—a,hi,  and  is  called  a  dotcnniuant  of  the  second  order, 
A  determiniint  of  tho  third  order  is 

bi  bt 

Ci  Cs 

Another  notation  is  2  db  oAe^,  or  simply  (thb^e^. 

The  letters  are  named  comtituents,  and  the  terms  are 
called  elements.  The  determinant  is  composed  of  all  the 
elements  obtained  by  permutations  of  the  suffixes  1,  2,  3. 

The  coefficients  of  the  constituents  are  detenniuants  of 
the  next  lower  order,  and  are  tormeil  muiors  of  the  original 
determinant.  Thus,  the  first  determinant  above  is  the  minor 
of  in  the  second  determinant.  It  is  denoted  by  C^,  So  the 
minor  of  Oi  is  denoted  by  Ai,  and  so  on. 


555  A  determinant  of  the  /i'*'  order  may  be  WTitten  in  either 
of  the  forms  Ix'low 


</j    rt 2  ... 

^  I"  •  •  • 

«» 

©Xr  ••• 

bi  b%  ... 

b^ 

or 

On 

'hr  ••• 

•  •  •    • « • 

..« 

.  •  • 

»  ••• 

•••  • 

l\  1%  ... 

In 

... 

••• 

In  the  latter,  or  double  suffix  notation,  the  first  suffix  indicates 
the  row,  and  the  second  the  column.  The  former  notation 
will  be  adopted  in  these  pages. 
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A  Compof^ifr  (Irtrrminnnf  is  one  in  which  tlio 
number  of  columns  oxcee(l^^  tho  number  of  l  ow  s, 
and  it  is  written  as  in  the  annexed  example. 
Its  vnlue  is  the  sum  of  all  the  determinants  obtained  by  taking 
a  number  of  rows  in  every  possible  way. 

A  Simple  (h'fi'iiiihicint  has  single  terms  for  its  constituents. 

A  Comportif]  tlt'ftTminant  has  more  than  one  terra  in  somo 
or  all  of  its  constituents.    See  (570)  for  an  exaiu[)le. 

For  tho  definitions  of  Si/unnefriraf,  Epcipi-ncif ,  Partial^ 
and  Complc/nentary  determinants;  see  (574),  (575),  and  (576). 

General  Theory. 
656   The  number  of  constituents  is  n*. 

« 

The  number  of  elements  in  the  complete  determinant  is  |n, 

557  The  first  or  leading  element  is  fli/io''.,  ...  /„.  Any 
element  may  be  derived  from  the  first  by  permutation  of  the 
soffizes. 

The  sign  of  an  element  is  +  or  —  according  as  it  has 
been  obtained  from  the  diagonal  element  by  an  even  or  odd 
number  of  permutations  of  the  suffixes. 

Hence  the  following  rule  for  determining  the  sign  of  an 
element. 

Ruxs. — Take  the  mffixea  in  order ^  and  put  them  back  to 
their  places  in  the  first  elements  Let  m  be  the  whole  number 
of  places  passed  over;  then  (— l)"*  will  give  the  sign  required, 

Ex. — To  find  the  sign  of  the  element  a^b^c^d^e^  of  tho  deteiminanfa 

«4    ^»  '^T 

Ifove  the  niffix  I,  three  places               14  3  5  2 

„       „       2,  three  places              1    2  4  <i  5 

„       „       3,  one  place                  1    2  3  4  5 

In  all,  B«ven  places;  therefore  (— 1)'  =  —  1  gives  the  sign  required. 


558  If  two  suffixes  in  any  element  be  transposed,  the  sign 
of  the  element  is  changod. 

Half  of  the  elements  are  plus,  and  half  are  minus. 


559    Tlie  elements  are  not  altered  by  changing  tho  rows  into 

columns. 

If  two  rows  or  columns  are  transposed,  the  sign  of  tho 

U 


tti     fljs  flg 

bi  bt  bt 
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determinant  is  changed.  Because  each  element  changes  itB 
sign. 

If  two  rows  or  columns  are  identical,  the  determinant 

vanishes. 

560  If  all  the  constituents  but  one  in  a  row  or  colmnn 
YiEumh)  the  determinant  becomes  the  product  .of  that  con- 
stituent and  a  determinant  of  the  next  lower  order. 


661  A  cyclical  interchange  is  effected  by  «— 1  BuccessiTe 
transpositions  of  adjacent  rows  or  colnmnsy  until  the  top  row 
has  been  brought  to  the  bottom,  or  the  left  colmnn  to  the 
right  side.  Hence 

A  (^clical  interchange  changes  the  sign  of  a  determinaxit 
of  an' even  order  only. 

The  r^^  row  may  be  brought  to  the  top  by  r— 1  cyclical 
interchanges. 


662  If  each  constituent  in  a  row  or  column  be  multiphed 
by  the  same  factor,  the  determinant  becomes  multiplied  by  it. 

If  each  constituent  of  a  row  or  column  is  the  sum  of  m 
terms,  the  com{)ound  determinant  becomes  the  Bum  of  m 
simple  determinants  of  the  same  order. 

Also,  if  every  constituent  of  the  determinant  consists  of 
m  terms,  the  compound  determinant  is  resolvable  into  the  sum 
of  in*  simple  determinants. 


563  To  express  the  minor  of  the  row  and  column  as 
a  determinant  of  the      1^  order. 

Put  all  the  constituentB  in  the  r^^  row  and  column  eqnal 
to  0,  and  then  make  r — 1  cycHcal  interchanges  in  the  rowB 
and  il;— 1  in  the  columnB,  and  multiply  by  (— 


564  To  express  a  determinant  as  a  deter- 
minant of  a  higher  order. 

Continue  the  diagonal  with  constituents 
"  and  fill  up  with  zeros  on  one  side, 
and  wifli  any  quantities  whatever  (a,  /3,  y,  &c.) 
on  the  otiier. 


of  "  ones," 


1  0  0  0  0 
a  1  0  0  0 
fi  €  a  h  g 
Ihh  f 
IS  f  c 
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565  The  sum  of  the  products  of  each  oonstitaent  of  a 
colmnn  by  the  corresponding  minor  in  another  given  column 
is  zero.  And  the  samo  is  true  if  we  read* row*  instead  of 
*  colnmn.'    Thas»  referring  to  the  determinant  in  (555), 

Taking  the  p^^  and  g"'  columns,      Taking  the  a  and  c  rows, 

For  in  aadi  cam  we  haw  a  detenninaiii  with  two  oolamoB  identical. 

566  Tn  any  row  or  column  the  sum  of  tlie  products  of  each 
constituent  by  its  minor  is  the  determinant  itself.    That  is^ 

Taking  the     column.  Or  taking  the  e  row. 


567    The  last  equation  may  be  expressed  by  ^<'pCp  =  A. 


AlsOy  if  (a,Cf)  express  the  determinant 


then 


^{Vq)  represent  the  sum  of  all  the  drtorminants  of  tlio 
second  order  which  can  be  formed  by  taking  any  two  columns 
out  of  the  a  and  r  rows.  The  minor  of  (^/p,  r^)  may  be  written 
{^pi  find  signifies  the  determinant  obtained  by  suppress- 
ing the  two  rows  and  two  columns  of  Op  and  c,.  Thus 
A  =  2  (flp,  i\)  (Apt  Cq),  And  a  similar  notation  when  three  or 
more  rows  and  columns  are  selected.  « 


568  Anafytis  cfa  deierminani. 

Rule. — To  resolve  into  its  elements  a  determinant  of  the 
v!^  order.  Express  it  as  the  sum  of  n  deter  mi  nants  of  the 
(n— 1)'*  order  by  (500),  and  repeat  the  ^process  with  each  oj 
tlie  new  determinants. 

Example: 

'h  o,  a,  o^ 

6,  6,  ?-j  h^ 

^  f-i  ''i  <'i 


6,  6,  b. 

+  «1 

ft»  ^1 

-«4 

6. 

'*i  '•j 

^  Cl 

li,  *i, 

d^d. 

d^  d^  di 

I     ft,  ft, 

c,  <r,  c. 


=  6. 


c/j  (ij  dj 

and  80  on.  In  the  6rst  scries  the  detemiinnnts  have  alternately  plus  and 
BunoB  Mgna,  bj  the  rule  for  oyolical  miercbAoges  (6G1),  the  order  being  ev  en. 
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669  Synthesis  of  a  determinant. 

The  process  is  facilitated  by  makiiig  use  of  two  evident 
rules.  Those  constituents  which  belong  to  the  row  and 
column  of  a  given  constituent  a,  will  be  designated  **  a's  con* 
stituents/'  Also,  two  pairs  of  constituents  such  as  a^,  and 
a^i  ^pi  forming  the  comers  of  a  rectangle,  will  be  said  to  be 
conjugate"  to  each  other. 

Rulp:  I. — No  const  if  It  cut  vill  be  fomid  in  the  saws  term 
with  om  of  its  o  wn  comtitueiUs* 

Bulb  II. — The  cauj uyateii  of  any  two  eomtituents  a  and  b 
will  be  common  to  a*s  and  b*s  eonstitttents, 

£x. — To  write  the  following  terms  in  the  form  of  a  dutermiiiBiii : 
o  fietZ + hfgl  +/' A' + 1  edf-k-  o^Ai^ + 1  oAr + 

The  determinant  will  be  of  the  foarth  order ;  and  since  every  term  must 

contain  lour  ooiistitnenls,  the  constituent  1  is  supplied  to  make  np  the 
liu tuber  iu  some  of  tho  terms.  iSolect  any  term,  an  ubcdf  for  the  leading 
diugouaL 

Now  apply  Bate  I., 

a  ie  not  Ibaiid  with  e,/,/,  ^,7),  0  .(1).    c  u  not  found  with/,/2,r,  1, 0...(8). 

&  is  not  foand  with  «, h,h,p,\,0  ..(2).    dia  not  found  with    h,h, I, r, 0. . . (4). 

Each  constitaent  has  2  (n-~  1),  that  is,  6  constituents  belonging  to  it,  since 
n  8^4.  Asnuning,  therefore,  that  the  above  letters  are  the  cooistitaenta  of 
a,  b,  c,  and  df  and  that  thm  are  no  more,  we  sapply  a  sixth  aero  oonstitoent 

in  eacli  case. 

Isuw  appl}'  Rule  II. — The  constituents  common 

to  a  and  b  are  f,  p  ;    to  a  and  c — '/,/;       to  6  and  c — 1,  0  ; 

to  a  and  d — ■</.  U  ;       to  b  and  d — li,  It,  0  ;    to  c  and  (/ — I,  r,  0. 

The  determinant  may  now  bu  formed.  The  diagonal 
being  oftor?;  place  c,  the  conjugates  of  a  and  6,  either  as 
in  the  diagram  or  ti-ansposed. 

Then  /  aad/»  the  conjugates  of  a  and  e,  may  be  written. 

1  and  0,  the  conjogates  of  h  and  c,  must  bu  placed  as  indicated,  beoanee 

1  is  cue  of^/s  constituentK,  .since  it  is  not  found  in  any  term  with  and 
luubt  therefore  be  iu  tlic  second  row. 

Siniilurly  the  places  of  ij  and  0,  and  of  /  an<l  r,  arc  assigned. 

In  tlif  ciisi'  i»r  //  and  d  we  have  /<,  /<,  0  from  which  to  choo.«!e  the  two 
conjugates,  bui  we  see  that  0  is  not  one  of  them  because  that  would  asfiiga 
two  xero  constituents  to    whereas  b  has  but  one,  which  is  already  placed. 

By  similar  reasoning  the  ambiguity  in  selecting  the  conjugates  2,  r  in 
xcmoved. 

Thu  foregoing  method  is  rigid  in  the  case  of  a  oompleto 


a  6  J  g 

p  b  I  h 

f  0  c  r 

0  k  I  d 


Digitized  by  Google 


LETEBMJNANTS. 


149 


haviiig  difierent  oonstitaenis.  It  becomes  uncortuia  when  the  zero  con- 
ilatQenta  incfoaao  in  munber,  and  when  serenl  oonstituenta  are  identical. 
Bat  even  then,  in  (he  majority  of  oaaes,  it  will  soon  afford  a  olne  to  the 
required  arrangement. 


670    I'llODUCT  OF  TWO  DETERMIXASTS  OF 

TEE  ORDER. 


(Q) 

(S) 

fl\  «2  ... 

o. 

fll  O-i  ... 

A. 

^1  ... 

fil  fi%  ... 

A 

Hi  ... 

B. 

*i  tfl  ... 

^  ^  ••• 

K 

Lii  JL%  ... 

The  values  of  Ai,     ...      in  T     =  rtia,H-^/.a.,-|-...-f-a„a» 

the  first  column  of  are  an-  ]  =  ^ift-f  ^ +  . +an^* 
nexed.  For  the  second  column  j 

write  V%  in  the  place  of  a's.  \  j         ^       \  V    T  \ 
For  the  third  column  write  c%  =« 
and  so  on. 

Foi*  proof  enbetitafte  the  Talnea  c»f  A^,  B„  iso,  in  the  determinant  5,  and 

tbeu  resolve  S  into  the  sum  of  a  number  of  determinants  bj  (562),  and  note 
the  determinante  which  vanish  through  having  identical  columns. 

BuLE. — To  form  the  determinant  5,  which  %»  the  product  of 
two  determinants  P  and  Q.  First  connect  by  $l%8  signs  the 
constituents  in  the  rows  of  both  the  determinants  P  and  Q, 

Now  place  the  first  row  of  P  upon  each  row  of  Q  in  twrn^ 
and  let  each  two  constituents  as  they  Umch  become  products* 
This  is  the  first  column  of  8, 

Prrfonfi  the  same  operation  upon  Q  with  the  Horond  row  of 
P  to  obtain  till'  accuiid  colaiaii  of  S ;  and  arjain  with  the  third 
roir  of  P  to  obtain  the  third  column  of  S,  and  so  on. 

571  If  the  number  of  columus,  both  in  P  and  Q,  be  n,  and 
the  number  of  rows  r,  and  if  n  be  >  r,  then  the  determinant 
>S',  found  in  the  same  way  from  P  and  Qy  is  equal  to  the  sum 
of  the  C  (n,  r)  products  of  pairs  of  determinants  obtained  by 
taking  any  r  columns  out  of  P,  and  the  corresponding  r 
columns  out  of  Q, 

But  if  n  be  <r  the  determinant  8  Yanishes. 

For  in  that  case,  in  every  one  of  the  compuucnt  determinants,  there  wiU 
bs  two  oolomns  identicaL 
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572  The  product  of  the  determinants  P  and  Q  may  be 
formed  in  four  ways  by  clianging  the  rows  into  columns  in 
either  or  both  P  and  Q, 


573  Let  the  following  system  of  n  equations  in  ajiSB,  ...  aj„ 
be  transformed  by  substituting  the  accompanjing  values  of 
the  variables. 

The  eliminant  of  the  resulting  equations  in  ^i^...  ^«  is 
the  determinant  S  in  (570),  and  is  therefore  equal  to  the 
product  of  the  determinants  P  and  Q,  The  determinant  Q  is 
then  termed  the  modulus  of  transformation. 


574  A  Symmeirieal  determinani  is  symmetrical  about  the 
leadii^  diagonal.  If  the  E's  form  the  r'^  row,  and  the  £''8 
the  Jtr^  row;  then  E^ssKf  throughout  a  symmetrical  deter- 
minant* 

The  square  of  a  determinant  is  a  symmetrical  determinant. 


575  A  Reciprocal  determinant  has  for  its  constituents  the 
lirst  minors  of  the  original  determinant,  and  is  equal  to  its 
n—V^  power ;  that  is, 

Proof. — Multiply  both  sides 
of  the  oqnatioti  l>v  tlie  orir^^inal 
determiuaut  {oob).  Tbe  con- 
Btitaenta  on  the  left  ride  all 
vonish  excepting  the  dingonnl 

of 


Ai ...  An 

«i  ...  o« 

Ll  ...  Ln 

^1  •••  In 

576      Partial  and  Completneniary  determinanU, 

If  r  rows  and  the  same  number  of  columns  be  selected 
from  a  determinant,  and  if  the  rows  be  brought  to  the  top, 
and  the  columns  to  the  left  side,  without  changing  their  order, 
then  the'  elements  common  to  the  selected  rows  and  columns 
form  a  Partial  determinant  of  the  order  r,  and  the  elements 
not  found  in  any  of  those  rows  and  columns  form  the  Com- 
plementary determinanti  its  order  beuig  n^r. 
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Ex.— Let  the  selected  rows  from  ilic  determinant  (a^h^Cfd^e^)  be  tho 
second,  third,  and  fifth  ;  and  the  selected  columns  bo  tlie  third,  foarthi  and 
fifth.    The  original  and  the  transformed  determinants  will  be 


hi 


a,  a. 


04 


d. 


and 


bi  64   fcj  i  bi  fcj 

Cj  Cjj  C]  C] 

6j  64     ^  •  ^  ^ 

0^  ©4     fls  :  *l  «1 

dg        d|  i  i2|  d| 


The  partial  determinant  of  the  third  order  is  ^  ocaaple- 

nentarj  of  the  second  order  is  («,(/,). 

Tbe  eoniplett)  altered  determinant  is  plus  or  minus,  according  as  tho 
permutations  of  the  rows  and  columns  are  of  the  same  or  of  different  class, 
in  ihe  example  they  are  of  tlie  fame  olaae,  for  there  have  been  four  trans* 
positions  of  rows,  and  six  of  oolnoms.  Thus  =  + 1  gives  the  sign 

of  tbe  altered  determinant. 


4h 


577  Thxobbm. — partial  reciprocal  determinaat  of  the 
order  is  equal  to  the  product  of  tho  r— l***  poWOT  of  the 
original  detenmnant,  and  the  complemeutarr  of  its  corres- 
poSahig  partial  detenmnant. 

Tske  tho  last  detBRDinant  for  aa  cample.  Here  i»s5,  rsS;  and  hj  tlw 


a. 


where  B,  C,  E  are  the 
respective  minors. 


B,   B,  B, 

Ot  c,  C, 

E,   E,  E, 

Proof. — Raise  tho  Partial  Keciprocal  to  the  original  order  fve  without 
altering  its  value,  by  (664) ;  and  multiply  it  by  A,  with  the  rows  and 
oolnmnB  changed  to  oonespond  as  in  Ex.  (•^70) ;  thus,  by  (570),  we  have 

=  A'  a,  rt, 

di<h 


^* 

h 

K 

h  \  bi 

I, 

A  0  0  fei  &, 

c\ 

0, 

0  A  0  Cj  c. 

E, 

E, 

E, 

Es 

^» 

^4 

e»  i 

0  0  A  ei  e, 

0 

0 

0 

;  i 

0 

<h  \  <h 

0  0  0  Oi  a. 

0 

0 

0 

i  0 

• 

1 

d. 

d. 

d^  i  '^i 

d. 

0  0  0  dt 

578  The  product  of  the  difEerences  between  every  pair  of  n 
quantities  Oj,  Oj ...  a„, 

(«i-«i)(«i^«^t)(oi— 04) ...  «•) 
X  (Og— a8)(a2— a*) ...  (a^— a«) 
X(aa— a4)...(a8— a«) 


Paoof  ^Tlia  detorminamt  tmusIim  when  any  two  <tf  tho  qoantitios  tarn 


111 


2 


a 


t 


••• 


a 


2 


«8  — 


On 
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equal.  Therefore  it  is  divisible  by  ench  of  the  fiictors  on  tlie  left  :  thereforo 
bj  their  product.  And  the  quotient  ia  seen  to  bo  auity,  for  both  bidca  ot  the 
eqoaiioiiaTOof  tlieMm«d«gree;  m.,  |n(n— 1).     •«  * 


579    The  product  of  the  squares  of  the) 
dilBEerenoes  of  the  same  n  quantities      )  ~^ 

Pboop. — Square  the  deteminant  in  (578),  and 
write  «^  Ibr  the  tiun  of  tlie     powers  of  the  foote. 


S-, 


8^ 


*— 1 


680  With  the  same  meaning  for  8^..,^  the  same  deter- 
minant taken  of  an  order  less  than  »,  is  equal  to  the  som 
of  the  j^roduots  of  the  squares  of  the  differences  of  r  of  the  n 
quantities  taken  in  every  possible  way ;  that  is,  in  C  (n»  r) 
ways. 


Ex.: 


*0  *J  *J 

*l  *t 


The  next  determinant  in  order 

=  S  (a,-n,y  (a-a,y  (a,-aj'  (a,-a,)'  (a,-a,)'  (a,-aj« 

And  so  on  until  the  equation  (579)  is  reached. 

Provr rl  by  "inbstituting  the  vnlncs  of ,«,,  ...  Aou,  and  ZOBOlTing  the  deter* 
minant  iuto  its  partial  determinants  bj  (571). 


581   The  quotient  of 

is  given  by  the  formula 

go'i'*""  +  5'iJr!^*"*+  ...  +  7r«^— .... 

where  1 

60 


6. 

0 

0 

...  Il» 

ft. 

0 

...  «1 

6, 

60 

...     f  2 

6r 

br-t 

...  ^^a^ 

Rpoved  by  Lidnctioo* 
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582      Solution  of  n  linear  equations  in  n  variables. 

The  equations  and  the  values  o£  the  Tariables  are  arranged 
below: 


where  A  is  the  determinant  annexed,  and  Ji,  B^,  Oi 
&o.  are  its  first  minors. 


h  •  •  •  ^11 


To  find  the  value  of  one  of  the  unknowns  x^.. 

fiULE. — Multiply  the  equations  respectively  by  the  minora 
of  the  r**  coltmnt  and  add  the  results,  will  be  equal  to  the 
fraction  whose  numerator  is  the  determinant  A,  with  its  r** 
column  replaeed  by  ^ ...  ^9  and  whose  demminatar  is  A 
itself. 

583  If  M>  ^2  ■••  ^»  and  A  all  vanish,  then  3*,,  ...  are  in 
the  ratios  of  the  minors  of  any  row  of  the  determinant  A. 

for  example,  in  the  ratios    Cil  Cf  l  C^l ;  C,,. 

The  eliminant  of  the  given  equations  is  now  A  =:  0. 


584  Orthogonal  Transformathn, 

If  the  two  sets  of  variables  in  the  n  equations  (582)  be 
connected  by  the  relation 

«,  +  «»  +  ...+j^=f5  +  f;  +  ...  +  fi  (1), 

then  the  changino-  from  one  set  of  variables  to  the  other,  by 
substituting  the  values  of  the  ^s  in  terms  of  the  xs  in  any 
function  of  the  former,  or  vice  versa,  is  called  orthogonal 
transformation. 

When  equation  (1)  is  satisfied,  two  results  follow. 

I.  Tho  determimmi  A  s  ±  1. 

z 


Digitized  by  Google 


154 


THEORY  OF  EQUATIONS. 


n.  Each  of  the  constituents  of  A  is  equal  to  the  corre- 
sponding minor  J  or  else  to  minus  that  minor  according  as  A  is 
j^ositive  or  negative. 


in 


Proof. — Sabstitnte  the  valnes  of      £,  ...  i„  in  terras  of  x,,  jtj 
equation  (1),  and  equate  coefiicicntB  of  the  CKj^aares  and  {>rodacts  of  the  new 
▼ariables.    We  get  the  equations 


a»  +  &*  +  =  1 
0,0,  -h  6,6,  +  =  0 


0,0,  +  6^  +  =  0  ^     a,a,  -»-  6,6,  +  =  0 

ofy  +  6,6,  +  =  0 


a;  +  6;  +  =  1 


a,a,+  6,6,-»- =  0 
Also  A  s  a,ft, ...  1| 

■•• 


Oia«+^«+=0>     0,0, i>g6, +  =  0 

Form  the  sqnare  of  the  detenniiiaiit  A  by  the 

rale  (570),  and  these  equations  show  that  the 
product  is  a  determinant  in  which  the  onlj  con- 
btiiuents  that  do  not  yanish  constitute  a  diagonal 
of  *oiiO0*'  Thonforo 

A*=l  and  A  =  dkl. 


Again,  solving  the  first  set  of  equations 
for  Oi  (writing  as  a,a„  Ssc.)^  the  second 
set  tcap  a,,  the  third  for  »ad  80  on,  we 
have,  by  (582),  the  resnlta  annexed;  whioh 
jHTOTes  the  second  proposition. 


A,0  +  A,  -1-^0+=  A^ 

A^Q+A^O+A, 

Ao.  &c. 


585  Theorrin. — The  n«2^  power  of  a  determinant  of  the 
order  multiplied  by  any  eonstituent  is  equal  to  the  corre- 
sponding minor  of  the  reciprocal  determinant. 

Proof. — Let  p  be  the  reciprocal  determinant  of  A,  and     the  minor  of 
in  p.   Write  the  transformed  equations  (582)  for  the  «'s  in  terms  of  the  Ts, 
and  solve  them  for      Then  equate  the  ooefficient  of    in  the  reeatt  with  its 
ooefficient  in  the  original  valne  of 

Thnsp^s  A(/S|(0|+...+^^+...)f  end  ^  s  ^«|+  —  +Mr+*** ; 
A^sf»6,sA*->&^  faj(575);  .-. 

586  To  eliminate  »  from  the  two  eqoations 

<M^  +  6a;— ^  +  ca?"^  +  ...  =  0    (1), 

i*'y*+6V-»+cV-«+...  =  0    (2). 

If  it  is  desired  that  the  equation  should  be  homogeneous 

in  8  and  y;  put  ^  instead  of     and  clear  of  fractions.  The 

following  methods  will  still  be  applicable. 


Digitized  by  v^oogl 


BLDUNATION, 


155 


1.  BezotU's  Method. — Suppose  m  >  n. 

Bulb.— Prin^  the  equatwns  to  the  same  degree  by  multu 
-flying  (2)  by  aT'*.    Then  multiply  (1)  by  a\  ana  (2)  by  a,  and 
tabtra^. 

Again f  multljjly  (1)  by  a'x-^h',  aiid  (2)  by  (aaj4-6),  and 
tubtract. 

Again  J  multiply  (1)  by  a'si^-\-b'x-{-c\  and  (2)  by  (aa^+6a;-|-c), 
and  subtract^  and  so  on  until  n  equations  have  been  obtained. 
Each  will  be  of  the  degree  w— 1. 

Write  v/nder  these  the  m—n  equations  obtained  by  mtdti' 
plying  (2)  eueeeseivehf  by  The  elvminamt  of  the  m  equationa 
is  the  result  required. 

( av+&y+c'»  +<r        =  0. 

The  five  equations  obtained  by  the  method,  and  their  oliminani, (583), 
Me,  writing  capital  letters  for  the  functions  of  a,  b,  c,  d,  e,/, 


and 


5,  (7,  D, 

5,  a,  D, 

A,  B,  C,  D, 

»'  6'  c'  d'  0 

0  a'  h'  c' 


=  0. 


Sbonld  the  eqofttions  be  of  (he  iwne  degree,  the  elimmant  will  be  a  sym- 
metrical detenninaiit 


687 


II.  Sylveiter*s  DialyUe  Method. 


KuLE. — Multiply  equation  (1)  successively  by  a?,  n  — 1  times; 
and  equation  (2)  m  —  1  times;  and  eliminate  x  from  the  m-\-n 
resulting  equations. 


m  from  oa'-f  fta^+«e+d  s  0 

The  m+n  equations  and  their  eliminant  are 


0' 

0 

0 

P 

3 

r 

0 

0 

p 

? 

r 

0 

0 

-  and 

p 

3 

r 

0 

0 

0 

0 

a 

6 

c 

(Z 

0. 

• 

( 

0 

d 

0 

=  0. 
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588  lU.  Method  of  elinUnatian  by  Symmetrical  Functions. 

Divide  the  two  equations  in  (586)  respeetiyely  bj  the 
coefficients  of  their  first  terms,  thus  reducing  them  to  the 

forms         /  (*)  =  Of"  H-  pia^~^+ ...  +/>^  =  0, 

Rule. — Let  a,  b,  c  ...  represent  the  roots  of  f(x).  Form 
the  equation  (p  (a)  </>  (5)  <}>  (r)  ...  =  0.  This  vdll  contain  sym- 
metrical  Junctions  only  of  the  roots  a,  6,  c  ...  • 

Express  these  functions  in  terms  of  p^,  ...  by  (538),  ^g., 
and  the  equation  becomes  the  eliminant. 

Beasoa  of  the  rale.— ~The  eliminant  is  the  condition  for  a  common  root  of 
the  two  eqaations.  Thai  xoot  must  make  one  of  tiie  factors  ^  (a),  f  (b)  ... 
Taniah,  and  thonfore  it  makes  their  prodnot  vanieh. 

589  The  eliminant  expressed  in  terms  of  the  roots  a»  6,  c  ... 
of  /  (x),  and  the  roots  a,  /3,  y  ...  of  ^  {x),  will  be 

(a-a)  (a-p)  (a-y) ...  (6-a)  (6-/3)  (6-7)  ...  Ac., 

being  the  product  of  all  possible  differences  between  a  root  of 
one  equation  and  a  root  of  another. 

590  The  eliminant  is  a  homogeneous  function  of  the  co- 
efficients of  either  equation,  being  of  the  n^  degree  in  the 
coefficients  of  /(a;),  and  of  the  degree  in  the  coefficients 
of  ^(a;). 

591  ^l^he  sum  of  the  sulRxes  of  j)  and  7  in  each  term  of  the 
eliminant  =  vin.    Also,  if      q  contain  z;  if  p^,  q^  contain 

if      ^3  contain  2^,  and  so  on,  the  eliminant  will  contain 

Proved  hv  the  fact  that  is  a  homogeneons  ftuotion  ei  r  dimeiinona  of 
the  roots  o,  0,  0      by  (406). 

592  the  two  equations  involve  c«  and  y,  the  elimination 
may  be  conducted  with  respect  to  x ;  and  y  will  be  contained 
in  the  coefficients j),      gi,  q2  ...  . 


593   Elimination  by  the  Method  of  Highest  Common  Factor^ 

Let  two  algebraical  equations  in  x  and  y  be  represented  by 
^  =  0  and     =  0. 
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It  is  required  to  eliminate  x. 

Arrange  A  and  B  according  to  descending  powers  of 
and,  having  rejected  any  factor  which  is  a  function  of  ?/  only, 
proceed  to  find  the  Highest  Common  Factor  of  A  and  B» 

The  process  may  be  exhibited  as  follows : 


Ci9  ^2)  ^4  ^1*3  the  multipliers  re- 
quired at  each  stage  in  Order  to  avoid 
fractional  quotients ;  and  these  mast 
be  constants  or  functions  of  y  onlj. 

9u  q»  9a»  ^4  are  the  SQCoessive  quo- 
tients. 

TiBit  rfBi,  r,E„    are  the  snooesBiTe  remainders ;  ri,  r,,  r„ 
being  functions  of  y  only. 

The  process  terminates  as  soon  as  a  remainder  is  obtained 
which  is  a  function  of  y  only ;  is  here  supposed  to  be  such 
a  remainder. 

Now,  the  simplest  factors  having  been  taken  for  Ci,  Oa»  C4, 
we  see  that 


listheH.G.F.  of    Ci  and 


and 

d. 

ff  »» 

and  rs  ^ 

d, 

ft  »> 

and  r4 

n  = 

0  and  ^  = 

0   

.... 

dt~ 

0  and  Bi  = 

0   

....  (2) 

d,- 

0  and  jS,= 

0   

....  (3) 

d,~ 

0  and  ^  = 

0   

....  (4) 

J 

The  values  of  x  and 
which  satisfy  simulta- 
neously the  equations 
J=0  and  B=Oi  are  those 
obtained  by  the  four  pairs 
of  simultaneous  equations 
following : 

The  final  equation  in  y, 
which  gives  all  admissible 

values,  is 


d^d^  d^ 


If  it  should  happen  that 
the  remainder     is  zero, 
the   simultaneous  equa- 
tions (1),  (2),  (3),  and  (4)  reduce  to 

^     ^     ^  =  Oand^*=0;   ^  =  Oand|^  =  0. 


r,s=Oand  «  =^5 
Ug 
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594  To  find  infinite  Tallies  cimory  whioh  BaAutff  the  given 
equations. 

Put  0  =  ^.   Clear  of  fractions*  and  make  0=0* 

z 

If  the  two  resulting  equations  in  y  have  any  common 
roots,  such  roots,  together  with  x  =  Qo,  satisfy  simultaneouslj 
the  equations  proposed. 

Similarly  we  may  put  y  =  — . 
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AiNGULAR  MEASUREMENT. 


600  The  unit  of  Circular  measure  is  a  Badiau,  and  is  the 
angle  at  the  centre  of  a  circle  which  subtends  an  arc  equal  to 
the  radius.  Hence 

arc 

601  Circular  measure  of  an  angle  =  . 

radius 

602  Circular  measure  of  two  right  angles  =  3*14159  ...=ir. 

603  The  unit  of  Ceiitesiiiuil  measure  is  a  Grade,  aucl  is  the 
one-hundredth  part  of  a  riglit  angle. 

604  The  unit  of  Sexagesimal  measure  is  a  Degree,  and  is 
the  oue-uiuetieth  part  of  a  right  angle. 

To  change  degrees  into  grades,  or  circular  nie<nsuro,  or 
vice  verm,  employ  one  of  the  ihrve  equations  included  in 

D  ^  G 

^  90     100      TT  ' 

wlif  re  D,  G,  and  C  are  respectively  the  numbers  of  degrees, 
grades,  and  radians  in  the  angle  considered. 


tkigonomp:trical  ratios. 


606  Let  0  1  ])e  fixed,  and  let  the 
revolving  line  01'  describe  a  circle 
round  0.  Draw  PN  always  perpen- 
dicular to  AA',  Theu,  in  all  posi- 
tions of  01\ 

=  the  sine  of  the  angle  AOP, 

OiV 

=  the  cosine  of  the  angle  AOPt 

PN 

=s  the  tangent  of  the  angle  AOP, 
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607  If  P  be  above  the  line  AA\  sin  AOP  is  positive. 
If  P  be  heiUm  the  line  ^l^d',  sin  AOP  is  negative. 

608  If  ^'  li^'s  to  the  nght  of  ///?',  cos  J  OP  is  positive. 
1£  r  lies  to  the  left    of        cos  AOP  is  negative. 

609  Note,  that  bjr  the  angle  ^iOP  is  meant  the  angle  through  which 
OP  has  revolred  from  OA,  \u  initial  position ;  ard  this  angle  of  reTolntion 
may  have  any  magnitude.  If  the  n-vulutioii  takes  place  in  the  oppos*te 
direction,  the  angle  described  is  reckoned  negative. 

610  The  secant  of  an  angle  is  the  reciprocal  of.  its  cosine, 
or  cos  A  sec  A  —  \. 

611  The  cosecant  of  an  angle  is  the  reciprocal  of  its  sine, 
or  sin^  cosec  A  =1. 

618  The  cotangent  of  an  angle  is  the  reciprocal  of  its  tangent, 
or  tan  A  cot  ii  =  1. 


Relations  between  the  trigOMmetrieal  Junctions  of  the 

same  angle. 


613 

614 
615 


sinM+cos'il  =  1. 
sec'il  =  l-f-tan*i4. 
cosec*  ^  =  1+eot^il. 


[I.  47 


616 


[606 


617 


siu  A 


b 


a 


b 


COS  A 


[606 


Va^-\-b^ 


618   sin^  = 


 tnn  .1 

A/l-ftanM' 


y/l+tan'A 


1 


[617 
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619  The  Complement  of  il  is  =  90"^— it. 

620  The  Supplement  of  ^  is  =  180**— il. 

681  flm(90°-ii)sco8il, 
tiiii(90^->il)  =  cotil, 

sec  (90^—^)  =  eosec^l. 

628   sin  (180°-il)  s  Binil, 
cos  (19(f^A)  =  —cos  At 

tan  (180 -^)  = -tan  ^. 

In  the  figure 

Z  QOK  p  ISO"*— ^.      [607, 608 

683  sin  i-A)  ^  -sin  A. 

681  C08(— il)  s  oos^. 

By  Fig.,  and  (607),  (608). 

The  secant,  cosecant,  aod  cotangent  of  180°  —  ^,  and  of 
—Ay  will  follow  the  same  rule  as  their  reciprocals,  the  cosine, 
sine,  and  tangent.  [Gi(>-612 

625  To  reduce  any  ratio  of  an  angle  greater  than  90°  to  the 
ratio  of  an  angle  less  than  90°, 

Rule. — Determine  the  sign  of  the  ratio  by  the  rules  (607), 
and  then  substitute  for  the  given  angle  the  acute  angle  formed 
by  its  two  bounding  lines,  produced  if  necessary. 

Ex.— To  find  all  the  ratios  of  660'. 
Measuring  300°  (=  660°- 360°)  round 
the  circle  from  J  to  P,  we  find  the 
acute  angle  AOP  to  be  60°,  and  P  lies 
below  AA\  and  to  the  rigki  of  BB^^ 

Therefore 

sin  660*'  =  -  sin  60**  =  - 

006660*'=    cos  60**=  it 
and  from  the  sine  and  cosine  all  the  remaining  ratios  may  be 
found  by  (610-616). 

Inysbse  Notation.— The  angle  whose  sine  is  x  is^denoted 
bysin-'ar. 

Y 
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626  All  the  angles  which  have  a  giveD  siney  cosine,  or  tan- 
geuty  are  given  by  the  formulse 

im-'    =  wit+{^iy$   (1), 

COS  \i  =  2n'!r±$  (2), 

tan\i=  nw+0  (3). 

la  these  formaUB  0  is  anj         whidi  bM  a  for  ito  sine,  ooeine,  or 

tangent  respectively,  and  n  is  any  iniegper. 

Cosec"'a;,  8ec~'j;,  cof'x  have  similar  general  values,  by  (GlO-612). 

These  formalaB  are  TerlBed  by  taking  J,  in  Fig.  G22,  for  0,  and  maldDg 
n  an  odd  or  eren  integer  snooeeeively. 


FOEMULJB  INVOLVING  TWO  ANGLES,  AND 

MULTIPLE  ANGLES. 


627  si"  (A-^li)  =  sin  A  cosB+co8.4  sin  B, 

688  '  fAn  (A^B)  ^uaA  eosB'^coBA  Bin B, 

689  cos  {A-\-B)     cos  A  cos  B'^sm  A  sin  J?, 

630  cos(-4-- 7i)  =  cos -4  cos  ^+ sin  A  sin  B, 

Paoop.— By  (700)  and  (701),  we  bavo 

sin  (7  s  sin  il  COS  B + ooe  sin 
and  sill  a  as  sin  (A  +  £)*  l»y  (622). 

To  obtain  sin  {A—B)  change  the  sign  of  £  in  (C27),  and  empl^  (623), 

(624),  ooe(il+B)  =  sin  {{0(f-A)-B],  hj  (621). 

Expand  by  (628\  and  nse  (621),  (623),  (624).  For  cos(il-B)  change  tbe 
sign  of  B  in  (629). 


633  cotU+i,)  =  ^4f^. 

634  eo;(^-B)  =  ^2L4££i|±j. 


Obtained  from  (627-630). 
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635  sin  2A  =  2  sin  A  cos  A.  [627.  F\xtB=A 

636  eo82A  s  cob*  A  -  ain^A, 
887  =2co8U-l, 

638  =1  —  2  sin^il.                     [629, 613 

839  2cosM=:l  +  cos2^. 

MO  28m'^  =  1-0082^.  [638 

641  8in4  =  V^^^ 

cAo  A       / 1  4-  cos  A 

04»  .  cos  TT-  =  V    '  _  n 


[640 


V— ^-o  '  [639 


2     ^  2 


643  tnu     —  \/^""^'^  ~  —  "'"-^ 

2      '  1  +  sin  ^        1  +  cos 


1  H-cosil* 

[641,  G42,  613 


l-teu^-i  2taii4 
648     COSilas  8inii  =  [648.618 


648  co8^  = 


l  +  tauii  ian-j 


649    sin (45^+4)  =  ~4)  =  V^^tpi.  t^^i 


650  cos(45^+4)  =  8in(45°-|)=  V^-=Y^  »^ 

651  tim(45°+4)  =  V|±^  =  ^^^^ 

\        2/     '  I— sin  A       c4)aA       1— sm^ 

652  tan2ii=^^^»"f [631.  Pnt^=:J 

1  —  tail''  A 

653  cot  2  J  = ''^f    ~  ^ 

2  cot  A 
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654 

tan  (45*'+^) 

_  1  -h  tan  A 

655 

tan  (45°--4) 

1-tanil 
"l  +  tani* 

[d3L,  <>32 

666 

657 

658 


660 


661 

662 
663 
664 


sinSil  ssdsin  it— 4«ii*il. 

cos  dil  =  4  cos^^  —  3  cos  A. 

Bj  patting  5  =  24  in  (627).  (629),  and  (631). 


sin  U+ii)  Bin  {A'-B)  ^wl^A^wl^B 

008 (^+J3)  COS  {,A—B)  =  cos'' -4  —  sin*  jB 

From  (627),  fte. 

_ 


MB  T + "2  =  ±      +  «n -4, 

[Pkt»v<ad  by  sqnariaip. 

sin  ^  —  cos  ~  =  ±\/l  —  sin^. 


2 


2 
1 


cos-j-s-g.  {\/l  +  siu^  +  \/l— sin^]. 


1 


when  ^  lies  between  —45^  and  4-45  . 

665  In  tlie  accom pan y in cr  iliagram  the 
signs  exhibitt  d  in  each  (juadrant  arc  tlie 
signs  to  be  pruhxed  to  the  two  surds  in 

the  yalue  of  sin^  according  to  the  qaad-    ( _ 

rant  in  which  I  lies. 

For  cos  ^  change  the  second  sign. 
Pioor.— Bj  eiMninlBg  the  ebftngMof  ngo  is  (061)  aod  (662)  1^  (6(^7). 
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666  2  8m  J  eoaB=iBm(A  +  B)  +  sin(A-B). 

667  2  008 ii  sin  B  ^  sin  ( J  +  B)  -  sin  (il  -  fi) . 

668  2cosA  cosB  =  coa{A-^B)'i-eos{A  —  B). 

669  2  8iiiil  BhkB=sew{A'^B)^eoB(A  +  B). 


670  sin ^  +  sin  jB  =  2  siu  cos ^  ^ ^. 

671  sin  il  -  sin  B  =  2  COB  ^i±^  sin 

672  G08ii  +  COsBs2cOB^^e08 

673  cos  5  — 008-4  =  2  sin  sin 


[687-680 


2  2 

ObtAinad  by  dunging  ^  into  ^-t^,  and  £  into  in  (666-669). 

It  it  adTantageons  to  oommit  tbe  foregoing  fonnnUe  to  memoiy,  in  wotdi^ 

thlia—  2  aia  cos  =  sia  sum  +  sin  difference, 

2ooB nn  ss  im  mm  —  tin  diflbreiio^ 
2  COB  COS  =  ooa  sam  4*  oot  difTerenoBi 

2  sin  sin  =  cob  difference  —  oos  Bam. 

sin  first  +  sin  second  =  2  sin  half  sum  cos  half  difference, 
sin  first  —  sia  second  =  2  cos  half  sum  sin  half  difference, 
COB  first  +  cos  second  =  2  cos  half  sum  cos  half  difference, 
oo»8eoond  —  oob  first    =  2  Bin  half  Bom  Bin  half  diiferanoe. 

674  sin  (^  +  i?+C) 

=  8in  A  C08  B  G08  C  +  sin  B  co8  C  C08  A 

+  BmC cobA  oosB  — 8in4  nnB  sinC 

675  iM8(A+B+C) 

ss  ooBil  oobB  oobO  — ooeil  BinJB  ainC 

—  cos  B  sin  C  sin  ^  —  cos  C  sin  ^  sin  B» 

676  tiui(il+B-|-C) 

^  tan  i4  -|-  tan    -h  tan  C  —  tan  ^4  tan     tan  C 
^  1  —  tau^  tan  C  —  tan  C  tan  -4  —  tan  A  isaiB' 

PMOP.-*Pat  B+0  for  B  in  (627),  (629)^  and  (6ai). 
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If  .4  +  i^+O=180% 

677  uiiil  +  8m^  +  8inC  =  4oo84cos:f  co8£ 

Jm  M  ^ 

sill  it  +  sin  .8  —  sin  C  =  4  sin  ^  sin  ^  cos~. 

2      2  2 

678  cosil  +  cos^  +  cosC  =  ^sin^-siA  ^sin^+ 1* 

25  2  2 

J  » 

cosil  +  coBB— >co8C  =  4co8-;r  cos-^sin'-^  — 1. 

A  £t 

679  tauii+tani^  +  tanCs  tanil  tanftanC. 

680  coti+cot|  +  cot|  =  cot:^cot^cot|. 

681  sin  lA  +  sin  2^  +  sin  2C  =  4  sin  ^  sin  5  sin  C. 

682  cos2^  +  co822j  +  co8  2C  =  —  4oos^  eo»£  ooftC  — I. 

General  formulas,  including  the  foregoing,  obtained  bj 
applying  (666-673). 

If  A-^B^-O  =  V,  and  n  be  any  integer, 

683  4sm-g-8m-g-sm-g- 

==  sin  (^i^-.i,il]+gin  +  8in(!^- I,C) -sin 


2 


684  4  cos      ^^^^2"  "2" 

=s  co8(!^^  -nil)  +cos(^J  -  »b) +008^^  -  cosST. 

,  Ifil+i?+O  =  0, 

685  4  sin^sin^sin^  =  —  siniki— sin»5— sinnO. 

2        2  2 

686  4cofl~cofl^cos^  =  ooB»if+oosnB+oo8nO+l. 

<L  u 


Rule. — //',  infu^rmulce  (683)  <o  (6d6),  two  factors  on  the  left 
be  changed  by  wi'itiiitj  sin  for  cos,  or  cos  for  siUf  thcJi,  on  the 
ri/jlit  .<fi(h\  rhaiujc  the  sujns  of  those  terms  which  do  mt  contain 
the  any  Us  of  the  altered  factors. 


Google 
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Thus,  from  (683),  we  obtain 

687  48m^C08*^C08^ 

=  -8m(?J-«^)+8m(^-nB)+sin(^-nO)+8in?^. 

A  Formula  .for  the  coD^tmction  of  Tables  of  sinesj  oo- 
siiiesy 

688  sin  (n  +  l)a— Btma  ssinna— sin  (n  — l)<i  -A;nn««, 
when  a  s=  10",  and  ft    2  (l-oos  a)  s -0000000023504. 

689  Formnln  for  verifying  the  tables — 

sin  ^-l-8in  (72°  +  ^)-8in  (72^-^)  =  sin  (36°  +  il)-8in  (36°-^), 
co6^-|-co8  (72°4-^l)  +COS  (72°  +  ^)  =  cos  (36^  + vl)  +co8  (36°-il), 

sin  (60°  +  ^) -sin  {60" -A)  -  s\nA. 


EATIOS  OF  CEBTAIN  ANGLES. 

690  sin  45"  =  cos  45°  =  tan  45^  =  1. 

691  sin  60°  =  cos  CO  =        tan  60°  =  ^3. 

692  sin  16°  =  008  15°  = 

tanl5°  =  2-v/3) 
cotl5°  =  2  +  v^3y 


693       8inl8=A^,  co8l8°=^^J^^ 


tan  18°  =  V^^^^ 


5 


69i      8in54^=:^i^,   008  64^=^1  "2^, 


tan 


54  =v^+y^ 


695  By  taking  the  complements  of  these  angles,  the  same 
table  gives  the  ratios  of  30%  75°,  72^,  and  36^ 
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696  PBOOrs.-^  15''  is  obUinad  from  nn  (^^'-dO'),  esiNUftdad  bj  (628). 

697  tin  18^  from  the  eqnaHoB  siii  Sis  ss  ooe  3e,  where  x  s  18^, 

698  iiA  54°  £rom  ein  3«  s  3  sine— 4  ua'x.  where  x  =  18°. 

699  And  the  ratios  of  varioas  angles  maj  be  obtained  by  taking  the  ram, 
difference,  or  some  maltiplo  of  the  angles  in  the  table,  and  making  nse  of 
known  fonnoln.  Thns 

12°  =  7f  =       Ao.,  4o. 


PROPERTIES  OP  THE  TRIANGLE. 


700  c  =  a  cos  B+b  cos  A. 

701  «         ft  ^ 


siiiil     sin  B     sin  C*  * 
702  a^=b'+^-2bcco8A. 

PK)Of.<-By  Soe.  11. 18  and  13,  a*  =  5^+cP-2e.ilD. 

708  008^  =  —^. 

If  ^=^i^±f^  and     deDote  the  area  ABC, 

[641, 642,  703, 9, 10, 1. 


705 

706 

707 
708 


2  ^ 


sin  A  =  ^s/s  fl) 


6c  _f. 


A  s=  ^  sin  il  =\/#(#-o)  (#-6)  (*-c), 

2 


[635,  704 
[707,706 
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Tke  Jungle  and  CMle. 

Let 

r  =5  radhuof  inscribed  circle, 
r^ssradiiis  of  escribed  drcle 

toucbing  the  side  a, 
radius  of  circamBcribing 

circle. 


709 


_  A 


._B  .  C 


710    r  = 


«>4 


711 


712 


[By  o  =  root— +  root ^. 


t— a 

a  cos-^  Gos-^ 


7)  C 
[From  If  =  r.  tan     -t-    tan  . 


COB- 


713 


715 


abe 


2  sill  A      4  A  * 

{  By  (IIL  20)  and  (706) 


Distance  botwoea  the  centres  of  iuscribed  and  circum- 
scribed circles 

716 


Radius  of  circle  touchiug     c  and  the  inscribed  circle 


717 


2 
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SOLUTION  OF  TEIANGLES. 


Right-angled  triangles  are  Bolved 
by  the  f ormid® 

718  c^=«H^^ 

/  a  =  c  sin  ^9 

719  \b  ^eeosAt 

&c.  •  ' 


Scalene  Triatigles. 
720   Cask  I. — The  equation 

a  b 


sin  ^  &mli 


[701 


irill  determine  any  one  of  the  f onr 
quantities  a,  h  when  the  re- 
maining three  are  known. 


781  The  Ambiguatts  Caw, 

When,  in  Case  I.,  two 
sides  and  an  acute  angle 
opposite  to  one  of  them 
are  given,  we  Lave,  from 
the  Egure, 

e  sin  A 


sin  C  = 


a 


Then  0  and  ISC'— C7  are  the  values  of  0  and  ff,  by  (622). 

Also  bss  c  cos^ db  Va*— sin*  -4, 

because  =AD±DC. 


72S    When  Bfi  aiigl«  £  is  to  be  defcermiiied  from  the  equation 


sin  B  =  ^BitkAf 
a 


and  '  is  a  binall  fraction  ;..tlic  ciiculut  nie^urc  of  B  may  be  appixjiiiiUiUid 
a 

to  by  patting  sin  (fi-f  0)  for  sin  At  and  using  theorem  (796). 
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723  Case  11. — When  t^  o  sides  h,  c  and  the  included  angle 
A  are  kaown,  the  third  side  a  is  given  by  the  formula 

a<  =  ^-|.e>^26c  cos  [706 

when  logarithms  are  not  used. 

Otherwise,  employ  the  following  formula  with  logarithms, 

784  t«a^  =  J-5..ot4. 


Obtained  irom        =  ^°  ^  ("Q^)'  ^'^^  ^^^^^  applying 

(670)  and  (071). 

— 5 —  having  been  found  from  the  above  equation,  and 

being  equal  to  90°—  ~,  we  have 
B  and  0  having  been  determined,  a  can  be  found  bj  Case  I. 

726  If  the  lognritlims  of  h  and  c  are  known,  the  trouble  of  taking  out 
\og{b—c)  and  log  {^h  -j-     ^lay  be  avoided     emplojriug  the  sabsidiai:;^  angle 

$  =  tan'*-^,  and  the  formula 
c 

727  ton4(B-C)  =  tan(fl-:^]cot|,  [655 

Or  aisa  the  aabaiiliaiy  angle  0  s  coe~^  7-,  and  the  formula 

o 

728  tani(-B-C)  =  tan»^cot4^  ' 

is  m 


If  a  be  required  without  onlcnlatiug  the  angles  B  and  C,  we  may  nae  the 
formula 

^     ^      2  drawing  a  perpendicnbr 

#2"  •  ~~       ^j/_r^' J*  from  ^  to  iPO  pivdaced. 

730  If  a  be  required  in  terms  of  h,  c,  and  A  alone,  and  in  a  form  adapted 
to  logarithmic  compatatioUp  employ  the  subsidiary  angle 

and  the  formula  «  s  (6 + u)  cos  0.  [702,  637 
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Cask  III. — -Wlien  the  three  sides  are  known,  the  anp;les 
may  be  fouud  without  employing  logarithms,  from  the  formula 

731  C08^=51±^'.  [703 

2be 

732  If  logarithms  are  to  be  used,  take  the  fommkB  for 

sin^,  cos-^,  or  tan^;  (704)  and  (705). 


{QUADRILATERAL  IXSCRIBED  IN  A  CIRCLE. 
MOO  n      a"  -f  fr  —  c-  —  (P 

783      eo8^=  -  J  — 

From  .4 C  =  a*  +  h'  - 2<ib  cos  Ji  = 
^  cos  B,      (702),  aud  H  +  D=  180% 

734       sin  B  = 


735  g=  v/(«-«)(A— ^)(«-c)(*-c/) 

s  area  of  ii^Ci>, 

and  «  =  i  (a+ft+c+cQ. 

Am  3s  }a6  sin  B-^^ed  nn  B ;  BahiiitQte  viii B  from  lut. 

736  AC'=  {<"-+'»' >(<"'+^) .  [708, 733 

{ab-\-cd) 

Badius  of  cironmscribed  circle 


1 


737       ^  4^  ^  (a^+ed)  (iie+6d)  (ad+^>     [713, 7^4,  736 

If  AD  bisect  the  side  of  the  trinngle  ABC  in  D, 

788  = ,  L^,, 

739  coti?^D  =  2cotA  +  cotI{. 

740  JD»=  i(t»+c*+26coo8il)  =  J(ft'+^-iaO. 


If  AD  bisect  the  angle    of  a  triangle  J^Cf, 
742  t«nlU)A  =  «t*=P-|±S(«n^. 

743 
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Tf  AD  be  perpendicular  to  BC, 

•Jf^  jiD  —     8'"  ^  _  6'  sin  C-hc'  pin  B 

a  h  +  c 


746 


t  an  /*  4-  tati  (] 


a 


REGULAR  POLYGON  AND  CIRCLE. 


Radius  of  circumscribing  circle  =  R, 
Radius  of  inscribed  circle  =  r. 

Side  of  polygon  =  a. 

Number  of  sides  =  n. 


746         ^  cosee^t  r:=^cot'^. 

2         n  2  n 

Area  of  Polygon 


USE  OP  SUBSIDL&ilY  ANGLES, 

749  To  adapt  a±b  to  logarithmic  computation. 

750  ^  ^  =        (^)  i 

,  _  Ov/2coa(a-f45^) 
oobO 

751  To  adapt  a  cos  C±6  sin  C  to  logarithmic  computatiojQ* 

Take  0  »  ia&-*  f ;  tiiMi 

o 

a  cos  C  ±    Hin  C  =  y  (a»  +     sin  (tf  ±  O).  [By  617 

For  similar  iustances  of  the  ase  u£  a  subsidiary  angle,  see  (726)  tu  (730). 

752  To  solve  a  quadratic  equation  by  emplojing  a  subsidiary 
angle. 

U       2|Mr+9  =  0  be  the  eqaation, 


[Bf4A 
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Cam  I.— If  g  be  <p\  put     s  8in*6 ;  tben 

P 

«  =  2pco6'4»         2p8m'^-.  [639,640 

Casi  II.— If  9  be  >  T>',  pnt  ^,  =  sec"  0 ;  then 

P 

«  =s  |>  (1  :£  i  tan  0),  imaginary  roots.  [614 

Cue  in. — ^If  9  be  oegatiTe,  put     s  tan*  0 ;  then 

6  B 
x=:y/qcoi      and    —  v^g  ^'^'2*  t^***  645 


LIMITS  OF  MATWa. 

tiKo       sin  ^     tan^_  , 

70O       -^j  —J—  —  i»  j>^r 

when  0  vanishes. 

.FN_^AT 


For  nltimately  ^  ^'        ^  ^ 


754 

n  sin—  —  ^  when  n  is  infinite,        patting  —  for  0  in  hyit. 


(0 
cos— J  =  I  when  n  is  infinite. 

1  — siu' — j     and  expand  the  logarithm  by  (156). 

DE  MOIVRE'S  THEOREM. 


756  (cos  a+t  sin  «)  C08        »\nfi)  ...  Sm. 

=  C08(a+^-f  7+       +  i  sin  {a-^fi+y+  ...), 

l¥here  f  =        L  [ProTed  by  Indiiotioii. 

757  (cos  ^ + 1  sin      =  cos  n$+i  sin  fi#. 

Proof. — By  Indaction,  or  by  patting  a,     <&c.  each  =    in  (756). 

Expansion  of  cosnB,  Sfc,  in  powers  stnB  and  cosB. 

758  cos nB  =  cos*  6—  C (n,  2)  cos-*  ^  sin*  $ 

+ C  (»» 4)  cos»-«  ^  sin^  &c. 

759  emn0  =  n  oos"^^  sin  tf—  C  (n,  3)  cos"'*  sii^ 

FsoOf.^Expand  (757)  by  Bio.  Th.,  and  oqaate  real  and  imaginary 
parts. 
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760  taunts 


n  tan  6—C{n,  3)  tan=^g-h&c. 
1-C{n,  2)  inn- 6 -^€{71,  4)  taii^^-&c.  * 


In  series  (758,  759),  Rtop  at,  and  exclade,  ail  tenua  with  indiceg  greater 
than  n.    ^ote,  n  w  Aere  an  integer. 

Let  «^  =  sum  of  tlie  0  (n,  r)  prodnots  of  tan  a,  tan  j3,  tan  y, 
Ac.  to  n  terms. 

761  sill  (a+iS+y+Ac.)  =  cosa  coafi  &c.). 
768  cos(a-f /34-y+&c.)  =  co8«  cos^S  ...  (1  — *2+*4— Ac). 

PfiOOF. — Bj  equatiog  real  and  imaginary  parts  ia  (756^. 

763  tau(a+^+y+&c.)=;-i;:i:;:z;t£- 

Etpanrions  of  the  sine  and  cotine  in  powers  of  the  angle. 

Ffeoor.— Pot  —  lor  ^  in  (757)  and  «  :k  oo ,  employing  (754)  and  (755). 


766 
768 

e**  =  cos  S-\-  i  sin  0. 

e-*  =  cos  0—i  sin  ^.    Bj  (150) 
e^'^e-'' s  2f  sin  tf. 

• 

770 

t  tan  0  =  -a-; — 

l+tiau  e  _  ,  „ 

&pan9ion  of  coii^  9  and  «tV  9  in  cosines  or  Hnea  of 

liiult'qjles  of  B. 

772  2""*  cos"^  =  COS  n^-f  w  cos  (n—2)  6 
+€(n,2)  008(11-4) B+C{n, 3)  co8<ii-6) +Ac. 

773  When  n  is  eveo, 

2-1  (-1)*"  sin"  6  =  cos  ii^-n  cos  (n-2)  ^ 
+C7  (n,  2)  cos  (ii-4)      C  (n,  3)  cos  (n— 6)  ^+Ac., 

774  And  when  n  is  odd, 
2»-i(-.l)V8in«^  =  ain «  sin  («— 2)  0 

+  C     2)  sin  (n- 4)  ^-C  (n,  3)  sin  (it~-6)  ^+&c. 
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Observe  that  in  these  series  the  coefiicienta  are  those  of  the  Binomial 
Theorem,  with  thiB  exception  :  if  nhe  er«i.  Me  Imt  term  mtui  be  divided  by  ;i. 

The  tariM  are  obteioed  bj  expanding  [e*^  db  l")"  bj  the Binomkl  Theorm, 
tfoOeoHog  the  equidisteni  terme  io  pftira,  end  empkjiBg  (768)  and  (760). 

Erpantion  of  eosnB  and  sin  fi$  in  powers  of  sinB, 

776    When  n  is  even, 

COB  II*  ==  I 11 8in«  # + !^i^=^  gin*  * 

776  When  n  is  odd, 

cw     =  COS  #  j  1  dnf0  +    -  »in*  0 

777  When  ?t  is  even, 

Sinn*  =  ft  COS  *  I  sin  tf—!^^^^  sin'  0+ 

778  Whm  i»  ia  odd, 

rin     =  «  rin  #-  rin«tf  +  "  ("'-3)  ^jp.  ^ 

p£Oor. — By  f  758),  we  may  assume,  when  n  is  an  even  integer, 
c..8n6  =  l+.4,8in»^-i-^8iu*d+...+^,8ia'^d+.... 
Put         for  6*,  and  in  cos  },9  cos wj:  — sin  w^sin  nz  substitute  for  cohhz  and 
ainn*  their  values  lu  powers  of  tur  from  (764).    Each  t^rm  ou  the  ri^'ht  is  of 
the  type  Aff(mn$etnx-^c<M$nnx)'''.    Make  similar  substitatious  tor  cuh^ 
and  sinz  in  powera  of  z.    Collect  the  two  ooelBeiente  of  ^  in  eeoh  term  by 
the  multinomjal  theorem  (137)  and  equate  them  all  to  the  ooeflleieut  of 
on  the  left.    In  this  equation  write  cos*^  for  1— sin*^  everywhere,  and  then 
equate  the  coefficients  uf  siu-'^d  to  obtain  the  x«la(ion  between  the  soooeaeive 
qnantidee  At,  and  At^^t  for  the  series  (775). 

To  obtain  the  series  (777)  equate  tlie  ooeffidente  of  « instead  «f  tboee  of 
When  a  is  an  odd  integer,  begin  by  assuming,  bj  (759), 

sin  »9  3=  il  J  sin  ^ + Jg  eia*  a  -f  Ac 
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779  The  expansions  of  cos  nB  and  sin  nO  m  powers  of  cos  0 
are  obtained  by  changing  0  into         in  (775)  to  (778). 

780  Expansion  of  cos  nB  in  descending  powers  of  cos  0. 

2  COS  it^  =  (2  cos  ey-^n  (2  cos  ^)-»+l!iii=:5)  (2  cos  *)-♦- 

...+  (_l)>'^(«->"-^)(»->'-2)-»(»-2>'+l)(2coflg)»-'^+ 

rl 

up  to  the  last  positive  power  of  2  cos  9. 

Peoof. — Bj  expanding  each  term  of  the  identity 

log (l-«) +tog  ( 1  -  ^)  =  log  {l      («  +  i-  -  z)  } 
by  (166),  eqaatiug  coefficients  of  2",  and  BubatitQiing  from  (7G8). 

783    sina+csiu  {a-\-fi)+c'sm(a-{-2fi)  +  &c,  to  n  terms 
_  sin  tt— c  sin  (a— ff)— c"  sin  (a^ wy3)-i-c'*^^  sin  (a+n— 1^} 

l-2ccos^+e' 
If  «  be  <  1  and  n  infinite,  this  becomes 

1 -2c  cos  )8+c^  ' 

785  cos  a+c  cos  (a+^)  -f  cos  (a+2^) + &c.  to  tt  terms 
s=  a  similar  result,  changing  sin  into  cos  in  the  numerator. 

786  Similarly  when  c  is  <  1  and  n  in  finite. 

787  Method  of  summation.  —  Substitute  for  tlie  sines  or 
cosines  their  exponential  valurs  (768).  8im  the  two  resulting 
geometrical  series,  and  substitute  the  sines  or  cosines  again  for 
the  exponential  values  by  (766). 

788  <?siii(a+i8)+^siii(tt+?/8)+^Mn(a+3i8)+&c.to 
infinity   =  e"**'  sin  {a+e  sin  fi)^sma. 

789  i?cos(«+/3)+^cos(a+2i8)  +  |^cos(a+q/8)  +  &c.to 
infinity   =s  e*     cos  (a+  c  sin  fi)  —cos  a. ' 

Obtained  by  tlio  rule  io  (787). 

2  ▲ 
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790  K,  in  the  scries  (783)  to  f  780^,  /3  be  changed  into  tbesignt  ol 
the  alternate  tei  ms  will  thei-eb^'  ins  changed. 

Expansion  of  B  in  pothers  of  tan  0  (Gregory's  series). 

791  *=tantf-*^+i5^-&c. 

o        .  d 
The  aeries  coiiTergee  if  tan<9  be  not  >  1. 

Pboop. — By  expanding  the  logarithm  of  the  valne  of  e'**  in  (771)  by  (158). 


FormuliB  lor  the  calculation  of  the  value  of  w  bj  Gregory's 
series. 

792    i=taii-'^+taii-'^  =  4tiin-'^-taii-'^  [»X 

Proof.— By  employiug  the  formnia  for  tan  (A±B),  (631). 


To  prwe  that  w  is  ineammensuralde, 

795    Conrert  the  valne  of  tan  0  in  terms  of  6  from  (764)  and  (765)  into 

a  oontinned  iTftction,  thns  tanO  =  ~    ^.  ,    ;  or  this  reeoH  may 

1—  A—  i)—  I  —  &c. 

may  be  obtained  by  putting  tO  for  y  in  (204),  and  by  (770).  Hence 

0        »»     H'  0^ 


1- 


tan  d     3 —  5—  7— <ic. 


IT  it' 
Pnt     for  0,  and  nssnme  that     and  therefore  -^-t  *^  oommenaarable.  Iiei 

^-  ss     m  and  m  being  integers.  Then  we  shall  have  1  =  ~  ^r-- 

The  continued  fraction  is  incommen^nrable,  by  (177).  Bat  nnity  cannot  be 

eqnal  to  an  incoraniensniable  quannty.    Therefore  ir  is  not  c  »m mensurable. 

796         sinj»  =  iiBin(«+a),    a)  s  «Bina+ -^6io2a+-^8in3a+4bx 

99*7     If    tana:  =  ntany,    «  =  y— 1»  sin  2^+ ^- 8in43^— ^  sin  0|^  +  &C., 
where  m  =  ^. 

Proof. — By  tuhs  ituting  tit  eJp  'Ucntial  values  0/  the  sine  or  tangeiU 
and  (770),  and  iheu  eliminating  x. 

■ 

798     C  'ot  flk  icnt  of  x  "  ill  the  expansion  of  e"-^  cos  6 a;  =  *  j  cos 

where  a  =  rcostf  and  6  =  r  sin  0.  *' 

For  proof,  sobBtitnte  for  cos  from  (768);  expand  by  (150);  pot 
asrcosO,  bsrsin^in  the  coefficient  of     and  employ  (757). 
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799  Wbenei8<  1.  — ^  =  l+26co8e  +  2Mco82«+2Mco83tf+..., 
when  frs 


2?>  1 
For  proof,  put  0  =  ^       and  2  cos  0  s  — ,  expand  tbe  fraction  in  two 

168  of  powers  of  «  by  the  method  of  (257)«  and  snbstitnte  from  (768). 


800   sina+sin (a+iS) + sin  (a+ 2)8)  + . . .  +  siu  [a+ (n  - 1) ;3} 

8iii(a+^i^^)8iiil^ 


sin  — 
2 


801   008o+C08(a+i8)+C08(a+^)+...  +00B{a+(n— 1)^3} 

^  r-^  

808  If  tbe  terms  in  these  series  have  the  signs  +  and  — 
alternately,  change  0  into  /3+ir  io  the  results. 

Pboof.— MalUply  tbe  series  bj  2  sin  ^,  and  appljr  (669)  and  (666). 

803  If  P  =  —  in  (800)  and  (801),  each  series  vanishes. 

2ir 

804  Generally,  If  p=— ,  and  if  r  be  an  integer  not  a 

multiple  of  n,  the  sura  of  the  r^^  powers  uf  the  sines  or  cosines 
in  (800)  or  (801)  is  zero  if  r  be  odd;  and  it'  r  be  oven  it  is 

^W'^i''        •'J  ("2)  to  (774). 

General  Theorem. —  Denoting  the  sum  of  tlie  series 

805  c  +  r;.T  +  c.^--f  ...+r„.r'' by  F(a-)  ; 

then  coosa4-CiCos;a  +  p;  +  ...+c,coa(a  +  H/3)  =  i{e'*iX«'0+«"''-f'(«"*^^ 
and 

806  CBma+e^»n{a-tfi)-k',..+ennn(a^nfi)  =  ^.{ef'I'{e*')'e 

Prored  bv  substitnttng  for  the  sines  and  cosines  their  exponential  Talaes 
(766),  4c. 
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Expansion  of  the  f<!ne  and  comiue  in  factors. 

807  aj^~-2j;''y*ewn$+y^ 

2jr 

to  n  factors,  adding  —  to  the  angle  successively. 

Proof. — By  8oWin(^  tbeqaadraticon  the  Ieft,weget  dr=y(cosr»d  +  i8iQRd) ". 
Tbe  ft  TaloOT  otxtn  toand  bj  (757)  Mid  (626),  and  tbenoe  the  huetan,  Ftxr 
the  ftictorB  of  afAy*  see  (480).  

808  8m«^  =  2-»8m^8m(^+^)8m^*-|-i^).., 
as  far  as  n  factors  of  sines. 

Phoof.    By  puttiug  x=:y=sl  and  $  =  '2.^  in  the  last. 

809  If  n  be  even, 

sin        2*~*  sin^  cos^^siii''^  *  sin*^^  ^sin*^ — sm'^^  &c. 

810  If  n  be  odd,  omit  cos  ^  and  make  up  n  factors,  reckoxungf 
two  factors  for  each  pair  of  terms  in  brackets. 

Proof. — From  (806),  faj  oollecting  equidistant  fiustors  in  paiiti  and 
applying  (659).  

811  COS  «^  =  2" "  Uiu     -f  ^ j  siu     -|-     j . . .  to  w  factors. 
Proof.— Put  ^  +  ^  for  f  in  (808). 

818   Also,  if  n  be  odd, 

cos     =  2"  ■  ^  cos  ^  ^sin*  ^  —  sin-     ^siu*  ^  —  sin'     . . . 

813   If  n  be  even,  omit  cos  f . 
PM>or.~As  in  (809). 


Olil  ^          Oii-l-S^  ^  «2«i.  (it  —  1)  * 

Dl4      n=2S**siii — sin— ^  sin        8111^  . 

n       n       n  n 

PaOOP. — Divide  (809)  bjr  sinf,  and  make  ^  vanish  ;  then  apply  (754>. 


,16  <,-(•)■!   

PBOOP.—Pot  f  s  ~  in  (809)  and  (812)  >  divide  hj  (814)  and  nalca  n 
infinite.  * 
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817  ^-2oo8^+«-' 

Proved  yoj  snbtlitntuig  r  =  1  +  ~,  y  a  1 — -5-,  and  —  for  6  in  (807), 


'In 


making  »  mfiaiie,  aud  redaoiug  one  series  of  factors  to  4  siu  ~  by  patting 
«=0.  ^ 

De  Mowre*s  Propvrtif  of  the  ^/^'  ^* 

Circle. —  Take  P  any  point,  and  p 
FOB  =  e  any  angle, 

n 

OP^x;  OB=:r. 

819  cos  n^  +  r«" 

^PE^PC'PB' ...  to  «  factors. 
By  (807)  and  (702),  since        =  «'-2a5r  cos^+r*,  Ac. 

820  If  .r  =  r,    2r''sm^  =  Pii.P(;./>i>...&c. 


821 


822 


C^te^s  propertieM, — =  — , 

ft 

af+r*=^Pa.Pb.Pc...kQ. 


ADDITIONAL  FOBMULM 
823    cot  ^+taii  ^  =  2  cosec  2^  =  sec  A  cosec  ^. 

8S4  co8ec2^+c<»t2ii  =  cotil.  see il  =  l+tauiltaii^. 
826  cos    =  eos«4  -  sin'  4-- 

iaaA+a&sA  =  tau^4o°+-^V 


827 

828 
829 


tair4±lanB  =  tiiii4tanA 

cot  ^+cot 

seeM  cosecM  ss  see^ii+oosee' J» 
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830  If  A+B+C  =  ^. 

innB  tan  C+tauC  ianA-^ianA  imB  =  1. 

881   If  A+B+C  =  w, 

cot£  cotC+cotC  cot^+cot.i  cotB  =  l. 

832   8m-'|.+8iii->-i=|..    tiiii-'^  +  tan-'i  =  i. 

In  a  right-angled  triangle  ABO,  0  being  the  right  angle, 
888        co»2JJ«='4=^!.      tan2B=  ^* 


836 


834  tani^=y(^).       /t+r  =  i(a+6). 

In  any  triangle, 

835  an^{A-B)—^^eos\C. 

c 

c 

BinA—B  __  a'-h'     iim  }A-\-tan^B  e 
^A+B  '    imiA—ianiB  a—b' 

837  a  (a^ -f  =  be  cos  ^  +  ca  cos  B-^-ab  cos  C. 

838  Ai'ca  of  trian  jle  ABC  =  \besmA 

839  =  cos  ivl  cos  i/?  cos  1 C. 

840  =  i  (a+&+c)'  tan  ^A  tau  i    tan  \  C. 

With  the  notatiou  of  (709), 

841  r^i(a+b+e)iaik\A  tani^  taniC. 

842  2itr=  A  =  v/t^*r^ 

a-f-6-l-c 

843  aco6^+6  cosi^+c  cosC  =s      sin  J  siu/i  siuC. 


iyiiii_C', 
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844  /t+f^s  i  («  cot  cot^+c  cot  (7)  =s  sum  of  per- 
peiklicalarB  on  the  sides  from  centre  of  circumscribing  circle. 

Tbb  mftjr  alao  be  shown  by  applying  Eno.  VI.  D.  to  the  circle  described 
OB  B  M  diameter  Mid  the  quadrilateral  ao  formed. 

845  T^r^Vc  =  ahc  cos \A  cos  \B  cos 

846  r  =  -v/(nn)+x/(r,r.)+ v^(nn)^ 

847  taiiiil  =  \/— • 
r  nr, 

849  If  0  be  the  centre  of  inscribed  circle, 

OA-  cosi^. 

850  a{h  cos C— c  cos^)  =  ft*— c'. 

851  6  cosij+c  cos  C  =  c  cos  {B—C), 
n  cosil  +h  cosS+c  cos  C  =  2tt  sinB  sin  C 

2a  sin  B  sinC 


853      co9il+cosjB+oosC  =  1  + 


854  If  «  =  i(a4-5  +  r), 

1  —cos'  a— eos^  6— cos'  cH-2  cos  a  cos  6  cos  c 

=£  4  sin  »  sin  (*— a)  sin  (#—5)  sin  (*— c), 

855  — 1+cos'  a+cos^  6+co8^  c+2  cos  a  cos  6  cos  e 

=  4  cos«  co8(«— o)  cos  («— 6)  cos(^~e). 

856  4  cos  Y  COS  cos 

=  co8#+cos(#— a)+cos(«— 6)4-cos(«— e). 

857  4sin-g.8m-5.sm- 

£  M  Jl 

s=  "-sin«+&ui  («— a)+8in      6)+wn  c). 

858  ••  =  6(l  +  ^  +  l  +  ...)  =  8(l+l+l  +  ...). 

Kin 

Pkuof. — Equate  coefficients  of  6*  iu  the  expaiisiou  of  —  -  bj  (764}  and 
(815)  or  of  cos^  by  (7C5)  and  (810).  * 
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859        Examples  of  the  Solutions  of  Triangles. 

Ex.  1 :  Casb  n.  (7SMr).— Two  aides  of  a  trianglo  h,  e,  botng  900  ud  700 
fo0t^  uid  tlio  inolnded  ftogle  47^  2d',  to  find  the  ramaaoing  snglee. 

tau        = I:::?  cot  4  =  i  cot  23°  42' 30" ; 
2       b+e      2      8  ' 

tHerefore  log  tan  \(B—C)  =  log  cot    —log  8 ; 

therefore         L  tan  H^-C)  =  ioot  23'' 42' 30"-3  log  2; 
10  being  added  to  each  aide  of  the  equation. 

/.     £  eot  23*'  ^  30"  =  10*8573942»  [  /.    i  (B-0)  =  15*  SS'  19  M"» 
3]og2  8    *9030900  land  i(B-|-(7) s 6e°17'30^' 

/.     itanK-B-C")  =  9  ^3042   (  5  =  82"  10' 49  o5" 


And,  hj  subtraction,  C  =  oO  2-k'  10  40". 


Ex.  2:  Case  IIL  (732).~6iTen  the  atdes  a,  ft,  o  =  7,  8, 9  napeotirelj, 
to  find  the  angles.   

/(s-hiis-c)  ^  ^  /T. 

2     V    «(«-o)        Vl2.5  VlO* 

therefore  L tan 4  =  10  +  i  ('oj? 2-1)  =9-650ol5j 

2 

therefore  =  24°  6'  41*43 

4B  is  fonnd  in  a  similar  manner,  and  0  s  180^—^— P. 

Ex.  3. — In  a  right-angled  triangle,  given  the  hjpoftemue  O  as  6{^3  and 
a  side  6  =  3,  to  find  the  remaining  angles. 

3 

Here  oos  A  s  ^xr^.  Bnt,  since  A  is  nearly  a  right  angles  it  cannot  be 
determined  aoontatelj  from  log  oos  A.   Therefore  take 


.   A        /I -cos  4  /3475 

"'*T  =  V~2— =Ve958' 


therefore  Lain  4  =  10+i  (log3475-log6953j  =  98493913; 
therefor©  y  = 

tbewforo         ^  =  89°  58'  31 04"  and  B^dTV  28*98". 


*  See  Chnmhfrs'H  ^^:ltbpnlatical  Tables  for  a  oonoise  explanation  of  the 

method  oi  obtaining  tbeae  tigured. 


Digitized  by  Google 


SPHERICAL  TRIGONOMETRY. 


INTRODUCTORY  THEOREMS. 


870  DefinUiont, — Planes  tbrouffh  the  centre  of  a  sphere 
intersect  the  snT&ce  in  great  circles;  other  planes  intersect 
it  in  mall  circles.  Unless  otherwise  stated,  all  arcs  are 
measnred  on  great  circles. 

The  poles  of  a  greafc  circle  are  the  extremities  of  the 
diameter  perpendicular  to  its  plane. 

The  sides  a,  6,  c  of  a  spherical  triangle  are  the  arcs  of 
great  eircies  BC,  CAy  AB  on  a  sphere  of  radius  unity;  and 
the  angles  .1,  B,  C  are  the  angles  between  the  tangents  to  the 
sides  at  the  \'ertices,  or  the  angles  between  the  planes  of  the 
great  circles.    The  centre  of  the  sphere  will  be  denoted  by  0. 

The  polar  triangle  of  a  spherical  triangle  ABC  has  for  its 
angular  points  A',  B\  G\  the  poles  of  the  sides  BC,  CA,  AB 
oi  the  pri  nut  ire  trunujlr  in  the  directions  oi  A,  B,  C  respec- 
tively (since  each  great  circle  has  two  poles).  The  sides  of 
A'JfC  are  denoted  by  a,  h\  c. 

871  The  sides  and  angles  of  the 
polar  triangle  are  respectively  the 
supplements  of  the  angles  and 
sides  of  the  primitive  triangle; 
that  is, 

o'+il  =  b'-\-B  =  e'+C  =  ft, 
o +4' =  6 =   +C  = 

Let  BG  produced  cut  the  sides  A' U\ 
(TA'  in  O,  B.    B  is  the  pole  of  A'C\ 

therefore  BU  =  ~.   Similarly  CG  =  -J, 

therefore,  bj  addition,  a  -f  GTI—v  and  GF{=A\  becanse  A'  is  the  pole  of  BC» 

The  po'jif  din  crrnm  of  a  spherical  polygfon  is  formed  in  the  same  way,  and 
the  same  roiations  subsist  betwt:eu  the  sides  and  angles  of  the  two  tigures. 

2  B 
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RuLH. — Urnce,  anij  vqaation  b*  tu-cmi  the  fu'des  and  auyles 
of  a  spherical  triainjle  produces  o  suppli  meniary  e(iuation  by 
changing  a  into  w—A  and  A  into       a,  ^'c, 

872  The  centre  of  the  inscribed  circle,  radius  r,  is  also  the 
ccutrc  of  the  circumscribed  circle,  radius  li\  of  the  polar 
triangle,  and  r  -f  W  =  ^v, 

PHOdF. — In  the  Isftt  figure,  let  0  lie  the  centre  of  the  inscribed  circle  of 
A  DC ;  tlu  n  OIK  the  perpendicular  on  passes  through  A\  the  polo  of  BC. 
Also,  OD=.r\  theiefoi-e  Oil'=§»— r.  Similarij  OB'=i  OG'^\jt—r \  there- 
fore 0  IB  the  centre  ci  the  etronniBeribed  circle  of  A*B'(y^  and  r-h-B'^s  Jr. 


873  Tlie  sine  of  the  arc  joiniiifr  ^  point  on  the  circumference 
of  a  small  circle  with  the  pole  of  a  |)arallel  great  circle,  is  equal 
to  the  ratio  of  the  circumferences  or  cori*esponding  arcs  of  the 
two  circles. 

For  it  is  equal  *o  the  radius  of  tlie  small  circle  diyided  b)'  the  radius  of 
the  sphere ;  that  is,  by  the  mdius  of  the  great  circle. 


874  'i'wo  sides  of  a  triangle  are  greater  than  the  third. 

[By  Xt.  20. 

875  The  sides  of  a  triangle  are  together  lesB  than  the  cir- 
cumference of  a  great  circle.  [By  XI.  21. 

876  The  angles  of  a  triangle  are  together  greater  than  two 
right  angles. 

*  For      il 0  is  <2v,  by  (875)  and  the  polar  triangle. 


877  If  two  sides  of  ajtriangle  are  equal,  the  opposite  angles 

are  equal.  [By  the  geometrical  proof  in  (894). 

878  If  two  angles  of  a  triangle  are  equal,  the  opposite  sides 
are  equal.  [By  the  polar  triangle  and  (877). 


879  The  greater  angle  of  a  triangle  has  the  greater  side 
opposite  to  it. 

Proof— If  B  he  >  A,  draw  ti  e  arc  BI)  meeting  AC  in  D,  and  make 
^ABD^A,  therefore  BD^AD-,  bat  BD-^I)0>BO,  therefore  AO>BO. 

880  The  greater  side  of  a  triangle  has  the  greater  angle 
opposite  to  it.  [By  the  polar  triangle  and  (879). 
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RIGHT-ANGLED  TKIANGLBS. 


881  Napier's  Rules, — In  tbe  triangle  JBC  let  C  be  a  right 
angle,  then  a,  (\w^B),  (ir— c),  (^ir— and  A,  are  called 
the  five  circular  parts.    Taking  any  part  for  middle  part» 

Napier's  rules  are— 
I.  sine  ofm  iddle  part  =  product  of  tangents  of  adjacent  parts, 
XL  sine  of  muJdle  part  ^product  of  cosines  of  opposite  parts. 
In  applying  the  roles  we  can  take  A,  B,  c  instead  of  their 
oomplements,  and  change  sine  into  cos,  or  vice  versd^  for  those 
parts  at  once.   Thus,  taking  b  for  the  middle  part, 

sin  b  =  tan  a  cot  J  =  BmB  sin  e. 

Till  equations  in  all  are  given  by  the 
rules. 

Proof. — From  any  point  P  in  OA,  dmw 
Pi2  perpendicular  to  OUy  and  RQ  to  OB; 
tlierefore  PBQ  is  a  right  angle ;  therefore  OB 
is  perpendicalar  to  PR  and  QR^  end  therefore 
to  PQ.  Then  prove  any  forniQla  by  proportion 
from  the  triangles  of  the  tetrahedron  OrQii., 
which  are  all  nght-angled.  Otherwise,  prove 
bj  the  formnlts  tor  obliqne-aiigled  trianglca. 


OBLIQUE-ANGLED  TRIANGLES. 


882 


cos  «  =  COS  b  cos  c+siu  b  sin  c  cos  A, 


/ 

/          /f>  1 

V7 

Proof. — Draw  tangents  at  A 
to  the  sides  c,  6  to  meet  Oil,  OC 
in  D  and  B.    Express  DE*  by 

(702)  a}>pIiod  to  each  of  the 
tri;in^U  s  UAJS  aud  VOE,  and 
subtract. 

If  AB  and  AC  are  both  >  ~, 

s 

produce  thcni  to  meet  in  A\  the 
pole  of  .1,  and  employ  the  tri- 

angle  A'BC. 

U  AB  alone  be  >  ^,  pro- 
doee  BA  to  meet  BO, 

The  supplementary  formula,  by  (871),  is 
883       COB  il  =  —  cos  B  cos  C + siu  B  sin  C  cos  a. 


D 
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884  aSw  A  ^  Jain  sin  (^-c) 

885  C084  =  «■»(*-«»). 

25         ^       8111  0  Sin  c 

886  i«.4  =  V^S^^¥^where*=i(«+6+c>. 

2     ^    8m«  8iii(«— a) 

Proof.— sin* ^  =  f  (1— cosvl).  Sabstitate  for  coeA  from  (872),  sad 
throw  the  namerator  of  th«  whole  expresBiOQ  iato  factors  hy  Similarljf 
lor  008-^. 

The  supplementary  formulae  are  obtained  in  a  similar  way, 
or  by  the  ride  in  (871).    They  are 

888  sin4=v'^^^?^^^^7^- 

2      V      am  if  sin  U 

889  =  >/ 


—  COS  S  COS  ( —  >1 ) 


2      V  COS  {S-B)  cos  {S—C) 

where  S  z=zi{A+B+C). 

890  Let  <r  =  \/sin«  sin      ^i)  sin  («— 6)  sin  («— c) 

=  a  n/1"  +  -  t'os    t  o8  6  cos  c— cos  "  a  —  cos''  A — coS'  c. 
Then  the  supplementary  form,  by  (d71)»  is 

891  S  =  V—cosS  cos(^'— ^)  cos(.S  — i^)  cos(^•— C) 

=  ^  V 1—2  cos^  cosii  cusC— cosM— cos-'Z^— cos*C\ 

sm  A  =  — ; — ; — .       sih  n  = 


Sin  6  sm  e  sin    sm  C 

[By  sin  .4  =  2  sin     cos      and  (884,  88o),  Jcc. 


893  The  foilowing  rules  will  produce  the  ten  formulas 
(884  to  892)— 

L  Write  sin  lefore  each  factor  in  the  s  values  of  sin^, 
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A  A 

008      tan-r-,  sin  A,  and      in  Plane  Trigonometry  (704- 

707),  to  obtain  the  corresponding /ormukB  in  Spherical  Trigo- 

nonufr)/. 

11.  To  obtain  tJtn  sypj^leiiien  tanj  form.9  of  the  five  resvH<i, 
franspose  large  niitl  t^mall  letd  rff  everytrhere,  and  trampase 
sin  and  cos  everywhere  but  in  the  denominators,  and  lorite 
ininiLS  before  cos  S. 

Bin  <4  _  sin  B     sin  C 

OWt  »  : — r  r— • 

Sin  a      siiio  Bine 

Pkoof. — By  (882).  Otherwise,  in  the  figure  of  882,  draw  PN  perpendi- 
cular to  BOC,  and  NR,  NS  to  OB,  00.    Prove  PRO  and  PSO  right  anglea 

hj  I.  47.  and  tlu  rorore  PN  —  OP  sin  c  fiin  /?  =  OP  sin  b  sin  G. 

895  cos  b  COS  (7  =  cot  a  sin  6— cot  ^  sin  C. 

To  remember  tliis  formula,  take  any  four  consecutive  angles 
and  sides  (as  a,  C,  h,  y/),  and,  calling  the  first  and  fourth  the 
extremes,  and  the  second  and  third  the  middle  parts,  employ 
the  following  rnle  : — 

Rule. — Product  of  cosines  of  middle  parts  =  cot  extreme 
side  X  sin  middle  side  —  cot  extreiiw  angle  X  sin  middle  angle. 

Paoor. — In  the  formnia  for  cos  a  (882)  sabsiitate  a  Bimilar  value  for 

ewe,  and  for  aino  pot  ainC 

896  NAPIER'S  FORMULAE. 

(1)  tani(^-.B)  =  ^!"|i"-;icot-g. 

(2)  taniU+^)  =  ""tf''7?!cot.g. 
(S)    tan  *(«-*)=  21414^  tan  4. 

(4)    tauU«  +  i)=j34|3^^^tau-. 

Rule. — In  the  value  of  tan^  (A— B>  change  sin  to  cos  to 

obtain  tan|(A+B).    To  obtain  (3)  and  (4)  from  (1)  a?itZ  (2), 

transpose  sides  and  angles,  and  change  cot  to  tan. 

Pmop. — ^In  the  valaea  of  cosil  and  coaB,  bj  (883),  pat  main  a  and 
»sin(  for  Bin  ^  and  tdnB,  and  add  the  two  eqoationa.    Then  pnt 

«  s  wn  .4  :t:  Bin  B        traMform  by  (670-672). 
sitta^aino 
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897  GAUSS'S  FORMULJU. 

^j^j    sin  i{.4-{-B)     cos  }  ja—h) 

(2) 
(8) 
(4) 


cos^C 

ew^(A-\-B} 

cos 

C08i(i4-iB) 

 sin  i  {a+b) 

sin  j[C 

sin-^ 

From  any  of  thvso  formuljB  the  others  may  be  obtained 
by  the  following  rule  :  — 

Rule — CJuinge  the  sign  of  the  letter  B  (large  or  small)  on 
one  side  of  the  equation,  and  write  sin  for  cos  and  cos  for  sin 
on  the  other  side. 

PROor.— Talra  sin +  B)  s  sin cob cob Bin ^ 
■ubttitate  the  t  valaes  by  (884,  885),  and  redace. 


SPELEEIGAL  TEIAISGLE  AND  CIEGLE. 


898    T^Pt  r  be  the  radius  of  the  in- 
scribed circle  of  ABC;  i\  the  radius  of 
tiie  escribed  circle  touching  the  side 
and  Z?,  R„  the  radii  of  the  circumscribed 
circles ;  then 

(1)   tan  r  s  tan  \A  sin      a)  = 


SlUS 


(3) 
(4) 


2  sin  a 
siu^ 


sin^il  sin-^B  sin-^C 


2  cos      cos  cos 

22 


cosS+cos  (5>'— ^)+co8  {S—B)-\-&c. 

Phoof. — The  first  value  is  fonnd  from  tl»e 
rigbt-angled  triangle  OAFy  in  which  AF=  $—a. 
The  other  valae«  by  (884>892). 
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899     (1)    tan  r«  =  tail      siu  «  =  -; —  r 

.  sm  («— o) 

(8)    =  2  Bin  a  ^  ,  ^      ,  ^ 

Bill  ^       "  ■  ■ 

"  2  cos  i J  siuiiisiiiiC 


— coSiS— cos  (4f — ii)-fcos  (S-B)+co»  {S—C)  * 

PbC/OF.— From  the  right-an'j:]ed  trinno;le  O'AF',  iu  -which  AF'—  s. 

KoTK. — The  first  two  values  of  tan  r^,  may  be  obtained  from  those  of 
tilir  by  interchanging  s  aud  s—a. 


900   (1)  tau  H  = 

(3) 
(4) 


tan  la  _  —  co8  S 
co«(«— il)  S~ 

 siu   

sin  A  cos  ^6  cos 

2  sin  ^tf  sin  sin 


_  —  sill  .y-|-siu    — a)4-8in  (j— 6)+&c. 

Proof. — The  first  value  from  the  riglit-angled 
friangle  OBD,  in  which  z  OIJD  =  S-A.  The  other 
nines  hy  the  fonaoUe  (887-892). 


Ml  (1) 

(4) 
(5) 


*     —cos  S  % 


sin  siu  ^6  sin  |c 
2  sin     cos  |6  cos 

sin  tf— sin      a)+8in  (j— 6)+sin  js—c) 


Pboop.— From  tbe  righUanglod  tnangr^e  0*7? J5,  in  which  Z  O'BH  =  »-  S. 


192 


SPHMICAL  TRJG0N0MSTB7, 


SPHERICAL  AKEAS. 


902  area  of  ABC  =  {A -{-B-^-  C— ir)  r*  =  Er", 
where      £  =  A+B-^C^w,  the  ^herical  excess. 

Psoor.^By  adding  the  three  lanes 
ABDC,  BCEA^  OAFB, 

and  observing  that  ABF  =  CDE, 

we  get         +  f  -  +-^)  W=  2«^+2^a 

903  ^iS^^  ajP  8PEEBJ0AL  POLYGON. 

n  being  the  number  of  sides, 

Area  =  {interior  Angles~(»~2)  vj 

=  {2ir— Exterior  Angles} 

=  {2«'^side8  of  Polar  Diagram}  i^. 

The  last  value  liulUa  for  a  curvilinear  area  in  the  limit. 

Proof. — By  joining  the  vertices  with  an  interior  pointy  and  adding  the 

areas  of  the  spherical  triangles  bo  formed. 


901  Gagno  li  's  Theorem. 

2  cos  ^  000^6  cos -l^ 


Gnnsa 


Proof.— Expand  sin  (A  +  B)- 1  (v-  C)  ]  hy  (628),  and  tranafonn  hf 
isa'fl  equations  (897  i.,  iii.)  and  (669,  890). 


905  Llhuillier^s  Theorem. 

ian\E  =  -^/{tan  Is  tan^      a)  tan  J      6)  tan  ^  (»— }• 

Proof.  —  Multiply  numerator  and  denominator  of  the  left  side  by 
2  cos  i  (A-^lS-C  +  v)  and  reduce  by  (667,  668),  then  eliminate  ^{A-^B) 
hy  Ganss's  fonnala  (897  i.,  iii.)  Transform  bj  (672,  673),  and  snbatitnte 
from  (886). 
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POLYHEDRONS. 


Let  the  number  of  faces,  solid  angles,  and  edges,  of  any 
polyhedron  be  and  then 

906  F+S^  E+2. 

Pkoof.-— Project  the  polyhedron  upon  nii  internal  sphere.  Let  vi  — 
nomber  of  siden,  and  s  =  sum  of  angles  of  one  of  the  splierical  polygons  so 
formed.  Then  its  area  =  {«-(m-2)  w}  r,  bj  (903).  Sam  this  for  all  the 
polygons,  and  eqaate  to  4nn*. 


THE  FTVB  BBGTTLAB  SOLIDS. 

Let  m  be  tlie  number  of  sides  in  each  face,  n  the  number 
of  plane  angles  in  each  sohd  angle ;  therefore 

907  mF=inS^2E. 

From  these  equations  and  (dOG),  find  i\  iS,  and  M  in  terms  of  m  and 
Hj  thus, 

F''2\m'^n     2/'     8      2\fn'^n     2/'     E  "  m     n  2* 

In  order  that  F,  8,  and  B  may  be  positive,  we  moat  have  -  +  —  >  ^ 

m     n  2* 

a  relation  which  admits  of  five  solutions  in  whole  nnmben,  corresponding  to 

the  five  r^ular  gu1{<!^  TIic  valncs  of  in,  x,  f,  8y  and  B  for  the  fire  ref^alar 
aolids  are  exhibited  iu  the  fallowing  table : — 


m 

n 

F 

8 

E 

Tetrahedron   

3 

3 

4 

4 

6; 

Hexahedron   

4 

:i 

6 

8 

12 

Octahedron   

3 

4 

12 

Dodecahedron  

0 

3 

12 

20 

30  1 

Icosahedron   

3 

5 

20 

12 

30  I 

908  The  sum  of  all  the  plane  angles  of  any  polyhedron 

=  2ir(S-2); 

Or,   Four  right  angles  for  every  verier  less  eight  right  angles, 

2  0 
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909  If  /  V)e  the  angle  between  .two  adjacent  faces  of  a 
regular  polyhedron. 


CO0  r  SIH' 

n 


Proof. — Lei  PQ  =  a  be  the  ed^^e,  and  8 

the  centre  of  h  fare,  T  the  middle  point  of 
PQ,  0  tlie  cciitrf  of  the  inscribed  and  circum- 
scribed spltfivs,  ADC  the  projectii)n  <>f  PST 
apon  a  coiicenti  ic  splieie.  In  this  npherieal 
triangle. 


2' 


^=2-.  and  P  =  — =  P5r. 


n 


AUo  STO  =  i/. 

Now,  by  (881,  ii.). 

eofl  A  =  rin  B  cos  BC ; 


that  is. 


oca  —  =  8111 
n 


sin  \L 


Q.  e.  d. 


If  r,  be  the  radii  of  the  inscribed  and  circumscribed 
spheres  of  a  regular  polyhedron, 

910    r  =  4tani/cot-!l,   It  =r tan U ton ^. 

Paoor.  —  In   the  above   figure,  05  =  r,   OPasfi,  Pr=  ^;  and 

08  =  PT  cot -~  tan  \L   Also  OP  s  PT  coaec  J  C7,  and  by  (881,  i.)* 
m 

ain  ilO  s  tan  BO  cot  il  »  oot  | J  cot  — ;  therefore,  fto. 
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MISCELLANEOUS  PROPOSITIONS. 


920  To  find  the  point  in  a  given  line  QF,  the  sum  of  whose 
distances  from  two  fixed  points  minimum. 

Draw  STB  at  nghi  angles  to  QF,  n 
making  TR  =  YS.   Join  Bd^,  cutting 
QTinP.  Thon  P  will  be  the  nqnired  j 
point.  / 

Pkoof. — For,  if  i>  be  any  other  point       J^C^  ^,  ^ 

on  the  line,  8D  =  DB  and  5P  =  /  \ 

Bat  BD  +  M'  is  >i?6";  therefore.  ^.  / 
R  is  called  the  reflection  of  the  point  5,      / ^C""""^"^     ^\  / 
and  SPiS"  is  the  path  of  a  ray  of  light    .r^  ^^""^ 
reHected  at  the  line  QY.  ^  ^  Q 

If  and  QTare  not  in  the  same  piano,  make  SY,  YE  equal  perpen- 
diculars as  before,  but  the  last  in  the  plane  of  8'  and  QT. 

Similarly,  the  point  Q  in  the  given  Hue,  the  difference  of  whose  distanOM 
from  the  fixed  pointa  S  and     is  a  maximnm,  is  fonod  by  a  like  oonstrootion. 

The  minimum  sum  of  distances  fh>m  S,  8'  is  given  by 
And  the  maximum  dilterence  from  8  and  Bf  is  given  bj 

Pfoyed  by  YI.  D.,  since  8BB'8'  can  be  inscribed  in  a  circle. 


921  Hence,  to  find  the 
shortest  distance  from  P 
to  Q  en  route  of  the  lines 
AB,  BG,  CD;  in  other 
words,  the  path  of  the  ray 
reflected  at  the  successive 
sar&oes  AB,  BO,  OD, 

Find  P, ,  the  reflection  of  P  at 

t^c  first  snrfaco  ;  then  P,,  the 
rttiection  of  f,  at  the  second  sur- 
face ;  next  P,,  the  reSection  of  P, 
•ft  the  third  toHMB;  end  so  on  if 
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there  be  more  sarfaces.  Lastly,  join  Q  with  P„  the  last  reflection,  cnttiog 
CD  in  a.  Join  aP,,  cnttinpr  BO  \u  b.  Join  6P|,  caiiiiig  AB  in  «.  Join  «F. 
Pc6a(^  is  the  path  required. 

The  Mune  oonstruction  will  gire  the  path  when  the  amtlMwe  ete  nol^  m 
in  the  OMe  ooneidered,  ftU  perpendionler  to  the  flame  plfliM. 

922  I(  the  straight  line  d  from  the  vertex  of  a  triangle 
divide  the  base  into  segments  jp^  q,  and  if  A  be  the  distance 
from  the  point  of  section  to  the  foot  of  the  perpendicnlar  from 
the  vertex  on  the  base,  l^en 

6^+c»  =  p'4-g-+2(/^+2A  {p-q).       [II.  12, 13. 

The  following  cases  are  important : — 

(i.)  When  i>  =  =  ^^id^ ; 

i.e.y  the  sum  of  the  squares  of  two  sides  of  a 
triangle  is  equal  to  tioice  the  square  of  half 
the  base,  together  with  twice  the  square  of  the 
bisecting  line  drawn  from  the  vertex, 

(ii.)  When  p  =  2q,  26*+c'  =  G^'+Sif .  (IL  12  or  13) 
(iii.)  When  the  triangle  is  isosceles, 

6«=  c*  =  pg+(f. 


928  If  0  be  the  centre  of  an  equilateral  triangle  ABG  and 
P  any  point  in  space.  Then 

Proof.—  PF  +  PC  =  2PD'  +  2i?D\  (922,  i.) 
Also  Pil" + 2PD*  =  60D» + SPO*.     (922,  it) 

nnd  J90s202>; 
thenfoin^  Ao. 

CoB.-*Hence,  if  P  be  any  point  on  the 
surfEMse  of  a  sphere,  centre  0,  the  sum  of  the  squares  of 
its  distances  from  J,  B,0  is  constant.  And  if  r,  the  radius 
of  the  sphere,  be  eqoal  to  OJ.,  the  sam  of  the  same  squares  is 
equal  to  6t*, 
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924  The  sum  of  the  squares  of 
the  sides  of  a  quadrilateral  is  equal 
to  the  sum  of  the  squares  of  the 
diagonals  plus  four  times  the  square 
of  the  line  joining  the  middle  points 
of  the  diagonals.  (922,  i.) 

925  Cob. — The  som  of  tlie  sqnareB 
of  the  sides  of  a  parallelogram  is 
equal  to  the  sum  of  the  squares  of  the  diagonals. 


In  a  giyen  line  AO,  to  find  a  point  X  whose  distance 
from  a  point  P  shall  have  a  given 
ratio  to  its  distance  in  a  given 
direction  from  a  line  AB, 

Throngh  P  draw  BPC  parallel  to  the 

SiTen  direction.  Prodace  AP,  and  make 
S  in  the  givwi  ntio  to  OB.  Draw  PX 
puiUel  to  EC,  and  XY  to  OB.  There  are 
two  solationa  when  CE  cuts  AP  in  two 
points.  [Peoof.— By  (VI.  2). 


987  To  find  a  point  X  in  AG, 
whose  distance  XY  from  AB  parallel 
to  EC  shall  have  a  given  ratio  to  its 
distance  XZ  from  BO  parallel  to  AD. 

Draw  AB  parallel  to  PC,  and  having  to 
AD  tbe  giTen  ratio.  Join  BE  catting  AO  in 
Xt  the  poini  requind.    [IVoved  by  {VI.  2). 


988  To  find  a  point  X  on  aoj 
line,  straight  or  carved,  whose 
distances  XT,  XZ,  in  given  direc- 
tions from  two  given  lines  AP,  AB, 
shall  be  in  a  given  ratio. 

Take  P  any  point  in  the  first  line. 
Draw  PB  parallel  to  the  direction  ot  XY, 
and  BO  parallel  to  that  of  XZt  making 
PB  have  to  BG  the  given  ratio.  Join  PC, 
cutting  AB  in  J).  Draw  BE  parallel  to 
CB.  Then  AE  produced  oata  the  line  in 
Xt  the  point  xvqnired,  and  it  the  loons  of 
iDdi  pomte.  [Pttoorw— Bj  (VL  2). 
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929  To  draw  a  line  XY  through  a  given  point  P  so  that 
the  segments  KT\  FY,  intercepted  bj  a  given  cii'cie,  shall  be 
in  a  given  ratio. 

Divide  the  radias  of  the  circle  in  that  ratio, 
and,  with  the  parts  for  sides,  construct  a  triangle 
PDG  upon  FO  as  base.  Produce  CD  to  cut  the 
circle  in  X.    Draw  XPY  and  CY. 

Then        PJ)  +  DC  =  radius ; 

therefore  PD  =  VX  ■ 

But  cr=cx; 

therefore  i'D  is  parallel  to  OF  (1. 5, 28) ;  therefore 
Ac.,  by  (VI.  2). 


930   From  a  eiven  point  P  in  the 

side  of  a  triangle,  to  draw  a  line  PX 
which  shall  divide  the  area  of  the  tri- 
angle in  a  given  ratio. 

Divide  BO  in  D  in  the  given  mtio,  and 
draw  AX  parallel  to  PJD.   PX  will  be  (he  line 

leqnired. 

ABD  :  ADC=  the  given  ratio  (VI.  1),  and 
APD  =  XPD  (I.  37) ;  therefore,  &o. 


931  To  divide  the  triangle  ABG  in  a  given  ratio  by  a  line 
XY  drawn  parallel  to  any  given  line  AE. 

Make  BD  to  DO  in  the  given  ratio.  Then 
make  BY  a  mean  proportional  to  BE  and  BJ), 
and  di»w  YX  parallel  to  EA. 

P&OOF. — AD  divides  ABO  in  the  given  ratio 
(VI.  1).  Now 

ABB :  XBT  ::  BE  :  BD,     (VI.  19) 
or  ::  ABE  :  ABD; 

theralbre  XBY    ABD.  B 


932  If  the  interior  and  exterior  vertical  angles  at  P  of  the 
triangle  APB  be  bisected  by  straight  lines  which  cut  the  base 
in  C  and  D,  then  the  circle  circumscribing  GPD  gives  the 
locus  of  the  vertices  of  all  triangles  on  the  base  AB  whose 
sides  2iP,  BP  are  in  a  constant  ratio. 
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Proof. — 

The     z  CPD  =  i  (APB  +  BPE) 

s  a  right  angle ; 

tiienfors  P  lies  on  the  oiroomlBmoa  of 
the  cirolA^  diameter      (III.  81).  Alio 

APiPB  :i  AOiOS  :i  Al>:  DB 

(TL  3,  sad  A.), »  fixed  ntb. 

933  AD  is  divided  harmonicallj  in  J3  and  0;  %.e.,  AD  i  LB  :  :  AO  i  0B\ 
OTfikswhehUntit  to  one  extreme  paH  othw  extreme  pari  U  Me  middle 
farf.  If  we  pat  a,  c  for  the  lengths  AD^  BD,  OD^  the  proportion  is 
espreeaed  algebnioaliy  bj  a  :  2>  ::  a—c  :     6,  whieh  ia  eqnivaleiit  to 


931 

tnd 


V  + 1  =  1. 

a      6  c 

AF',  BP  =  OA:  00  =00:  OB 
AP*:  BF*=OA:  OB, 


(VT.  19) 
(VI.  8,  <k  3.) 


935  If  Q  be  the  centre  of  the  inscribed  circle  of  the  triangle 
JBG,  and  if  AQ  produced  meet  the  circumscribed  cirde,' 
radius  B,in  F;  and  if  FOG  be  a  diameter^  and  AD  perpendi- 
cular to  BC ;  ^en 

(i.)  FC=FQ=FB=2R8m^. 
and  zOilG  =  i(5+C). 

P*OOF  OF  (i.) — 

lFQO=  QOA-^QAO. 
But  QAG  =  QAB  =  BOF;  (III,  21) 
FQG  =  FCQ;  FO  =  FQ. 

Similarly    FB  -  FQ, 
Alio  i,  OOF  it  a  right  angle,  and 
PGOszFAO^iAi  (IU.21) 

F0  =  2BBiii^, 


936  If  B»  ^  be  the  radii  of  the  circumscribed  and  inscribed 
cirdea  of  the  triangle  JBG  (see  last  figure)»  and  0,  Q  the 
oentroa ;  then  =  R*'^2Rr. 

pBOor.— 'Dnw  QH  perpendiodav  to  AO ;  then  QB  sr.  By  Ihe  iKWoalM 
triangle  AOF,  OQ'  =  B^'-AQ.QF  (922,  iii.),  and  QF^FO  (985,  i-),  and 
by  similar  triangiee  QFC,  AQH,  AQ  :  QH  ::  OF  :  FO; 

tbeielom  A(^.FO  =  QF.qH  s  2£r. 
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The  problems  known  as  the  Tangencies. 

937  Given  in  position  any  tliree  of  the  following  nine  data — 
viz.,  three  points,  three  straight  lines,  and  three  circles, — ^it  is 
required  to  describe  a  circle  passing  through  the  ^iven  points 
and  touching  the  given  lines  or  circles.  The  following  &ve 
principal  cases  occur. 

938  I*  Given  two  points     By  and  the  straight  line  CD, 

Analysis. — Let  ABX  be  the  required 
oirole^  tonehing  OD  in  X  Theveforo 

ox^ssOA.OB.  (in.a6) 

Uence  the  point  X  can  be  found,  and  the 
oantre  off  too  cirolo  defined  by  tiie  inter* 

section  of  theperpendicnlarto  (3D  through 
X  and  the  perpendicolar  biaeotor  of  AB, 
There  are  two  solntions. 

Otherwise,  by  (^26),  making  the  ratio 
one  of  eqnaU^,  and  DO  the  given  Une. 

Cob. — The  point  X  thus  determined  is  the  point  in  CD  at 
which  the  distance  AB  subtends  the  greatest  angle.  In  the 
solution  of  (941)  (2  is  a  similar  point  in  the  circumference  CD, 

(III.  *21,  k  T.  16) 

939  II-  Given  one  point  A  and  two  straight  lines  DC,  DE. 

In  the  last  figure  draw  .100  perpendicular  to  7)0,  the  biseotOTOl  tbe 
angle  I>,  and  make  OB  =  OA^  and  this  oase  is  aoived  bj  Caee  I. 

940  ni.  Given  the  point  P»  the  straight  Une  DE^  and  the 
drole  AOF. 

Amaltbis. — Let  FBF  be  tiie  required 
oirole  tonehing  the  gifon  line  in  B  and  the 

oirole  in  F- 

Through  iZ,  the  centre  of  the  given 
circle,  draw  AHGD  perpendicular  to  BE. 
Let  K  be  the  centre  of  the  other  oirole. 

Join  HK,  passing  through  F,  the  point  of 
contact.  Join  A  h\  EF,  and  AF^  oatting 
the  required  circle  in  X.  Then 

^DHF=LKF;  (1-27) 

therefore  HFA  =KFE  (the  halves  of  equal 
angles) ;  therefore  AF,  FB  eare  in  the  eame 

stniight  Une.   Then,  beoaoee  AX.AF  s  AF.AS,  (m.  96) 

and  AF.AE  ^  AC  .AD  by  similar  triangles,  therefore  AX  can  be  found. 
A  oiroie  matt  then  be  deeoribed  throagh  P  and  X  to  touch  the  giiren  line, 
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hj  Case  I.  There  a.ve  two  solattons  with  exterior  contact,  as  appenrs  from 
Case  L  These  are  indicated  in  the  diagram.  There  are  two  more  in  which 
ilw  datdo.AO  lies  witiun  the  desoriM  oiicle.  The  ooosirnofeioii  is  quite 
a&alqgooi^  0  taking  the  pleoe  oiA. 


941  IV.  Given  two  points  B  and 
the  cixde  CD, 

Draw  any  circle  through  cutting  the 

required  circlo  in  C\  D.  Draw  AB  and  Z)(7, 
and  let  them  meet  in  P.  Draw  PQ  to  touch 
the  given  circle.    Then,  because 

FC.FD  =  PA.PB  =  P(^,  (in. 36) 

and  the  required  circle  is  to  pass  through 
AfBi  therefeteaoiroledrawii  through  A,  B,  Q 
must  touch  PQ.  and  therefore  the  circle  ODt 
in  Q  (ni.  37),  and  it  can  be  described  by  Case 
L  There  are  two  solutions  correspondiiig  to 
tte  tiro  tangents  from  P  to  the  obde  OD, 


M2   V.  Given  one  point  P,  and  two  circles,  centres  A  and  B, 


AvAtms. — ^Let  PFCf  be  the  requind  eirele  touching  the  given  onee  in  Jf* 

and  G.  Join  the  centres  QA,  QB.  Join  FO,  and  produce  it  to  cut  the 
circles  in  E  and  /T,  and  the  line  of  centres  in  0.  Then,  by  the  isosceles 
triangles,  the  four  angles  at  E,  P,  G,  II  are  all  equal ;  therefore  AE^  BO  are 
parallel,  and  so  are  AF,  BU\  therefore  AO  :  BO  AF  BU,  and  0  is  a 
centre  of  similitude  for  the  two  circles.  Again,  Z  EBK  =  2nLK,  and 
FAM=2FyM  (III.  20)  ;  therefore  FNM  =  nLK=  HOK  (III.  21)  ;  there- 
fore the  triangles  OFN,  OKQ  are  fiimilar;  therefore  OF.  0G=  OK.ON\ 
therefore,  if  OP  cat  the  required  circle  in  X,  OX.  OP  =  OK.  ON.  Thus 
tile  point  X  een  be  fonnd,  and  the  proUem  is  tedneed  to  Ceae  IV. 

Two  circles  can  be  drawn  throngh  P  and  X  to  touch  the  given  circles. 
One  is  the  circle  FFX.  The  centre  of  the  other  is  at  the  point  where  EA 
and  BB  meet  if  produced,  and  this  circle  touches  the  given  ones  in  E  and  H, 

943  An  analogous  construction,  eii^ilojuig  the  internal  centre  of  atmili> 
tnde  determines  the  circle  which  passes  thron[!:h  P,  and  tooehea  one  giveil 
circle  externally  and  the  other  internally.    See  (1047-9). 

The  centres  of  similitude  are  the  two  points  which  diyide  the  diitanoe 
tetweoDtheeentraainihenitioorthenidik  See  (1087). 

2d 
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944  Cor. — Tlie  tang^ents  from  0  to  all  circles  which  touch 
the  giveu  circles,  either  both  externally  or  both  iuternallyy 
are  equal. 

For  the  iqiiare  of  the  tangent  is  always  equal  to  OK.  ON  or  OL .  OJf. 

945  'flie  solutions  for  the  cases  of  three  given  straight  lines 
or  three  given  points  are  to  be  found  in  Euc.  IV.,  Props.  4,  6. 

946  In  the  remaining  cases  of  the  tangencies,  straight  lines 
and  circles  alone  are  given.  By  drawing  a  circle  concentric 
with  the  required  one  through  the  centre  of  the  least  given 
circle,  tlie  ])roblem  can  always  bo  nrade  to  depend  upon  ono 
of  the  preceding  cases ;  the  centre  of  the  least  circle  beconuug 
one  of  the  gicen  points. 

947  DEFiNrnoN. — A  centre  of  similarity  of  two  planr  mrvos 
is  a  point  siirli  ihal,  uny  straight  line  hciiuj  dravn  ilirougli  it 
to  cat  the  curres,  the  segments  of  the  line  intercepted  between 
the  point  ami  the  curves  are  in  a  constant  ratio. 

948  If  AB,  AC  touch  a  circle  at  ^  and  ^ 
0,  then  any  straight  line  AEDF^  cutting  y\ 
the  circle,  is  divided  harmonically  by  /  '\ 
the  circumference  and  the  chord  of  con-  \  \ 
tact  BG.  Z-^^^l^ 

Proof  from    AB.AFsAI^,  (HL  86)  g^^^^'^X^K 

AI^^BI>.J>0-{'AI^,  (923)    ^/\~        A\  V 

and  BD.DO^ED.DR       (IIL  85)    /  \  \  ] 

949  If  "  J  P»  7>  in  the  same  figure,  be  the  I  / 
perpendiculars  to  the  sides  of  ABC  from   \  \  ^)ar 
any  point  E  on  the  circumference  of  the 

circle,  then      fiy^a*.  ^ 

PBOor. — Draw  the  diameter  BS^di  tben  EB^stfid,  because  BES  is  a 
rigU angle.  Similarly  £0* » yd   Bat  fB.^Csai  (VL  DOithereforo  Ac. 

950  If  ^''^  bo  drawn  parallel  to  the  base 
J^O  of  a  triangle,  and  if  EB,  FG  intersect 
in  0,  then 

AE  iAG  ::  EG  :  GB  ::  FG  :  GG. 

BjTL.2.  Sinoe  eaoh  ratio  s  : 
Cob.— If  AO ^n.AE,  then 
'  BE (n-^l)  OE, 


Digitized  by  Google 


MI$OELLANS0U8  FROPOSITIONa. 


208 


951  The  three  lines  drawn  from  the  angles  of  a  triangle  to 
the  middle  points  of  the  opposite  sides,  intersect  in  the  same 
point,  and  divide  each  other  in  the  ratio  of  two  to  one. 

For,  by  the  last  theorem,  any  one  of  tliese  lines  is  divided  by  each  of  the 
others  in  tho  ratio  of  two  to  one,  nieasurini^  from  tho  same  eztremitji  aud 
most  therefore  be  intersected  bj  tliem  in  tlie  eume  point. 
This  point  will  be  relbmd  to  as  the  eeniraid  of  the  triaogle. 

968  The  perpendioulars  from  the  angl^  upon  the  opposite 
sides  of  a  triangle  intersect  in  the  same  point. 

Draw  BE,  Ci^  perpend icnlar  to  the  aides,  and  let 
themintenectuO.  Let  ^0  meet  £C  in  17.  Girdes 
irill  offcamacribe  AEOF  and  3FB0,  hy  (JSL  81) ; 

therefore       Z  FAO  -  FBO  ^  FOB ;     (in.  21) 

iheraCbve    2  BDA  s  BFO  =  a  right  angle ; 

ML,  AO  is  perpendionlar  to  BC,  and  therefore  the 
pMrpendicalar  mm  A  on  BO  passes  through  0. 

0  is  called  the  orthoeenire  of  the  triangle  ABO* 

CoTt. — The  perpendiculars  on  the  sides  bisect  the  angles 
of  the  triangle  JJEF,  and  the  point  0  is  therefore  the  centre 
of  the  inscribed  circle  of  that  triangle. 

Proof. — From  (III.  21),  and  the  circles  cu'camscribing  DEAF  and  OECD. 

953  If  the  inscribed  circle  of  a  triangle  ABC  touches  tho 
sides  a,  6,  c  in  the  points  7),  F;  and  if  the  escribed  circle 
to  the  side  a  touches  a  and  6,  c  produced  in  D',  iT,  F' ;  and  if 

then 

and  similarly  with  respect  to 
the  other  segments. 

Proof. — The  two  tangents  from 
anjr  vertex  to  either  circle  being  eqaal, 
h  follows  that  CD-f«s  luklT  the 
perioMterof  ^27C,  which  is  made  np 
of  three  pairs  of  c^nal  segments; 

tberefoce      OD  =s  f — e. 

Also 

^+Ar  =  AC-^-CD'-i-AB+Bjy 

=  2s; 

therefore  AE' =  AF' =  s. 
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7%e  Nine-^Paini  Cirde. 

954  The  Ntne^poini  circle  iB  the  eirole  described  through 
D,  E,  the  feet  of  the  perpendiculars  on  the  sides  of  we 
triangle  ABO*  It  also  passes  through  the  middle  points  d 
the  sides  of  ABO  and  the  middle  points  of  OA^  OB^  00;  in 
all^  through  nine  points* 

Pboof. — Let  the  circle 
eat  ihe  mdeB  of  ABO 

again  in  G,  II,  K;  and 
OA,  OB,  00  in  L,  M, 
^EMF-EDF  (1IL21) 
z!z20J)F  (052,  Cor.) J 
tliereforo,  since  OB  is  the 
diameter  nf  the  circle  cir- 
cumsrrilnug  OFBV  (III. 
81),  M  is  the  centre  of 
that  oirole  (m.  20),  and 
therefore  bisects  OB. 

Similarly  OC  and  OA  ^ 
are  bisected  at  N  and  L.  ^ 

Again,  Z  lf(?^  Jfi^jD  (UI.  22)  »  OCD,  (UI.  21),  by  the  circle  circrnu- 
•cribing  OBOD,  Thflvafera  MQ  is  pazalkt  to  0(7,  and  thfltdbM  Uieeti  £0. 
Bimilarly  HwoAK  InMot      and  ilB. 

955  The  centre  of  the 
rine-point  circle  is  the 
middie  point  of  00,  the 
line  joining  the  ortho- 
centre  and  tlie  centre 
of  the  ciicumscribing 
circle  of  the  triangle 
ABC. 

For  the  centre  of  the  N.  P. 
circle  is  the  iuten>ection  of 
the  perpendioalar  biaeclon 
©f  the  chords  BO,  EH,  FK, 
and  those  perpendiculars 
bisect  OQ  in  the  same  point 
JT,  bj  (VL  2). 

956  The  centroid  of 
the  triangle  ABC  also  lies  on  the  line  OQ  and  divides  it  in 
E  so  that  0B  =  2BQ. 

PuooP. — The  triangles  QHO,  QAB  are  similar,  and  AB  ss  2E0 ;  there- 
.    f(aaniA0^2QQ;  therefore  OB 8  2£<);  wadASssiBQi  tbanfoie JB Is tlw 
Mtroid,  and  it  diTidea  Oa  ai  Btatad  (951). 

I 
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957  Hence  the  line  joining  the  centres  of  the  circumscribed 
and  nine-point  circles  is  divided  harmonically  in  the  ratio  of 
2:1  by  the  centroid  and  the  orthocentre  of  the  triangle. 

These  two  points  are  therefore  centres  of  similitude  of  the 
circumscribed  and  nine-point  circles;  and  any  lino  drawn 
through  either  of  the  points  is  divided  by  the  circumferences 
in  the  ratio  of  2  :  1.    See  (1037.) 

858   The  lines  DE,  EF,  FD  interoeot  the  sideB  of  ABO  in 

the  radical  axis  of  the  two  circles. 

For,  if  EF  meets  BC  in  P,  then  by  the  circle  circnmscribing  JiCF.F^ 
PE.PF=  PC.FBi  therefore  (III.  36)  the  tangents  from  P  to  the  circles 
are  eqaal  (985). 

969  The  nine-point  circle  touohefi  tilie  insoribed  and  escribed 
ckdes  of  the  triiingle. 

Pioor^Let  O  be  tlie  orthoomtra,  ind  I,  Q 

the  centres  of  the  inscribed  and  circnmBcribed 
circles.  Produce  A I  to  bisect  the  arc  BG  in  T. 
Bisect  AO  ia  Lj  and  join  QL,  catting  AT  in  S, 
Tlie  K.  P.  einde  pswes  through  O,  D,  and 
L  (954),  and  2)  is  a  right  angle.  Therefore 
(rX  is  a  diameter,  and  is  therefore  =  E  =  QA 
(967).  Therefore  OL  and  QA  are  paraileL 
But  Qii  =  QT,  therefore 

Alio  OTss26^5coe0 

(•bsbgfhe  angle  G8TssGT8), 

N  being  the  centre  of  the  K.  P.  oirde^  ifte 
ledloB  =  NO  =  ;  and  r  being  the  radioB  of 
tin  inacnbed  oirol^  it  is  reqaired  to  shew  that 

NI  =  NO-r. 
Kow  Nl*  =  8N*  +  SP-2SN  .SIomO. 

Snbstitiite  ♦'^-.V  =IB-GS; 


(702) 


3fi 


ttid  (38  m      tia?  lA^  to  prove  the  propoiition. 

/  he  the  oimtie  of  the  eeoribed  ciroto  tonching  .B(7,  sad  r«  its  ndioe,  it 
■  shewn  in  a  nnular  way  that  NJ  ss  2f(7+r«. 

To  eangtruct  a  triangle  from  certain  data, 
960   When  amongst  the  data  we  have  the  sum  or  difference 
of  the  two  sides  AB,  AG ;  or  the  stun  of  the  segments  of  the 
Imse  made  by  AG^  the  biseotor  of  the  exterior  vertical  angle ; 
or  the  difference  of  the  segments  made  by  AF^  the  biseotor  of 
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the  interior  vertical  angle;  the  following  construction  will 

lead  to  the  solution. 

lHjokQ  AE=^AD  =  AC.  Draw 
DH  parallel  io  AF^  and  suppose 
EK  drawn  parallel  to  AQ  to  meet 
the  base  produced  in  K\  niid 
complete  the  fi<rnrp.  Thrn  BE 
is  the  sum,  and  liU  in  llio  ditTer- 
enoe  of  tbe  sides. 

BK  is  the  snm  of  tbe  exterior 
Bej3'tnotit8  of  the  bnse,  and  Bll  is 
the  diti'ercnce  of  the  interior  seg- 
ments. /.BDTT:=BEC  =  \A, 

ZADO  =  EAG  =i(L*  +  C), 

Z  DOB  =  iDFB  =  i  (0-5). 

961  "When  the  base  and  the  vertical  angle  are  giyen ;  the 
locus  of  the  vertex  is  the  circle  ABC  in  figure  (935) ;  and  the 
locus  of  the  centre  of  the  inscribed  circle  is  the  circle,  centre 
F  and  radius  FB.    When  the  ratio  of  the  sides  is  giyen* 

see  (932). 

962  To  construct  a  triangle  when  its  form  and  the  distances 
of  its  vertices  from  a  point  A'  are  given. 

Analysis. — Let  JB^^  he  the  required  triangle.  On 
A'B  make  the  trian^'lu  AUG'  similar  to  ABOy  so  that 
AB  :  A'B  ::  OB  :  O^B.  The  anf^les  ABA,  OBC  yrA 
also  be  c(jnal ;  therefore  AB  :  BC  ::  A  A'  I  CO*,  whkdl 
gives  CC  J  since  the  ratio  AB  :  BC  is  known.  Hence 
the  poiot  C  is  found  by  constructing  the  triangle 
A'C&,  Thus  BO  is  determined,  and  thence  the  tri- 
angle ABO  from  the  known  angles. 


963  To  find  the  locus 
of  a  point  P,  the  tan- 
gent from  which  to  a 

fiyen  circle,  centre  A, 
as  a  constant  ratio  to 
its  d  i  anoefrom  a  given 
point  B, 

Let  ylK"  be  tbe  radius  of 
the  circle,  and  p  :  q  the 
given  ratio.  On  AB  take 
AOf  n  third  proportional  to 
AB  and  AK,  and  make 
ADlDB  :  g». 
With  oentce  2>,  and  a  radioi 
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eqaal  to  a  mean  proportional  betireen  DB  and  DO,  dmoribe  a  oirdo.   It  will 

be  the  required  locus. 

Proof.— Suppose  P  to  be  a  iKnni  on  tlie  xeqnired  loeas.   Join  P  with 

A,  B,  C,  and  D. 

Describe  a  circle  about  PBC  catting  AP  in  F,  and  another  about  ABF 
enitin^  PB  in  O,  and  join  AO  and  BP,  Then 

PA*  =  AF'-AK-  =  Al^-BA .  AC  (by  constr.)  =  A  I'' -FA .  AF  (III.  3G) 

=  AP .  PF  (H.  2)  =QP.  PB  (UI.  3C). 
Therefore,  by  hy{K)the.sis, 

1»» :  2«  =  GF.PB  iPB^ssaPiFB^ADiDB  (by  oonstr.); 
Gyenfyn    Z  DPd  s  Pfllil  (VI.  8)  =  PPB  (in.  22)  =  PCB  (IH.  21). 

Therefore  the  triangles  DPB^  DCP  are  similar;  therefore  DP  is  a  mean  pro- 
portional to  DB  and  DO,   Henoe  the  oonatroctioii. 

964  Cor. — If  p  =  q  the  locus  becomoa  the  perpendicular 
bisector  of  BO,  as  is  otherwise  shown  in  (IOCS). 


965  To  find  the  locus  of  a  point  P,  the  tangents  from  which 
to  two  given  circles  shall  have  a  given  ratio.  (See  also  1030.) 

Let  A^  B  be  the  'oentre^  a,  h  the  nuUi 

(a>6),  and  p  :  q  the  given  mtio.  Take  e,  bo 
that  C.  h      p  :  q,  and  describe  a  circle  with 

oeiitre.i4andradiu8.4A'  =  \/a'— c*.  Find  the 
locna  of  P  by  the  laet  proposition,  so  that 
the  tei^ient  from  P  to  thiH  circle  may  have 
the  given  ratio  to  FB.  It  will  be  the  re- 
quired locus. 

fSOOF.— By  hypothesis  and  construction, 

a"    pr         FT-i-b'       BF*    "    BP"  ' 

Gob. — Hence  the  point  can  be  found  on  an^  curve  from 
wMch  the  tangents  to  two  circles  shall  have  a  given  ratio. 


966  To  find  the  locus  of  the  point  from  which  the  tangents 
to  two  given  circles  are  equal. 

Since,  in  (965),  we  have  now  J>  =  2,  and  therefore  c  =  6,  the  coustructioa 
BBpliiiee  to  the  following : 

Take  JUTs  and  in  AB  take  AB  :  ^^V  :  AC.    The  perpen- 

dicular bisector  of  BC  is  the  required  Iocuh.  But,  if  the  circles  intersect, 
then  their  oommon  chord  ia  at  once  the  line  reqoired.  See^Iiadical  Axis 
(^85). 
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CoUmear  and  Cancurreni  m^ttenu  of  points  and  lines* 

967  Definitions. — Points  lying  in  the  same  straight  line  are 
colli  near.  Straight  lines  passinsr  through  the  same  point  are 
concurrent,  and  the  point  is  called  the  foetus  of  the  pencil  of 
lines. 

Theorem. — If  tlie  sides  of  the  triangle  ABC,  or  the  sides 
produced,  be  cut  by  any  straight  line  in  the  points  a,  />,  o 
respectively,  the  line  is  called  a  transversal,  and  the  segments 
of  the  sides  are  counccted  by  the  equation 

968  (Ah  :  bC)(Ca  :aB){Be:  eA)  =  L 

Oonyerselj^  if  thia  relation  holds,  the  pcnnts  a,  c  will  be 
coUmear. 

Proof.  —  Through  any  vertex  A  draw  AB 
parallel  to  the  opposite  side  BO,  to  meet  the 

transversal  in  P,  then 

Ab  :  bC  =  AD  lOa  and  Be:cA  =  aBiAD 
(YI.  4),  which  proves  the  theorem. 

NoTE.^ — In  the  formnla  the  aegments  of  the 
sides  are  estimated  positive,  independently  of 
direction,  the  seqnenoe  of  Hw  letten  beiiig  pre- 
served  the  hetter  to  sssist  tiie  memory.   A  p<»nt  mej  be  supposed  to  travrf 
from  A  over  the  segments  Ah,  bO,  Ac  eonmuw«fy,  natii  it  roacheo  A  agein. 

969  By  the  aid  of  (701)  the  above  relation  may  be  put  in 
the  form 

{sin ABb :  sin  bBC) (sinCAa :  sin  aAB)  (siu  BCc :  sin  cCA)=^l 

970  If  0  be  any  focus  in  the  plane  of  the  triangle  ABC,  and 
if  AO,  BO,  CO  meet  the  sides  in  a,  b,  c ;  then,  as  before, 

(Ab  :  bC)  (Ca  :  aB)  (Be  :  eA)  =  1. 

Conreraelj,  if  this  relation  holds,  the  lines  Aa,  Bh,  Gc  mil 
be  oonoorrrat* 

Pboof. — ^Bjthe  tnme- 

vcrsal  Bb  to  the  triaoj^ 
AaC,  we  have  (968) 

{Ah  :  hC)  {Cn  :  Da) 

x(aO  :  0.1)  =1. 

And,  by  the  transversal 
Cc  to  the  triangle  AaB, 

(BclcA)  (AO:  Oa) 

x(aa:aB)sl. 

Multiply  these  eqnatiaiis 
together. 
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971   If  ^c*  in  the  last  figure,  be  produced  to  meet  the 

rides  of  J /j? 6' in  I\  Q,  /i^,  then  each  of  the  nine  lines  in  the 
fi^riire  will  be  divided  hAiinonically»  and  the  points  P,  Q,  3 
will  be  collinear. 

PB0Or.~(i.)  Take  bP  a  transyersal  to  ABC;  therefore,  by  (DCS), 
(OP  ;  PB)  (Be  :  cA)  (Ah  :  6C)  =  1 ; 
tlierefore,  by  (970),  CP  :  PB  =  Ca  :  aB. 

(ii.)  Take  CP  a  transversal  to  Abe^  therefore 

(AB  :  Be)  (eP  :  Ph)  (bC :  CA)  =  1, 
But,  by  (970),  taking  O  for  focus  to  Ahc, 

{AB  :  Be)  (cp  :  pb)  (bC  :  C^)  =  1 ; 
thertTore  ePlPbssiep  Ifh. 

(iiL)  Take  PC  »  inMiBTenal  to  AOe,  and  h  a  focna  to  AOo ;  tberefore,  by 
(968&970),  iAa:aO)iOO:Cc)(eB:BA)s^l, 
and  (Ap  :  pO)  {00 :  Cc)  (eB  :BA)  =  li 

iberefore  Aa:  aOssAp:  pO. 

fhvB  all  ibe  lines  are  divided  barmonically. 

(iv.)  In  the  eqaation  of  (i>7u)  put  Ab  :  bC  =  AQ  :  QC  the  harmonic 
ittio^  and  aimiiarly  for  each  ratio,  and  ibe  remit  provaa  that  P,  Q,  12  are 
nOinear,  by  (968). 

Cor. — If  in  the  same  fi  f2:ure  qr^  rp,  pq  be  joined,  the  three 
hnes  will  pass  through  1*,  (4*  ^  respectivelj. 

Pboof. — Take  0  as  a  focus  to  the  triangle  o6o,  and  employ  (970)  and  Che 
Wmooic  division  of  6e  to  ahow  that  the  tranavenal  rq  oate  be  in  P, 


972  If  a  transversal  intersects  the  sides  AB^  BC,  CD,  &c. 
dan  J  polygon  in  the  points  «,  h,  c,  &c.  in  order,  then 

(Aa  :  aB)  (fib  :  hC)  (Cc  :  cD)  (Dd  :  dE) ...  &c.  =  1. 

PBOOr. — ^Divide  the  polygon  into  triangles  by  lines  drawn  from  one  of  the 
•BgleB,  and,  implying  (9G8)  to  each  triangle,  combine  the  results. 


973  T-<et  any  transversal  cut  the  sides  of  a  triangle  and 
theii-  three  intersectors  AO,  BO,  CO  (see  figure  of  970)  in  the 
points  A',  B',  C,  a,  h\  c\  respectively;  then,  as  before, 

(A  b'  ;  b  C)  (C'a  :  dB)  {Be  :  c'A  )  =  1. 

Pboot. — Each  side  forms  a  triangle  with  its  interseotor  and  the  trans- 

▼ersal.  Take  the  four  reuiaining  lines  in  suL-ce.ssimi  for  transversals  to  each 
^niDgle,  applying  (968)  symmetrically,  and  cvuibino  the  twelve  equations. 

2£ 
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974  If  the  lines  joining  correBponding  vertices  of  two  tri- 
angles ABC,  abc  are  concurrent,  the  points  of  intersection 
of  the  pairs  of  corresponding 
sides  are  collinear,  and  con- 
yerselj. 

Proof.  —  Let  tho  concnrmit  lines 
Aa,  Bh,  Cc  meet  in  0.  Tuko  6c, 
ca,  ab  trausver^ls  respectively  to 
the  tmD^les  OB0,  OCA,  OAS,  ap- 
plying  (9(>8),  and  the  product  of  the 
three  equations  shows  that  Q 
lie  on  a  transvertMil  to  ABC. 

975  Hence  it  follows  that,  if  the  lines  joining  each  pair  of 
corresponding  vertices  of  any  two  rectilineal  figures  are  con- 
current, the  pairs  of  corresponding  sides  intersect  in  points 
which  are  collinear. 

The  figures  in  this  case  are  s^aid  to  bo  in  perspective,  or  in 
homology,  with  each  other.  The  point  of  concurrence  and 
the  line  of  collinearitv  are  called  respectively  the  ce$iire  and 
axis  of  perspective  or  homology*    See  (1083). 

976  Thfovfrn. — When  three  perpendiculars  to  the  sides  of  a 
triangle  ABC,  intersecting  tlieni  in  the  points  a,  by  c  respec- 
tively, are  concurrent.,  the  folluwiii(z:  relation  is  satisfied;  and 
conversely,  if  the  relation  be  satished,  the  perpeudiculurs  are 
concurrent. 

Pkoof. — If  the  perpendiculars  meet  iu  0,  then  Ab*—bG*=  AO^—OC*, 
&c.  ( I.  4f7). 

ExAHPLn. — By  the  application  of  this  theorem,  the  ooncnrrenoe  of  the 
three  perpendicalare  is  readily  estahliNlied  in  the  following  cases:— 

(1)  When  the  perpendiculars  bisect  thr  siil<v>  of  the  triMti^'le 

(2)  Whea  tliey  puss  thrtm^h  the  vei  liti  s,    (li^^  einpl«»niig  I.  47.) 

(3)  Tbe  three  radii  of  the  escribed  circles  of  a  triangle  at  the  points  of 
contjict  betwet'u  the  vertices  are  concurrt'nt.  So  also  avo  the  radius  of  the 
inscribed  circle  at  the  point  <  f  ciintoft  witli  one  side,  niid  the  tudii  of  tho  two 
escribed  circles  of  tbe  ramaiuing  sides  at  tiio  points  of  coutuct  beyond  tbe 
included  angle. 

In  theM  cases  employ  the  valnee  of  the  eegments  given  in  (953). 

(4)  The  perpendicalars  eqaidistant  from  the  vertices  with  three  GCxn* 
ClUTont  perpendiculars  are  also  concurrent. 

(5)  When  the  three  poipcudiculars  from  tbe  vertices  of  one  triangle  upon 
the  aides  of  the  otheir  are  concnrreut,  then  the  pcrpcndtcnlars  from  the 
▼ertices  of  the  second  triangle  upon  the  sides  of  the  first  nre  also  oonoamnt. 

Proof. — If  .1,  7/,  C  and  A\  Jf,  C  are  corresponding  vertices  of  the  tri- 
nr\gW,  join  All\  AC,  BC,  BA',  CA,  CB,  and  applj  tbe  theorem  in  ooigniio- 
tiou  with  (1.  4tl), 
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Triangles  qfeanstani  tpeeies  eweuiMcribed  to  a  triangle* 

977  het  ABC  be  any  triangle,  and  0  any  point  ;  and  let 
circles  circurascribe  AO  By  BOG,  CO  A.  The  circumlVrences 
will  be  the  loci  of  the  vertices  of  a  thaugle  of  constant  form 
whoso  sides  pass  through  tho 
points      B,  G, 

PBOOr. — Draw  any  line  hAc  from  circle 
to  circle,  and  produce  cB  to  nteet  in  a. 
The  angles  AOB^  CO  A  are  supplemeuts 
of  tbe  angles  e  and  h  (III.  22) ;  therefore 
BOC  is  the  supplement  of  a  (I.  32) ;  there' 
fore  a  lies  on  the  cirelo  OIIC.  Also,  the 
anirlos  at  0  boiog  constaut,  the  angles  a,6,o 
aru  cout>tuut. 

978  The  triangle  ahc  is  a  maximum  when  its  sides  are  per- 
pendicular to  OA,  OB,  00. 

Proof. — The  triangle  is  greatest  when  its  sides  are  greatest.  But  tl.e 
sides  vary  as  Oa,  06,  Oc,  which  are  greatest  when  they  are  diaruetera  of  the 
circles;  tiberefore  Aks.,  by  (IIL81). 

979  To  construct  a  triangle  of  givon  species  and  of  given 
Umited  magnitude  which  shall  have  its  sides  passmg  through 
three  given  points  A,  B,  G, 

Determine  0  by  describing  circles  on  the  sides  of  ABC  to  contain  angles 
eqaal  to  the  supplements  of  the  angles  of  the  sjK'citicd  ti  iangle.  Construct 
the  figure  abcO  independently  from  the  known  sides  of  tihr,  and  the  now 
known  angles  ObG  s  OAC,  OaC=  OBO,  Ac  Thus  the  lengths  Oa,  06,  Oc 
are  found,  and  therefore  the  points  a^'bf     on  the  eircies,  can  be  determined. 

Tbe  demonstoations  of  the  following  propositions  will  now  be  obrioos. 


TViangleM  of  constant  species  inscribed  to  a  trian^, 

980  L^'t  abr,  in  the  last  figure,  be  a  fixed  tnangle,  and  0 
any  point.  Take  any  point  A  on  be,  and  let  the  circles  cir- 
cumscribing OAc,  OAb  cut  the  other  sides  in  B,  C,  Then 
ABC  will  be  a  triangle  of  constant  form,  and  its  angles  will 
have  the  values  A  =t  Oha-\-Oca,  &c.  (III.  21.) 

981  The  triangle  ABC  will  evidontly  be  a  miniraum  when 
OA,  OBt  OC  are  drawn  perpendicular  to  the  sides  of  abc, 

982  To  construct  a  triangle  of  given  form  and  of  given 
limited  magnitude  having  its  vertices  upon  three  fixed  lines 

he,  ca,  ah. 
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Construct  the  fifjnro  ABCO  independently  from  the  known  sides  of  AliC 
and  the  angles  at  0,  which  ai*e  equal  to  the  suppleroents  of  the  given  angU's 
a,  6,  c.  Thus  the  angles  OAC,  *tc  are  found,  and  theref'oi-o  the  angles  06(7, 
Ac.,  eqval  to  them  (III.  21),  are  known.  From  theso  last  aogles  the  point  O 
can  be  determined,  and  the  lengths  OA,  OB,  00  being  known  from  the  inde- 
pendent figure,  the  points  ^4,  i/,  €  can  be  found. 

OliKerve  tliat,  wherever  the  point  0  may  bo  taken,  the  angles  AOTt,  BOO 
CO  A  are  iu  all  cases  either  the  HU[>pkMnent.s  of,  or  equal  to,  the  angles  c,  a,  b 
respectively ;  while  the  angles  aOb,  bOc,  cOa  are  in  all  oaaee  equal  to  C±e, 
A±at  B±b, 

983  Note. — In  general  problems,  like  the  foregoing,  wliidi 
admit  of  different  caseR,  it  is  advisable  to  choose  for  reference 
a  standard  figure  whicli  has  all  its  elements  of  the  same  affec- 
tion or  sign.  In  ada]>ting  the  figure  to  other  cases,  all  that 
is  necessary  is  to  follow  the  same  construction,  letter  for 
letter,  observing  the  convention  respecting  positive  and 
negative,  which  applies  both  to  the  lengths  of  lines  and  to 
the  magnitudes  of  angles,  as  explained  in  (607 — 009). 


Radical  Aans, 

984  Definition. — The  radical  axis  of  two  circles  is  that 
perpendicular  to  the  line  of  centres  which  divides  the  dis- 
tance between  the  centres  into  segments,  the  difference  oi 
whose  squares  is  equal  to  the  difference  of  the  squares  of  the 
radu. 

Thus,  B  being  the  centres,  a,  h  the  radii,  and  IP  the 
the  radical  axis,      AP—BP  =  a^—b^. 


985  It  follows  that,  if  the  circles  intersect,  the  radical  axis 
is  their  common  chord ;  and  that,  if  they  do  not  intersect,  the 
radical  axis  cuts  the  line  of  centres  in  a  point  the  tangents 
from  which  to  the  circles  are  equal  (I.  47). 

To  draw  the  axis  in  this  case,  see  (966). 
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Ofherwise :  let  the  two  drclea  cnt  the  line  of  centres  in  C,  V  and  (T,  2/ 
respectively.  Describe  any  circle  through  C  and  i),  and  another  throaj^h 
C  aud  Z/,  intersecting  the  former  in  E  and  F.  Their  common  chord  jBjf* 
will  cat  the  central  axis  in  the  required  point  J. 

'Pvacn.'^IC .ID  =  JB ,IF I(f,W  (HI.  36) ;  tberafore  the  tangents 
from  I  to  the  circles  are  equal. 


986  Tkewem, — ^The  difference  of  the  squares  of  tangents 
from  any  point  P  to  two  circles  is  equal  to  twice  the  rectangle 
under  the  distance  between  their  centres  and  the  distance  of 
the  point  from  their  radical  axis,  or 

PK^-PT^=:2AB.PN. 


Proof. 

PK' -PT*  =  (/1P»-BP»)  -(a'-&«)  =  (AQ'^BQ')  -  (AP-BI*),' 
bv  (T.  47)  &  (Om),   Bisect  A£  ia  0,  and  substitute  for  each  difference  of 
Bqtuures,  bjr  (U.  12). 

987  CoE.  1.— If  P  be  on  the  circle  whose  centre  is  5,  then 

PK'  =  2AB ,  PN. 

988  Cob.  2.— If  two  chords  be  drawn  through  P  to  cut  the 
circles  in  X,  X,  7,  F ;  then,  by  (III.  86), 

PX.PX-PY.Pr  -2AB.PN. 


989  If  a  variable  circle  intersect  two  given  circles  at  con- 
slant  angles  a  and  0,  it  will  intersect  their  radical  axis  at  a 
constant  angle ;  and  its  radius  will  bear  a  constant  raiio  to 
the  distance  of  its  centre  from  the  radical  axis.  Or 

PN  :  PX=^a  cosa-b  COS    :  AB. 
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Proof. — In  the  same  figure,  if  P  be  the  centre  of  the  vamUo  oudey  and 

if  PX  =  FY  be  its  radius;  then,  by  (vm, 

FX  (XX'-  yy')  =  2 An .  rx. 

But  XX"  =  2a  cos  a    and    i'l  '  =  2h  coefi; 

tlierefore  PX  :  PX  =  a  cos  a  —  ft  coe  /3  ;  AB^ 

which  ia  a  constant  ratio  if  the  angles  a,    are  coDstani. 

990  Also  PX :  PN  r=  tlie  cosine  of  the  angle  at  which  the 
circle  of  radius  PX  cuts  the  radical  axis.  This  angle  is 
therefore  constant. 

991  CoH. — A  circle  wliicU  touches  two  fixed  circles  has  its 
radius  in  a  constant  ratio  to  the  distance  of  its  centre  from 
their  radical  axis. 

This  foUowa  from  the  proposition  by  making  a  =  /3  =  0  or  2t. 


If  P  be  on  the  radical  axis ;  then  (see  Figs.  1  and  2  of  984) 

992  (i*)  The  tangents  from  P  to  the  two  circles  are  equal, 
or  PJr  =  PT.  (986) 

993  (ii-)  The  rectangles  under  the  segments  of  chords 
through  P  are  equal,  or  FX .  PX'  =  FY.  FT.  (988) 

994  (iii-)  Therefore  the  four  points  A",  A',  F,  Y  are  con- 
cvcUc  (III.  3G);  and,  conversely,  if  they  are  concyclic,  the 
chords  XX\  YIT  intersect  in  the  radical  axis. 

995  Dki  iMTioN. — Points  which  lie  on  the  circumference  of 
a  circle  are  termed  comyclic, 

996  (iv.)  If  P  he  the  centre,  and  if  PX=:  PY  be  the  radios 
of  a  circle  intersecting  the  two  circles  in  the  figure  at  angles 

«  and  j3;  then,  by  (993),  XX'^YY\  or  a cosa  =  6008/3; 
that  is.  The  cosines  of  the  aufjlcs  of  intersection  are  inversely 
as  the  radii  of  the  fixed  circles, 

997  The  radical  axes  of  three  circles  (Fig.  1046),  taken  two 
and  two  together,  intersect  at  a  point  called  their  radical  centre^ 

Pboop. — Let  A  J  B,  0  b.-  t'le  oeniros,  a,  ft,  e  the  fadii,  and  XyY,Z^9  pointa 

in  which  the  radical  axes  cot  BC,  CA,  AB.  Write  the  eqaation  of  the  dafinip 
tion  (984)  for  each  pair  of  circles.    Add  the  results,  and  appl/  (97G). 

998  A  circle  whose  centre  is  the  radical  ccTitre  of  three 
other  circles  intersects  them  in  angles  whose  cosines  are 
inversely  as  their  radii  (996). 
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Hence,  if  this  fourth  circle  cuts  one  of  the  others  or- 
thogonally, it  cuts  them  all  orthogonally. 

999  The  circle  which  intersects  at  angles  a,  /3,  7  three  fixed 
circles,  whose  centres  are  B,  0  and  radii  a,  h,  r,  has  its 
centre  at  distances  from  the  radical  axes  of  the  fixed  circles 
proportional  to 

h  cos  j3— c  cos 7    c  cos      g  cos  a    a  cosa— &  cos/3 

BC       *  CA        '  AB  ^ 

And  therefore  the  locus  of  its  centre  will  be  a  straight  line 
passing  through  the  radical  centre  and  inclined  to  the  three 
radical  axes  at  angles  whose  sines  are  proportional  to  these 
fractions. 

Pboof. — ^Tbereralt  ia  obtained  immediafcelj  by  writing  out  eqaaiion  (989) 
tat  each  pur  of  fixed  drclee. 


The  Method  of  Inversion. 

1000  BEnmnoNS.  —  Any  two  points  situated  on  a 
diameter  of  a  fixed  circle 
whose  centre  is  0  and  radius 
A,  so  that  OP,  0F=  Jf,  are 
called  inverse  points  ynthTe' 
apect  to  the  circle,  and  either 
point  is  said  to  be  the  inverse 
of  the  other.  The  circle  and 
its  centre  are  called  the  cvrde 
and  centre  of  inversion^  and 
h  the  constant  of  imersion, 

1001  If  every  point  of  a  phino  figure  be  inverted  with 
respect  to  a  circle,  or  every  point  of  a  figure  in  space  with 
respect  to  a  sphere,  the  resulting  figui'c  is  called  the  inverse 
or  'image  of  the  original  one. 

Since  OP  :  h  :  OP',  therefore 

1002  OP  :  OP'  =  OP^  :kr=:k'  :  OP**. 


1003  Let  D,  in  the  same  figure,  be  a  pair  of  inverse 
points  on  the  diameter  OU.  In  the  perpendicular  bisector  of 
1)1/,  take  any  point  Q  as  tlie  centre  of  a  circle  passing  through 
D,  D\  cutting  the  circle  of  inversion  in  li,  and  any  straight 
line  through  0  in  the  points  P,  F.  Then,  by  (Hi.  36), 
OF.  OF  =^01).  01/ =  0M' {1000).  Hence 
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1004  (i.)  l\  ^  are  inverse  points;  and,  conversely,  any 
two  pairs  of  inverse  points  lie  on  a  circle. 

1005  (ii  )  circle  cuts  ortliogonally  the  circle  of  inver- 
sion  (III.  :)7) ;  and,  oonversely,  every  circle  catting  another 
orthogonally  intersects  each  of  its  diameters  in  a  pair  of 
inverse  points. 

1006  (iii-)  The  line  1(2  is  the  locus  of  a  point  the  t-anpfont 
from  whicli  to  a  given  circle  is  equal  to  its  distance  from  a 

given  point  D. 

1007  — ^i^^  IQ  is  called  the  axU  of  reflexion  for 
the  two  inverse  points  D,  I/,  because  there  is  another  circle 
of  inversion,  the  reflexion  of  the  former,  to  the  right  of  1(4, 
having  also  i>,  D'  for  inverse  points. 


1006  The  straight  lines  drawn  from  any  ^oint  P,  within 
or  without  a  circle  (Figs.  1  and  2),  to  the  extremities  of  any 
chord  AB  passing  through  the  inverse  point  Q,  make  equal 
an^^les  with  the  diameter  through  PQ,.  Also,  the  four  points 
0,  ^  i^,  P  are  concydic,  md  QA.QB  =  QO .QF. 


Pboof.— In  either  fignro  OP  :  OA  :  OQ  end  OP  :  OB  :  OQ  (1000), 

thererore,  by  similar  triangles,  Z  CPA  =  OAI>  and  OPB  =  OILl  in  figure 
( 1 )  and  the  sapplement  of  it  in  figare  (2).  Bat  OAB  =  DBA  (L  d),  there- 
fore, &c. 

Also,  because  Z  CPA  =  DBA,  the  fonr  points  0.  ^,  i^,  P  lie  on  ft  circle  in 
each  case  (III.  21),  and  therefore  QAQB^QO.QP  (IIL  85,  36). 


1G09  The  inverse  of  a  circle  is  a  circle,  and  the  centre  of 
inversion  is  the  centre  of  similitude  of  the  two  figures.  See 
also  (1037). 

Pkoof .— In  the  figure  of  (1013),  lot  0  be  the  point  where  the  oommon 
tangent  BT  of  the  two  circles,  centres  A  and  J?,  cuts  tlio  central  axis,  and  let 
any  other  line  through  0  cut  the  circlos  in  P,  Q  P'.  Q'.  Then,  in  the  demon- 
stration of  ('942),  it  ia  shown  that  OP  ()(/ =  0</.0r  =  a  consent 
quantity.  Thcirfoi-e  either  circle  is  the  iuven>e  of  the  other,  k  beiug  the 
radios  of  the  circle  of  i&Tersioa. 


Digitized  by  Google 


mVEESION. 


217 


1010  To  make  the  myersioiis  of  two  given  circles  equal 
drclee. 

Rule. —  Take  the  centre  of  Inversion  so  that  the  squares  of 
the  tangents  from  it  to  the  given  circles  may  he  proportional  to 
tkeir  radii  (966). 

Proof.- (Fig.  1043)  AT  :  Bit  =  OT  :  OU  =  OT  :  A',  since  OT  :  k  :  OB. 
Tberefor©  OT*  :  AT  =     :  liU,  therefore  iiii  remains  couatant  if  OT^ccAT. 

1011  Hence  three  curcles  may  be  inverted  into  equal  drdee, 
for  tlic  l  equired  centre  of  inversion  is  the  intersection  of  two 
ciiUes  that  can  be  drawn  by  (965). 


1012  The  inverse  of  a  straight  line  is  a  circle  passing 
throngh  the  centre  of  inversion. 

Proof. — Draw  OQ  ^perpendicular  to  the 
Kne,  and  take  P  any  otiier  point  on  it.  Let 
Q',  P  be  the  inverse  points.  Then  OP .  OP^ 
OQ.OC/;  tlicrcffire,  hy  similar  trinncrles, 
Z  OFQ'  =  OQP,  a  right  angle  ;  and  OQ'  is 
constant,  therefore  the  locas  of  JK  is  the 
ciide  whose  diameter  is  OQf» 

1013  ExAM{'i,E. — The  invei-sion  of  a  poly- 
gon prodaoes  a  figure  bounded  by  circular 
tfci  wlueh  inteneet  in  anffles  equal  to  the 
corresponding  angles  of  the  polygon,  the 
complete  cirdes  inteneotmg  in  m  ceatn 
of  inversion. 


1014  If  the  extremities  of  a  straiofht  line  P'Q'  in  the  last 
figure  are  the  inversions  of  the  extremities  of  FQ^  then 

PQ  :FQ  =  V(OP .  OQ)  :  '/(OF .  OQ). 

Peoof.— By  similar  triangles,  PQ  :  PQ^  =  OP  :  OQf  and  PQ  :  FQi  =s 
OQ :  OF.  Gompoond  theae  ntioB. 

1015  From  the  above  it  follows  that  any  homocreneoug 
equation  between  the  lengths  of  lines  joining  pairs  of  points 
in  space,  such  as  PQ  .  Tff^  .TU  =  PR  ,Q'F .  8U,  the  same 
points  appearinpf  on  both  sides  of  the  equation,  will  be 
true  for  the  figure  obtained  by  joining  the  corresponding 
pairs  of  inverse  points. 

For  the  ratio  of  each  side  of  the  equation  to  the  corresponding  nde  of  tilD 
equation  for  the  inverted  points  will  bo  the  Hnm<>,  namely, 

^{OP.Oq.OE  ...)  :  ^iOF.O^.OU  ...). 

2f 
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Fole  and  Folar. 

1016  DsFlNmoN. — The  j>olar  of  any  point  P  with  respect 
to  a  circle  is  perpendicular  to  the  diameter  OP  (Fig.  1012) 
drawn  through  the  inverse  point  F, 

1017  follows  tliat  the  polar  of  a  point  oxtorior  to  tlio 
circle  is  the  chonJ  of  ran  fart  of  the  taTigents  fron  the  point; 
that  is,  the  hne  joining  their  points  o£  contact. 

1018  Also,  FQ  is  tlie  j)olar  of  P  witli  respect  to  the  circle, 
centre  0,  and  PQ  is  tiie  polar  of  Q'.    In  other  words, 
point  P  h/lng  on  the  polar  of  a  point  Q',  has  its  own  polar 
aliraifs  pasftinfj  throu<jh  (,)'. 


1019  The  line  joininpf  any  two  points  P,  J)  is  the  polar  of 
the  point  of  intersection  of  their  polars. 

PROor. — The  point  Q'  lies  on  both  the  lines  P'Q'.  p'Q  '  and  therefore  has 
its  polar  passing  tbroogb  the  pole  of  each  lin^  by  the  hwt  theorem. 

1020  The  polars  of  any  two  ])oints  P,  p,  and  the  line  joining 
the  points  form  a  tti  ff-ncqtrttral  triangle  with  respect  to 
the  circle,  the  three  vertices  being  the  poles  of  the  opposite 
sides.  The  centre  0  of  the  circle  is  eviih'ntlv  the  orthocentre 
of  the  triangle  (9r)2).  The  circle  and  its  centre  are  called  the 
polar  circle  and  polar  rciifrc  of  the  triangle. 

If  the  radii  of  the  polar  and  circumscribed  circles  of  a 
triangle  ABU  be  r  and  7i*,  then 

V*  =  4tR*  cos  A  cos  B  cos  C. 

Pb(K)F. — In  Fig.  (052),  0  is  the  centre  of  the  polar  circle,  ftnd  the  cii-cles 
described  ronnd  ABG^  BOC^  CO  A,  AOB  are  all  cqnal ;  becnnse  the  angle 
BOO  is  the  snpplement  of  A  ;  Ac.  Therefore  .  07)  =  Oli .  OC  (VI.  C) 
niul  7^  =  (\  \.0D  =  OA  .0B,0C-i'2IL  Also,  0A=.2E  wmA  b;  diameter 
through  JJ,  and  {ill.  21). 


CoUtval  Circles. 

1021  DBnNiTioy. — A  system  of  circles  having  a  common 
line  of  centres  called  the  central  axis^  and  a  oommon  radical 
axis^  is  termed  a  coaxal  system. 

1022  If  0  be  the  variable  centre  of  one  of  the  circles,  and 


Digitized  by  Google 


COAXAL  CntCLES, 


219 


OJTitB  radius^  the  wliole  system  is  included  in  ihd  equation 
where  S  is  a  constant  length. 


1023   In  tiie  first  species  (Fig.  1), 

and  S  is  the  length  of  the  tangent  from  I  to  any  circle  of  the 
system  (085).  Let  a  circle,  centre  I  and  radius  S,  cut  the 
central  axis  in  />,  D'.  When  0  is  atP  or  D\  the  circle  whose 
radiu.s  is  OK  vanishes.  When  0  is  at  an  infinite  distance, 
the  circle  developes  into  the  radical  axis  itself  and  into  a  line 
at  infinity. 

The  points  D,  D'  are  called  the  limiting  points. 

10B4  In  the  second  species  (Fig.  2), 

OR' -OP  =  5^, 

snd  £  is  half  the  chord  BR  common  to  all  the  circles  of 
the  system.  These  ciicles  vary  between  the  circle  with 
centre  I  and  radius  5,  and  the  circle  with  its  centre  at  infinity 
as  described  above.  The  points  B  are  the  eommon  points 
of  all  circles  of  this  system.  The  two  systems  are  therefore 
distinguished  as  the  limiting  points  speetes  and  the  eanmon 
points  ^eies  of  coaxal  circles. 
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1025  There  is  a  conjugate  system  of  circles  having  B,  It!  for 
limiting  points,  and  D,  U  for  conunoii  {Kiints,  and  the  circles 
of  one  species  intersect  all  the  circles  of  the  conjugate  system 
of  the  other  species  orthogonally  (1005). 

Thus,  in  figures  (J)  and  (i2),  is  the  centre  of  a  circle 
of  the  opposite  species  intersecting  the  other  circles  or- 
thogonally. 

1026  In  the  first  specieB  of  coaxal  circles,  the  lumting 
pointB  D,  jy  are  inverse  points  for  evei^  circle  of  the  system, 
the.  radi(»l  azis  being  the  axis  of  reflexion  for  the  system. 

Ftaoor.— (Fig.  1)  OI*-i«  =  OZ", 

ilwrefora  OB.Ojy^OK^^  (IL 18) 

ilieiefiire  A  If  are  invovw  pornts  (1000). 

1027  Also,  the  points  in  which  any  circle  of  the  system 
cuts  the  central  axis  are  inverse  points  for  the  circle  whose 
centre  is  /  and  radius  I.  [Pboof.— Similar  to  the  lasfc. 

1028  Pboblem. — CKven  two  circles  of  a  coaxal  system,  to 
describe  a  circle  of  the  same  system — (i.)  to  pass  through  a 
given  point ;  or  (ii.)  to  touch  a  given  circle ;  or  (iii.)  to  cut  a 
given  circle  orthogonally. 

1029  T.  If  the  Bystem  be  of  the  common  points  species,  then,  since  tho 
required  circle  always  passes  through  two  known  points,  the  first  and  second 
oaaea  fidi  under  the  Tbuigenoies.    See  (941). 

1030  To  solve  the  third  case,  describe  a  circle  through  the  given  common 
points,  and  tiiroagh  the  Invene  of  either  of  them  with  veqpeet  to  the  given 
oirdle,  which  will  then  he  cat  orthogonallj,  hj  (1005). 

103X  n.  IS  the  eyatem  he  of  tiie  limiting  points  species,  the  proUem  is 
solved  in  esoh  ease  mr  the  aid  of  a  circle  of  the  conjn^te  system.  Such  a 
circle  always  paRsos  through  ihv  known  limitinpr  pointsii and  maj  be  oaUed  a 
conjugate  circle  ot  tho  limiting  points  system.  Tims, 

1032  To  solve  case  (i.) — Draw  a  conjugate  circle  throuc^li  the  given  point, 
and  the  tangent  to  it  at  that  point  will  be  the  radius  of  the  required  circle. 

1033  To  solve  case  (ii.) — Draw  a  conjugate  circlo  tliroup^h  the  inverse 
of  either  limiting  point  with  respect  to  the  given  circle,  which  will  thus  be 
out  OTthogonallv,  and  tho  tangent  to  tho  cutting  circle  at  either  point  of 
interseetion  will  he  the  radins  of  the  reqnized  oirole. 

1034  To  solve  case  (iii.) — Draw  a  conjugate  circlo  to  touch  the  given  one, 
and  the  common  tangent  of  the  two  will  hie  we  radins  of  the  reqnirad  eude. 

1035  Thns,  according  as  wo  wish  to  make  a  circle  of  the  system  tutich,  or 
c«e  ortkognnaUyt  the  gi?en  oirole,  we  most  draw  a  conjugate  eirole  to  enU 
ortkogonaUjf,  or  touch  U, 
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1036  If  three  circles  be  coaxal,  the  squares  of  the  tangents 
drawn  to  any  two  of  them  from  a  point  on  the  thii-d  are  in 
tlio  ratio  of  tlie  distances  of  the  centre  of  the  third  circle  from 
the  centres  of  the  other  two. 

Pboop— Let  A,B,  Che  the  centres  of  tbe  circles;  PK,  FT  the  tangents 

from  a  point  P  on  the  circle,  centre  0,  to  tho  othw  twO;  JPN  the  perpeu- 
dicolaroQ  the  mdical  axis.    By  (^♦Hfi), 

FK*  =  2. 1  r  .  1  'N    and   PT-  =  WC .  FN, 

thereforo  FK'  ;  FT*  =  AC  :  DC. 


Centres  and  tuees  afdmiUtude* 

1037  DBHsmoNa. — Let  OO  be  tiie  centres  of  similitade 
(Def .  947)  of  the  two  circleB  in  tibe  figure  below,  and  let  any 
line  through  0  cut  the  drcles  in  Q»  Q  *  Then  the 
constant  ratio  OP :  OF  =  OQ :  OQ  is  called  the  ratio  of 
mdliivde  of  the  two  figures;  and  the  constant  product 
OP .  OQ'  =  OQ .  OF  is  called  the  product  of  miUsmilUvdem 
See  (942),  (1009),  and  (1043). 

The  corresponding  points  P'  or  (J,  Q  on  the  same 
Straight  line  through  0  are  termed  hoinoloyous,  and  i',  Q'  or 
Q,  F  are  termed  aniUhomologous. 

1038  Let  any  other  line  Opqpq  be  drawn  through  O. 
Then,  if  any  two  points  P,  jp  on  the  one  figure  be  joined,  and 
if  Fy  p\  homologous  to  P,  on  the  other  figure,  be  also  joined, 
the  lines  so  formed  are  termed  homologous.  But  if  the  points 
which  are  joined  on  the  second  figure  are  anti-homologous  to 
those  on  the  first,  the  two  Unes  are  termed  anti^homologouSm 
Thus,  Pg,  Qp'  are  anti-homologous  lines. 

1039  The  circle  whose  centre  is  0,  and  whose  radius  is 
equal  to  the  square  root  of  the  product  of  anti-similitude,  is 
called  the  circle  of  anti-similitude. 


1040  The  four  pairs  of  homologous  chords  Fp  and  Fp\ 
Qq  and  Q!qt  Fq  and  Fq,  Qp  and  Q'p'  of  the  two  circles  in  the 
figure  are  parallel.  And  in  all  similar  and  similarly  situated 
figures  homologous  lines  are  parallel. 

PiOor^By  (VI  3)  and  the  definitioii  (947). 
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1041  The  four  pairs  of  anti-homolopfous  cliords,  Pp  and 
Qit  Q<1  and  Fp\  Vq  and  Qp\  Qp  and  jP'j',  of  the  two  cirdea 
meet  ob  their  radical  axis. 

Pboof.—  OP.Oa^Op.  Oq'  =  Jc\ 

where  k  is  the  constant  of  iuversion ;  therefore  P,  p,  Q\  q  are  concyclic ; 
therefore  Pp  and  (//  meet  ou  the  radical  axis.   Similarly  for  any  oiher  pair 

ot  aiiti-lioniolot;(nih  cLords. 

1042  Cor.  —  From  tins  and  tlie  pivcedinir  proposition  it 
follows  that  tho  taTi^-ents  at  homolon'oiis  points  are  parallel; 
and  tliat  the  tangents  at  anti-hoim)loguus  points  meet  on  the 
radical  axis.  For  these  tangents  are  the  limiting  positions  of 
homologous  or  auti- homologous  chords.  (1160) 

1043  Let  0,  be  the  inyerse  points  of  0  with  respect  to 
two  circles,  centres  A  and  Bi  then  the  constant  product  of 
anti-similitude 

OP.Oq  or  OQ.OF'  ^OA.OD  or  OB.OC. 
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Fboof.— By  similar  right-angled  triangles, 

OAvOTi  00  and  OB:  OH  I  OP; 

tberefore  OA.OD  =  OB,  00  (1), 

aadalao  OA.OO  ^  OT*  ^  OP.OQ,  (in.  86) 

tad  OB,OB=0^  =  Or.OQt\ 

tberafoie  OA.OB,00,OD=  OP.OQ.OF.OQ, 

flierefore  Ac,  by  (1). 

ion  The  foregoing  definitions  and  properties  (1087  to 
1043),  which  have  respect  to  the  external  centre  of  similitude 
0,  hold  good  for  the  internal  centre  of  similitude  with  the 
usual  convention  of  positive  and  negative  for  distances 
measured  from  0^  upon  lines  passing  through  it. 

1016  Two  circles  will  subtend  equal  angles  at  any  point  on 
the  circumference  of  the  circle  whose  diameter  is  00\  where 
0, 0  are  the  centres  of  similitude  (Fig.  1043).  This  circle  is 
also  coaxal  with  the  given  circles,  and  has  been  called  the. 
circle  of  similitude, 

PBOor. — ^Let  A,B  he  the  oentres,  a,  h  the  radii,  and  JC  any  point  on  the 
ciide»  diameter  CKX.  Then,  hj  (932), 

KA:KB^AO',BO^Aa:Ba^a:l, 

Vr  the  definition  (943); 

therefore  aiKA^h:  KBi 

that  is,  the  sines  of  the  halves  of  the  angles  in  question  arc  equal,  whioh 

proves  the  first  part.  Also,  because  the  tancronts  from  7v  are  in  the  cc  nstant 
ratio  of  the  radii  a,  h,  this  circle  is  coaxal  with  the  given  ones,  by  (lOUt),  1)34). 

1046  The  six  centres  of  similitiido  P,  j),  (?,  q,  R,  r  of  three 
circles  lie  three  and  three  on  four  straight  lines  F^U,  I'iir, 
Qpr,  l\p<i,  called  ames 


Pkoof.  —  Taking  any 
three  of  the  sets  of  points 
aamed,  say  P,  g,  r,  they  are 
tfaewn  at  onco  to  bo  col- 
linear  by  the  transversal 
theorem  (008)  applied  to 
the  triangle  ABC. 

For  the  segments  of  its 

tides  made  by  the  points 
I\  7,  r  are  in  the  ratios  of 
tiio  radii  of  the  circles. 
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1047  From  the  investicration  in  (9  i2),  it  appears  that  one 
circle  touches  two  others  in  a  pair  of  anti-homologous  points, 
and  that  the  following  rule  obtains : — 

Rule. — Tlie  right  line  j(>ii>i)i:/  the  poiitts  i>f  contact  pns.<(e8 
through  the  external  or  intcntal  crntre  of  alrKiHt tide  of  the  tiro 
circles  according  as  the  contacts  are  of  the  same  or  of  different 
kinds, 

1048  DKFlHmOK.— Contact  of  curves  is  citli«r  uUerfud  or  external  ac- 
cording as  the  corvatoreB  at  the  point  of  contact  are  in  the  same  or  oppoaite 

directions. 


1049  Gergonne*8  method  of  describing  the  eireles  which  touch 
three  given  circles. 

Take  P^p*,  one  of  the  fimr  axes  of  mmOitude,  and  find  its  poles  a,  (3,  y 
with  respect  to  the  given  eirolea,  centres  .4,  C  (K'lr.).  From  0,  the 
radical  centre,  draw  lines  through  a,  /3,  y,  cuttinn;  tlic  circles  in  a,  a\  b,  h\ 
c,  c .  Then  a,  h,  c  and  a,  b\  o  will  be  the  points  oi  contact  of  two  of  the 
vequtred  drdes. 

Pjioor. — Anatysit, — Let  the  circles 

B,  F  touch  the  circles  A,  1?,  C  in 
a,  6,  c,  a',  b\  c.  Let  he,  }'c  meet  in 
P J  ca,  cV  in  </ ;  and  a6,  ah'  iu  r. 

Regarding  E  and  F  as  touched  by 
A,  P,  C  ill  turn,  Rnle  (1047)  shews 
tliat  «a',  i?/,  cc'  meet  in  0,  the  centre 
of  similitude  oi  E  and  F\  and  (1041) 
shews  that  P,  and  r  lie  on  the 
radical  axis  of  "E  and  P. 

Regarding  5  and  C,  or  C  nnd  -4, 
or  A  and  7^,  as  tonclied  by  E  and  ^ 
in  turn,  Rule  (1047)  shews  that  P,  5,  r 
are  the  centres  of  similitude  of  B  and 
C  C  and  il,  ^  and  J9  respectiTely ; 
and  (1041)  shews  tbat  0  is  on  the  radical  axis  of  each  pur,  and  is  therefore 
the  radical  centre  of  .4,  /?,  and  (?. 

Again,  because  the  tan^nts  to  E  and  P,  at  the  anti-homologous  points 
a,  a\  meet  cm  Pjr,  the  radical  axis  of  E  and  F  (1042)  ;  therefore  the  point 
of  meeting  is  the  pole  of  <ra'  with  respect  to  the  circle  .1  (1017),  Thcix  fore 
aa  passes  thronj.--!!  the  polo  of  the  lino  P*/;*  (1018).  Similarly,  bh'  and  co 
pass  through  the  poles  of  the  same  line  V^r  with  respect  to  B  and  C,  Ucnce 
the  constmction. 

lO&O  In  the  given  configuration  of  the  circles  C,  tho 
demonstration  shews  that  each  of  the  three  internal  axes  of 
similitude  Pgr,  Qrp,  Tfjtq  (Fig.  1040)  is  a  radical  axis  and 
common  chord  of  two  of  the  ei^ht  osculating  circlcB  which, 
can  be  drawn.   The  external  axis  of  similitude  FQM  is  the 
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radical  axis  of  the  two  remaining  circles  which  touch 
and  G  either  all  ejcternally  or  all  interjially. 

1051  The  radical  centre  0  of  the*three  giyen  circles  is  also 
the  common  internal  centre  of  similitude  of  the  four  pairs  of 
osculating  circles.  Therefore  the  central  axis  of  each  pair 
passes  through  0,  and  is  perpendicular  to  the  radical  axis. 
Thus,  in  the  figure,  EF  passes  through  0»  and  is  perpen* 
dicular  to  Pqr» 

Anharmonic  Ratio. 

1052  DBFnnnoN. — ^Let  a  pencil  of 
four  lines  through  a  point  0  be  cut 
hj  a  transversal  in  the  points  A,  B, 
Ci  P.  The  anharmonic  ratio  of  the 
I»encil  is  any  one  of  the  three  frao- 


AB.CD         AB.CD  AD.BC 
AD.BC        AC.BD  ^  ACTED' 

1053  The  relation  between  these  three  different  ratios  is 
obtained  from  the  equation 

AB .  CD+  A  D  .  BC  =  A  C .  BD. 

Denoting  tbe  terms  on  the  left  side  bj  p  and  the  three  anharmoQio 
nfeiM  may  be  expressed  by 

The  ratios  are  therefore  mutaally  dependent.  Hence,  if  the  identity 
merely  of  tlio  Ruharmonic  ratio  in  any  two  Kyntems  IB  to  be  established,  it  is 
iromaterial  which  ot  the  three  ratios  is  selected. 

1054  In  future,  when  the  ratio  of  an  anharmonio  poncil  {0,  ABPT)]  is 
mentioned,  the  furm  A]l .  CD  :  AJ) .  JIG  will  be  the  one  intended,  wliatever 
die  actoal  order  of  the  points  li,  (\  D  may  be.  For,  it  sboald  be  obsorred 
that,  by  making  the  line  OD  rerolre  about  0,  the  ratio  takes  in  turn  each  of 
the  forms  given  above.  This  ratio  is  shortly  expressed  by  the  notatioii 
{0,AJlCD\y  or  simply  {ABCD}. 

1055  If  the  transversal  be  drawn  parallel  to  one  of  the  lines,  for  instance 
OD,  the  two  factors  containing  D  become  infinite,  and  their  ratio  becomes 
Quity.  They  m«y  therefore  be  otuitted.  The  anliarmoniu  ratio  then  redaces 
to  AB  :  BU.   Thns,  when  JD  is  ai  infinity,  we  may  write 

 {0,  ABCco]  ^ABiBO.  

1056  The  anharmonic  ratio 

AB.CD  _  shi  A  OB  sin  COD 

AD.BC''  sin  AOD  sin BOV' 
2g 
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and  its  value  is  there£ore  tiie  same  for  all  transversals  of  the 
pencil. 

Pboop. — ^Dmw  OR  parnllol  to  the  trnnsversnl,  and  let  p  be  tlie  perpeDdi> 
cular  from  A  upon  OR.    AfuUiply  each  fiictor  ia  tbe  fraction  by  p.  Then 

Bubstitnte  p  .  AJi  —  OA  .  OB  8ii/.loy>',  Ac.  (707). 

1057     The  anbarmonic  rutin  bocomes  hnrrnonic  when  i^s  valne  is 

unity.  See  (933).  The  harm  niic  (n  hnidn  there  detiticd  may  also  be  stated 
thus:  four  puiuta  divide  a  line  hariuuuically  when  i/w  product  of  the  extreme 
iegmmU  is  equal  to  tkeprodvet  of  the  whoU  U»e  amd  the  middle  eeffmenL 


nomographic  St/stetns  of  Points. 

1058  Dehxition.  —  If  .r,  a,  b,  c  be  tlic  distances  of  one 
variable  point  and  three  fixed  points  on  a  straight  line  from  a 
point  0  on  tlie  same ;  and  if  /,  a,  h\  c  be  the  distances  of 
similar  points  on  another  hne  throiiGch  0 ;  then  the  variable 
points  on  the  two  Hnes  will  fonn  two  hoiiiof/ntjykic  systems 
when,  thej  are  connected  by  the  anharmonic  relation 

inftQ  g)  (b—c)  _  (•r-a)  jb'—c) 

(of-e)  (a-6)  ~  (j?'-<!')(a'-6')* 

Expanding,  and  writing  A,  C,  D  for  the  constant  ooe& 
dents,  the  equation  becomes 

1060  Aaw+Bjc+Co^+D  =  0. 
From  which 

1061  *  =  -^L±^,  and  ^'  =  -.J^±^. 

1062  Theorem. — Any  four  arbitrary  points  .t,,  x.,y  .Tj,  on 
one  of  the  lines  will  have  fonr  corresponding  points  '[.x^j/^^x^ 
on  the'  other  determined  by  the  last  equation,  and  the  two  sets 
o/poiiU.s  irUl  have  cqiKil  anharmonic  I'atiof^. 

PR0OF.--Tliis  may  be  Hhown  by  artnal  snbHtitnf  it  in  of  the  Tftlne  of  eMdl 
ia  terma  ot  sc,  by  (iOtil),  iu  the  iiarmouic  ratio  {n^iCf£gr^\, 

1063  If  the  distances  of  four  points  on  a  right  line  from  a 
point  0  upon  it,  iu  order,  are  a,  a',  /3,  /3',  where  a,  /3 ;  a',  /3'  are 
the  respective  roots  of  the  two  (juadratic  equations 

au-+2h.v-\-b  =  0,    ad^-\-2h\v+b'  =  0 ; 

the  condition  that  the  two  pairs  of  points  may  be  harmmicaU/y 
conjugate  is  ^ 

1064  db^-ah  ^  2kK. 


Digitized  by  Google 


TNVOLVnOV. 


227 


Pmmv.— The  harmoiuo  ralaiioii,  hj  (1057X  is 

Ifnltlplj  oat,  and  rabatitnte  for  the  sums  and  prodactA  of  tiie  roots  of  tibo 
qiadntics  above  in  terms  of  their  coefficients  bj  (ol,  52). 


1065  Tf  "j  tho  quadnitic  oxpn^ssions  in  (10G3)  for  two  pairs  of 
points,  and  ifu  represent  a  third  pair  barmunically  o<injn(^tc  with  ?<,  and  u,, 
then  the  pair  of  poiuts  u  will  also  be  harmonically  coiijiig«te  with  every  pair 
given  by  the  equation  u, -f  Am,  =s  0,  where  X  is  any  cousiant.  For  the  OOB- 
dition  (10C4)  applied  to  the  last  equation  will  be  identically  aatisfied. 


Involutiim, 

1066  ItenN^TTox?;. — Pairs  of  inverse  points  PF,  QQ\  &c.,  on 
the  same  right  tine,  form  a  system  in  involution^  and  the  rela- 
tion between  them,  hj  (1000),  is 

OP.Or::^OQ.OQr-  &C.  = 

A  0  PQ  B  Of  r 

I  1  r-i  1  1  1 

The  radius  of  the  circle  of  inversion  is  and  the  centre 
0  is  called  the  centre  of  the  system.  Snrme  points  are  also 
UrmeA-conjtujate  points. 

When  two  inverse  points  coincide,  the  point  is  called  a 
fonts, 

1067  The  equation  01^  =  shows  tluit  there  are  two  foci 
Ay  B  at  the  distance  k  from  the  centre,  and  on  oj)posite  sides 
of  it,  real  or  imaginary  according  as  any  two  inverse  points 
lie  on  the  same  side  or  on  opposite  sides  of  the  centre. 

1068  If  the  two  homographic  systems  of  points  in  (1058) 
be  on  the  same  line,  they  will  constitute  a  system  in  vrvoolu^ 
(tbawhen  Bt=0. 

PsooF. — Equation  (1060)  may  now  be  written 

(-^f)(''-^f)-f-f=^. 

a  constant.    Therefore  —       is  the  distance  of  the  origin  0  from  the  centre 

of  inversion.  Measuring  from  this  centre,  the  eqoatiOB  beoomes  ^  =  k\ 
representing  a  sjstem  in  involution. 

1069  four  pui}ifs  whatever  of  a  system  in  involution  on 
a  right  line  have  theii'  anharmonic  ratio  equal  to  that  of  their 
foui'  conjugates. 
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Proof. — Let  p,  y'\  q,  ^'^  r,  r'\  s,  $  be  the  distanoes  of  the  pairs  of  inrerse 
points  from  the  centre. 

Li  the  anharmoiuo  ifUio  of  onf  four  of  tbo  pomts,  for  xnfltuioe  {pqrsj, 
enbstitate  p  =  q  s  V'rq,        and  the  rasoU  ia  ihe  anhannonio 

mtio  jj^'sr/}. 

1070  Any  t  wo  inverse  points  P»  P'  are  in  Harmonio  relation 
with  the  foci  B. 

A  0  P  B  r 

'  ^  ^  1  1  1 

Proof.— Let         bo  the  distanceB  of  P,  F  from  the  centre  0;  thea 

therefore  4-  =       the«fow  ^  = 

k      p  p  —k  k—j^ 

1071  If  a  system  of  points  in  involution  be  given,  as  in 
(1068),  by  the  equation 

Axx^E{x-{-^^')-\-B  =  0  (1); 

and  a  pair  of  conjugate  points  by  the  equation 

aaj»+2Aaj+6  =  0  (2); 

the  necessary  relation  between  a,  h,  and  b  is 

1072  Ab+Ba  =  2Hh. 


Proof. — The  roots  of  cqnation  (2)  nrnat  be  BuanlteneoiiB  TiliMe  of  «|9  in 

(I) }  therefore  Bubstitut^  in  (1) 

«+a,'5s-.M  and  aa'^i  (61) 

1073  Cob. — A  system  in  insolation  may  be  determined  &om  two  giyen 
pairs  of  oorreeponding  pomte. 

Let  the  eqnationB  for  theee  points  be 

MP+2Aa;+&  =  0  and  aV+21b+6'sO. 
Then  there  are  two  conditions  (1072), 

Ab-\-Ba  =  2IIh   and  ul6'+i?a' =  2flfc', 
from  which  A,  ZT,  B  can  be  found. 

A  geometrical  solution  is  given  in  (985).  0,  P ;  C,  If  aro,  in  that  con- 
atraction,  pairs  of  inverse  puiut^,  and  /  is  the  centre  of  a  ^stem  in  inYolatioa 
defined  by  a  seriea  of  ooaxal  curdee  (1022).  Eaeh  circle  mtereeola  Hbm 
central  axis  iu  a  pair  of  inveree  pointe  with  respect  to  the  circle  whose  centre 
is  0  and  radios  3. 

1074  The  relaiiona  which  have  been  eataUished  for  a  system  of  coUinear 
points  may  be  transferred  to  a  system  of  conenrrcnt  lines  by  the  method  of 

in  which  tbe  distance  between  two  points  corresponds  tO  the  sine  of 
the  angle  butweeu  two  lines  pa&biug  through  those  poiutfu 
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The  Method  qfPrqfecUm. 

1075  Definitions. — Tlie  projection  of  any  point  P  in  space 
(Fig.  of  1079)  is  the  pdnt  j>  in  which  a  right  line  OP,  drawn 
from  a  fixed  point  0  called  the  vertex^  intersects  a  fixed  plane 
called  the  plane  of  projection. 

Ji  all  iSie  points  of  any  fignre,  plane  or  solid,  be  thus  pro- 
jected, the  figure  obtained  is  called  the  projection  of  the 
original  figure. 

*   

1076  Projective  ProperHe9. — ^The  projection  of  a  right  line  is 
a  riglit  line.  The  projections  of  parallel  lines  are  pandlel.  The 
projections  of  a  curve,  and  of  the  tangent  at  any  point  of  it,  are 
another  curve  and  the  tangent  at  the  corresponding  point. 

1077  anharmonio  ratio  of  the  segments  of  a  right  line 
is  not  altered  by  projection ;  for  the  line  and  its  projection  are 
hat  two  transversals  of  the  same  anharmonic  pencil.  (1056) 

1078  Also,  any  relation  between  the  segments  of  a  lino 
similar  to  that  in  (1015),  in  which  each  letter  occurs  in  every 
term,  is  a  projective  property.  [Proof  as  in  (105G). 

1079  Tlworem. — Any  quadriiaLeralPQi^AS'  may  be  projected 
into  a  parallelogram. 

COHSTBITOTIOII.  — 

Produce  PQ,  SB  to 
meet  in  A,  and  PS, 
to  me€t  in  B, 

Then,  witli  any 
pomt  O  for  Tertcx, 
jirfijcct  the  qnadri- 
laterul  upon  any 
plane  jnib  parallel  to 
OAB,  Theproieoted 
figure  pqrt  will  be  a 
parsllclogTain. 

PaooF.  —  The 
planes  OPQ,  OA^ra* 
toraect  m  OA,  and 
they  interspct  the 
plane  of  projection 
which  is  parallel  to 
OA  in  fbe  lines  pq, 
n.  Tlierefore  j?^  and 
n  are  parallel  to  OA, 
and  therefore  to  each 
ettier.  Similarij,  j?^, 
Sr««pftndl«ltoaB. 
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1080  Cor.  1 — The  opposite  sides  of  the  parallelogram  p^rr*  meet  in  two 
points  at  infinity,  which  are  the  projections  of  the  points  A,  B;  and  AB 
itself,  which  is  the  third  diugoual  of  the  complete  qaadrilateral  FQRSf  ia 
projected  into  »  line  at  mfiniiy. 

1081  Hence,  to  project  any  figure  so  that  a  certain  line  in  it  may  pass  to 
infitiitT — Take  ihe  plane  of  projection,  pamUA  to  the  plane  which  omtaiiu  the 
given  Une  and  the  verten, 

1088  Gob.  2. — ^To  make  the  projecfaoo  of  the  quadrilateral  a  rectangle, 
it  is  only  neoeeaaiy  to  make  AOB  a  right  angle. 


On  Perspeetwe  Drawing, 

1083  Taking  the  parallelogram  pqre^  in  (1079),  for  the  original  figare, 

the  qaadrilateml  PQHS  is  its  projection  on  the  plane  AB'jh.  Suppose  this 
plane  to  be  the  plane  of  the  paper.  Let  the  planes  OAB^  pa^,  while 
remaining  parallel  to  each  other,  be  taroed  respectively  aboat  the  fixed 
parallel  kneawlB,  ah.  In  every  position  of  the  planes,  the  linos  Oy,  O'j,  Or, 
0<  will  intersect  the  dotted  lints  in  the  same  points  P,  Q,  Jt,  S.  Wlit  n  the 
planes  coincide  with  that  of  the  paper,  f/rs  becomes  n  (jrnuml  plan  of  the 
parallelogram,  and  FQliS  is  the  itpresentation  of  it  in  perh|^>cotive. 

AB  ia  then  called  the  horuwial  line,  ab  thepidwre  Une,  and  the  plane  of 
both  the  picture  plane. 

1084  To  iiud  the  projectiou  of  any  point  jp  in  the  ground 
2)lan. 

Rule. — Draw  pb  to  any  point  b  in  the  picture  line^  and  draw  OB  parallel 
to  pb,  io  meet  the  kariMontal  Une  m  B  Join  Op,  13  b,  and  they  vtiU  intereeU  in 
P,  the  point  teqnirt  d. 

In  practice,  ph  is  drawn  perpendicular  to  oh^  and  OB  therefore  perpendi- 
cular to  AB.  The  point  B  ia  then  called  the|>u»»/  oj  eu/ht,  or  centre  of  vinon, 
and  0  the  station  point. 

1086  To  find  the  projection  of  a  point  in  the  ground  plan, 
not  in  the  original  plane,  but  at  a  perpendicular  distance  c 
above  it. 

RuLB.— IVsitw  a  new  picture  Une  parallel  to  the  former^  and  at  a  distance 
ahovc  it  =CCOHeca,  where  a  is  the  anyle  In  hrteu  the  oriijlunl  plan e.  mid  tho 
plane  vf  yrojertiun.  Fur  a  plane  thruut,')i  the  ^'ivc-n  p.-int,  parallel  to  the 
original  plane,  will  interbect  tho  plane  of  projectiou  iu  the  new  picture  line 
00  oonstractod. 

Thna,  every  point  of  a  figure  in  the  ground  plan  is  tranafinrred  to  the 

drawing. 

1086    The  whole  theory  of  pempeotive  drawing  is  Tirtually  included  ia 

the  foreg^oin^  pr(»position8.  The  original  plane  is  commonly  hurizontal,  and 
the  plane  of  |)rujectiou  vertical.  Iu  this  case,  cobec  u  =  1,  and  tlic  height  of 
Hkepicttire  hne  for  any  point  is  equal  to  tiie  height  of  the  point  iteelf  aboTa 
the  original  plane. 

The  distance  BO,  when  B  is  t]ie  point  of  siyhf,  may  be  measured  along 
AB,  and  bp  alonir  "h,  in  the  opposite  dirootion j  iur  the  lino  Bb  will  oontiauo 
to  intersect  Op  iu  the  puiut  B. 
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Orthogonal  Frqfeetion, 

1067  Definition. — In  orthogonal  projection  tlie  lines  of 
projection  are  paraJlel  to  each  other»  and  perpendicular  to  the 
plane  of  projection.  The  yertez  in  this  case  may  be  consi« 
dered  to  be  at  infinity. 

1088  The  projections  of  parallel  lines  are  parallel,  and  the 
projected  segments  are  in  a  constant  ratio  to  the  original 

segments. 

1089  Areas  aTO  in  a  coTis^tant  ratio  to  their  projections. 

For,  lines  par.illel  to  tlio  iiitcrscctioTi  of  the  ori<fiiial  plane  and  the  plane 
of  projection  are  unaltered  iu  length,  and  lines  at  right  angles  to  the  former 
•re  altered  in  »  oonstaat  nlio.  Thia  ratio  Is  the  ratio  of  the  ereas,  and  is 
the  ooeiiie  of  the  angle  between  the  two  fdaoea. 


Projectiom  of  the  Sphere. 

1090  In  Stereoyraphic  prujectioiiy  the  vertex  is  on  the  sur- 
fiace  of  the  sphere,  and  the  diameter  through  the  vertex  is 
perpendicular  to  the  plane  of  projection  which  j)asses  tiirough 
the  other  extremity  of  the  diameter.  The  projection  is  there- 
fore the  inversion  of  the  suriace  of  the  sphere  (1012),  and  the 
diameter  is  the  constant  L 


1091  Iti  GlohvJar  projection,  the  vertex  is  taken  at  a  dis- 
tance from  the  sphere  equal  to  the  radius  -i- \/2,  and  the 
diameter  through  the  vertex  is  perpendicular  to  the  plane  of 
prujection. 

1092  In  Gnomonic  projection,  which  is  nsed  in  the  construe* 
tion  of  sun-dials,  the  vertex  is  at  the  centre  of  the  sphere. 

1093  MereaUyi^s  projection^  which  is  empl  oy  ed  in  navigation, 
and  sometimes  in  maps  of  the  world,  is  not  a  projection  at 
aU  as  defined  in  (1075).  Meridian  circles  of  the  sphere  are 
represented  on  a  plane  hy  parallel  right  lines  at  intervals 
equal  to  the  intervals  on  the  equator.  The  parallels  of  lati- 
tude are  represented  by  right  lines  perpendicular  to  the 
meridians,  and  at  increasing  intervals,  so  as  to  preserve  the 
actual  ratio  between  the  increments  of  longitude  and  latitude 
at  eveiy  point. 

With  r  for  the  radios  of  tbo  sphere,  the  distance,  on  the  chart,  from  the 
^natorofapoint  wfaoselaftitadeis  A,  ie  srkg  tan  (45°  +  iA). 
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AddUianal  ThearevM. 

1094  The  Bum  of  tlio  squares  of  the  distances  of  any  point 
P  from  n  equidistant  points  on  a  circle  whose  centre  is  0  and 
radius  r  =«(r»+0/«). 

Proof.— Snm  the  values  of  PB*,  PC,  Ac,  given  in  (819).  and  apply  (803). 

This  theorem  is  the  generalization  of  (923).  

1095  In  the  same  finrurc,  if  /'  be  on  the  circle,  Uie  sum  of 
the  squjires  of  the  pcipcudicuiiirs  from  F  on  the  radii  OB,  00^, 
&c.,  is  e([ual  to  tj/it". 

Pkoof.— Describe  a  circle  upon  the  radioB  through  P  AS  diameter,  and 
apply  the  foregoing  theorem  to  this  drde. 

1096  Cor  1  .—The  sum  of  the  squares  of  the  interoepto  on  the  radii  he^ 
tween  the  perpendicolars  and  the  oentre  is  also  eqnal  to  {im^.  (L  «') 

1097  Cor.  2.— The  sum  of  the  squares  of  the  perpendieolars  from  the 
oqnidistant  points  on  the  circle  to  any  right  line  passing  through  the  oeniie 
is  also  eqnal  to  ^wr*. 

Because  the  perpendiculars  from  two  points  on  a  circle  to  the  diameters 
drawn  through  the  points  are  equal. 

1098  C«>R.  3  — Tlie  snm  of  the  squares  of  the  intercepU^on  the^  same 
right  line  between  iho  centre  of  the  circle  and  the  perpendiculars  is  also 
equal  to  ^7) 

If  the  radii  of  the  inscribed  and  circumscribed  circles  of  a 
regular  polygon  of  n  sides  be  r,  li,  and  the  centre  0 ;  then, 

1099  L  The  snmofthe  perpendiculars  from  any  point  P  upon  the  aides 

18  equal  to  nr. 

1100  II.  If  j'  he  the  perpendicniar  from  0  upon  any  right  line,  the  sum 
of  the  perpendicoLirs  from  the  vertices  upon  the  same  line  is  equal  to  nj). 

1101  HI.  The  fiom  of  the  sqnarea  of  the  perpendiculars  from  P  on  the 
Bides  is  =i»(f*+iOP'). 

1102  IV.  The  snm  of  the  squares  of  the  perpendicnlars  from  the  vertices 
npon  the  right  line  is  ss  n  (;^'+ a^i''). 

PSOOF. — ^In  theorem  I.,  the  values  of  the  perpendiculars  arc  given  by 

r— OP  cos  ^0+  ^f^)>        successive  integers  for  m.  Add  together  the  n 

values,  and  apply  (803). 

Similarly,  to  prove  II.  j  take  for  the  perpendiculars  the  values 

To  prove  TTT.  and  TV.,  take  the  same  expressions  for  the  perpendiculars  j 
square  each  value  ;  add  the  results,  and  apply  (803,  804). 

For  additional  propositions  in  the  subjects  of  this  sectioiij 
see  the  section  entitled  Plane  Coordinate  Geometry* 
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THE  SECTIONS  OF  THE  CONE. 


1150  BERENmoNB. — Oomc  Section  or  Conie  is  the  curve 
AP  in  which  any  plane  intersects  the  snifaoe  of  a  right  cone. 

A  rifht  Gone  is  the  solid  genen^ied  hy  the  revolntion  of 
one  straight  line  about  another  which  it  intersects  in  a  fixed 
point  at  a  constant  angle. 

Let  the  axis  of  tlio  cone,  in  Fij^.  (1)  or  Fig.  (2),  bo  in  the  piano  of  the 
j^pcr,  and  let  the  cutting  plane  PMXN  be  perpendicular  to  the  paper.  {Head 
tHfMT  ike  acemted  or  unacemUed  letten  ihnmglunU.)  Let  a  sphere  be  inscribed 
in  the  cone,  teaching  it  in  the  circle  EQF  and  touching  the  cutting  plane  in 
the  point  S,  and  let  the  cutting  plane  and  the  plane  of  the  circle  EQF  inter- 
sect in  XM,  The  following  theorem  may  be  regarded  as  the  d/ijining  property 
of  section. 

1151  Theorem, — The  distance  of  any  point  P  on  the  conio 
from  the  point  8,  called  the  focus^  is  iu  a  constaut  ratio  to 
P3f,  its  distance  from  the  line  XM^  called  the  directrix^  or 

PS  :  FM=  PS  :  PM'  =  AS  :  AX  =      the  eccenfriclfy. 

ISee  iiezt  foge  /or  the  Fra/J^ 

1152  Cob. — The  conic  may  be  generated  in  a  plane  from 
either  focus  8,  iST,  and  either  directrix  Xdf,  X!M\  by  the  law 

just  proved. 

1153  The  conic  is  an  Ellipse ^  a  Parahola^  or  an  Hyperbola^ 
according  as  £  is  less  than,  equal  to,  or  greater  than  unity. 
That  is,  according  as  the  cutting  plane  emerges  on  both  sides 
of  the  lower  cone,  or  is  parallel  to  a  side  of  the  cone,  or  in« 
tersects  both  the  upper  and  lower  cones. 

UU  AH  sections  made  by  parallel  planes  are  similar;  for 
the  inelinadaa  of  the  cutting  plane  determines  the  ratio 
AH:  AX. 

1155  The  limiting  forms  of  the  curve  are  respecdYely— a 
circle  when  e  vanishes,  and  two  coincident  right  lines  when  e 
becomes  infinite. 

2fl 
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VrO'^t  of  Theorem  ll-M. — Join  P,  S  and  P,  O.  mtting  the  nrcniar  scctinn 
in  Q,  and  draw  FM  parallel  to  NX.  iiccHUHu  all  Utugctite  t'nnu  the  hame 
point,  0  or  ii,  to  either  ppbere  sre  equal,  therefore  BE  =  i'Q  =  PS  and 
y!/;  =  ^S.  Now.  by  (VI.  2).  BB:NX  =  AE  :  AX  and  NX=P.U; 
therefore  PS  :  r}f  =  AS  :  AX,  a  coDstant  ntio  denoted  bj  e  and  called 
the  eccentricity  of  the  conic. 


Refeirinj?  the  letters  either  to  the  ellipse  or  the  hyperbola  in  the 
subjoined  figure,  let  C  be  the  middle  point  of  A  A'  and  X  any  other  point  oa 
H.  Let  DU,  HI^  be  the  two  circolar  sections  of  the  oone  whose  planes  pass 
throngfa  C  and  N;  B(^U  and  PN  the  interKprtions  with  tlu*  plane  of  tlio 
•conic.  In  t!ie  olli[)-f.  I'l'  is  the  conmion  onlitiHtf  (jf  the  ellipse  and  circle ; 
but.  in  the  byperbulu,  LC  lu  to  be  takeu  equal  to  the  tungeui  iruiu  C  to  the 
circle  DIf. 

1156   The  fundamental  equation  of  the  ellipse  or  hyperbola 

VmoF.—PN^=  NR.NR'  and  B(P  =  CD.CI/  (III.  35,36).  Also,  by 
similar  triangles  CVL  2,6).  NE  :  CD  =  AN  :  AO  and  :  CI/^A'N  :  A'O. 
Multiply  the  last  e^aUons  together. 
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1157  Cor.  1.— PiVha8 
equal  values  at  two  points 

equi- distant  from  AA\ 
Hence  the  curve  is  pym- 
metncal  wnth  respect  to 

M  and  inr. 

These  two  lines  are 
called  the  major  and  mi- 
nor cures,  otherwise  the 
transversa  and  conjugate 
axes  of  the  conic. 

When  the  axes  are 
equal,  or  BC  =  AG,  the 
ellipse  becomes  a  circle, 
and  the  hyperbola  be- 
comes rrrtimgular  or 
equilateraL 


1158  Any  ellipse  or  ]iy]-)orb()la  is  tlio  ortlioproual  projection 
of  a  circle  or  rectangular  hyperbola  respectively. 

Proof.— Along  the  ordinate  NP,  monsnre  HTP'ar  AN*NA'i  therefore  bj 
tlie  theorem  PN  :  P'X  —  }l> '  :  JC.  'riietrtbre  a  circle  or  rtctnngiilar  hyper- 
bola, having  AA'  for  one  axis,  ami  having  its  piano  incliuetl  to  that  of  the 
flonio  at  an  angle  whose  cosine  =  BC-r-AC,  projects  orthognually  into  the 
eUipee  or  hyperbola  in  question,  by  (1089).   See  Note  to  (1201). 

1159  TTence  any  project  ire  properly  (1076-78),  which  is 
known  to  belonor  to  the  circle  or  rectangu1:ir  hy])crbnla,  will 
also  be  imiyersally  true  for  the  ellipse  and  hyperbola  respec- 
tively. 


THE  ELLIPSE  AND  HYPEKBOLA. 


Joint  prcpetHes  of  the  Ellipse  and  Hyperbola, 

1160  Dkfinitionr. — The  tanrjent  to  a  curve  at  a  point  P 
(Fig.  116(3)  is  the  riglit  line  /'(J,  drawn  through  an  adjacent 
point  Q,  in  its  ultimate  position  when  Q  is  made  to  coincide 
wiihP. 

The  normal  is  the  perpcndiciilar  to  the  tangent  througli 
the  point  of  contact. 
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In  (Fig.  1171),  referred  to  rectangular  axes  through  the 
centre  0  (see  Coordinate  Geometry) ;  the  lengUi  CN  is  called 
the  abscissa;  PNihe  ordinate ;  PT  the  tangent;  PG  the  nor* 
mal ;  NT  the  svhtnngent ;  and  the  svhnnrmal.  S,  are 
the  foci;  JOf,  XM'  the  directrices;  PS,  PS'  the  focal  dis-^ 
taneeSy  and  a  double  ordinate  through  S  the  Latus  Rectum. 

The  augBiliary  circle  (Fig.  1178)  is  described  upon  AA'  as 
diameter. 

A  diameter  parallel  to  the  tangent  at  the  extremity  of 
another  diameter  is  termed  a  conjugate  diameter  with  respect 
to  the  other. 

The  conjugate  hyperbola  has  BG  for  its  major,  and  AC  for 
its  minor  axis  (1157). 


1161  Tho  following  theorems  (11G2)  to  (1181)  an  dadnoed  horn  ihm 
property  PS  :  PM  =  e  obtained  in  (lU.l). 

The  propositions  and  demonstrations  are  nearly  identical  for  the  elUpee 
•ad  the  hyperbola,  any  difference  in  the  application  being  specified. 


1168  CS  :  CA  :  CX^  and  the  common  ratio  is  e. 


1163  the  ellipse  the  Bum,  and  in  the  hyperbola  the  dif- 
ference, of  the  f  0€»1  distances  of  P  is  equal  to  the  major  aziB^ 

OP  PS  ±  PS  ^  A  A'. 

pBOOPj— 'Widi  the  MDe  figures  we  hare,  in  tiie  ellipse,  by  (1151), 

FM-i-PW       XX*  *  AX+A*X     ZX*  ^^^^ 

Fflv  tbe  hyporbola  tako  d^ermm  iu/tmA  of 
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1164  C&  s  AC*-BC*  in  the  elHpse. 

[For  B8  =  AO,  hy  (1168). 
CS*  =5  AC*+BC*  in  tlie  hyperbola. 

[By  assuming  BC.    Seo  (117G). 

1165  BC'=SL.AC. 

Proof.— (Figs,  of  11C2)    SL  :  SX  =  OS  :  CA,  (1151, 11G2) 

6'L .  AO  =      .  Si  =      (C-X  ^  CS)  =  C.!'    C-SC  (U62)  =  (1164). 

1186  If  a  right  line  through  P,  Q,  two  points  on  the  coDio» 
meets  the  direetrix  in  Z,  th^  8Z  biseots  the  angle  Q8R. 


Pnror  —By  similar  triaoglM,  ZP  Z  ZQ^  MP  :  NQsz  BP  I  SQ  (1151), 
tWore  by  (YL  A.)  

1167  If  be  a  tangent  at  I\  Liien  I'SZ  and  P^^'  are 
right  angles. 

Pboof. — Make  Q  coincide  with  P  in  the  last  theorem. 

1168  The  tangent  makes  eqnal  angles  with  the  focal  dis* 
tBDces. 

Proof  — In  (11G6),  PS  :  PS'  =  P3f  :  PM'  (1151)  =  PZ  :  PZ';  therefore, 
wW  P^  becomes  the  tangent  at  P,  Z  SPJ^  =  ^PZ',  by  (1167)  and  (YI.  7), 

1169  The  tangents  at  the  extremities  of  a  focal  chord  inters 
fleet  in  ihe  directrix. 

PB0OP.~(Fig8.  of  1166).   Join  ZB ;  liheD,  if  fTP  ia  a  tangent,  ZB  is  abo, 

fur  fllG7")  proves  JlSZ  to  be  a  right  anple. 


1170 


CN,CT=A(J\ 
lin.)^^=^|(YL8,A.): 


PM' 


TS'-^-Tfi  _  NX^-¥NX 
TS-TS 


NX-NX'  2CS 


PM 
2CT  _  20X 


(1161)  s 


NT 
NX* 


CN.CTs^  CS,CX^At\ 


(1162) 
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1171   n      be  the  normal, 


• 

\> 

C    G  NS  JA 

FBO0r.—B7  (1168)  and  (VL  S,  A.)* 

OS  ^Gsr  _  GS^±OS  _ 

Bat,  for  the  hyperbola,  change  plui  to  mtniM; 


2CS 
20il 


=  e. 


ai62) 


1172  The  subnormal  and  the  abscissa  :ire  as  the  squares  of 
the  axes,  or        NG  :  NC  =  BC^ :  ACK 

Pboov.— (Figs.  1171.)   Exactly  as  in  (1170),  taking  the  normal  instead 

r.i    .        *  CO      CN     .   OS"     CX      CA*  ,^.ro\ 

of  the  tangent,  we  obtain         =  "W"'CS"  '0& 


ON  CA* 


NO 

or  -r^  = 


NC  AC 


^  (116-1). 


1173  The  tnnp-cTits  at  P  and  Qj  the  corref^poiidiiiu:  points  on 
the  elhpse  and  auxiliary  circle,  meet  the  axis  in  tlie  same  point 
T,  But  in  the  hyperbola,  the  ordinate  TQ  of  the  circle  being 
drawn,  the  tangent  at  Q  cuts  the  axis  in  N, 

I 


-  jA  i 

V 

7         /T    iif  N 

//V 

Proof.— For  the  ellipse :  Join  TQ.    Then  C.V,  Cr=  W  (1^0) ;  there- 
fore OQT  is  a  right  angle  ( VL  8) ;  therefore      is  a  tangent 
For  the  hyperbola :  Interchange  N  and 
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1174  PN  iQN=  BC  :  AC. 

Proof.— rFigs.  1173).  NG .  NT  =  PA'',  and  CX .  NT  -  QN*.  (VI.  8) 
Therefore  NG  :  XC     FN*  I  QN' ;  thoi-cfort',  by  (1172). 

This  proposition  is  oqnivuletit  to  (1158),  and  shows  that  an  ellipw  it  tho 
orthogonal  projection  of  a  circle  equal  to  the  auxiliary  circle, 

1175  Cor. — The  area  of  tlie  ellipse  is  to  that  of  the  auxiliary 
circle  as  i^O:  ,40  (1 089). 


1176 


PN^  :  AN.  NA'  =  BC^  :  ACK 


PaooF.— By  (11/4),  since  QN^  =  AX.NA'  (111.35,30).  An  independ- 
ent  proof  of  Uiia  theorem  is  given  in  (HOG).  The  oonBiraotion  for  BO  in 
the  hyperbola  in  (1164)  is  thns  Terified. 


1177 


Cn .  Ct  =  BCK 


Pi:0()F.— (Figs.  1173.) 
rt      FN     .    Cn.Cl  FN* 


PN 


PN* 


>(in.85,86). 


CT     NT '   ' '  CN .  CT     CN.  NT     QN *  ^ ' ** AN. NA 
Therefore,  bj  (1170)  and  (1176),  On  .Ct :  AO*  =  BO* :  AO*. 

1178  K  8Yf  are  the  perpendiculars  on  ike  tangent, 
then  F,  Y*  are  points  on  the  auxiliary  circle,  and 


Pboof.— Let  PS  meet  iSF  in  IF.  Then  PS  =  PW  (11G8).  Therefore 
ffW^AA'  (im).  AliKsSr=riF,andfe'0  =  CS'.  Th«roforeCr=ifirTr 

AC.    Similarly  CY*  =  AC.    Therefore  Y,  Y'  aix>  on  the  circle. 
Hence  ZY'  is  a  diiinieter  (III.  ol),  and  Hu'rcfore  SZ  =  S'Y\  by  similar 
triangles  ;  therefore  iil  .6Z  —  6^  .  i:>A  (111.  3v»,  3iJ)  =  OH*  ^  OA*  (II.  &) 
=  BC  (1164). 

1179  Cob. — If  CE  be  drawn  [»arallel  to  the  tangent  at  P, 
then  PE^CY^AC. 

1180  Problem. — To  draw  tangents  from  any  point  0  to  an 
elhpse  or  hyperbola. 

Construction. — (Figs.  1 181.)  Dcrribc  two  circles,  one  with  centre  O  and 
nuima  06,  aud  auother  with  centre  b'  and  rudiuti  =  AA^  intersecting  in  J/, 
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jr.  Join  3/iS',  M'S'.  These  lines  will  intersect  the  onrre  in  P,  P',  the 
points  of  contact.    For  another  method  see  (1204). 

Proof.— By  (1163),  FSr±P8  ^  AA' ss  ffM  hf  oomtniotioii.  Thers. 
fore  PS^PM,  tharafiMW  £0F8^  0PM  (L  8),  ihereforo  OP  is  atengani 

Similarly        =  P  M\  and  OP  is  a  tangent. 


1181  The  tangents  OF,  OF  subtend  equal  angles  at  either 
focus. 


by  (I.  8),  as  above  \  and  these  last  angles  are  equal,  by  the  triangles  OSM^ 
OiS^JT,  uid  (I.  8).  Similarly  at  the  otAer  fooaa. 

AsympMie  Froperiies  of  Ute  HypefMa. 

1183  DfiF.  —  The  asymptotes  of  the  hyperbola  are  the 
diagonals  of  the  rectangle  lormed  bj  tangents  at  the  verticeB 
A,  A,  B,  ff. 

1183  If  the  onlinates  7?^,  RM  from  any  point  R  on  an 
asymptote  cut  the  hyperbola  and  its  conjugate  in  P,  P',  2>,  i/. 
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then  either  of  the  following  pairs  of  eqnationfi  will  define  both 
the  branches  of  each  curve — 

RN^-PN*  =  BC*  =  P'N*-RIP  

Jl  M  -mP=:  AC*=:iyAP-R]\P   (2). 

Proof. — Firstly,  to  prove  (1)  :  By  proportion  from  the  Axmilar  triangle* 

by  (1176),  since  AN.  NA'  =  CN'-AO\  By  (II.  6) 

TI»««fia»  =  tl»  theowm  (69) ; 

therefore  1?.V»  -  P.V^  =  U  f 

Also^  by  (1176),  applied  to  the  conjugtite  hyperbola,  the  axes  being  now 

FI^-BU^  "^iiC^^m^     by -imil-r  triangles; 

therefore  P'N^-BC  =  7?.V'    or   F'N^-BN^  -  BC*. 

Secondly,  to  prove  (2)  :  By  proportion  from  the  triangles  RMC,  OBC,  we 
.  PJi/«  _         _  DM* 

CM*      BC  CM*-BC^ 
by  (1176),  applied  to  the  coujugatc  hyperbola,  for  in  this  case  we  should 
have  BM .  MR  =  CM*-BC*. 

Thflrefine  M^M!  =  ^.  therefore  £A(»-J)jr  = 

Also,  by  (1176),  since  Otf*  I/Maxe  equal  to  the  coordinates  of  iX, 

CM*  B<'*  CM^ 

UiP-AO^  ^         =  by  smiilar  triangles; 

iherafore        IfM^'-AC^^BM*  or  i/lP-BJI* «  ^0*. 

1184  Cob.  1. — If  the  same  ordinates  liN^  MM  meet  the 
other  asymptote  in  r  and  r\  then 

PR.Pr^BC*  and  DR,Dr  =  AC^.  (n.5) 

1185  Cor.  2. — As  It  recedes  from  6',  Vli  and  i)ii5  con- 
tin  uiilly  diminish.  Hence  the  curves  continually  approach 
the  asymptote. 

1186  If      be  the  directrix,  CEszAC. 

PMor.—  OS:  CO^OXiOAssCA:  CS  and  CSs  CO.  (1164) 

1187  PD  is  parallel  to  the  asymptote. 

T>^rr..  ^  -  BN*-}\\*     ...QQ.  FN* 

Thsrafere  BIT :  PN  =i  RM :  DM;  therefora,  by  (YI.  2). 

2l 
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1188  The  segments  of  anj  right  line  between  the  onnre  and 
the  asymptote  are  equal,  or   QR  =  qr. 


PhoOF. —  QTt  :  QU  =  qH  :  ql''\     Compound  the  ratios, 

and  Qr  :  Qu  =  qr  :  qu  }       and  employ  (1184). 

1189  CoE.  1.— PI.  =  P/  and  gF=gF. 

1190  Gob.  2.^CH  =  HL.   Because  PD  is  parallel  to  10. 

(1187) 


1191        .  «r  =  FL*  =  R         F*  =  Q'  P-jR  VK 

PBOOr.—  Qft  :  QlTs  PL :  pi;  >  Compoandtlieratioa.  Therefore,b7(1184),  • 
and  Qr  :Qu  =Pl  :Pe  i      QB,Qr^PL.Pl^  PL*  (1189). 


1198  4^H.PK^C^. 

PBOor.--.   PH :  PJ  =  ca :  Oo)      PH,PK :  PS.Pe  ^CCFiW 
ana  PKXP9  sCo  :  Oo)  s  (7;S* :  iBO*';  therafoce,  (1184). 


Joint  Properties  of  the  Ellipse  and  Ihfpcrbola  resumed. 

If  Pf^P'  be  a  diameter,  and  Q  V  an  ordinate  parallel  to  the 
conjugate  diameter  OJJ  (Figs.  1195  and  1188). 

1198  QF> :  FV.  VF  ^CL^  i  CP'. 

This  is  the  fuDdamental  equatiou  of  the  conic,  equation  (1170)  being  the 
moBt  important  fonn  of  it 
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Otherwise : 

In  the  eUipse,      QV* :  CP'-CV^  =  CD» :  CP'. 

In  the  hyperbola,  QV^  :  CV'-CF'  =  CD' :  CP'  ; 
and  Q'V*:  CF*+CP»  =  CD* :  CP*. 

Pboof. — (Ellipse.  Fig.  1195.) — By  orthogonal  projection  from  a  circle. 
If  C,  P,  i^,  I),  V  are  the  projections  i^  c^p,  p\  d,  q,  v  <m  the  oirde ; 
^Bp9,vp'  and  r  r  =  rp*.  The  proportion  ia  therafore  true  in  the  case  of 
the  circle.    Therefore  Ac,,  bj  (1088). 

{Eyperhola.  Fig.  1188)— 

Ci*  CP"'  cv^:kci^   cv'-cp'      cv+cf*'   ^  ^ 


1194  The  parallelogram  formed  by  tangents  at  the  extremi- 
ties of  coiijiiijate  diameters  is  of  constaTit  area,  and  therefore, 
Pi'  being  perpendicular  to  GJJ  (Mgs.  1195), 

PF.CD  =  AC.BC. 

Proof. — (Ellipse.) — By  orthogonal  projection  from  the  circle  (1080). 

{Hyperbola.  Fig.  U88.)  —  CL.Cl  =  4FU.PK=  CO. Co  (1192);  thore- 
tm,  by  (VL  15),  ^lOl ^OOo^  AO, BO, 


If  PF  intersects  the  axes  in  G  and  0\ 


1195       PF.PG  =  BC'  and  PF.FG  =ACK 


Vroof.—  PF,FQ  =  PK.FN^O»,Ct  =  BC*  {117.7).  Similarly  fiw 
FF.Pa.  ^ 

1197  Cob.—  FG  .PG'  =^  CB"  =^  PT.  Ft.  By  (U94) 
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1198  Tho  diameter  bisects  all  chords  parallel  to  the  tangent 

at  its  extreiiiitv. 

Proof.  — (Ellipse.  Fig.  1195.)— By  plroiection  from  the  circle  (1088) 
QVzs  VQ'.      {Uyperhola.)  By  (1189.) 

1199  Cou.  1. — The  tangents  at  the  extremities  of  any  chord 
meet  on  the  diameter  which  bisects  it. 

Faoof. — The  secants  drawn  through  the  extremities  of  two  parallel  chords 
meet  on  tbe  duuneter  wbidi  bieeefai  them  (VI.  4),  and  the  tan^ceate  we  the 
limitiDg  pontione  of  the  eecants  when  the  peraUel  chofds  coincide. 

1800  Cob.  2. — ^If  tlie  tangents  from  a  point  are  equal,  the 
diameter  through  the  point  miiBt  he  a  principal  axis.      (i.  8) 

1201  Ck)R,  3. — ^The  chords  joining  anv  point  Q  on  the  curve 
with  the  eztremitieB  of  a  diameter  PP «  are  paraUel  to  con- 
jugate diameters,  and  are  called  supplemental  chords. 

For  the  diameter  bisecting  PQ  is  parallel  to  FQ  (VI.  2).  Similarly  the 
duuneter  faiaeoting  P'Q  ia  perulel  to  PQ* 


1202  Diameters  are  mutually  conjugate ;  If  CD  be  paraUel 
to  the  tangent  at  P,  CP  will  be  paiullel  to  the  tangent  at  jD. 

Proof, — (Ellipse.  Fig.  1205.) — By  projection  from  tbo  circle  (1088). 

NoT£. — Observe  that,  if  the  ellipse  in  the  figure  with  its  ordinates  and 
tangente  be  tamed  aboat  the  kbs  it  through  the  angle  cos'*  (BO-i-AO),  it 
becomes  the  prqjection  of  the  mudliaiy  oirde  with  its  o<»rBBponduig  ordinates 
and  tangents. 

(Eijperhola.  Fig.  1188.)— By  (11^7.  1180)  the  tancrontg  at  P,  D  meet  the 
asymptotes  iu  tho  same  point  L.  Thereturo  they  are  parallel  to  CD,  CP  (VI.  2.) 


If  QT  be  the  tangent  at  Q,  and  the  ordinate  paraUel 
to  the  tangent  at  any  other  point  P, 


Proof.— Ci2  bisects  PQ  (1199).  Therefore  PfT  is  paraUel  to  QB. 
Therefore,  by  (VI.  2),  CV:OF=  CW  :  CM  =  CP  :  CT. 


1203 


CV.CT=CP*. 


Digitized  by  Google 


TOE  JBLLIP8B  AND  STPBBBOLA 


245 


1204  Cor. — Henoe,  to  dxaw  two  taoMntB  from  a  poiiit  T,  wc  may  find 
CV  from  the  above  equation,  and  draw  ^VQ  parallel  to  the  tangent  at  P  to 

dtUfrrnine  the  points  of  contact  Q>  Q  - 


Let  PNf  DN  be  the  ordl  nates  at  the  extremities  of  con- 
jugate diameters,  and  PT  the  tangent  at  F.  Let  the  ordinates 
at  .Yand  E  in  the  ellipae,  but  at  T  and  G  in  the  hyperbola, 
meet  the  auxiliary  cirde  iap  and  d ;  then 


1205  CN^dR,  CR=pN. 


Proof. — (EUipsc)  Op,  C>I  are  parallel  to  the  tangents  at  d  and  p  (Note  to 
1202).  Therefore  pCd  is  a  right  angle.  Therefore  ^NO,  OBd  are  equal 
rigfat^uigled  trianglei  with  ON^dB  and  OB^pN. 

(Hyperbola.)  CN ,  CT  =  AO*  (1170), 

aad  DR.CT-  2ACDT  =  2CDP  =  AG .  BC  (1194)  ; 

(1174),  ^m^CR  (  ^ 4^  , 

Dli      BG  pN     BN     2'iV '^^^^^^^  ^ 

But  ^s^(yL8)}  .'.  OB^pN.  Alao  Op=iCdi  therefore  the  tri- 

•agios  CpN,  dOB  are  equal  and  simUar;  therefiiie  ONs  dB  and  dB  im 
puaUeltopA. 

1206    Cor.—      DR  :  dR  =  BC  :  AC. 

Proop.— (J?Z2«j)«e.)  By  (1174).  (Hyperbola.)  By  the  similar  right^led 
trianglee,  we  have     dBipN=sOB  :  TN  =DB:PN; 
therefore  dB  zDB^pN  :  FN^  AO :  BO  (1174). 


In  the  same  figures, 
1207    (Ellipse.)     CN*+CR*  =  AC'i  DR'+PN*  =  BC*. 
1209    {Hyperbola.)  CN^- CR^  =  AC ;  DR*-PN*  =  BC\ 

PEOOf  . — ^Eiratly,  from  the  right-angled  triangle  ONp  in  which  pN  =  CB 

(1205). 

Seeondlj,  In  the  ellipse,  bv  (1174),  DB^-^PN* :  dB?-^pIP  =  :  AC*, 
and  lUP+pilTs^O*,  hj  (1205).  For  the  hyperbola,  take  di£lgniic$  of  iqwmi. 
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1211    {Ellipse.)       CP*-|-C7>^  =  AC'-^BC\ 

1818   (Hyperbola.)  CP^^CD^  AC^^BC*. 

FMor.— (Figs.  1205.)    Bj  (120&— 1210)  and  (L  47),  applied  to 
tnuigles  aV7,  C£P. 

The  product  of  the  focril  di.-itanoes  is  equal  to  the  square 
of  tho  semi-conjugate  diameter,  or 

1813  PS.PS'^CB^. 

PMor.— (JSKiW  Fig.  U7L)  2P8,PSr  =  (PS-^FSTf-^PS^^PS* 
=s4il(7*-2CS»-2CJ*  (922,1)  =  2U(7«+BC*-Ci*)  (1164)  =  2CI3^a211). 

(ffyper^)— Sindkriy  with  2P5 .  PS' s  PfiF+P5'..(P;9r-P5)*  =  Ac. 

1214  The  products  of  the  se^ents  of  intersecting  chords 
Q'O'/  are  in  the  ratio  of  the  squares  of  the  diametera 

parallel  to  them,  or 

OQ.Oq  :  OQ  ^Oq  =  C2>» :  CD  K 

PtOOF. — (ElUpte.)  By  projeotton  from  the  eiiele  (1088) ;  Ibr  the  propor- 
tioii  is  true  for  the  drde,  bj  (UL  35,  86). 

(nypcrhohi.  Fig.  1188.)  Let  O  be  any  point  on  Qg.  BrMr  JOi  pmllal 
to  JEe,  meeting  the  asymptotes  in  I  and  t ;  then 

OJ!.r}r-uQ.Oq=  QJi.Qr  (11.5)  =riJ  (lU'l)    (1). 

«.        O/i*       PL        ,   Or       P/  O/i'.Or         77.*         rir  ,„o.^ 

-     on .  Or-PD  _  cif" .  ^x„n\         •  ^^7    _  '^^^ 

^■^"^    01 .  Cn-Bi  -  -  Bi^ '      ^        OI.Oi-  BC*  -  Bi?' 
Similarly  for  any  other  chord  Q'Oi'  drawn  through  0. 
Therefore  OQ.O^l        .       =  CI/  I  CIP. 

1215  Cor. — The  tangents  from  any  point  to  the  carve  are 
in  the  ratio  of  the  diameters  parallel  to  them. 

For,  when  0  ia  withont  the  Curve  and  the  chorda  become  tangents,  eacdi 

product  of  segments  l)t»comes  the  square  of  a  tangent. 

1216  If  from  any  point  Q  on  a  tang-ent  FT  drmvu  to  any 
conic  (Fi^'".  1220),  two  jXTpcndiculars  (//?,  QL  be  drawn  to  the 
focal  distance  FtS  and  the  directrix  XM  respectively;  then 

SR  :QL=:  e. 

PB0Or.»Si]ioe  QE  is  parallel  to  Z8  (1167),  therefore,  hj  (VL  2), 
8B:P8^QZ:PZ^QLiFUi 
therefore  8B:  QL=sP8 :  PM^  e. 

Cor. — By  applying  the  theoiem  to  each  of  the  taagenti  tnm  Q,  a  proof 
of  (1181)18  obtained. 
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1217  The  Director  Circle. — Tho  locus  of  the  point  of  intcr- 
61  ctitjn,  T,  of  two  timgents  alvrays  at  right  angles  is  a  circle 
called  the  Director  Circle. 


Proof. — Perpendicnlara  from  S,  S  to  the  tangents  naeet  them  in  points 
Y,  Z,  r,  Z\  wMeh  He  on  tho  anxiltaiy  eirole.   Therefore,  by  (II.  5,  G)  and 

(III.  35,  3G),     TC^^AC-TZ.  TZ'  =  SY.  S'Y'  =  BC*.  (1178) 

Thei^fore  TO*  =  AC*  ±JBC,   a  constant  value. 


NOTi.— Theorems  (1170),  (1177),  and  (1203)  may  also  be  deduced 

at  finoe  for  the  ellipse  by  ortlioL^Diial  prdjcetion  froni  (Ik^  circle;  nncl,  in 
stich  casff^,  the  anaioj^oiiH  property  of  the  hyperbolu  may  l)e  obtaitic!  by  a 
similar  projection  fi-om  the  rectangular  hyperbola  if  the  property  Lab  already 
been  demonstrated  for  the  latter  cnrve. 


1218  If  the  points  A,  S  (Fig.  1162)  be  fixed,  while  C  is 
moved  to  an  infinite  distance,  the  conic  l)ccomes  a  parabola. 
Hence,  any  relation  which  has  been  established  for  parts  of 
the  curve  which  remain  finite,  when^iC/  thus  becomes  inEnite, 
will  be  a  property  o/  the  parabola, 

1219  Theorems  relating  to  the  ellipse  may  generally  be 
adapted  to  the  parabola  by  eliminating  the  quantities  which 
become  infinite,  employing  the  principle  that^nt^e  differences 
may  be  neglected  in  emsid&ring  ike  ratios  of  infinite  qua/ntities, 

P-XAMi'LE. — In  (1103),  when  ia  at  infinity.  VP'  becomes  =2CP;  and 
in  (1213)  Fb""  becomes  =  2tP.    Thus  the  equations  become 

^  =  S^  iu.d  ps=.^ 

PV       CP  2CP' 
Therefore  QV^  =  4PS.PV  in  the  parabola. 
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If  S  be  the  focus,  XM 
the  directrix,  ainl  P  aiiv  Doint 
on  the  curve,  the  dcjiiLiHif  -^ro- 
j>erty  is 


1220 
and 


PS  =  PM 
e=l. 


(1153) 


1221  Hence 

AX  =  AS. 


1222  Tte  Latus  Recfcum  =  ^AS. 

Pboof.—  SL  =  iSi  (1220)  =  2^5. 

1223  If  be  a  tangent  at  P,  meeting  the  directrix  in  Zy 
then  PjSZ  is  a  right  angle. 

Pboof. — Aa  in  (1167)  i  theorem  (1166)  spplying  eqoallj  to  the  r^^Wla. 
1SS4   The  tangent  at  P  bisects  the  angles  8PM,  8ZM, 

Pboof.— PZ  is  common  to  the  trianj^'les  Pib'Z,  FMZ;  FS  =  and 
lP8Z=PMZ  (1223). 


1225  Cufi.- 


ST=:  SP  =  SG. 


(L29,6) 


1886  The  tangents  at  the  extremities  of  a  focal  chord  PQ 
intersect  at  right  angles  in  the  directrix. 

Proof. — (L)  They  intersect  in  the  directrix,  as  in  (1169). 

(ii.)  They  bisect  the  anglee  8ZU,  8ZM'  (1224),  and  therefore  indnde  % 
right  angle. 

12S7   The  curve  bbects  the  sub-tangent.   AN=  AT, 
Pboof.—  51=  SP  (lil2u)  =  PJf » XY,  and  AX^AS, 

1288    The  sub-normal  is  half  the  hitus  rectum.  NG  =  2AS. 
Pboof.— i5Ts5Ps  50  and  TX^SN  (1227).  Sohtraot. 
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1229  FN*=^4lAS.AN. 

Peoop.— PiV*  =  TN,  NG  (VI.  8)  =  AY.  2N0  (1227)  =  4AS .  AN  0228). 
Othennae,  by  (1L76)  and  (1165) ;  making  AO  inBnito.   See  (1219). 


1290  The  tangents  at  A  and  P  each  bisect  8M^  the  latter 
bisedang  it  at  right  angles. 

Pioop. — (i.)  The  tangent  at  A,  by  (VI.  2),  sinoe  AX  s  A8. 

(tL)  PT  bisects  8M  at  rigbt  angles,  bj  (I.  4),  nnoo  FB^PM  and 

1231  Cob.—  5^1  :  87  :  SP.         [By  similar  trianglet. 

1232  To  draw  tangents  from  a  point  0  to  tlio  parabola. 

CosSTRUCTios. — Describe  a  circle,  cent  re 
0  sod  radius  OS,  catting  the  directrix  in 
ir,Jr.  Draw  JfQ,J£'Qr  parallel  to  tha  axis, 
meeting  the  panU>ola  in  Q,  Q[,  Then  0Q> 
(H2f  wiU  be  tangenta. 

Proof.— OS,  SQ  =  03/,  3f(2  (1220) ;  0 
therefore,  by  (I.  8),  Z  OQS  =  OQ-lf;  there- 
fore OQ  is  a  tangent  (1224).  Similarly 
OQ'  is  a  tangent. 

Otherwise,  by  (1181).  When  ST  moves 
to  iDGnity,  the  cude  iOT  beoomea  the 
directrix. 

1233  CoE.  1.— The  triangles  SQO,  SOQ'  are  similar,  and 

SQ  :  SO  :  SQ\ 

Proof.—  z  SQO  =  3/QO  =  8  V  \f '  =s  SOO'.  (lU.  20) 

Similarl/  iSgfO  =  HOQ. 

1234  Gob.  2. — The  tangents  at  two  points  subtend  equal 
angles  at  the  focus ;  and  they  contain  an  angle  equal  to  half 
the  exterior  angle  between  the  focal  distances  of  the  points. 

Pioor.—  Z  OSQ  =  OSQ\    by  (Cor.  1). 

Abo  /  Q0(^  =  SOQ+iSQO  =  w^OSQ  =  ^Q^^Q', 

1235  Def. — Any  line  parallel  to  the  axis  of  a  parabola  is 
called  a  diainttcr, 

1236  The  chord  of  contact  QQ'  of  tangents  from  any  point 
0  is  bisected  by  the  diameter  through  0, 

Pboow* — This  proposition  and  the  corollariea  are  included  in  (119^1200), 
fcj  the  piinoijde  in  (1218).   An  independent  proof  is  as  follows. 

2  K 
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The  construotion  Hoincr  ns  in  0232"), 
■wo  have  ZAl  —  ZM';  ilicrciuru  1=  VQf 
(VI.  2). 

1237  Cor.  1.  — The  taugent 
Ji  ll'  at  P  is  parallel  to  QQ' ;  and 
OP  =  PV. 

Proof. —  Draw  the  diameter  liW. 
QW=z  WP;  therefore  Qti  =  liO  (VL  2). 
SimUarly  Q'BT^B^O, 

1238  Cor.  2.— Hence,  the  dia- 
meter tki-Qugh  P  bisects  all  chords  parallel  to  the  tangent  at  P. 


If  QFbe  a  semi-chord  parallel  to  the  tangent  at  P^ 

1289  QF*=:4PS.PF. 

Tbii  Is  tlie  ftudamontal  «qiuitloii  d 
the  pambola,  equation  (1229)  beiiig  the 
bioaI  important  form  of  it. 

Proof. —Lot  QO  meet  the  ftziB  in  T. 

By  similar  triangles  (1231), 

Z  SRP  =SQ  R  =  STQ  =  FOR  ; 

and      SrR=  OrU  (V224.).  Therefore 

2'U^=  FS.FO  =FS.F\ 'and  QV=  -IFR.  ^ 

OUierwise:  See  (1219),  where  the 
equation  ii  dednood  from  (1193)  ol  the 
ellipse. 

1240  Cor.  1. — If  v  be  any  other  point,  either  within  or 
without  the  curve,  on  the  chord  QQ'y  and  pv  the  corresponding 

diameter,  vQ .  vQ'  =  4sp^  »pv»  (XL  5> 

1241  Cob.  2. — The  focal  chord  paraUel  to  the  diameter 
through  P,  aad  called  the  parameter  of  that  diameter,  is  equal 
to  48P.   For  PV  in  this  case  is  equal  to  P8. 


1242  The  products  of  the  sesrraents  of  intersectinpf  chords, 
UOq,  Q'Oq\  are  in  tlie  ratio  of  the  parameters  of  the  diameters 
whicli  biiecL  the  clioi'ds;  or 

OQMq  :  OQ  .Oq  =  PS  :  P  S. 
PROor.— By  (1240X  ^«       is  equal  to  41*8. pO  i  ^F'S .  pO. 
Otfaerwiae :  In  the  eUipee  (1214),  the  retio  is  =  ^ff^  -  ^t  '^f,  (1^13) 

jp^  LJJ        Po.l  is 

ss  •=r^,  when  5"  is  at  infinity  and  thu  carve  becomes  a  parabola  (1210). 
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1243  Cor. — The  squares  of  the  tangents  to  a  parabola  from 
any  point  are  as  the  focal  distances  of  the  points  of  contact* 

pBOor.— As     (1215).  Otherwua,  by  (1238)  and  (VI.  19). 


1S14  The  area  of  the  parabola  cut  off  bj  any  chord  QQ"  is 
two-thirds  of  the  circumscribed  parallelogram,  or  of  the  tri- 
angle formed  \sj  the  chord  and  the  tangents  at  Q,  Q\ 

Proof. — Throngh  Q,  q,  q\  Ac,  adjacent  points 
on  tbo  curve,  draw  right  lines  parallel  to  tlio 
diameter  and  tangent  at  P.  Let  the  secant  Qq 
eat  the  diameter  in  0.  Then,  when  q  ooincidee 
with  Q,  so  that  Qq  becomes  a  tangent,  we  have 
OP=FV  (1237).  Therefore  the  parallelogram 
T^ss  2(7(2,  ^)»  applied  to  the  parallelogram 

ef  whieh  OQ  is  the  dia^onnal.  Similarly  vq'  =  2uq\ 
&c.  Therefore  tiie  sum  of  all  the  evanescent  par* 
allelograms  on  one  side  of  PQ  is  equal  to  twice 
the  corresponding  sum  on  the  other  side;  and 
tiwie  Bnma  are  respeottyely  equal  to  the  aveaa 
PQV,  FQU.--{TSfmmm,  Seek  I.,  Leqou  IL) 


Fractical  methods  of  constructing  the  Conic* 
1815  To  draw  the  Ellipse. 

Fix  two  pina  9k  8,  S  (Fig.  1162).  Place  over  them  »  loop  of  thread 

having  a  perimeter  SFS  =  56'  + -U'.  A  pencil  point  moved  80  as  to  keep 
the  thread  strotohed  will  deaoribe  the  ellipee,  by  (1163). 

1S46  0therw%9e,^{¥\g,  1173.)  Draw  PHK  parallel  to  QG,  cutting  tlio 
axes  in  77,  K.  PK  =  AC  and  PII  —  BC  (1174).  Hence,  if  a  ruler  i'Uti 
moves  so  that  tl)e  points  il,  K  slide  alODg  the  axoH,  P  will  dciscribc  the  ellipse. 


1247  To  draw  the  Eyperhola. 

Hake  the  pin  ^  (Fig.  1162)  serve  as  a  pivot  for  one  end  of  a  bar  of  any 
convenient  length.  To  the  free  end  of  the  bar  attach  one  end  of  a  thread 
whose  length  is  less  than  that  of  the  bar  by  AA!  \  and  fasten  the  other  end  of 
the  thtead  to  the  pin  8,  A  pencil  point  moved  so  as  to  keep  the  thread 
•feietched,  and  tonohing  the  baa*,  will  deacribe  the  hyperbda,  by  (1168). 

12^8  Othcricise  : — linv  ofTany  scale  of  equal  j»iu  ts  along  both  asymptotes 
(Fig.  1183),  starting  and  numbering  thu  divi:iiuna  Irum  0,  iu  both  pobitive 
and  negative  direotiona. 

Join  every  pair  of  points  ^  the  product  of  whose  distances  from  C  is 
the  same,  and  a  series  of  tangents  wiU  be  fonned  (1192)  whioh  will  define 
the  hyperbola.   See  also  (126§). 
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1849  To  draw  the  Parabola, 

Proceed  as  iti  (1247),  with  this  difference:  let  +ho  end  of  tho  br\r,  before 
attached  to  6",  terminate  in  a  "  T-sqiiare,"  and  be  made  to  slide  along  the 
directrix  (Fig.  1220),  taking  tho  btring  and  bar  of  tho  satuo  length. 

1250  Othencise: — Make  the  same  construction  as  in  (1248),  and  join 
every  pair  of  pointSf  the  algebraic  sam  of  whose  distances  irom  the  zero 
point  of  divisicm  is  the  same. 

PROOF.<^If  tlie  two  eqnal  tuageata  from  any  point  T  oo  tbo  szis  (Fi^. 
1289)  be  cut  by  a  third  tangent  in  tiie  points  J?,  r;  then  BQ  may  be  proved 
equal  to  rT,  by  (1233),  proving  the  triaiaglM  8EQ,  SrT  oqoal  in  all  reepecta. 

1S51  GoB^The  triangle  BBr  is  always  nnular  to  the  iiosodea  triangle 
8QT. 


126S   To  find  the  axes  and  centre  of  a  gwen  central  conic, 

(i.)  Draw  a  right  line  thiongh  the  centres  of  two  parallel  chords.  Thia 
line  is  a  diameter,  by  (1196)$  and  two  diametota  w  found  will  inieiaect  in 
the  centre  of  the  conic. 

(ii.)  Describe  a  circle  having  for  its  diameter  any  diameter  PP'  of  the 
wmo,  and  let  the  circle  cut  the  onrre  in  Q.  Then  PQ,  P'Q  are  paraUel  to 
the  axes,  hj  (1201)  and  (lU.  81)« 


1258   CUven  two  conjugate  diameters,  CP,  CD,  in  position 
and  magnitude :  to  construct  ths  conic* 

On  OPUkke  PZ  —  OU^-i-CPi  meaenring 

from  C  in  the  ellipse,  and  towards  C  in  the 
hyperbola  (Fig.  1188).  A  circle  described 
through  the  points  C,  Zj  and  having  its 
centre  0  on  the  tangent  at  P,  will  cat  the 
tangent  in  the  pdnti  where  it  is  intersected  i 
the  azee.  | 

Proof. — Analysis:  Let  AC,  BC  cnt  the 
tangent  at  P  in  T,  t.  Tho  circle  whose 
diameter  is  Tt  will  pass  through  C  (XU.  31), 
and  will  make 

CP.PZ=PT.  Ft  (ITT-  35, 36)  =  CI/ (1197). 
Honco  the  construction. 


JD 


Circle  and  Radius  of  Curvature. 

1254  Dkhxttions. — The  circle  which  has  the  same  tangent 
with  a  curve  at  P  (Fig.  1259),  and  which  passes  throngli 
another  point  Q  on  tlie  curve,  becomes  the  clrclf  of  curvatnre 
when  Q  ultimately  coincides  with  P ;  and  its  radius  becomes 
the  radius  of  curvatwre. 


Digitized  by  Google 


cisoLB  OF  oubvatub:^. 


253 


1255  Otherwise. — The  circle  of  curvatv/re  is  the  circle  which 
passes  tlm>ugh  three  coincident  points  on  the  curve  at  P. 

1866  Any  chord  PH  of  the  circle  ai  curvature  is  called  a 
dkord  of  eurvatwre  at  P, 

1257  Through  Q  draw  HQ'  parallel  to  Pff,  meeting  the 
tangent  at  P  in  and  the  circle  in  Q\  and  draw  parallel 
to  PR,   BQ  is  eaUed  a  gnhtenae  of  the  arc  PQ. 

1268  Theobev. — Anv  chord  of  curvature  PS  is  equal  to 

ike  ultvmate' value  of  the  square  of  the  a/rc  PQ  divided  by  tke 
wbtense  BQ  parallel  to  the  chord :  and  this  is  also  equal  to 

PIOOF.— 7?Q'  =  ni^-^EQ  (IIT.  36).  And  when  Q  moves  np  to  P,  RQ' 
becomes  Pil;  and        FQ,  and  QV  become  equal  because  coincident  lines. 

« 

1269  Bi  the  ellipse  or  hyperbola,  the  semi-chords  of  cur- 
vatnre  at  P,  measured  along  the  diameter  PC^  the  normal 
PF^  and  the  focal  distance  P8y  are  respectively  equal  to 

CD*      C/y  CD*. 

CP'    /'y^^ '  ' 

the  second  being  tlic  radius  of  cui'vature  at  P. 


Emit  when  TT'  beoomea  PP  s  2CP. 

(ii.)  By  the  sSnular  triangles  FEU,  PFO  (JH,  81),  we  have 

pu.PF^  c?p.pjgr=:2aD^,  by  (l) 


(iil)  By  the  similar  trianglee  PUT,  FFE  (1168),  we  have 
PJ.P^« PlT.PPa 20X3^,  by  (ii);  and  PJ? s ^(7  (1179). 
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1260  III  parabola,  tlio  chord  of  curvature  at  P  (Fig, 
1259)  drawn  parallel  to  the  axis,  and  the  one  drawn  through 
the  focus,  are  each  equal  to  4;Ai/\  the  parameter  of  the  dia- 
meter at  P  (1241). 

Peoof.— Bj  (1268).  The  chord  parallel  to  the  axis  =QV^-^PV=  4P8 
(1239) ;  and  the  two  ehoxda  wee  eqmL  beoanae  they  make  equal  angles  witli 
the  diemeter  of  the  dide  of  oarratnre. 

1261  Cob. — The  radius  of  curvature  of  the  parabola  at  jP 
(Kg.  1220)  is  equal  to  2SF'-t'SY. 

Pboov.— (Fig.  1259.)  iPir»iPl8ecZPl7»25PwoPST  (Fig.1221). 

1262  The  products  of  the  segments  of  mtersecidng  ohords 
are  as  the  squares  of  the  tangents  parallel  to  them  (12I4-15)> 
(1242-48). 

1263  The  common  chords  of  a  circle  and  conic  (Fig.  1264) 
are  equally  incHned  to  the  axis ;  and  conversely,  if  two  cliords 
of  a  conic  are  equally  inclined  to  the  axis,  their  extremitiea 
are  concyclic. 

Proof. — The  products  of  the  segments  of  the  chords  being  cqnnl  (III. 
S5|  36),  the  tangents  parallel  to  them  are  equal  (12G2).   Therefore,  by  (1200). 


1264   The  common  chord  of  any  conic  and  of  the  circle  of 

curvature  at  a  point  has  the 
same  inchuation  to  the  axis  as 
the  tangent  at  P. 

Proof. — Draw  any  chord  Qq  parallel 
to  the  tan^nt  at  P.  The  circle  circum- 
scribiog  FQq  alw^s  passes  through  the 
eame  point  p  (1263),  and  does  eo,  there- 
fore, \vlirn  Qq  movos  np  to  P,  and  the 
circle  becoincH  the  circle  of  cnrvat  ure. 


1265  PnctBiiEM, — To  find  the  centre  of  curvature  at  any  given 
^oint  of  a  conic, 

.  First  MftJioil. — (Fig.  1204.)  Draw  a  chord  from  the  point  making  the 
same  anp:lc  witlj  the  axis  as  the  tangent.  The  perpendicular  bisector  of  the 
chord  will  meet  the  normal  in  the  oeutre  of  carvatare,  hj  (1264^  and  (III.  3). 

1266  Second  Method. — Draw  the  normal  TG  and  a  perpendicular  to  it 
from  (?,  meeting  either  of  the  focal  distances  in  Q.  Then  a  perpendicular  to 
the  focal  distauce  drawn  from  Q,  will  meet  the  normal  in  0,  the  centre  of 
ooTYatnra. 
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.    'BwOf.—iEllipte  or  Hijperbola,)  Bj  (1259), 
the  radios  of  carvatnre  at  P  p 

^=  =1^,  ^Cf  (1194) 

ss  PO  sec'  -S'P(7  =  PO. 
For  AG  =  FE  (by  1179). 

(Para&o^o.)    By  (1261).    The  radius  of  curvature 

=  2^1^ -^SY  =  2SP  sec  ibP6f  =  PO. 
For  2SP=PQ,   I  r  iuM    .^y  =  <S7;  (1125). 


Miscellaneaus  Theorems. 


1267  In  the  Parabola  (Jfig.  1239)  let  QD  be  drawn  perpendicnlar  to  PV, 
then  QD»  =;  4iS.PF.  (1231,  1239) 

1268  Let  RPIif  be  any  third  tangent  meeting  the  tangents  OQ,  OQ^  in 
it,  i^;  the  triangles  iSQO,  8RB^,  BOQ'  are  Bimilar  and  aimUarly  divided  by 

SR,  SP,  SR  (12^3-4). 

1269  CoE.—  OB.OUf  =  EQ.  RQ, 

1270  Alao^  the  triangle    PQQ' =  201Ur.  (1244) 
With  the  fame  oonstraotion  and  for  any  oonio, 

1271  OQ :  OC^^UQ.N^ :  Bli^ .FM.  QXV^  1243) 
1878  Also  the  angle  b  (1181) 
1273    Hence,  in  the  Parabola,  the  points  0,  £,  jS,  iZ*  are  concjclic,  by  (1234). 

1874    In  any  oonio  (Fige.  1171),  SPiBT^ANi  AT. 

Proof.-  ff"  =  f|  =  |^  (60,  11G3)  (1170)  (69). 

1275  Cor.— If  the  tangent  PT  meets  the  tangent  at  4  in  then  iSii 
biaecU  the  angle  PST  (VI.  3). 

1876    In  Figs.  (1178),  ST,  SThoth  bisect  the  normal  FQ. 

1277  The  pel  pendicular  from  S  to  PG  meets  it  iu  CY. 

1278  ir  CD  be  the  radios  conjugate  to  CP,  the  perpendicular  from  B 

npon  CY  is  tqual  to  JiC. 

1279  8Y  and  CP  intersect  in  the  directrix. 

1880  If  every  ordinate  PN  ci  tiie  oonic  (Figs.  1205)  be  tnrned  round  N, 
in  the  plane  of  the  figure,  through  the  tame  angle  PNP^,  the  loens  of  is 

also  a  conic,  by  (llOS).  TLo  auxiliary  circle  then  becomes  an  flWppfli^  of 
which  AC  and  BC  produced  are  the  equi-conjugat«  diameters. 

If  the  entire  fignres  be  thns  deformed,  the  points  on  the  axis  AJ^  remaiii 
fixed  while  PN,  DB  describe  the  same  angle.  Hence  OJ)  remains  JpMUlId  tO 
■H*.  CP,  CJD  are  therefore  still  ooigngate  to  eacdi  other* 
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Henoe,  the  relatkma  in  (1205-^  stfll  BiitMiBt  wben  CA^  CB  m  uaj  ooii> 
jDH^  moUi.  Thus  unireraally, 

1281  PNlOB^BBiOHr  or  PK.m-DB.OB. 

1282  If  the  tangent  at  P  meets  any  pair  of  conjagate  diameters  in  T,  T", 
tlum  PT,PT  ig  ooostuit  and  equal  to  OJJ^. 

Pioor^Let  OAf  OB  (Figs.  1205)  be  the  conjugate  ndii,  the  figuree 
being  defonned  tbrongli  any  angle.  By  amiilar  triaoglea, 

pr-CT^Slo^l'  therefore  PT.PT:  PJf. air  =  OR 

Therefore  FT.  FT  s  013^,  by  (1281). 

1283  If  tlio  tantrent  at  P  meets  any  p;n'r  of  parallel  tuigeilta  in  T,  T'^ 
then  PT.  FT  =  VD\  where  CD  is  conjiigato  to  CP. 

Proof. — Let  the  parallel  tangents  touch  in  the  points  Q,  Q'.  Join  FQ, 
FQ,  CT,  CT.  Then  OT^  CT  are  conjugate  diameters  (1199,  1201).  There- 
ibro  PT.fr  s(7i3^  (1282). 

1284  Cob.— QT'.  Q'T  =  01/*,  where  Off  is  the  radios  parallel  to  QT. 

1285  To  draw  two  conjugate  diameters  of  a  conic  to  include  a  ffivea 
angle.  Proceed  as  in  (1252  ii.),  making  PT^  in  this  case  the  chord  of  the 
segment  of  a  circle  containing  the  given  angle  (III.  33). 

1286  The  for.ll  distance  of  a  point  7'  on  any  conic  i'-  ri|nn1  t.i  tlie  length 
QN  intercepted  ou  the  ordinate  through  P  between  the  uxib  und  luu  tangent 
at  the  extreniity  of  the  latoe  reetnm. 

Psoor.— (^g- 1220).  QN:NXs:iL8:8X^€  and  BPiNX^e, 

1287  In  the  hyperbola  (Fig.  1183).    OOlOA^e,      -    (1162, 1164). 

If  a  right  line  PEIT  be  drawn  parallel  to  the  asymptote  OB,  cutting'  the 
one  direotrix  XJ?  in  IT  and  the  other  in  JTj  then 

1288  8P^PK  =  e.CN-ACi   SP  ^PK^m.OnA^AO. 
PiOOr^From  0B^9.0ir  (1287)  and  OS  a  AO  (1186). 

1289  Cob. — Hence  the  hyperbola  may  be  drawn  mechanically  by  the 
method  of  (1249)  by  merely  tixing  the  orosB-piece  of  the  T-8q[nare  at  an 
angle  with  the  bar  eqnal  to  BOO* 

1290  Definition. — Confoeal  oonioa  are  oonioa  which  have  the  same  feci. 

1291  The  tangents  drawn  to  any  conic  from  a  point  !F  on  a  oonfocal  conio 
make  equal  angles  with  the  tangent  at  T. 

PaooF. — (Fig.  1217.)    Lot  T  be  the  point  on  the  coufocal  conic 

.ST:  SZ=  S'Z'  :  ST'  (1178). 
Therefore  ST  and  S  T  make  equal  angles  with  the  tangents  TP,  TQ\  and 
they  also  make  equal  angles  with  the  tangent  to  the  oonfooal  at  T  (11^), 
theiefofede. 

1292  In  the  oonBtrnotion  of  (1253),  FZ  is  equal  to  half  the  chord  of 
oorvatore  at  P  drawn  thnmgh  the  centre  O  (1259). 
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1400  Functions. — A  quantity  which  depends  for  its  value 
upon  another  quantity  x  is  culled  a  funrtifni  of  Thus,  sin  ,r, 
log  J,  a',  d^-{-ax-\-x^  are  all  functions  of  x.  The  notiition 
y  expresses  generallj  that  ^  is  a  function  otx,  y  =  amx 
is  a  p^iciilar  function. 

1401  /  (x)  is  called  a  continuous  fimotion  between  assigned 
limits,  when  an  mdefinitelj  small  change  in  the  value  of  x 
always  produces  an  indefinitely  small  change  in  the  value  of 

A  transeendefUal  function  is  one  which  is  not  purely 
algebraical,  such  as  the  ezponentialy  logarithmic^  and  curcukr 
functions  a*,  logo;,  sin  as,  cos^,  Ac. 

If  f(x)  ip),  the  function  is  called  an  even  function. 

If  /(d?)  s=—f  (^gi)t  it  is  called  an  odd  function. 

Thos,  z'  and  cos  as  are  even  fanctions,  while  2*  and  sin  as  are  odd  fanctions 
«f  «;  the  latter,  bat  not  the  former,  being  altered  in  Tilae  faj  ohanging  the 


1402  DifferentUd  Coefficient  or  Derwatwe. — ^Let  y  be  any 
function  x  denoted  by  /(^r),  such  that  any  change  in  the 
value  of  X  causes  a  definite  chaiige  in  the  value  of  y;  then  x 
is  called  the  ind^endent  variable,  and  y  the  dependent  variable. 
Let  an  indefinitely  small  change  in  x,  denoted  by  dx,  produce 

a  corresponding  small  change  dy  in  y;  then  the  ratio  in 

the  limit  when  both  dy  and  dx  are  vanishing,  is  called  the 
differential  coefficient ^  or  derivative,  of  y  with  respect 

tOflS, 

2  L 
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140S  TnEOBEH. — The  ratio  dy  :  dx  is  definite  for  each  value 
of  0,  and  generally  different  for  different  values. 

pBOor. — Let  aa  abscissa  OY 

(Defs.  IICO)  bo  measured  from  0 
equal  to  r,  and  a  pt  rpendicalar  or- 
dinate AT  equal  to  y.  Then,  what' 
mer  tnap  he  Uteform  of  theftmdum 
y  =/(-'")i  ftB  9  yarieB,  the  locus  of 
r  will  be  Bome  luip  I'll!..  Lot 
OM  =  MQ  =  ^'  be  values  of  as 
atid  y  near  to  tbe  former  Talaes.  ift 
Let  tbe  atraiglit  line  QP  meet  the 
axis  in  T;  and  when  Q  ooinddea  withP,  let  the  final  directicm  of  QP  cat  the 

Then  or  ^^s:^.  And,  nltimatelyr  when  QS  and  <SP  Taniah, 
0tey  vanuh  in  (ke  ratio  <ff  PNiNT,   Therefore  ^^PTN,  a 

definite  ratio  at  each  point  of  the  carre,  bat  different  at  different  pointa. 

i 

1404   Let  NMf  the  increment  of  a;y>  be  denoted  by  h ;  then, 

when  A  Yiuiisheo,  'If  ^ /(•''+/') -/W 

a,r  h 

fi  now  function  of..r,  called  also  the  firsf  (J>  rired  function* 
^I'he  i)i"ocess  of  tiudincr  its  value  is  called  tJ'iT>  rr/ifi'ition. 


1405    Sueeemve  differentiaHan, — If      or  /'  («)  be  differ- 

eutiated  with  respect,  to  .r,  the  result  is  the  second  differential 
coefficient  of /(.*■)>  ^^^^  second  derir>  d  j'nnction;  and  so  on 
to  any  number  of  differentiations.  These  successive  functions 
may  be  represented  in  any  of  the  three  following  systems  of 
notetion : — 

%  rfV  dy . 


d.r*      fAr*'  rft^*' 


>»» 


■  /W.  rW. /'■'(*), /"(•»•)  /"W; 

jf«>>         jftrt        jftvt  yte»    jfiM** 

The  operations  of  differentiating  a  function  of  x  once, 
twice,  or  n  times,  are  also  indicated  by  prefixing  the  symbols 

J*    ^       j?l         d    fdV  (d\\ 
or,  more  concisely. 


dx9  d^gj  , « ,  if  I 


NJt* 


•  Scenoleto  (148/). 
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1406  If»  O'Ji^'^'  (lifFerentiating  a  function  for  a?,  a?  be  made 
zero  in  the  result,  the  value  may  be  indicated  in  any  of  the 

following  ways :  /"(O),  y^,  </^. 

If  any  other  constant  a  be  subetituted  for  as  in  y^^  the 
nsnlt  may  be  indicated  by. 


fx. a 


14Syj  InfifiifesimaU  and  Differentials,  —  The  evanescent 
quantities  dx^dy  are  caJled  iu^nite.'iiiuaJs ;  aiid,  with  respect 
to  T  and  y,  they  are  called  (iiffcrentials.  dc^y  (Py  are  second 
differentials  of  x  and  y ;  dr^,  d^y  the  third,  and  so  on. 

1408  The  sucoeSsive  differentials  of  y  are  expressed  in  terms 
of  da;  by  the  equations 

dy=f(jp)da;  d^i/=f"(af)dx^;  Ac,  and  d^y  =f  (x)da^. 

Since  /'  (  r)  is  the  coefficient  ofdxm  the  value  of  dy,  it  has 
therefore  been  named  the  differential  coefficient  of  y  or  /(«).* 
For  similar  reasons  /'  {x)  is  called  the  second^  and  y  '  (./  )  tiie 

differential  coefficient  of  /(p),  Ac. 

1409  Two  infinitesimals  are  of  the  same  order  when  their 
ratio  is  neither  zero  nor  infinity. 

If  dxy  dy  2ste  infinitesimals  of  the  same  order,  ds^^  dy*,  and 
d^dy  will  be  infinitesimals  of  the  second  order  with  respect  to 
(hydy;  dj^y  ds^d/y,  &c.  will  be  of  the  third  order,  and  so  on. 

•    dx,  db?^  &c.  are  sometimes  denoted  by  </•,  &o. 

1410  Lemma. — ^In  estimating  the  ratio  of  two  quantities,  any 
increment  of  either  which  is  infinitely  small  in  comparison 
ivith  the  quantities  may  be  neglected. 

Hence  the  ratio  of  two  infinitesimals  of  the  same  order  ia 
not  affected  by  adding  to  or  subtracting  from  either  of  them 
an  infinitesimal  of  a  higher  order. 

Example. —  dy-'dsf  —      — Jx  =        for  dx  is  zero  in  comparison  with 
,  ax  dr  dx 

«1m  ratio  Thus,  in  Fig.  (1403),  pntiing  PiS  s  de,  ;  we  have 

vltimatclj,  bj  (12r,8),  QTt  —  hdif,  whera  &  is  a  oonatant.  Therefore 

PN      RS      di/ — kdx*      dii  .         ^,        .  •    •  1    •    i  •  A  J 

1i=;  =  -7—  =       ,  =      in  the  limit,  by  the  pnnciple  mn  etranoutted ; 

d.r  d.t  1^        I  .» 

that  is,  Qli  ranuhes  in  com^uirison  with  PS  or  QS  even  wlun  those  lines  theni' 
9dvei  a/n  infiaUdy  amaU. 

*  The  name  is  sh>btly  misleading,  as  it  seems  to  imply  that  /'  («)  is  in 
some  sense  a  cocflieicnt  <tt' 
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DIFFERENTIATION. 


DIFFERENTIATION  OF  A  SUM,  PRODUCT,  AND  qVOTlENI, 
Let     V  be  functions  of  x,  then 
X4H  d(u-\-v)  _  du  _|_  dv 

Proof. — (i.)        +     =  (M-|-t?!<  +  t;+<ii;)— (ti  +  v)  =  <7"+(i». 

(ii.)       d{uv)  =  (©+(Zy)— «»  =  vdu+K^^v— <2tt<^9 

tad,     (1^0),  imdv  diM^pean  in  the  vltiinate  mtio  to  dis. 

X  J  f  ^\      n-^du     «      vdu — udv 

(m.)  d  ^-j  =  = 

thsnloTO  ^ke.,     (1410) ;  vdv  vanwhTny  in  oompiriMiii  irilk  «^ 

Hence,  if  u  be  a  constant  = 

1414     ^=c4^      and  ^-(S)^^!^^. 
djB         dx  dx  \vj        tr  dx 


DIFFERENTIATION  OF  A  FUNCTION  OF  A  FUNCTION, 

If  ^  be  a  function  of  z,  and  r  a  function  of 

1416  lllL=r^]L, 

djc      dz  dx 

Fboof . — Sinoe^  ia  all  oases,  the  change  dm  causes  the  diaage  da,  and 
ohange  dz  causes  the  diaage  dy ;  therefore  the  ohange  dm  oanaea  Hie  change 

dy  in  the  limit. 

Differentiating  the  al)ove  as  a  product,  bj  (1412),  the  successive  differ- 
ential cociBcients  of  y  cau  be  formed.  The  first  four  are  here  sal^oiued  for 
the  sake  of  reference.  Obsorre  that        =  rjuz^ 

1416  = 

1417  yu  —  yu^,  -fy,asu. 

1418  yzs  =  yu^l  +  ^yu^x^u-k-y^sitm' 

1419  y*.  =  y4.<+%«.«l«i.+yi,(325.+4i»,aw)+y.a„. 
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DUTEBENTIATION  OF  A  C0MP08ITU  FUNCTION. 

If  u  and  V  be  explicit  funodozis  of  0,  bo  that  «  =  ^  and 
v  =  ^(»), 

1420  _  dF  du  .  rfF  (ft? 

dx         Tm  d»     dv  da' 

Here  dF  in  the  first  term  on  the  right  is  the  change  in 
F{u,  v)  produced  by  du,  the  change  in  «;  and  dF  in  tha 
second  term  is  the  change  produced  br  dv,  so  that  the  total 
change  dF(u,  v)  may  be  written  as  in  (1408)  * 

dF^+dF^  =  ^du+-^dv.  ' 

a  ft  a  v 


DIFFEBmmATIOK  OF  TBS  BIMPLB  FUNCTIONS. 

Since  4^  =:/(^"^^0~/M  when  h  vanishes,  we  have  the 

ax  h 

following  rule  for  finding  its  value : 

1421  Rule. — Expand  f(x-fh)  by  some  Mown  theorem  in 
ascending  powers  of  h;  suhtraci  f  (x);  divide  bjf  h;  and  in 

the  result  put  h  equal  to  zero. 

The  differential  coefficients  which  follow  are  obtained  by 
the  rule  and  the  theorems  indicated* 


1422  y  =  J?*.  "^^^ 

CL25)  B  fMi^->+0(«ii  2)  s  n^'\  when  A  mlsliai^ 

1423  Cor.— 

0  =  «  (,-1)  ...  (»-r+l)  ^.       1^  =  Lg. . 

1484         y  =  log.*;       ^  = 


f/ct     a*  log,  a 

Expand  the  logarithm  by  (155). 
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1426  p 

Pboof.— 

1427  COB.T- 


aP**^tt'_a'(a*-l) 

^  =  .-(log.«)-. 


Expand  a»  by  (l-ti>). 


1428 
1489 
1430 
1481 
1432 
1433 
1434 

V 

1436 
1438 


Ftmetum, 
sin  Jt* 

tan  a\ 
cot  J?, 
sec  »r. 
cofiecj?. 

cos~*  0?  J  * 


Derivative, 

COSti\ 

sec-  .i'. 
— cosec'd?. 

iano?  8ee<r. 
—  coircosecj7. 
1 


cot" 


sec  * 
cosec 


± 

± 
± 


Jletfiod  of  Proof  hj  liule  (1421) 
end  Limit  (753). 

Expand  by  (627,  629),  and 
put    1— cos  A  =  2  sin* 

^  E^nd     (631X  obMnrliig 

ByoQt0s=  -l-,and(1415). 

tanaj 

Bv^  8ecx  =  — i-,  ftDd(1415)« 

OO0« 

Similarly. 

If  8in~*a  =  y,  •  =  8iiiy» 
therefore 

dx 

iiierefove  -Jf-  = 


1 
1 

TV^^^y    .Similarly  fertile 


1 


IMO 


Examples. 


(14S2) 


1441 


(1422) 


1442  (^  +  ^')*}  =  3(a  +  ^»)«2x(&+:j^)«  +  2(6  +  ar")3^'(a  +  .rV 

.  =  6x  (a+»»)»  (6rf  a»»)  (i+.<w-h2a5»).        (1412,  '15,  '22) 

1 AJO  -  (^-f  e-')  (e'-f  e-')  -  (^f-e")  (e'-e-')  ^  4 

(1413,14^6) 

1444   c/.(logtanr)»=2logtana--l-8ec«»  =  ii2?^  (1415, '24.  *30).. 


Digitized  by  Google 


8U0(W88TVE  BTFFEnENTIATTOy. 


263 


iiienlbre 


Some  difibrentiations  m  TCiulered  eMier  bj  takii^  tbe  logariUun  of  the 
Amotion.   For  example^ 

1445  y.  =  ^("YT^J  tWow  logy  =  J  log  log  (l  +  x')  ; 

tlHwfore  lik=JL_z:2x  3._^ 

y  daj       2  2 

'lb     *  (!-«»)** 

1446  ya(8mai)*$  iherefiire  logy  s  slog  sin  0; 

therefore  *  — «- =  logsinor-f -7^  cosa  j  (i4;15,  ^i', '28) 

ilienfora  y«ss  (fliiiff)'(]og8i««+0ootfl}. 

Otherwue,  Iqr  (142()),  y,  s  0  (8ma;)'-*eoB9+(Bin«)'logam9  0^^) 

•B  (aintf)*  (fl  oot 0+log  sin  to). 


SUCCESSIVE  DIEFEBENTIATION. 

 ? 

1460  Lribnitzs  Theorem. —  If  n  be  any  integer, 

Pboov. — 'By  IndnoHon  (288).  Differentiate  the  two  ooneeoatiTe  temu  . 
0  («,  r)  y(.-r),#«  +  0  («» r+1)  y^^.i)««fr«i)«» 
nd  four  tenna  are  obtaiyied,  tiie  seoond  and  third  of  which  an 
0  («,  r)  y(,-r),  «(f    +  O  (n»  r+1)  y(,.,„ 

=         r)  +  0  («,  r+l)}y(«-rj««(f*i).  =  0 (n+1,  r+1)  y(«n-.7?i)r  -  ..r  „ 

by  (102). 

Ibis  is  the  general  term  of  tbe  series  wiih  n  increased  by  unity.  Sinularlji 
hy  diffsrentwting  all  the  terma  the  whole  seriea  is  re^^jdaoed  with  n  in- 
CNased  bj  nnit^. 

•  ; 

DIFFBBENTIAL  00EFFI0IENT8  OF  TBE  OBDEB. 

1461  (sill  aa)„  =  a*  sin  {aje+^nv).  By  Indnction 
146B            (cos  aaf)n»  =  a*  cos  (aof+lnw).  ^^^^>- 

1463  (€?~)„  =  a-c-".  (1426) 

• 

where,  in  the  expansion  by  the  Binomial  Theorem,  (Oj  is  to 
be  replaced  by  //^^.  (1460,  03) 
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1465  (e^  008  hr)ns  =        cos  (&r+«i4)» 

where  a  =  r  cos  ^  aud  6  =  r  sin  ^. 


PfiOor."By  Indnctioii.  Differentuitiiig  onoe  more^  wo 
{a  COB  nn 

=  «^«l^{0(Mlf  COS  (&z  +  nf)-Kiif 

Thus  n  is  incroMod  lij  <»m> 


1466 
1467 

log      =  1^-1  -5-4P. 

(1460),  (288) 
(1428) 

1468 

where 

0s=  eot'^of. 

Pboof.  By  ladaotion.  Differentialiiig  again,  we  obtain  (omitting  the 

Coefficient) 

(«  nn"'*  9  oca  a  amiia+ii  oosnO  sin"  6)  0« 

s«8in"~'9(8i]iii0oos6+ooBiiOBnO)  (— sin'tf). 

Since,  by  (1437),        =  -(IW)'^  =  -sin"*. 

Therefore    (tan"*  =  (—1)"  '  t>  bin  («  + 1)  0, 

M  l)eing  increased  by  ono* 

1469  (j-l^)^==(-l)»ln8m»«^Biii(*+l)#.  a^i468) 

1470  =(-l)'ln_sin»^^^co8(ii+l)^. 

PK00f.-By  (14^),  (j£j^)^==.(j-L.)^+„(_l^^ 
Thou  hy  (1469). 

1471  Jacob C 8  Formula, 

(1-^)"-*  =  (-1)""'  1.3...  ^2n-l)  sin  («  cos"^  a;)  n. 

PB007. — Let  y  s  l^a^;  thorefore 

i)„  =  -(2n  +  l)  (2ry-i)f..„^    Also  (y-*)^  =  (yy""*)-^ 

Expand  each  of  these  values  by  (1460)  and  eliminate  (y""^)(«-j)«  the  deriva- 
tive of  lowest  order.  Call  the  result  equation  (1).  Now  assmno  (1471)  trno 
for  the  Tslae  n,  Differentiato  and  sobstitnte  the  resnlt,  and  also  (1471)  on 
t^e  right  side  of  oqnatum  (1)  to  obtain  a  proof  by  Induction. 
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1472  Theorem, — If  y,  z  are  functions  of  and  n  a  positive 
integer, 

PaoOF.^By  Indaotion.  Diffeirentwfte  for  sabfttibating  for  ««yM  on  the 
rigbt  ito  valae  by  the  formula  itself. 


PARTIAL  BIFFBRBNTIATION. 

1480  If  =  /('^'j  //)  be  a  fiiTiction  of  two  indppendent  vari- 
ables, any  differentiation  of  u  witli  respect  to  x  rcqidres  that  y 
should  he  considered  constant  in  that  operation,  and  vice  versd. 

Thus,  ^  or  U|«  signifies  that  t&  is  to  be  differentiated  succes- 
sively twice  with  respect  to     y  being  considered  constant. 

1481  The  notation  ^^^s  or  ttc^s,*  signifies  that  u  is  to  be 

differentiated  successively  twice  for  ?/  bcinor  considered 
constant,  and  the  result  three  times  successively  for  x  being 
considered  constant. 

1482  The  order  of  the  differentiations  does  not  -affect  the 
final  result,  or  u^. 

PWOF.— Let  M  =f(xy)  i  tben  ^.sHSLtiL^IltlSiJgl  inKmit.  (1484) 

f/f/  //A: 

Now,  if  1/^  liiul  lioeii  first  formed,  and  tlien  >i^^,  the  same  result  woold  h&79 
beea  obtained.    Tlio  proof  ia  easily  t  xtcndud.    J^et  u,=  v; 

than  Uut        ~  ^'m  > 


THBOEY  OF  OPERATIONS. 

1483  L<-*t  the  symbols  Si',  prefixed  to  a  quantity,  denote 
operations  upon  it  of  the  same  clasSf  such  as  multiplication  or 
differentiation.  Then  the  law  of  the  operation  is  said  to  be 
distributive,  when 

•  Se0  note  to  (1467). 
2m 
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that  is,  the  operation  may  be  pcrforracd  upon  an  undivided 
quaDlity,  or  it  may  be  distributed  by  being  performed  upon 
parts  of  the  quantity  separately  with  the  same  result. 

1484  The  law  is  said  to  be  commutaiive  when 

that  is,  the  order  of  operation  may  be  changed,  ^  operating 
upon  "^x  producing  the  same  result  as    operating  upon 

1485  ^'"a;  denotes  the  repetition  of  the  operation  <t>  711  times, 
and  is  equivalent  to  <l>fl> »  to  r/i  operations.  This  dehnition 
involves  the  index  law, 

which  merely  asserts,  that  to  perform  the  operation  n  times  in 
snccession  upon  r,  and  afterwards  m  times  m  succession  upon 
the  result,  is  equivalent  to  performing  it  m+n  times  in  suc- 
cession upon  «. 

1486  The  three  laws  of  Distrihutumf  Commuiaiionf  and  the 
law  of  Indices  apply  to  the  operation  of  multiplieationt  and 
also  to  that  of  ddff&rentiation  (1411,  '12).  Therefore  any 
algebraic  transformation  which  proceeds  at  every  step  by  one 
or  more  of  these  laws  only^  has  a  valid  result  when  for  the 
operation* of  multij^licaiion  that  of  differentiation  is  sub- 
stituted. 

1487  making  use  of  this  principle,  the  symbol  of  dif- 
ferentiation employed  is  -—^  or  simply      prefixed  to  the 

quantity  upon  which  the  operation  of  differentiating  with 
respect  to  0  is  to  be  performed.   The  repetition  of  the  opera- 

tion  is  indicated  by  prefixed  to  the 

function.  An  abbreviated  notation  is  d^^  <4r>  ^c. 
Since  4rX  s=  <4  in  the  symbolic  operation  ctf  multiplication, 
it  will  be  requisite,  in  transferring  the  operation  to  differentia- 
tion, to  change  all  such  indieea  to  suffixes  when  the  abbreviated 
notation  is  being  used. 

Note.— The  notation  y„  y^,  &c.  is  an  iimoyatioii.  It  has,  how- 

ever, the  reoommendatioDB  of  defioiteneaa,  nnpUoitgr,  and  economy  of  tine  in 


Ibmrteen  dktmoi  tjpcs,  while  its  eqiu?alent        requires  but  Beven.  For 


writing,  and  of  space  in  printing.  The  eipnesion  leqnires  at  leaafe 
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snch  reaaoBB  I  liave  introdaoed  the  shorter  notation  ezperimeutally  in  these 
psges. 

All  saoh  abbreviated  forms  of  differential  ooeffidenta  ^  y' y"        w  yy  ... , 

though  convenient  in  practicts  uie  inoomplete  expressions,  because  the  inde- 
pendent variable  is  not  spcciliud. 

The  operation  rfj,,^  and  the  derived  fanction  u^iy,  would  be  more 
aocnratelj  represented  by  and  {u\)\^  tho  index  as  nsnal  indicating  the 
repetition  of  the  operation.  Bat  the  former  notation  i^  simpler,  and  it  has 
the  advantage  of  separating  more  dearly  the  index  of  differentiation  tsom  the 
index  of  involution. 

In  the  symbub  and  y%g,  the  figure  2  is  an  index  in  each  case :  in  the 
finrt^  H  shows  the  deyne  of  inyolotion ;  in  the  seoondj  the  order  of  difibrentia- 
tidiL  TIm  index  is  omitted  when  the  degree  or  the  order  is  unity,  since  we 
write  y  and 

The  suffix  takes  precedence  of  the  saperfix.    yl  means  the  square  of  y** 

vroold  be  written         in  this  notation. 
As  a  oooeise  nomencdatnre  for  all  fnndamental  operati<»s  is  of  great 

sssiitsnnn  in  praetioe,  the  following  is  recommended :  ^  or  ^.  may  be  read 

cix 

for  X,**  as  an  abbreviation  of  the  phrase,  "the  differoutial  coeflicient  of  y 
/or,  or  with  respect  to,        Similarly,  -^-i  ^^^^  shortened 

^onns  yui  m^,  u^ayt  m>J  be  xead  "y  for  two  a,"     for  my,**  **ufor  im  a,  ikm 

y,"  and  so  forth. 

The  distinction  in  meaning  between  the  two  forms  j/„  and  y„  is  obvious. 
The  first  (in  which  n  is  numerical  and  idioaiyt  an  integer)  indicates  n  saoces* 
sire  diffinentiations  for  « ;  the  second  indicates  two  saooesstve  differentiations 
fer  tiie  ▼ariablea  s  and  s. 

The  symbob  ^  or  y««,  and  -^J^  or  y^f  may  be  read,  for  shortness, 

"y  for  so  xero"  "y  for  two  x  gero";  d^^<^  (xy)  can  be  read  **d  for  two  a 
three  y  of  ^  (*y)«" 

Although  the  notation  r,  is  already  employed  in  a  totally  different  sense 
in  the  Calculus  of  Finite  DitferenccH,  my  own  experience  is  that  tho  double 
signification  of  the  symbol  does  not  lead  tu  an^  confusion:  and  this  for  the 
Teiy  reason  that  the  two  meanings  ars  so  entirely  distinct.  Whenever  tiie 
opnation  of  diflE^ntiation  is  xntooduoed  along  with  the  sut^eot  of  Finite 

the  notation  ^  must  of  oonrse  alone  be  employed. 


Thus,  in  differentiation,  t 

1488  The  msiAUBuuvE  law 

1489  TliE  COMMUTAIiVE  LAW 

or 

1490  Tee  ikdex  law 
thatiSi 


>  havo 

d»  =  djiA-^djo.  (1411) 

{d^u)  =  d^  {dgu) 

d^u  =  d^u.  (1482) 
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1491    Example. — 

Here  d^^—d^il^  or  d,^  =  hf  ihe  commidaiiw  law.  (1^0) 
d^h  =  ('i,  by  tho  jji<?Pi!  /atr.  (1  U»U> 

Also  (tJfa,  — '^t/^  +  c/,,)  H  —  2ti^M+(i5,  J4,  by  the  dUtnOidive  lau\ 

Therefore,  finally,  id,~d,y  u  =  24.,u+(i|yt4. 
Similarlj  for  more  com^ez  tramfbimatioiM. 

149S    Tbnsd,  may  be  treated  m  qoMititatiT^  and  operated  upon  as  mcik 

by  the  laws  of  Algebra;  cC  being  written  d^  and  factors  sach  as  d^d^  in 
which  the  independent  Tanables  are  different^  being  written  Ao, 


EXPANSION  OF  EXPLICIT  FUNCTIONS. 


TAYLOR'S  THEOREM.— EXPANSION  OF  /(iV+A). 

1500 

where  0  is  some  quantity  between  zero  and  unity,  and  is 

any  integer. 

Differentiate  both  sides  of  this  equation, — tirst  for  2,  and  again  for  h, — and 
eqnate  coefficients  in  the  two  results. 

X501  (ii.)  Cox's Froof. — Lemma. — If/(x)  vanishes  when  af  =  o,  and  also 
when  »Bh,  and  if         and  f  (»)  are  eontinuout  Amotions  between  the 

same  liinita  ;  then  f  (x)  vanishes  for  some  valne  of  s  between  a  and  />. 

For /'('•)  must  cHnngo  si^n  somewhere  between  the  assigiu'  l  limits  (see 
prouf  of  l403},  and,  being  cotUinu&u*,  it  most  vanish  in  passing  from  plus  to 
niiuoH. 

1502    Now,  the  t'xj)res»iun 

▼anishes  when  «sO  and  when  Therefore  the  differential  coefficfeni 

with  respect  to  a  vaniahes  for  some  value  of  x  between  0  and  h  by  the  lemma. 
Let  Oh  be  this  viilue.  DifTi-rcTitiate,  and  apply  tlic  IrtiuTin  to  the  resnltincr 
expression,  which  vanishes  when  x  =  0  and  wlien  x  —  Odh.  Perform  the 
same  prooesa  »+l  times  sncoessively,  writing  Bh  for  <fcc.,  since  0  merely 
stands  for  some  quantity  less  than  unity.   The  resnlt  shews  thai 

/"*'(«  +  *)-'^  [/(a  +  A)-/(a)-A/(a)-...-,-^/-(a)| 

Tsntshes  when  0  =  9h,  SnbsUtuting  Oh  and  equating  to  lero^  the  thflorem 
is  proved. 
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1503  The  last  term  in  (1500)  is  called  the  remainder  after 
n  terms.  It  may  be  obtained  in  either  of  the  subjoined  forms, 
the  first  being  due  to  Lagrange, 

IBM   Since  the  coefficient  —  diminishes  at  last  without 

Jimit  as  n  iBcroascs  (239,  ii,),  it  follows  tluit  Taylor's  aeries 
%8  convergent  if'  £"(x)  remains  finite  for  all  values  of  lu 


1505  If  ill  expansion  of  f(x-\-h)  in  powers  of  h  some 
iiidt'x  of  k  be  negative,  then        /'(•ij) »/"(*)»  become 

iufinito. 

1506  If  the  least  fractional  index  of  h  lies  between  n  and 
11+ 1 ;  then  /"^^  (./  )  and  all  the  following  difierential  coeffi- 
cients become  infinite. 

Pboop. — ^To  obtain  the  value  of  /"(as),  differentiate  the  expansion  n  times 
toooessifelj  for  h,  and  pnt  &  ss  0  in  the  result. 

MACLAURIN'S  TTfEOREM. 

Put  a?  =  0  in  (1500),  and  write  a?  for  h;  then,  with  the 
notation  of  (1406), 

1507  /W  =/(0) (0)  +         (0)  + ...  +  jj/-  (0^). 

where  0,  as  before,  lies  between  0  and  1. 

Putting  y  =  f(x)t  this  may  also  be  wiitten 

.    1509     Note. — If  any  funcHon  /(t^)  becomes  ijifinite  with  a  finite  value  of 
*,  tLeu  j" {x)y  ttll  become  iufiiiite.    Thus,  if  /(j  )  =  sec"' 

/(s)  is  infinite  when  asO  (14^8).   Therefore  /  '(O).  /'  (0),  Ac.  are  aU 

-   iefiniteb  wid         cannot-  be  expanded  bj  this  theorem. 


Bernoulli's  Series, — Put  h  =  —x  in  (1500);  thus, 
1510  /(O)  =/{a;)-af{,v)+^ri->')-j^f"{^)+&<>- 
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1611    If  ♦  (y+A;)  =  0  and  f  (y)  =  »;  then 

Proof.— Let  y  =  aud  let  y+i=/(«+A); 

therefore  ^  =  ^  (y  -f  «r)  =  0. 

Thei«£bre  8f+*=/(0)  =/(»)-«/'(«)+ ^/^C*)-*©^  *>y  (1510); 
whioh  piOTee  ibe  iheorom. 


EXPANSION  OF  f(x+h,  y+h). 

Let  f{xy)  =  I*.    Then,  with  the  notation  of  (1405), 

1512 

1518   The  general  term  is  given  by  {hd^+kd^yu, 

where,  in  the  expansion  hj  the  Binomial  Theorem,  each  index 
of  and  is  changed  into  a  suffix;  and  the  coefficients 
dgi  dtti  &c.  are  joined  to  u  as  symbols  of  operation  (1487) ; 
^us  t4  is  to  be  changed  into  Uz,,  ^ 

Pboof.— First  expand  /(«4-A,y+ib)  m  a  function  of  («+i>  by  (1500)} 
that.  /(•+*, y+ft)  =/(»»y+ip)+y.(«.y+i)  +  *V;.(asy+A)+Ao. 


Next,  expand  eaoh  term  of  this  series  ss  a  fiuiotion  of  (j/+k).  Thus, 
writing  «  for  /(«y), 

I*  12. 
A*  111 

/i.  («.  y =  j7      + [I  [i 

V  11 

j^y*(«»y +4)  =  1^  h*Utg  +  —  ^'iniaiy  +  •    ...  .. 

(""i y  "i" ^)  *~     ^^^40^      •••    •••    ••♦    •••    •••  •••    •••  ••• 

The  law  by  which  the  terms  of  the  same  dimension  in  h  and  k  are  formed, 
is  Men  on  inspection.  They  lie  in  saooesstTS  disffonals;  and  when  olssred 
of  fiaoiions  the  munerioal  ooei&oisiits  an  thoss  of  tiis  Binmnial  Thaoram. 
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The  theorem  may  be  extended  inductively  to  a  function  of 
three  or  more  Tariables.   Thus,  if  us=f[x^y,  z)^  we  have 

1514  p+k,        =  u+{hu,+ku,+lu,) 

the  general  term  being  obtained  as  before  from  the  expression 


n 


1515  Cor. — If  u=f(xyz)  bo  a  function  of  several  inde- 
pendent variables,  the  term  {hrt_^-^J'Uy-\-lUg)  proves,  in  con- 
junction with  (1410),  that  the  total  chanpfe  in  the  value  of  u, 
caused  by  siTimltaneous  small  cliauges  in  ,r,  is  equal  to 
the  sum  of  the  increments  of  u  due  to  the  increments  of  x,  y,  z 
taken  separately  and  superposed  in  any  order. 

This  is  known  as  the  principle  of  the  superposition  of  small 
quantities. 

1616    To  expand  /(«,  y)  or  /(as,  y,  «,  ...)  in  powers  of  x, 
&c.,  put  X,  7/,  z  each  equal  to  zero  after  differentiating  in 
(1512)  or  (1514),  and  write  «,     ...  instead  of    ib,  &c. 

1517  Observe  that  any  term  in  these  series  may  be  made 
the  last  by  writing  x-\-Oh  for  ar,  y-{-Ok  for    &c.,  as  in  (1500). 

SYMBOLIC  FORM  OP  TAYLOR'S  THEOREM. 
The  expansion  in  (1500)  is  equivalent  to  the  following 

1580  /(«+*)  =  «**/(*). 

Pboop. — By  the  Exponential  Theorem  (150),  writing  the  indicea  of  (2.  aa 
nSxm  (1487), 

^/(af)  »  (l+*d;+i*«*I|.+ ....)/(»)  =/(«)  +  */.(«)  +  by  (1488). 

Cor.—       a  /Or)  =  (e*"--l)/V), 

therefore        A*/ W  =  (t»'^'-l)y(.r), 

and  generally  Ay(*)  =  {c**''-l)»/W, 

the  index  signifj^ing  that  the  operation  is  performed  n  times 
upon  /{x). 


1581   Similarly  =  e*^*"'/(a',  y), 

»/(«+i^y+ik)>  ^  (ISO)  and  (Ulfi). 
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1523   And,  generally,  with  any  number  of  yariables, 
/(.r+A,;/+A-,r+^  ...)  =  c*'**"'*'^*-  /Gr,y,a..,). 

Cos.— As  in  (1020), 

1523    If  v)  =  ^(r,0),  wlare  ,r  =  r  cosO,  v  =  r  sin(>; 

and  if  ii-/ =  r  cos  (0 +  <•>),  i/ = /•  sin  (O  +  w)  ;  then  /{•^'y')  id 
expanded  in  powers  of  «  by  the  formula 

pBOOr.— By  (1520),  r  being  oonsftant, 

f  (r,         =  e"*  t  (n  •)  =  ••^/(•,  Sf). 
Now  «  and  y  are  fnnetiona  of  tbe  single  Tariable  9;  therefore 
«,  s  =  ti»  (— r  ein  «)       (r  ooe 9)  as  «tty~y«i^ 

The  operation  4i  will  be  transformed  by  the  same  law  (1492) ;  thereforo 

as  srv?^  — yrf,;  therefore 


1524  ExAMPLKs. — Tlio  Binomial,  Exponential,  and  Loga- 
rithmic series  for  (1  H-r}",  a',  and  lof:^  (1 -j-.r),  149,  155), 
are  obtained  immediately  by  ^raelaiiriu's  TheoreTTi  (1507)  ;  as 
also  the  srries  for  sin./*  and  cos  .r  (701),  and  tan^^r(7Ul). 
The  mode  of  [)roceedinnf,  wh'ch  is  the  same  in  all  cases,  is 
shewn  in  the  following  examj)ie ;  the  test  of  convergency 
(1504)  being  applied  when  practicable. 

1525  tan*  =  .  +  |.'+2.t^+^.'+^x^+&c. 

ObtaiBed  by  ICacbrarin's  theorem,  ae  follows : — ^Let 

/  (x)  s  Ian  »  s:  ^  )  Therefore  y«=s  and  z,  =  2y» ; 
j'       s  uet^x  s  s  3    V       *  being  nsed  for  shortaeas. 

/'  (j-)  =  2  sec'flf  tan  a»  =  2yz, 

fix)  =  2(zy,  +  yz,)  =  2(2'  +  2/r), 

fix)  =  2(4i/z'  +  4y2'  +  V^)  =  8('2yr'  +  /2), 

/'  (x)  =  8(2z»+8i/V  +  3yz'  +  2/2)  =  8(2z*+lVz'  +  2/^), 

/^(a-)  =8(12;/z»-|-22.v2»-|-...)  =  272^r»+..., 

r\x)  =  272.-*+. ..etc., 

tho  terms  omitted  involving  positive  powers  of  y,  which  vauish  when  x  ia 
sero^  and  whidi  therefore  med  not  be  oompnted  no  term  of  the  expansion 
higher  than  that  containing    is  required. 
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Henoe^  hy  making  «  as  0»  and  thertfore  y  s  0  and  »  s  1,  we  obtaui 

/(0)  =  0i  /(0)  =  1;  r(0)=0;  r(0)=2;  y^(0)=0;  rW^lS; 

/«(0)=0;  /'"(0)  =  273. 

Thus  the  terms  np  to  ai^  maj  be  written  by  rabstituiing  these  Talaea  in 
(1507). 

In  a  similar  manner,  may  be  obtained 
1526     8eca?  =  l  +  l^+ A^*  +  ^^  +  &c  


Methods  of  eapamion  by  Indeterminate  Coefficients, 

1527  RtTLE  \.— Assume  f  (x)  A  +  Bx  +  Cx-  -f  i^c.  Differ- 
'itfidt,'  huth  sides  vj  tltc  pquativH.  Then  crpnml  t"(x)  A//  smne, 
kimcn.  theorem^  and  equate  coejjicienU  in  the  two  results  to 
determine  A,  B,  C,  ^c. 

Obtained  bj  Ralo  I.  Assume 

sin  - '  X  =  A  +  TJj-  +      +  Vx^  -f-  i;^*  +  jP.«  *  +  

Tlwefore,  by  (1434),    (l-»*)**  =  i?+2(7a»+3D*«+4/;^+5J**+  

Bat,  bj  Bin.  Th.  a28),  (1-a^)**  =  l+le«+  ^  ajH  ai^+  

Bqoateooeffldenta;  therafore  B=l;  0=0;  i>=:7^;  ^?  =  0j  l'=2^; 
^  67  patting  x  =  Of  wd  flee  that  iis/(0)  always.    In  this  case 

In  a  similar  manner,  by  Rule  I., 

1589  «*.  =  l+,  +  |-^-g-'^  +  &c  


1530  Rule  IL — AsRumr  fhr  scries,  as  Ix/ore^  with  vuhnmm 
coefficients.  Different  id  fe  siiccrssireJi/  until  the  fnnciion  re-' 
apjfears.    Then  equate  coefficients  in  the  two  equivalent  series, 

1531  Ex. — To  expand  sin  x  in  powers  of  x. 

Assamo  sin  «  =  .  1  -f  JJx  +      +  Da-*  +  Er*  +  ly  -f-  

Differontiat©  twice,     cos ^  =   7?  +    2Cx-\-    37 h-  -f-    4 /'7.  ^  t  5  Fx*  +  

-sin  a?  =  2C-H3.2/)j?  +  4..:}/;xH^.4/V-t- 
Pnt  x=0  in  the  first  two  equations;  tliorefore  —  0,  B  =  I. 
Sqaate  coeOicienta  in  the  first  and  third  berioa. 


... 


2  N 
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Thus      -20=  J,   /.  O-O;    -8.2P«B,       ^  = 


1532  Bole  IIL — Differentiate  the  equation  y  =  f(x)  tioice 
with  respect  to  z,  and  combine  the  re8ulf'<  (ts  to  form  an 
equation  in  y,  y„  and  j^^.  Ncrt  assume  y  =  A -f- Bx-|-Cx*4-&c. 
Differentiate  tiviee,  and  substitute  the  three  values  of  y,  y„ 

so  obtained  in  the  fvi-mer  elation.  LaMly^  equate  coefficients 
in  the  result  to  determine  in  succession  A,  B,  0,  ^o. 

1533  Ex. — To  expand  siu  mi)  and  cos  mO  in  ascending  powers 
of  sin  9  or  cos  0, 

These  series  are  given  in  (775-779).   They  znaj  be  obtained  bjr  Bole  UI. 

as  follows  : — 

Put          X  —  tind      and      1/ =  sinwO  =  pin  (mBiii~'x). 
ThfireCoro  « cqB(m«n  »a)  (1434)  (L) 

=  — «m  (»  em  * 9)  ^  1  +ooe  (m  ein  * «)  -. 

Therefore,  eliminating  cos  (msin^'ar),    (1  — a;*)  Hi.—Jcy.-^ni^y  —  0  (ii.) 

Let  7/ =  ^  +  /li«4-.4rc'-l-  +   (iii.) 

Differentiate  twice,  aud  pnt  the  values  of  y,       and  ^a.  in  equation  ^ii. j  i 

thuB    0  =  m-(.l-»-^l,x  +  ^,«'-f.'l,j:»-}-...-|-J,at*'-J-  ) 

-x(J,  +  2J,^  +  3.f,.-  -f  ...+fL4,as-'+  ) 

+  (l-^»){2.l,  +  2.,'U,^-f-   

+  Oi-l)n^,a!-='  +  7i(n  +  l)-U,,i"-'+(n  +  l)(>».  +  2).4„.,i'-i-...}. 

Equating  the  collected  coeffioienfts  of    to  zero,  we  get  the  relation 

^■•«-(,.^ijt„^,j^  CO 

Now,  when  ./'=0,  // =  0 ;  therefore  yl=0,  by  (iii  )  And  when  .r  =  0, 
=  w,  by  (i.)  ;  and  therefore  J,  =  w/,  by  differentiating  (in.)-  l^^he  relation 
(iv.)  f^umiabee  the  Temaining  coeffidents  bj  nakijjg  n  equal  to  0,  8»  Ao. 
in  snooeBfiion. 

Cos  mO  is  obtained  in  a  nmilar  way. 

ISM  BuiB  IV. — ^Forro  <Ad  equation  in  y,  y^,  a/ic?  y.,,,  as  in 
Bute  HI,  Take  the  n***  derivative  of  this  equation  by  applying 
Leibnits^s  formula  (14C0)  to  the  terms,  and  an  e(_iuation  in 
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JcB<f«»  7(iiM)s»        J«K  ^  obtained.   Put  x  =  0  in  ^t«;  aiu^ 
employ  the  resulting  formula  to  caJcnhite  in  succeitnon 
Jmt  i^c*  ^  Maclaurin*8  expansion  (1507). 

1535  Ex.    g^ito-'* ^^l  +  oa^  +  iiLa;^^" ^^I'^-y )  ^ 

ObUioed  by  Bale  IV.   Writing  y  for  the  fanction,  the  ralation  found  is 

(1— yu—xur^a*y  =  0. 

PUbraitaaftixig  n  times,  by  (1460),  we  get 

(!—«')  1/  H.J).-  (a»+l)a!^(«.i„ -  (a«+n')     =  0. 

Therefore  y,,., =  (a*  + «')  y,,^,  a  formula  which  produces  tlio  coeffi- 
cients in  Aluclaoriu'a  expansiou  iu  saccession  when  aqcL  yu$  have  been 
CKlcalated. 

1536  ABJBOGAST'S  METHOD  OP  EXPA^mNCi  «^  (z), 

where      «  =  a  + a^j?  +  p^a*' +  j^d?»+&o  (i.) 

Let  y  =s  A  (2).  When  »  =  0,  y  =  <p{a);  therefore,  by 
Ifacbnrin's  theorem  (1508)» 

Hence,  in  the  values  of  y„  y<„  &c.,  at  (1410),  x  has  to  be 
put  =  0. 

Xow,  when  .i'=0,  z=a;  therefore  ?/.,  &c.  become  ^'(a  , 
f  "(^}>      9  ^a«o>  ^«co>       bocomu      a,,  a,,  &c.  Hence 

=^'(a)ai, 

jfs^  =  f "  («)  «;  -f     '  (o)       +  f  (a)  Os»  &o. 

1537  EjLAMFLE. — To  expand  log  (a  + +  c.c'  +  Jx' + <fcc.). 

H«.  «,=*.  «,=2e,  f(<.)  =  -i-,  f" {«)  =  -]:.  r(»)=y 

n«fi«  +      y-=^^'-^  +  ^. 

a  a*     a  a*      or  a 

Therefore,  sabatitntiug  in  (ii.),  wo  obtain  aa  ikr  as  foar  teams, 

V,(.+i.+ca'+...)  =  lcg.  +  |,+  (^-^.),'+{^-^  +  fy+ 
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1538    Bz.  2. — ^To  expand  (a+atj0-|*a^+...+a.^)''  in  powers  of  «. 

Arbogast's  method  may  be  emplqjed;  otherwise^  we  may  proceed  m 

follows.   Assnme  {a^'i'aiX'^a^+...a^Y^A^+A^+A^-\'   

Differentiate  for  divide  the  eqnation  bj  the  resnlt;  clear  <tf  fmetiiina, 
and  equate  coefficients  of  like  powers  of  x. 


BERNOULLrS  NUMBERS. 

1539  p£^  =  l-|.+«.||-l».|+Be|-&c., 

where  B^t  &c.  are  known  as  Bernoulli's  numbers.  Tbeir 
values,  as  far  as  i^u,  are 

^^^W  ^'"^h  ^•'^^^ 

They  are  found  in  succession  from  the  formula 

1640   n/^..,+  C(«,2)ii..,+  C(ii,3)i^._3+... 

...+C(n,2)  =  0, 

the  odd  numbers  JJ^,  JJ^,  &c.  being  all  zero. 

PfiOOF.^Let  y=  ^j—-.   Then,  by  (1508), 

Here  yjrt.=  (-l/*'^>'.r.  >W  y^=l  and  y^  =  -i,  by  (1587).  Also 
=  y-^x.    Therefore,  by  (1400),  differentiating  n  times, 

e'      +     H-i  ,  +  C('i,  2)  y  „.i  .-i-  ...  +nij,  +  y}  = 

Therefore         »'!/>-i^i-l-C'(/i,  •2)y >  5,^+...+?i^^+yo  =  0. 

Substitnte  7)„-i.         <S:c.,  and  we  get  the  formnla  required. 

i>s>  ^iil  all  bf^  fuoud  to  vaui^b.    It  may  be  proved,  a  ^rxori^ 

that  this  will  be  the  case :  for 

Therefore  i'.v    ;  i  s  (1539)  wanting  its  second  term  is  the  expansion  of  tho 

er'prc'sion  on  the  ri<,'lit.  Bat  that  t'xpn  -.-,ion  i>  :it!  i  function  of  r  (1401)  ; 
rhang^inj^  the  sign  of  x  does  not  alter  its  value.  Therefore  the  seri^in  ques- 
tion contains  no  udd  jHJwers  oj  x  after  the  tirst. 

154:2  Tlie  connexion  botwocn  Bonioulli's  nnmbera  and  the  snras  of  the 
powers  ot  the  natural  nnntbcrs  in  (27t))  is  seen  by  expanding  (1— e*)"'  in 
poweri)  of  e'f  aud  each  term  afterwards  by  the  ExponentLoi  Theorem  (150). 
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1543 

1544 

J=l=  2  [B.(2'-l)||-i?.(2'-l)j|+jB,(2'-i:j|-&c.}. 


1546    1+ 2**    ^    i**   —  i72  2n 

Pmop.— In  the  expansion  of  (1540)  rabstitote  2t9  for  «,  and  it 

becomes  the  expansion  of  6  cot  0  (770).  Obtain  a  second  expansion  by  difler- 
entiiting  tbe  ]<^aritbm  of  equation  (815,  sin  9  in  faeton).  Expand  each 
term  of  tlie  result  by  the  Binomial  Theorem,  and  equate  ooefficients  of  like 
powers  of  0  in  tbe  two  expansions. 

STIRLING'S  THBOBEH. 

1546  4*ia;+h)-<i>{.v)=h^'{.v)-^A,h  [f  (.r+/i)-f  (.r)} 

where    ilft,=  (— and    At^^t  =  0. 

Proof. — /!„  A^^  <tc.  are  (letermiiud  by  expanding  each  function  of 
e+A  by  (1500),  and  then  cqnatiug  coefficients  of  like  powers  of  ».  Thns 

,i-A  =  0;   ±-^-^.  =  0,  [i-|-|^*-^.  =  0;  Ac 

To  obUin  the  general  relation  between  the  coefBcients :  pat  ^  (x)  =  e', 
naoe     Ap  Ac.  are  independent  of  the  form  of  f.   Equation  (1546)  then 

prodaoes  -j^--  =  1  Ac.  j 

and,  hj  (1530),  we  see  that,  for  ▼aloes  of »  greater  than  zero, 
A^^i^O  and  A^^i-'iyBu-i-i^ 

liOOLE'S  THEOREM. 

1547  iliA  {f  (a?)} 

Phoof. — yl,.  .1..  J„  (&c.  are  funnd  by  tbe  same  method  as  that  employed 
in  Stirling'a  Theorem. 
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For  the  general  relation  between  the  OOeffioientSi  MB  bafiorei  make  f  («)  =  0% 
and  eqaation  (1547)  then  produces 

aud,  bj  comparing  this  with  (lo44),  wo  see  that 

J»  «  0    and  i-ir-'B^ ^'""^ 


EXPANSION  OF  IMPLICIT  FUNCTIONS. 


1550  Befikition. — An  equation  /  y)  =  0  oonstitutes  y 
an  impltcit  function  of  a;.  If  y  be  obtained  in  terms  of  x  hj 
BolviDg  tlie  equation,  y  becomes  an  explicit  function  of  x. 


1551  Lkmma.  —  If  ^  be  a  function  of  two  indupendeat 
vai'iables  x  and  z, 

PaoOf. — By  performing  the  differentiations,  we  obtain 

1"  (y)  VsV.  +  F iy)  y„    and    J?"(y)  y.y.+ J» (y)  y«, 
which  are  evidently  equal,  by  (1482). 

LAGRANGE'S  THEOREM. 

1552  Given  y  =  «+A'^(^),  the  expansion  of  u=/'(y)  in 

powers  of  is 

/(y)  =/(«)+**(«)/'(«)+...+f^ 

Paoof. — Expand  «  aa  a  function  of  by  (1507) ;  thae,  with  the  notation 
of  (1406),         f»  =  «,+aj»^+  .4"  "«-o+     + ,— 

Here      is  evidently  /(^). 

DifEerentiutiiiL^  tbe  equation  y  =  r  +  r^  (//)  for  x  and  z  in  tarn,  we  hare 
V.  ^  'P  (>j)  +  •'•9' (y)  i/x     and         =  1  +  j-^*' (v)  y.,. 
Therefore  y^  =  fiy)y»;  and,  since  u,=f'(y)y^  and  u^=f(j/)yo 
therefore  also  =  ^(y)  v.  (i.) 

Tlio  followiiiL,'  equation  may  now  be  proved  by  induction,  equation  (i.) 

being  its  form  when  n  =  1. 

Assume  that  =  [{  /.  C'/)}""i]   ("•) 

Thenjforo  «  ,0  ,  =  Ll^  (i/) /" (1^5:>) 

=  <ii.-.).^.[{^'0/)i"«J  (lodl)  =«i,«Ll?>Ci/)i-'uJ,  by(i.) 
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Thus,  n  becomes  n-i- 1.   Bat  eqaaiion  (ii.)  Is  tnie  when  «  s  1 ;  for  then 

it  is  eqaation  (i.) ;  therefore  it  is  universally  tme. 

Xow.  since  in  eqaations  (i.)  aiui  (ii.)  the  diflferetitiatinnH  on  the  right  are 
ail  tiic'Clcd  with  respect  to  z,  x  may  be  tnado  zero  be/ore  ditl'erentiating  instead 
tf  afier.  Bat,  when  ^a  O,  u,=.j\z)  and  fiy)=9{=)i  therefore  eqna- 
tioDS  (i.)  and  (ii.)  give 

=  f  W/ W  i        « «^(-D.[{f  (»)}•/(*)]. 

1553         !• — Given  y*— =:  0:  to  expand  logy  in  powers  of  — . 
Here  y  s  —  +      therefore,  in  Lagrange's  formula, 


Therefore  if,  ss  log  j; ;         =:        s  ; 

«-^=  (-''"-j)  =  (3/»-l)  (3n-2)  ...  (2>i  +  l)  ^. 

Iherefojce,  aobstitnting  the  values  of  a  and  2,  (1552)  becomes 

°a     a*  a  1.2  ...f»  or  a* 

1554    ^«  2. — Given  the  same  equation :  to  expand  y"  in  powers  of 

a 

/(»/)  is  now  y",  and,  proceeding  as  in  the  last  example,  we  find 
t/i-  ^  f  1  j_       JL  +  n(v  +  h)  h*  1      n(n  +  7)r»  +  8)  6«  ^ 
'""a-C      "a'  tt         1.2      a*  a*'*'         1.2.3         a»  a» 

n(H-H9)  («-HQ)  (u  +  ll)  fc"  1   .  ■  > 
l.SS.8.4  a'a**^^) 

Ifasl,    y  =  — 1 1+--?  — +3--j-Y+12-g +55-y-T-+«o.  

'     a\      tr  a      <r  <r  oT        or  a* 


CAYXiErS  S£RI£S  FOB  ^ 


1555 

^=.i-S[«*(«)i.+...+^^[«{*(«)}-X+.... 

where  ^  =  ^ 


♦  (0)' 

Pboof.— Diihrentiate  Lagrange's  expansion  (1552)  for  s,  noting  that 
— Kr^-   Replaoe  »  by  '^9^  Pat /(y)  = ;  and  thersfot* 

/(O  =  "T"^'  since/ is  an  arbitrary  fonction.  Then  make  ysO. 
f(»)        "  '  ' 
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LAPLACE'S  THEOREM. 

1556  To  expand  /(^)  in  powers  of  x  when 

Rule.  —  Vroc'  td  as  in  LLnjrange's  TJteoraa,  merely  sub' 
stituting  F  (zj  /or  z  in  the  formula. 

1557  £^  8. — ^To  ezpaod  ^  in  powera  of  x  when  y  » log  u>^y)* 
Here  /((/)=©»;      F(z)  =  log2;  ^(»/)z=8my; 

In  iho  value  of        (1552),  ^  (s)  becomes  f  {F (z)}  =  sin  logz  j 
/(z)  becomes  }  =  e*"**  =  « j    therefore  /(*)  =  1. 

Thus  the  expansiou  becomes 

a"" 


1558    £x.  4.— Given  sin  7/  =  2  sin  (y + a)  :  to  expand  y  in  powers  of  3B, 
Here  y  =  sin'' (2  siny  +  a),    with  2  =  0. 

f(y)  =  yi   •f'  (2)  =        2 ;    ^  (y)  =  8in(y+a). 
f  (s)  in  (1552)  becomes    f  {^(z)}  =  Bin  (8in-*«+a). 
/(«)  beoomee  /{J'(f)}  « ^(0  =  sin"** j    therefore        =  (l-O"*- 
Thna  y  sa««n(»in-*«+a) 

{sin»  (am-'i+aXl-si")-*^!^^,,  Jain* (sin-»r+a)(l-0"^l  + 
with  #  put  =0  after  differentiating.    The  result  iis,  as  in  (796), 

y  =«8ina  +  ^^'sin2a  +  ^j;'8in3a+dE0. 


BUBMANN'S  THEOBEM. 

1559  To  expand  one  function  /(y)  in  powers  of  another 
function 

Rule. — Pnt  x  =  ^(j)  in  Ldgrange's  expansion^  and  there^ 
fore  ^(y)  =  (/— z)-r^{y);  Ihcrejore 

1560  /(y)=/W+'/'(4/){j^]/(i/)},^+... 

Here  y^z  signifies  that  after  differentiating  z  is  to  be  sub- 
stituted for 
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1561  Cor.  1.— Since  ^r  =  ^{i/),  y  =  4,-\x);  therefore  (1560) 
becomes,  by  writing  a;  for  ^(y), 

=/(«)+...+||  |^{(fg)>wL. +••• 

But  since  the  variablo  y  is  changed  into  z  after  difFerentiating, 
it  is  immaterial  what  letter  is  written  for  y  in  the  second 
factor  of  the  general  term. 


1562  Cue.  2. — If  J\y)  be  simply  //,  the  equation  becomes 

1563  Cor.  3. — If  z  =  0,  so  that  y  =  aJ^(y),  we  obtain  the 
expansion  of  an  inverse  function, 

1564  Ek.  5.— The  Beriee  (1528)  for  nn-^ai  may  be  obtained  by  thig 

formula;  thus, 

Let  em"' ass  y,  therefore  x  =  sin  y  =  ^(y),  in  (15G3) ;  therefore 

ly\    +^(-^)  +40. 


sin''  0  K  0 


1565  Br.  6.-If  y  =  r^^^^^^ ^^^'''''^  then, by Lagiange's 
theorem  (1552),  since  y  ^  -^^^x,  we  find 

Put  mss2y/t,  Urns 

1666    (1-  Ai-*«))-r.^.ri-4. ...  +   

Change  the  sign  of thus 


1667    (i±^)"  =  i-^+...(-xy"^gr=t   

Thia  last  Beriea,  oontanned  to  -2+1  ^         ^^"""^  aoooidiag  as  n  ia  OTen 

or  odd,  ii  equal  to  the  aom  of  tiie  two  aeries,  as  appean  by  the  Binomial 
theonm. 

2o 
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Also,  by  Liigraiige's  Theorem, 

1668      w,  =  .<^|^(|)V...  +  lg(|)% 

or,  by  patting  »  as  2%/^ 

1569         ,ogl^.^  =  ,+  ...  +  '|g.+  ... 


1570    Ex.  7. — Given  a-y  =  log  y ;  to  expand  y  in  powen  of  m. 
The  eqaation  can  be  adapted  as  follrnvs  : 

y  =  e^,       therefore    xy  —  x^. 

Pnfc  xy  —  y\  therefore  y'  =  from  which,  by  patting  *  =  0  in  (1552), 
y  may  be  expanded,  and  therefore  y. 

Ex.  8.^To  expend  «^  in  powers  of  ye^. 

Here  »  =  ye**,  ^  (y)  =  ^ if  we  take  »  =  0.  Therefore 

ye^ 

1671       «^  =  l+oye^+a (a-2fc)       +a +  


ABEL'S  THEOREM. 
157S   If  ^(ji?)  be  a  function  Aerelopable  in  powers  of  e*;  then 



Proof— Let       ^  (y)  =  a,,  +  A,^^  +  A^e^ ^ A^t^-^  (i.) 

Pat  y  =  0,  1.  2,  3,  At.  in  (1571).  and  nniltipl^-  the  results  ref^peotively  by 
-4^  A^eT,  ^.e",  Ac.    Th*  n  the  th.  o  rem  is  proved  by  eqaation  (i.). 


1573   Coji.— If  f  {x)  =  «»,  Abel's  formula  gives 

{x+aY  =  jf^+ ««  C(/i ,  2)  a  («  -  26)  (.r + 26)-«+ . . . 

 +  C'(»,r)  o  (a  -  r6)'->  {.r+rby- &c. 


INDETEEMtNATE  FORMS. 


1580  Porms  A,  2..    RuLB.— ^      a  /ra/r^ion  ir^ic/i 

U      QO  i£)  (XI 


toX;e«6t<W  of  these  fortns  when  x  =  a;  then  t-i^l^lilMor 
the  first  determinate  fraction  obtained  by  differentiating 
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the  numerator  and  denominator  simultaneously  and  substituting 
a  for  X  vn  the  result, 

1581  But  at  any  stage  of  the  process  the  fraction  may  be 
reduced  to  its  simplest  form  before  the  next  differentiation. 
See  example  (1589). 

Pboof. — (i.)  By  Taylor'H  thoorcm  (1500),  sinco  ^  (a)  =  0  =  ^(a), 

tp  (a+h)  _  p  ((ijjhlxp  (<i^  +  i)k)  _  ip'  (a  +  Oh)  _  <l>'  (a) 

when  h  vanibbes. 

<iL)  If         .*(.)  =  ».      J-g  =  ^ ^ 
trhicb  18  of  the  first  form,  and  therefore 

1582  yanisbing  fractions  in  Algebra  are  of  the  indeter- 
minate form  just  considered,  and  may  be  evaluated  hj  the 
rule,  or  by  rejecting  the  yanishing  factor  common  to  the 
nxmierator  and  denominator. 


Ex.-Wheu«,-ai     ^-^^"^  ^^'1 


a. 


1583  Form  0  X  00.  Rule. — If  <p  (x)  X  ^(x)  takes  this  form 
when  put  ^  (a)  X  ^  (a)  =  ^  (a)  -r  Ty-T*  w/fcWjA  is  of  the 
form 

1584  Forms  0^,  Q0^  1*.  "Rt  le.— 7/  {^(x)]*^'>  fate  an}/  of 
these  forms  iphen  x  =  a,  find  the  limit  of  the  logarithm  of  the 
ej^ession.  For  the  logarithm  =  ^(a)  log^(a),  which,  in  each 
ease,  is  of  the  form  0  X  oo . 

1585  Form  qd— oo.  Bulb. — //'  «/)(x)  — i^(x)  takes  this  form 
when  x=a,  we  have  e****"**'^  =         =  — ;  and  if  the  value  of 

this  exj^ession  hefownd  to  bee,  by  (1580),  the  required  value 
vnll  be  log  c. 

1586  Otherwise:  ^(a)— ^(a)  =  ^(a)  [l— which  is  of 
the  form  oo  X  0  (1583). 
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1687  BX.1.— WithoieO.     y  =  --?-  =  ^=:l  (1580)  »L 

Also,  wiik  a;  =  0, 

_  e'-'[—re'_  0  _  e'-e'-xe'  _      —x  _0__1__1 

1588  Ex.  2.— With  «  =  1  ; 

1589  £x.  3.— With  «  =  0 ; 

^  (logg)"    C^^)'  ^  «  ^  n  Qog^r-'  ^  !_^^  

by  (1581),  difforentiutin^  7i  times  and  reducing  the  fraction  to  ita  simplest 
form  after  each  difTereutiatiou. 

1590  Ex.  4.— With  « s  0;      y  =  (1+m>- s  1*. 

Bj(1584).    logy  =!?t{i±^  =  ^  =  --f_  (1.580)  =  a;  y  =  e*. 


1591  Ki.  5.— With  X  =  ar  ;      y  =  (^-.r)""'  =  0". 

By  (1684),  logy  =  gmfl» log (ir-a»)  =  ^^^S-^^^  =  —  =  , 

*^  ^  COBeCX  CD  (»- Z)C08« 

/icLuAA—  ^—         2  sin  3- COR  r  ^         .  , 

(1580)  =  ^  =  — —  T  r-T —  =  0  J     .%  y  =  1.  . 

1592  If  /(^)  »nd  a;  become  infinite  together,  then 

=/(•<•)  =/(-<-+i)-/wi. 

Pl«»».-  (1S80)  (1404), 

0  00  1  1 

HDoe,  when  a;  s  oo ,  &  may  be  taken  =  1. 

I mJi'tcnnlnate  forms  involving  two  variables. 

1592  li\:\-v.^ First :  If  the  values  x=a,  y=b  make  the  fraC' 

Hon  ^i^^  =  -tt;  the  true  value  is  =       '^f  0* 

1593  Secondly :  Jjf     :     =    :     =  k,  <Ae  fru^  valtt«  of 

PBOOF.— (i.)  By  (1703)  =  and  y  being  an  or^tlrory 

nmction  of  — that  is,  independent  of  — the  value  of  the  fraction  is  inde- 
tenmnate  unless    and     both  vaiuah.  ^ 

(iL)  If  we  aabstitate  fg  s  Jb^,  and     =  ft^^  ihe  fraction  beeomea  s  ife. 
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JACOBIANS. 


1600  T'-et  r,  w  be  n  functions  of  n  variables  a-,  z  (/i=  3). 
The  following  determinant  notation  is  adopted : — 

i2^ii  JC^ 


u,  u, 

ff^  Vg 


y« 

»it 


_  d{a^z)  ^ 
d  (unw)  * 


The  first  determinant  is  called  the  Jacohian  of  v,  i/?  with 
respect  to  a;,  2,  and  is  also  denoted  bv  J  imw)^  or  simply 
by  J.  

1601  Theoi^.-   rfijfE^x  4^4  =  1. 

Proof. — If  the  product  of  the  two  determinauta  be  formed  bj  the  rale  in 
(o7u),  first  chftDgine  the  oolnmns  into  rows  in  the  seoond  detenninant  (559), 
the  first  column  of  uie  reralting  determinaat  wiU  be 


and  the  whole 

11m  W« 

1 

0 

0 

determinaQt 

0 

1 

0 

will  be 

««,  tfv 

0 

0 

1  1 

1602  Tf  u,  IT,  IV  are  ?i  functions  of  n  variables  a,p,  7  (7^=3)^ 
and  a,  ^9  7,  functions  oix,  yyz; 

dlaPy)       d  {xyz)       d  (atyz)  ' 

Pboof. — Form  the  product  of  the  two  determinantB,  changing  colnmnt 
into  rows  in  the  seoond  as  in  (1601).  The  first  oolnmn  of  the  zesalting 
detsnuinant  will  be 


and  tlio  whole  de- 
terminant will 

bo 


l\  ICg 


V 

t*. 


V 


since  rows  and  colamns  may  be  transposed  (550). 


1603  Cob. — ^11  a,  /3,  7  are  only  given  as  implidt  functions 
of  X,  y,  2,  by  the  equations  f  =  0,  x  =  ^>  'A^O,  involving  tiie 
six  variables ;  then 

d  (aBy)         d  (XUZ)         ^       '    d  (XUZ)  ' 


PKfx^F. — By  (1737),  ^.a.  +  ^^/S.  +  ^^y,  =  —  f»„  where  (p,  is  the  partial 
derivative  of  ^.  Thus  ««,  t>^  in  the  determinant,  are  now  replaced  by 
^9<>  —Xtt  y       z ;  and  by  changing  the  sign  of  eacih  demeni^ 

the  ftetor  (-1)*  is  introdnoed 
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1604  If  f%  »  functions  of  n  variables  a?,  y,  z  (n  =  3),  be 
transformed  into  functions  of  ^, 2^  bj  the  linear  substitutiona 

where  M  is  tbe  determiiuuit  (oibtH)  called  the  modulus  of 
transfomiatioii  (573). 


"S  «• 

«.  V, 

yfm  »t 

Form  the  product  MJ  hy  the  rule  in  (o70).  The  first  clement  of  tho 
Mnltaag  determiiiMit  is      +      +  w A  =      +  t*,y^ + u,    =  u^.  Similarly 

for  each  element.  Then  traaspoie  rows  and  oolomna,  and  tiie  detetmlnaiit 
ie  olitelned. 

1605  When  the  modulus  is  unily,  the  tnmsfomiation  is  said 
to  be  unimodular. 


1606  If»  iii  (IGOO),  fp{uru')  =  U,  where  f  is  bume  function; 
then  J(uvir)  =  0;  and  conversely, 

Psoor. — Diffiarentiaie  ^  for     i/,  and  z  separately,  thos 
similarlj  y  and  c ;  and  the  eliminant  of  the  three  equations  is  /  (uvw)  s  0. 


1607  Tf  «  =  0,  rrzrO,  ?/'  =  0  be  a  number  of  homogeneous 
equations  of  dimensions  ?/<,  Hjp  in  the  same  number  of  vari- 
ables u'j  ?/,  z;  then  J {in-w)  vanishes,  and  if  the  dimensions 
are  equal  also  vanish. 

PbOOF. — ^B7(l(»24i),  xn,  +yu^  +z?/,  =  mu'J 

fne,  +  yw^  +  zw,  —  pw  ) 

By  (582),  A  I,  Z>i,  C|  being  Hhe  minors  of  the  first  column  of/.  Therefore, 
itu, «,  w  Taiiieh,  J  also  vanishes. 

Again,  difEerentiating  the  last  eqoation,  J-^xJ,  s  iljffiis+ J^ae.-hCtptBta. 
Therefore,  if  m  s  »  s      /+  a*/,  s  m  (At^+ Bie«+  G^^ow)  =  m/> 
Thesefore    vanishes  when  /  does. 


1608  If  tt=0,  vssOf  w=:0  are  three  homogeneous  equations 
of  the  second  degree  in  ,r,  y,  z,  their  eliminant  will  be  tho 
determinant  of  the  sixth  order  formed  by  taking  the  eliininant 
of  the  six  equations  «» v»  /«. 
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Pboof. — J  is  of  tlie  third  degree,  and  tliereforo  J,  are  of  the  second 

degree,  and  thoj  vanish  because  u,  v,  w  vanish^  bj  (1607).    Heuco  u,  v,  u;, 
A  fonn  six  equations  of  tho  form  («,    »)*  =  0. 


1609  If  variables  a;,  «  =  3)  are  connected  with  n 
oilier  variables  by  as  many  equations  te=0,  vsO,  11^=0; 

</cr  (/i/  dz     (/  (r/mr)      d  (uvw) 


ihea 

Fkoof.— By  (562)  we  hsve 


f/x  <///  <7r 
d<  d9 


^y, 

«•  «■ 

I0«  t9. 

«^#»t 

QUAXTICS. 


1680  Definition. — A  Quantic  is  a  homogeneoiis  function  of 
any  number  of  variables :  if  of  /// o,  three  variables,  &o.,  it  is 
called  a  hinaryy  tprnnry  qiiantic,  &c.  The  following  will 
illustrate  the  notation  in  use.    The  binary  quantic 

is  denoted  by  (a,  hy  c,  dy^x,  yY  when  the  numerical  coefficients 
are  those  in  the  expansion  of  (a;+y)'*  When  the  numerical 
coefficients  are  aH  unitr,  the  same  quantic  is  written 
(atb^e^dXXfyY,  When  tne  coefficients  are  not  mentioned, 
the  notation  (x^  y)*  is  employed. 

BULER'S  THEOREM  OF  QU ANTICS. 

If  u^fix^y)  be  a  binary  quantic  of  the     degree,  then 

1621  ^»+yu,  =  «». 

1622  ,  a^Mto+2.«yw*»+/w,y  =  »(»— 

• 

1623  (^d^-i-yd^y  u  =s  «  (n— 1) ...  (»— r+ 1)  u.  (1492) 

Ploop. — ^In  (1512)  pat  A  a  as,  jbaay;  then,  beoanee  the  fimofclcm  ii 
bom^geneoiM^  the  eqaetiom  becomes 

(l+«)''f*«»+«(«i»+yii^)+|a»(e?%.+ai^+^)+  

Expend  (1+a)*,  and  equate  ooeffioieiite  of  powen  of  a. 
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The  theorem  may  be  extended  to  any  quantic,  the  quan- 
tities on  the  right  remaining  unaltered.  Thus,  in  a  ternary 
quantic  u  of  the  n^^  degree, 

16S4  =  MM ;  generally 

1625    (,v(/,-^iffI,  +  x(/y  u  -  n  (n  —  \)  ...  (w-r-f  1)  u. 


DBFDtmONS. 

1626  The  EHminafU  of  n  quantics  in  fi  Yariables  is  the 
function  of  the  coefficients  obtained  by  puttin^^  all  the  quantics 
equal  to  zero  and  eliminating  the  Tariables  (583,  586). 

1627  "^'he  Discriminant  of  a  quantic  is  tlie  ehminant  of  ita 
first  derivatives  with  respect  to  each  of  the  variables  (Ex, 
1031). 

1628  -An  Invariant  is  a  function  of  the  coefficients  of  an 
equation  whose  value  is  not  altered  by  linear  transformation 
of  the  equation,  excepting  that  tlie  function  is  multiplied  by 
the  modulus  of  transformation  (Ex.  1682). 

1629  A  Corariant  is  a  (juantic  derived  from  another  quantic, 
and  such  that,  when  both  are  subjected  to  the  same  linear 
transformation,  the  resulting  quantics  are  connected  by  the 
same  process  of  derivation  (Ex.  1634). 

1630  A  Hessian  is  the  Jacobian  of  the  &rst  derivatives  of  a 
function. 

Thus,  the  Hessian  of  a  ternary  quantic  u,  whose  first 
derivatives  are  u^,,  li,,  u,,  is 


thM 


11. 


1631  Ex.— Taktt  the  Mnory  eniie  u  m  M^-|>8&^y+8«y*+<iy*.  Ite  fint 
derivatirM  mte 


3a  66  3c  0 
0  3a  66  3c 
db  ^  3d  0 
0  Sb  9c 


=  "Six"- be  J- J  +3c/!/*. 
Tbcrefore  (1627)  the  discriniinant  of  u 

is  the  anneMd  determinant,  by  (5^57). 

1632  The  determinaQt  is  also  an  inTan'ant  of  u,  hj  (1638)  ;  that  if  u 
be  tranafbrmed  into  v  hy  patting  m  =s  0(4- and  y  =  a'f +/3'i7 ;  and,  if  a 
corresponding  determinant  be  formed  with  the  coefficients  of  r,  the  new 
determinaat  will  be  equal  to  the  original  one  mnltipUed  by  (off  '«'/^)'* 
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1633 

Therefore,  by  (1030),  the  Hessian  of  «  is 

tt^  =  (ax  +  bti)(cx  +  ihj)  —  (h.r  +  cy)* 

=  iac—  6*)     -f  (at/  -  !yc)  ./•.'/  -|-  (bd—c*)  y». 

1634  And  this  is  also  a  covarianf;  for,  if  u  be  transformed  into  r,  as 
before,  then  the  result  of  transforming  the  Uossian  bj  the  same  eqaatioua 
will  be  fuoiid  to  be  equal  to  Vu^^—vl^.    See  (lt>52). 


1635  If  a  (iuantic,  u  =f{.c,  y.  z  ...),  involving  n  variables 
can  be  expressed  as  a  function  of  the  second  degree  in 
Xi,  X2 ...  A»_i,  where  the  latter  are  linear  functions  of  the 
variables,  the  discriminant  vanishes. 

Proof.— Let        1*  =  ^X'  +  ^X.X^  +  x  X^X,  -1-  Sec, 
where  X,  =  a^x  +  b^^/ -t  CiZ  +  tScc. 

The  derivatives  u„      ttc.  must  contain  one  of  the  fiustors  ...  X^.i  in 

erery  term,  and  therefore  mast  hare,  for  common  roots,  the  roots  of  the 

■imaUaneous  equations  X,  =  0,  X,  =  0,  ...  X„  ,  =  0  ;  n  —  1  equations  being 
Tequin'd  to  determine  the  ratios  of  tlie  n  variables.  Therefore  the  dis- 
cnmiuant  of  w,  which  (162?)  is  the  eiimiuaub  of  the  equations  t*,  =  0,  «^  =  0, 
Ac,  raniBhes,  by  (O^d). 


1636  Cor.  1. — If  a  binary  quantio  contains  a  square  &ctor, 
the  discriminant  vanishes ;  and  conversely. 

Thus,  in  Example  (IGlil),  if  1*  has  a  factor  of  the  form  (^Ax-\-Bi/)\  the 
determinaiit  there  written  ▼anishes. 

1637  Cor.  2. — If  any  quadric  is  resolvable  into  two  faotorSy 

the  discrimiiumt  vanishes. 

An  independent  proof  is  as  follows  :— 

Let  u  =  XY  be  the  quadric,  where 

X  =  (ax-{-by  +  c2+  ...),         Y=  (a'r  ^h'y -\- c'z  +  . . .). 
Tiio  derivatives  u„  ii^  m,  are  each  of  the  form  i^X-^qY,  aud  therefore  have 
for  oonunon  roots  the  roots  of  the  eimoltaneous  equations  2=0,  FasO. 
Therefore  the  eliminant  of  «w  as  0,     =  0,  &o.  ranisbes  (1627). 


1638   The  discriminant  of  a  binary  quantic  is  an  invariant. 

PfiOOF. — A  square  factor  remains  a  si^uare  factor  after  linear  transforma- 
tion. Hence,  hj  (163(S),  if  the  discriminant  vanishes,  the  discriminant 
the  tram^rmed  equation  vanislies,  an  l  must  therefore  contain  the  former 
discriminant  as  a  far.for  (nee  162b).   Thus  the  detenniuant  in  (1631)  is  an 
invariant  of  the  quantic  u. 


The  discriminant  of  the  ternary  quadric 

1639        u  ==  aa'+bs^+cz'^2fya+2giup+2lupg 

2  p 
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is  the  eliminant  of  the  equationB 
1610  iu^  =  aa^+hy+gz^Q 

1641  =  abci2fgh-af^b{r-^ch:'  =  A. 


_  V '  determ 


the 
minant 


a  h  g 

h  b  f 

g  f  <^ 


1642  The  following  notation  will  frequently  be  employed. 
The  determinant  will  be  denoted  by  A,  and  its  minors  by 

A,  0,  F,  G,  B.  Their  values  are  readily  found  by  differ- 
entiating A  with  respect  to  a,  6,  c,/,    h ;  thus, 

F  =  ^/i-«/=iA^,  G  =  hf^bg  =  i\,  H=fg-eh^i\. 

1643  The  reciprocal  determinant  is  etjual  to  A*  or 


A  If  a 

a  h  ^ 

H  B  F 

h  h  f 

By  (d75). 

G  F  C 

S  f  ^ 

1644  The  discriminant  of  the  quaternary  quadric 

-|-  2jM?ti*+ 2gyto+ %nBm 

is  the  eliminant  of  the  equations 

1645  w.r+%+.ir^r+|"r  =  0 


that  is, 

the 
deter- 
minant 


a  h  g  p 
h  bf  q 
gf  c  r 
p  q  r  d 


The  determinant  will  be  denoted  by  A',  and,  by  decom- 
posing it  by  (568),  we  have 

1646  d.A-Ap--Bq''-Cr'-2Fqr-'2Grp-2Hitq. 

1647  A'  =  1  {p\+fjl'+rK)+d.A. 


1648  Theorexi. — If  ^  (r*?/)  be  a  quantic  of  an  even  degree, 
is  an  iiiTariant  of  the  quantic. 
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PlOOr. — hob  tli0  linear  substitutions  (1628)  be 

X  =  al-\-htiy       y  =  a'£,+  h't}   (i.) 

8(dvefor{  and  17.    Find  v^.  n,,  and  substitute  in  the  two  eqaatiuus 

The  result  is 

d^^{ad^  +  h(-d()}-i-M;    -d,  =  {a'J,  +  h'  ( -d^ ) }  4- M.  (ii.), 

where  M  s  ah''~a'bt  the  modulus  of  transformation.   Equations  (i.)  and  (ii.) 
are  parallel,  and  show  that  the  operations  d,  and  —d,  can  be  transformed  in 
the  same  waj  as  the  quantities  x  and  y ;  that  is,  if  <p  (x,  ?/)  becomes  (£, 
then  ^  (d^  — d,)  becomes  4'  (''•).  ~'h  )  where  n  is  the  degree  uf  the 

qoantic  But  ^  (c2y,  — ^  y)  is  a  function  of  the  coefEcients  only  of 
the  qnantie  jmum  <Ae  orc^^r  0/  differeniioHon  of  eod^  lem  it  ihe  tarns  a$  ika 
dagrm  cf  iAe  lerm  ;  therefore  the  fanotioa  is  aa  inTariant,  by  definition  (1628). 

1649  Example. — Let  ^  (4^  y)  as  0**+  +  e^//" +/»/*.  The  quantic  must 
first  be  completed;  thus,  ^ (a-t/)  =  '*  + ^^f*// +  ca;"(/* -j- (e  =  0)i  then 

=  a .  24/-  t .  Ge  +  c .  4c  -  c . » ;6  +/.  2'ki  =  4  ( 1 2a/-  36e  -f  c'). 

Therefore  12a/-36e  +  c*  is  an  invariant  of  ^,  and  =  {VlAF-%BE-\-C*)  -^M\ 
where  JL,  i?,  C,  JBJ,  are  the  coefiliuients  of  any  equation  obtained  froui  f>  by  a 
finear  tranafonnation. 

But  if  the  d^pree  of  the  qoantic  be  odd,  these  resnlta  Tanish  identically. 

1650  Similarlj,  if  i>{x,  y),  i  (x,  rj)  are  two  quantics  of  the 
same  degree,  the  functions 

are  both  iuyariants. 

1651  Ex.— If  ^  =  aj;'  +  2hxy  +  cy*  and  4-  =  aV  +  2h'xy  +  c'y' ;  then 
{(kdt^^^hd^'^cdu)  ia'^+Zbtey-^cy)  =  ae-i-ea' -2bb\  an  invariant 

165S   A  Hessian  is  a  covariant  of  the  original  quantic. 

P&OOF. — Let  a  ternary  quantic  u  be  transformed  by  the  liufur  sub.stitu- 
taons  in  (1604) ;  so  that  t»  s=  f  (a,    s)  s  ^  (4    O-   '^'lie  Hessians  of  the 

two  functions  are  'L^'f^  and  ^^^;'^VV>  (I03u;.  Now 

<i({i|^)  <i(a!ya)  d{Xifx) 

The  second  transfurmation  is  seen  at  once  from  the  form  of  the  determi- 
nant by  merely  transposing  rows  and  columns;  the  first  and  third  are  by 
theorem  (1604j.    Therefore,  by  definition  (lt>2U),  the  Hessian  of  u  is  a 


1653  CogredienU, — ^Variables  are  eogredient  when  they  are 
subjected  to  the  same  linear  transformation ;  thus,  a;,  y  are 
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oogredient  with  x\  if'  when 

Of  =  aC+bff  •)       and  \ 


1654  Emanenis. — If  in  any  quantic    =  f  (2,  y),  we  change 

X  into  x-\-px\  and  3^  into  y-^rpy*  where  a?',  y  are  oogredient 
with  x^yi  then,  bj  (1512), 

and  the  coefficients  of  /»,  p*,  p%  ...  are  called  the  first,  second, 
third,  ...  emanenis  of  u, 

1655  The  emanents,  of  the  typical  form  (xd,-{-i/'d^yuy  are 
all  covariants  of  the  quantic  u. 

Proof. — If,  in  ^  i/\  vre  first  make  the  snbstitations  wbich  lead  to  the 
emanent,  and  afterwards  make  the  oogredient  Bnlwtitations,  we  change 

»  into  s8-^p»\  and  this  into  a{+&9+f»(^+fr9)- 

And  if  the  order  of  these  operations  be  reversedp  we  change 

«  into  ai'^b^f  and  this  into  a(C+pr)+ft(9+P9')- 

The  two  results  are  identical,  and  it  follows  that,  if  f  («,  y)  be  transformed 

by  the  same  operations  in  reversed  order,  the  coefficients  of  tlie  powers  of  p 
in  the  two  expansions  will  bo  ofpial,  since  p  is  ifuieteraiinate.    Therefore,  bj 

the  (h  tiialiDii  f  l'>l!0),  eai'li  t  inaiieiit  is  a  rovariaiit. 


lOOu     For  definitions  of  rontrngreJieiiis  and  coiitravari<i nfs,  see  (1813-4). 

Fur  other  tbeorcma  ou  invarumts,  see  (1794)|  and  the  Article  on  LaTari- 
ants  in  Section  XII. 


ELICIT  FUNCTIONS, 


IMPLICIT  FUNCTIONS  OF  ONE  INDEPENDENT  VARIABLE. 

If  y  and  z  be  functions  of  the  successiye  application  of 
formula  (1420)  gives,  for  the  first,  second,  and  third  deriva- 
tiyes  of  the  function  ^  (y,  z)  with  the  notation  of  (1405), 

1700  (mz)  =  + 

1701  5=  ^jd+2^My**.+*i.«ft+*^y«r+*.%- 
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1702  *to(y«)  =  K5^-+3^3d«,+3*^y.4+**.4 

By  makmg  «  ss  »  in  the  last  three  f ormulflB,  and  conse- 
qneotly  z,=  1,  0,  or  else  by  differentiating  independently, 
we  ob&in 

1703  {^)  = 

1706       **.(^)  =  ^ir:+a^i»,3d+3*^y.+^. 

1706  In  these  forninlas  the  notation  is  used  where  the  di£ferentiation 
is  partial,  wbtle  ^,  (x,  y)  is  used  to  denote  the  complete  derivHtiTe  of  f  {x,  y) 
with  respect  to  x.  Each  saocessive  partial  derivativ^e  of  the  function  <f>{y,  «) 
(1 700)  is  itself  treated  as  a  fanction  of  y  and  s,  and  differentiated  as  each  by 

fomula  (1420). 

Thus,  the  differentiation  of  the  product  «/>^j/,  in  (1700)  produces 

The  function  involves  y  and  z  by  implication.  If  it  sliould  not  in  fact 
eontaan  s,  for  instance,  tben  the  partial  derivatire  f «  vanisbet.  On  tbe  otber 
band,  y„  y^  fto.  are  independent  of  s ;  and  t «,  g^m  oo.  are  independent  of  y, 

DERIVED  EQUATIONS. 

1707  If  successive  derivatives  are  also  zero» 
and  the  expansions  (1703-6)  are  then  called  the^s^,  second, 
and  third  derived  equations  of  the  primitive  equation  ^(tpy) =0. 

In  this  case,  those  equations  giye,  by  eliminating  y,, 

1710  Similarly,  by  eUminating  y«  and  y^gf  equation  (1705) 
would  give  7/3^  in  terms  of  the  partial  derivatiyes  of  ^  (xy). 
See  the  note  following  (1732). 

1711  If   4>{^)  =  0    and  g=0; 

1712  and  S  = 

oar 

Proof.— B/  (1708),  ^.  =  0.  Therefore  (1704)  and  (1705)  give  these 
nbiei  of  jf^  and  ytg. 
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1713  If  ^^^^  both  vanish,  in  (1708)  is  indeterminate. 
In  this  case  it  lins  two  vnhies  given  by  the  second  derived 
equation  (1704),  which  becomes  a  quadratic  in  y^, 

1714  If  ^£r)  and  also  vanish,  proceed  to  the  third 
derived  equation  (1705),  which  now  becomes  a  cubic  in  y„ 

giving  throe  values,  and  so  on. 

1715  Generally,  when  all  the  partial  derivatives  of  ^(r,  ?/)  of 
orders  less  than  n  vanish  for  certain  values  iB=a,  y  =  bf  we 
have,  by  (1512),  ^(a,  b)  being  zero, 

^{a-\-h,h-\-Jc)  =  —  {hd^-{-kd,y  ^  tenns  of 

higher  orders  which  may  be  neglected  in  the  limit,  (  r,  y  are 
here  put  =s  a,  6  after  dinerentiation.)  Now,  with  the  notation 

of  140G),  H.^+H,.6  =  0; 

therefore  JL        iss.  =  ^ ; 

h  dx 

the  values  of  which  are  therefore  given  by  ihe  equation 

1716  (M,  +  kd,y  ^  (a-,  y\^,,  =  0. 

1717  If  y«  becomes  indeterminate  through  x  and  y  vanish- 
ing, observe  that      —  -  ^^  in  this  case,  and  that  the  value  of 

dx  X 

the  latter  fraction  may  often  be  more  readily  determined  by 
^ebraic  methods. 

If  X  and  y  in  the  function  ^  (,r,  y)  are  connected  by  the 
equation  \p  (x,  y)  =  0,  y  is  thereby  made  an  implicit  function 
of  Xj  and  we  have 

1718  »,(^.y)  =  M-'/'-^>. 

1719  ^(*.y)=  ft+C^*,-*.^)* 

Proof.— (i.)  Differentiate  both  ^  and  i/'  for  x,  by  (1703),  and  eliminate 

(ii.)  DinVreutiate  also,  by  (1704-),  and  eliminate      and  ij.^. 

Jlu^y^z  are  functions  of  a;,  then,  as  in  (1700), 
1780  (uyz)  =  *»u.+*,y.+*A. 
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1721      K       =  ^»i+^3d+*te4 

1788  obtain  ^^{xyz)  and  ^(a^z),  make  u=i9  m  the 
above  equations. 

Let  U  =  ^{Xf  ,  2,  £)  be  a  function  of  four  variables  con- 
nected by  three  equations  u  =  0^v=:0^w=0,  so  that  one  of 
the  variables,    maj  be  considered  independent. 

1723    We  have,  by  differentiating  for  ^, 

fx  ^^+t?,  i/f +t?.    + V|       =  0  C '  ^  _  djuvw) 

le^iTf+tOy^t +«'«%+tCf      =  0  ^  rf  (pnfz) ' 

1701   djuvif?)  1  .     6?.y  (limp)  1  . 

dz  __  ^  d  (uviv)  1 

Observe  that  17|  stands  for  the  complete  and  f|  for  the 
partial  derivative  of  the  function  IT. 

PfiOOF. — (i.)  17^  is  founil  bj  taking  the  eliminaut  of  the  foor  equjitions, 
aeparsiing  the  determinant  into  two  terms  by  means  of  the  elentnt  f^—  U^, 
tad  employing  the  notation  in  (1600). 

(ii.)  Xf,  y^,  and  are  fbnnd  by  solving  the  last  three  of  the  same  eqoa- 
iioas,  by  (582). 

IMPLICIT  FUHrcnONS  OF  TWO  INDEPENDENT  VARIABLES. 

1725  If  the  equation  ^  {x,  z)  =  0  alone  bo  given,  y  may 
be  considered  an  implicit  fnnction  of  x  and  z.  Since  x  and  z 
are  iiidependent,  we  may  make  z  constant  and  differentiate 
for  ,r;  thus,  for  a  variation  in  x  onh/y  the  equations  (1703-5) 
are  produced  again  with  ^  in  the  place  of  <p  , 

1786  If  as  be  made  constant,  z  must  replace  as  in  those  equa* 
tions  as  the  independent  variable. 

Affain,  by  differentiatinff  the  equation  f  {xyz)  =  0  first  for 
9f  making  z  constant,  and  uie  result  for  e,  making  x  constant. 
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wo  obtain 

1727  ^*.+^»xy,+<^,,y,+^y,y.+^,yx,  =  0. 
From  this  and  the  values  of     and  y,,  by  (1708), 

1728  y»  =  ^""^  ^'  ~^  ^"^      ~    ^' "  ^' 

 2  ^?  

1789  If  //,  2  in  the  function  ^{e,  y,  z)  be  connected  by  the 
relation  ^  {x,  ^)  =  0,  y  may  be  taken  as  a  function  of  two 
independent  variables  x  and  2.  We  may  therefore  make  z 
constant,  and  the  values  of  fj,  {x,  y,  z)  and  ^  (r,  y,  z)  are 
identical  with  those  in  (1718,  '19)  if  a;,  ^,  z  be  substituted  for 
X,  y  in  each  function. 

1730  By  changing  x  into  z  the  same  formulsB  give  the 
values  of  ^,  (x,  y,  2)  and  (p.,.  (r,  y^z). 

1731  On  the  same  hypotliesis,  if  the  vahie  of  (.r,  y, ::),  iu 
forming  which  has  been  made  constant,  be  now  differen- 
tiated for  z  while  x  is  made  constant,  each  partial  derivative 

i//,,  &c.  in  (1718)  must  be  differentiated  as  containing  x,  y, 
and  z,  of  which  three  variables  x  is  now  constant  and  y  is  a 
function  of  z. 

The  result  is 

-(»M*>-»M^>)4>.»i  +  (^».-»|>^)».».»,} 

In  R  jmrtifulrir  instance  it  is  rrencrally  easier  to  apply  such  rales  for 
difierentiuting  directlj  to  the  example  proposed,  than  to  dcdace  the  resalt  in 
a  fancUonal  form  for  the  purpose  of  soMtitiitiiig  in  it  tbo  valoM  of  the  |NHrtiel 
derivatives. 

1734  BxAMFLB.— Let  f  [X,  ,j,  x)  s  Zie+my+iw  sad  ^(x,  y,  x)  =  a?+y"+i^ 
s  1, «  and  z  being  the  independent  variablm ;  f «  (s,  y,  s)  nnd  f  ^  (»,  y,  s)  are 
leqnired.   Differentiating  f ,  considering  t  constant, 

a  result  whicli  is  otherwise  obtained  iVora  formala  (1719)  hy  substituting  the 
values  =1,      «Pr  =        ^.  =  » ;       ^iM  =9t,  =fu  =  0; 

^.  =  2x.    ^i^,  =  2y,    •4'.  =  2*;  =  i/.^  =      =  2. 

Again,  to  find  f«  (x,  y,  z),  differsntista  for  s,  considering  m  constant  in 
the  fimction 

-^t-ssZ— m  — :    thoa  ,  ,  =       -*-r  ~  •~*'»~r»    since  -r- = — 7=-=!  . 

db            y            dadB  y"           y*            db        ^  y 
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1735  Let  U  =  <l>  {:r%  i/.z^Kiv)  be  a  function  of  fivo  variables 
connected  by  three  equations  u  =  0,  v  =  (),  vj  =  i);  so  that  two 
of  the  variable's  ^,  ri  may  be  considered  independent.  Making 
II  constant,  the  etjuations  in  (1723),  and  the  vakies  obtained 
for  U(,  hold  good  in  the  present  case  for  the  varia- 
tions due  to  a  variation  in  ^,  observing  that  ^,  w,  w  now 
stand  for  functions  of  n  as  well  as  of  ^. 

1736  ^he  oorresponding  values  of  Z7„  a^,  y,,  are  obtainejl 
bjT  changing  ^  into  i|. 


niPLiorr  functions  op  n  independent  yariabois. 

1737  I'he  same  method  is  applicable  to  the  general  ease  of 
a  function  of  n  variables  conntjcted  by  r  equations  u=0,  v=0, 
V}  =  0  ...  &c. 

The  equations  constitute  any  n-^r  of  the  variables  we 
please,  independefU :  let  these  be  ^,  ij,  ^ ....  The  remaining  r 
variables  mQ  be  dependent:  let  these  be  x^y^z and  let 

the  function  be  Z7=  0  (a*,    a  ...  ^,  ii,  2  ...)• 

For  a  variation  in  H  only,  there  will  be  the  derivative  of  the 
function     and  r  derived  equations  as  under. 

1738  +  ...  +  = 
u,jPf+u^yf+u,Zi  +  ...  +  «f  =  0, 

=  0, 

«••  •«.       •.•       »•#  5jc», 

involving  the  r  imphcit  functions  x^,  y^^  &o.  The  solution 
q{  the  r  equations,  as  in  (1724),  gives 

1740  where  t/ = -r?  7-   -^so       = -jT^^ — zr~T* 

The  last  value  being  found  exactly  as  in  (172;]). 

1741  With  ^  replaced  by  i?  we  have  in  like  manner  the 
vdues  of  a?,,  ?/,,  2„  T/, ;  and  simikrly  with  each  of  the  inde- 
pendent variables  in  turn. 


1748  If  there  be  n  variables  and  but  one  equation 
f  (s,  tf,  z . . .)  =:  0,  there  will  be     1  independent  and  one  depen^ 

2q 
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dent  yariiible.    Let  y  be  dependent.    Then  for  a  variation  in 

a?  only  of  the  remaining  variables,  the  equations  (1703-5) 
apply  to  the  present  case,  <j>  standing  for  ^  ...).    If  x 

be  replaced  by  each  of  the  renijiining  indejiendints  in  turn, 
there  will  be,  in  all,  n— 1  sets  of  derived  equations. 


CHANGE  OF  THE  IXDEPEXDEXT  VARIABLE. 

If  //  be  any  fimction  of  ar,  and  if  tlie  independent  varial)lo 
be  changed  to  f,  and  if  /  be  afterwards  put  rqiial  to  ij,  the 
follo^ving  formula)  of  substitution  are  obtained,  in  which  p =^«: 

differentiating  these  fmctions,  we  get 

5?  -     5;  - 
1766  ^a^i-av^^ 


uqI  Ex. — If  ar  =  r  cos  0  and  y  =  r  sin  0 ;  then 

1768      ^  =  ^ .     l^V/  _     r^H-2r^— rr^ 

do?     r«  cos  B^T  sin  If '     da?*     (r,  cos  — r  sin  * 

•*    ^ROOF.— Wiiting  Q  for  <  in  (1/CO)  and  (UC2),  we  have  to  Uud  j„ 

Sr»  =  n  Bin  0+**  oos  0 ;     yt,  =     no  9+2r,  oos  9— r  siii  9. 
Snbstitniing  these  Talnei,  tho  above  results  are  obtavDed. 


where 


'  to  cliange  the  variable  from  a;  to  <  in  (^4-/^/'  ij^, 
"Ijai^taj)  =  e*,  employ  the  formida 

1770    {a^b.iry^  =  (d.-^^)  ...  (d,-l)y|. 

fifi'^^cli,  multiplication  by  bv  the  index  law  aignifies  the 
¥{^tition  of  the  operation  X  (14^2). 
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Pruok.-    'h\{<i-^hTryJi  =  \v  ("  +  /a'-)""'H..  +  ("  +  ^^''V'.v„..,,,}2-,. 
Nijvir  hXi  =  e' —  a-^hx.    Substitato  this,  uud  denote  (a-\-bxyy„  by  l/mi 

iberefore     4i(Z7.)     «£r«-|- y  IT..),    or  Cr.*i  =  6  ((/«-«»)  IT.. 


•  Therefore  Um=    (J,— it— 1)  i/^.i    and         =  i»  (dlj— w— 2j  Um.»t 
and  finally  T,  =  6  (t',— 1)  ZTj. 

But  1^1=  (<i4-/'a;)  J7,  =  =  Z»y,, 

Therefor©  =  (<i,-»^)  ...  (tZ*- 1)  y*. 

1771  CoK. — (a+«)*y««  and  ofy,,,  are  transfonned  by  the 
same  formula  by  putting  &=1. 

1772  Let  V  =z  F{x,y),  where  7',  //  are  connectod  with  6,  ii 
by  tlie  equations  «  =  0,  v  =  0.  It  is  rtMjuircd  to  change  the 
independent  variables  x,y  to  the  functions  F«  and  F,. 

1778  RtJLB. — To  find  the  value  of  — Differentiate  V,  u,  v, 
each  vnih  respect  to  considering  ^,  q  functions  of  the  indc' 
pendent  variables  z,  j ;  anc2  form  the  elimiiiant  of  the  resulting 
equations;  thus, 


1774     r,f.+  F,7;.-F,=  0 


F.  F  -F. 


=  0. 


Similarly,  to  find  Fy. 


17  75    Kx. — Let  a:  =  r  cos  ^  and  y  =  r  sin  ^ ;  then 


I* 


F,=  F.sintf  +  F, 


cos^ 


=  0. 


and  the  determinant  in  (1774)  takes  the  form    '  cosO   — rain  ft  —1 

«nn<  xe<l  by  wrifiii;'  r  and     instead  of  4  ftod  1«    I   •   «  a  a 

«       ,    •'i  ,      "   ,         .  Sin  ft     roosO  0 

A  biijiiliir  (iuteruuuiuil  gives  >  j,.  ' 

To  find  Tj,,  substitute     cos 0— F,*"*-  in  the  pi.  ce  of  Fin  the  value  of 

r 

y,\  nrid  in  ditfi-rejifiating  for  r  and  0,  consider  F,  and  as  fanotioas  of 
buth  r  aud       Siuiilariy,  to  fitid      and  F^.  Tims, 


1777  n.=  n,c(«'«+(iv,-r„) 

1778  r».r»»i^«-(-^r,-r„) 


2  pm  0  cos    .  «.  siu'fl  .  «.  81  n'  g 
r  r  r 


2  sin  0  cos  0 


,  tr  cos       ,  tr 

T  "r  — ~*  T  r  t»  — li""* 


cos'O 


By  addition  tbeao  equatioiMi  give 

1779  =     + 1  n  +  r^. 
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1780  Given  V  =  f{x,  z)  and  l^v^t  known  functions  of 
X,  }/,  ~;  Vt,  r,,  Vf  are  expressed  in  terms  of  F,,  T,,  F,  by 

the  fornuilru 

dV_d{VriO  ,  J  dV__d((VO  .  J  dV_d(ifiV)  .  jr 
^  *    '    dfii     d(jnfst)  '    *   ^  d(xyz) 

Proof. — DifFerentiato  T  as  a  function  of  f '     +F^'?i+J  ;4,  = 

^  ^  C  with  respect  to  independent Tariablee  \  y  i        „  j^y  ^  y 

tt,yfZ.   The  annexed  equations  are  the  result.  )    ^  *  ^'  " 

6olTethe8eby(5ti2)withthenotationof(i600).  L^t^-^V  n.  +  V^i^  = 


1781    Given  F =/  (x,  y,  z),  where  «,  y,  z  are  involved  with. 
yj,  t  in  three  equations  w=sO,  v  =  0,  7f?  =  0,  it  is  required 

to  change  the  variables  to  ^,  n,  2!  in  F^,  F^,  and  F.. 

Applying  Rule  (1773)  to  the  case  of  three  variables,  we  have 


11. 


-F, 


=  0. 


The  determinant  gives  F^  in  terms  of  F^,  F,,  F^  and  thederi« 
Vati  ves  of       w.  F,  and  F«  are  found  in  an  analogous  manner. 

1788   Similarly  with  n  equations  between  2n  variables. 


1783   Ex.— Given 

0*  =  r  sin ^  cos ^;    ^  =  rsin^sin^;    «  =  r  cos $, 

  « 

The  eqoations  «» «i  w  become  * 

r  sin  6  cos^  — =  0  ;     r  sin©  sin  ^— y  =  0 ;     rooe9— f  =  0. 
Writing  r,  6,  ^  instead  of  4  9,  4^,  the  determinant  becomes 

K         r.  n 

fdn9coef  rooeOooef   — rnndainf   »l  ^ 
aini^Bin^   rooBOnn^      rsinOooef      0  ~~ 
0080        ^raiiiO  0  0 

From  which  F«  is  obtained.  Similarly,  \\  and  F,;  and,  bjan  exactly  similar 

process,  the  converse  forms  for  I'„  I',,  and  1'^.    The  results  are 

*  In  writing  oat  a  deiormiuant  like  the  above,  it  will  be  found  expediiious 
in  practice  to  have  the  columns  written  on  separate  slips  of  paper  in  order  to 
be  able  to  transpose  them  readily.  Thai,  to  find  the  ooefficieiit  of  Fm  bring 
the  seeond  column  to  the  left  side,  and,  since  thi'^  changes  the  RtVn  of  the 
determixiant,  transpose  any  two  other  columns,  so  that  the  coethcicnt  of  \\ 
may  be  read  off  in  the  standard  form  as  the  minor  of  the  fivet  eJenent  of  the 
detominant* 
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Y. 

1785 

1786 

F. 

1787 

1788 

V. 

1789 

^  '  r  VhiuO 
.  .  -pCosfl  sin     .  Y  cns<^ 

Bind 


1790  To  find  Vg  directly  i  solve  the  eqaations  v,  to,  in  (1783),  for  r,  0, 
andf;  Ike  mluti(nt  in  ihu  eai0  being  practicahU ;  thngi 

r  =  0  =  tan-^  ^(^'^"^.^V,      ^  =  tan"*  ^. 

Knd  r«,  6>«,  ^«  from  tliese,  and  nibfliUnte  in  F«  ss  Frr«+  F«0.+  F^f «.  Simi- 
Iwly,  F,  and  F,.  Also  F,  =  F«flv+  F,yr+  F.v  Similarly,  F.  and  F«. 

1791  To  obtain  V^,  snbstitute  the  valne  of  in  the  place  of  V,  in  the 
value  of  F^  in  (1785),  and,  in  differentiaiing  V„  F«  F^  consider  6floh  of 
these  qnandtiea  a  function  of  r,  0,  and  f. 


To  change  the  variables  to  r,  B,  and  tp,  in  Fj,-|- F^-H  Fj,, 
the  equations  (1763)  still  subsisting.    Result — 

1798  F„+ 

=        1  F,+ 1-  ( F.  cot  tf+  F»+  F.^cosec'  6). 

T  r 

Faoor.^Pat  raindsp^  so  that  ar=^co8^  and  ysspsin^, 
thcrafore,  by  a779),  Ft.+ F|^  «  F^  +  ~  F,+ ^  F,,  (i). 

Alao^  since  s  =  r  ooe 0  and  pssrsmO,  we  have,  by  the  same  formula, 

F„+F|,  =  F„+  i  F,+  i  F«  (ii.). 

Add  together  (i.)  and  (ii.)i  and  clirainatu  r„  by  (1770),  which  gives 

F,=:FrBin6+K.^. 

If  F  be  a  function  of  n  variables  x^y^z  connected  by 
the  single  reladon^  dj^+y- +«■+...  =   

1798        Vu+        Vu+&o.  =  K,. 
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Psoor. —  r«=  Frf«=s  Fr-^,  sinoe  r«  =  -|^,  by  diffefentiaiiiig  (i.), 

Similari/  =  F,,^  +  F,(i-^).  Ac 

ThoB,  b/  addition, 

F^+  F^+Ac  =  F^5!±^  +    (7  -  )  =  ^ 


UNBAR  TRANSFOBMATIOK. 

1794  If  y =f{^y  l/y  and  if  the  equations  w,  «?  in 
(17^1)  take  the  forms 

by  (582),  A  being  the  (determinant  (oj^^Cj),  and  Ay  the  minor 
of  &c. 

1795  The  operations  (2,,  d^^  will  now  be  transformed  by 
the  first  set  of  equations  below ;  and  <2|,  d^,  by  the  second 
set. 

rf,  =  {A,d,-irBM,  +  CM^)  A  f  ,  f/,  =  b,d,-\-b,d^+b,d,  y  • 
d,  =  (^«/«+i^,rf,+CWf)  4-  A-'  =  c,d,+Cid,+Cirf.-' 

Pboof.— Bj  <Z«  s=  <if^+(2,it«+<'^4'.  and  i^^d^x^-^-dgy^-^-i^u^i  andth* 
•ralnes  of  ^  »p  Ao.,  from  tbe  preceding  eqaations. 


1797  From  (17'>Vi,  =  aiF,+a,f;+a,r..  Operating 
again  upon  F^,  we  Liuve 

ari'l  by  Pubstitutini]:  tlie  value  of  and  similarljc  with  Fj,, 
Fo;,  wo  obtain  the  formulae, 

1798 

.V^  =  ^  V^^al  V^+a\  r^+2iHfl3F,, +20301  n,+2a,ii,n,  ^ 

V,,  =     J'^-f /.^  I  ,,+^^  F^.+26,63F,,+26,6,  F..+26,6.  F..  [  . 
=  q  F^+c^,  F„+eJ  F,.+2c,c,  V„+2c^c^  F„+2c,c,  F^J 
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ORTHOGONAL  TRANSFORMATION. 

1799  If  tlio  trausformation  is  orthogonal  (58-i),  wo  have 

and  since,  by  (582,  584),  A  =  Ai^a^  &o,i  equations 
(1794)  now  become 

1800  ^  =  «if+M+«if") 

And  equations  (1795)  become 
1802  <t  =  aiife+6,<f,+cidff^ 

=  a.idf-{-bid^+c.id^  V, 

The  double  relations  between  y^e  and  ^,  21,  in  the  six 
equations  of  (1800-1),  and  the  similar  relations  in  (1802-8) 
between  d^d^d^  and  (Ifd^d^  are  indicated  by  a  single  diagram 
in  each  case;  thus, 

1804  {  V  I  d,  d,d( 

d. 


d,  =  b,<l,+b.jl,+l>, 
d(  =  Cid^+c.(l,+Ci 


dj 


y 


«i  ^1 
tti  hi  Ca 

o,  6*  c, 


a 


«2    62  C2 

fH  h 


1806  Hence,  when  the  transformation  is  orthogonal,  the 
(ju;iiititi(>s  ^,  ^,  2  are  cogredient  with  d^^  d^^  d,,  by  the  dehni* 
t'iun  (1053). 

1807  Extending  the  definition  in  (1629),  it  follows  that  any 
function  »s^(.t,  s),  when  orthogoiuiUy  transformed,  has, 
for  a  CO  variant,  the  function  ^  ((i„  d,,  d,)  u.  That  is,  if  by 
the  transformation, 

u  =  ^  (*i?,y,  z)  =  ^(f,  HI,  0, 
then  also       ^  (</,,  rf,,  dg)u=^^  (d^,  c/,,  d^)  ti. 

1808  l^ut  if  ?/  he  a  quantic,  then,  as  shown  in  (1(U8), 
f  (<^x>  ^ir>  ^m)  ^  i<3  always  a  function  of  the  coefficients  only  of 
and  the  eovariant  is,  in  this  case,  an  tnmruim^ 

1809  Ex.— Let  tt  or  f  (a,    s)  s  <uB"+V+<»*+2>V«+2^«B+S%«y,  ' 

ss2{a*+2i^+c''f2/"+2^-|-2ih.*},  and  this  is  an  mvariant  of  «• 
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1810   When  Vsf(Xf  y»  2)  •  is  orthogonally  transformed^ 

Proof. — By  adJine  toiji  tlicr  cqnations  (1708),  and  by  the  relations 
a]  +  h]  +  c]  =s  1,  iScc.,  and  OiO,    ^i^g  4-  C|C^  =  0,  diO.» 

establislied  in  (  ^^l-). 


1811  two  functions  n,  v  he  subjected  to  the  same  ortho- 
gonal transformation,  so  that 

tt=<^(.r,^,is)=*(f,i7,f)  and  «  =  V' (^//.  =  *  (f.^?*  0  ; 
then  ^      i/y,       =  ^      4|,  d^)  i?. 

1812  Ex.— Let  «  =  ai»+6y*  +«•  +  2f>j^  +  2yzj;  +  2Ajry  =  ^ 

nnd  let  «  =s  a;'  +  y*  +  «' =    +    +  ^  =  4^  and 

Then      ^  rf,)  u  =  (W,,  +hv*r  -^cv^j  +2/V^  +2Ap^, 

and        *  ('?^  (i,,  J^)  V  =  rt'r2^  +  6V2,  +  c't'.^^+2rF^^-|-2/r.^4-2;i'y^,. 

Bat  Ti,  =  2,  and  =  0,  Ac.  Hence  the  theorem  gives  o+Z»+o 
=!  a' 4- 6' 4- c' ;  in  other  words,  a  +  6+c  is  an  invariafU, 

1813  Contm^redlent.  —  When  the  transformation  is  not 
orthogonal,  (1795)  shows  tliat  '/j.  is  not  transformed  by  the 
same,  but  by  a  reciprocal  substitution,  in  which  a^,  r,  are 
replaced  by  the  corrospondiiig  minors  A^,  7^,  ('i.    in  this  caso 

d^y     lire  said  tu  be  contragrediait  to  x,  y,  z. 

1814  Contrarariant. — If,  in  (1G29),  the  quantics  are  sub- 
jected to  a  reciprocal  transformation  instead  of  tii^  same,  we 
obtain  the  definition  of  a  cuntrarariant. 


1815  Wlien  z  is  a  function  of  two  independent  variables  » 
and  y,  the  following  notation  is  often  used : 

<to_«  dp  dhs 

fjjl  _  dq  _    dz       ^  ^  _        —  f 

dy~  dx~'  dxdy'~  *  dy''  dy^ 


Let  ^  (x,  y,  z)  =  0.  It  is  required  to  change  the  inde- 
pendent variables  from  x^ytoz^  y.   The  f ormidfls  of  trans* 
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ioriuation  are 

di'  ^ — dijTz^~^' 

Pboof. — Formalao  (1761,  1703)  pive  x,  and  becanso,  since  y  remains 
cooataut,  f  may  be  considered  a  function  of  ouljr  two  variablea,  x  and  s. 

Pormalaj  (1708-D;  give  and  in  terms  of  parkial  deriirftlirw  of  ^ 
siiioe  %  Is  now  oonstaot,  and  ^  may  be  taken  as  a  fnnetion  o£  the  two  variablea 

and  y. 

But  ^  (ar,  y,  z)  =.  0  is  eqaivalont  to  ^  (jj,  y)—z  =  0  ;  and  the  partial 
derivatives  of  f  with  respect  to  x  aud  y  are  the  same  as  those  of  i// ;  and 
therefore  the  same  as  those  of  z  when  »  and  y  are  the  independent  Tariabiee* 
Henoe  »  may  be  written  lor  f  in  the  formnla. 

Lastly.  -^-  =  (—2.)  =  (-^)  ^  =  1  =  iTT^'. 

dijdz       \     p  /  M      \     p  /  X  dz  p*       p  p* 

The  independent  variable  is  here  ch:in^'(,nl  from  z  to  x,  without  rcferenco 
to  the  equation  ^  =  0 ;  and  this  is  allowable,  because  y  is  constant  for  the 
time  being  in  either  case. 


'   MAXIMA  AND  MmiMA. 


Mamma  and  Minima  values  of  a  function  of  one 

independent  variable* 

1830  Dbfimition. — A  fimctioD  ^  (x)  has  a  Tnaximum  Talue 
when  some  Talue  x^a  makes  ^  Cx)  greater  tluai  it  is  made 
by  imy  yaliM  of  »  mdeflnitely  to  a.  Sindlarly  for  a 
minimum  value,  reading  less  for  greater^ 

1831  Illustration. — If  the 
ordinate  y  in  the  figure  be  al- 
wiqrs  drawn    =/(a;),   it  has 

inaximum  values  at  .1,  C, 
and   tainimam  at  Ji  and  J) 

Non. — For  the  aJgebraie 

Oeterminatiun  of  maxima  and 
minima  values  by  a  qiuwiratic 
e(^uation,  see  (^8). 


1832  Rule  I. — A  function  <^  (x)  is  a  maximum  or  minimum 
when  <p'  (x)  vanishes^  (tnd  chaniji  s  its  sif/n  as  x  increases  from 
jplus  to  minus  or  from  minus  to  plus  res})ectively, 

2b 
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1833  RuiJS  II. — Otherwise  ^  (x)  /.«  a  mnrimum  or  minimum 
whrn  an  otlrj  number  of  con^nruiice  (h  •'>■  itives  of  ^(x)  vanish^ 
and  the  next  U  minus  or  plus  respectictly. 

Proof. — (i.)  The  tangent  to  the  curve  in  the  last  figure  becomes  pnrallel 
to  tlie  T  nxis  at  the  points  ,1,  /»',  (,',  D,  E  vls  x  increa8es;  therefore,  hy  ( 1  ?>, 
tan  0,  which  is  equal  to  /  (^x),  vatiiahes  at  those  points,  while  ite  sign  chaugcA 
in  the  manner  described. 

(ii.)  Let  pix)  be  the  first  derivatiTe  of  /  (x)  wbidi  does  Bot  Ttnwli  when 

;," 

a=  n,  ti  being  even  ;  therefore,  bv  (loCMl),  f  (n  zk  h)  —  f(a)  +  —  f'*(a  +  i)h). 

,  n 

The  last  term  rotnins  the  sign  of  /"(  j),  when  h  is  small  enoiTj-h.  Avhcther  h 
bo  povitiv*'  <n-  ii<'L';itive,  since  n  is  even.    Therefore  f(x)  diniinishes  for  itiiif 
^niall  v.iriaiiuti  oi  x  from  the  vahte  a  if  J  'ijn)  be  negative,  but  increases  if 
/"  (a)  be  positire.   Hence  the  rale. 

1834  Note.  —  Before  applying  the  rule  for  discovering  a 
maximum  or  mmimiim,  wo  may  evidently — 

(i.)  reject  ant/  cmstanf  faetor  of  tlw  function  ; 
(ii.)  raise  it  to  anj/  coitsfmit  pon'i  r,  jfi  i/i  nrf  attt-nf  imi  to  si«/n  ; 
■    (iii.)  t(ji'-'e  if-"^  reciprocal ;  ma^ciniuiii  bccoiaing  miniaiuta,  and 
rice  rcrsa  ; 

(iv.)  take  the  logarithm  of  a  positive  function. 

1835  Ex.  1.— Let      <f>  (x)  =  x^-7x*-S5x-^\, 

therefore  f  (.r)  =  7x^-2Sx'-Zb  =  7  (x*-\-l). 

Also  f"(x)  =  7(G»'— 12j^).  Therefore  a  =  V5  makes  ^'(x)  vanish,  and 
f "(s)  positive ;  and  tbMefore  makes  fix)  a  mioimiim. 

1836  Ex.2.— Let     ^(i»)  =  rc-8)*«(«-2)".  Here 

f'(x)  =  14  (j;-3)"(a»-2)»»+n  (x-:3)'*(«~2)»  =  (»-8)"(a— 2r(2r..r-61), 
and  we  know,  by  f4H)  or  by  (14G0),  that,  when  x  =  3,  the  fii-st  thirffrn 
derivatives  of  0  (j-)  vatiish  ;  and  13  is  an  odd  number.  Therefore  f{x)  is 
either  a  niaxunum  or  roiniinutn  when  x  =  3. 

To  determine  which,  examine  the  change  of  sign  in  (z).  Now  («— 8)** 
ohangee  from  n(  .:  itive  to  positive  as  2- increases  from  a  valae  a  little  less 
than  3  to  a  value  a  little  greater,  while  the  other  factors  of  ^'(x)  remain 
positive.    Therefore,  bjr  the  rule,  fix)  is  a  ntiniinam  when  x  =  3. 

.  Again,  as  x  passes  throngh  the  Talne  2,  9'  {x)  does  not  change  sign,  10 
bnng  even.  Therefore  «  =:  si  gives  no  maximum  or  minimom  valoe  oi  f 

Lastly,  as  »  passea  throngh  the  value  ^  the  signs  of  the  three  &ctor8 

in  f\x)  change  from  (— )  (-f  )  (  — )  to  (— )  (  +  )  (  +  )  ;  that  is,  f  {x)  changea 
from  +  to    ;  and,  oonseqnentlj,  f{x)  is  a  maximum. 

1837  Bi.  8.— Let  f  {x,  y)  =  2xhj  s  0.  To  find  limitiiig  valvea 
of  y. 
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nere  y  is  priven  only  an  nn  implicit  fanotion  of  x.  Differentiating*  in 
order  to  employ  tonnnlfe  (170H,  1711), 

f ,  =  4^'  +  Uu,        =  1 2x«  -h 4//,        =  2x*-3i/  ; 

y«  =  0  makes  ^,  =  0.  Solving  this  equatiuu  wiib  9  (x,  t/)  s  0,  we  get 
•  =  :fel,  1  when  jf«  Taniehee. 

And  tben  y„  =  —  ^  =  —         ~  ^'  P^^^^^^'°  >  tberefone,  wb«n  »=s±l, 

y  has  — I  for  a  minimum  value. 

Similarly,  by  makint^  ij  the  independent  variable,  it  nniy  be  shewn  tluit, 

irbcn  y  =:  —    ,  x  has  bulb  tbo  maximum  and  miuimnm  values  dc  ^  v^6. 


1838  A  li  mi  ting  value  of  ^(**'»^)» 

subjecti  to  the  condition  ^     jf)  =  0  (i.), 

is  obtained  from  the  equation  ^^ifr^  =  ^^i^^    (ii.) 

Simultaneous  values  of  x  and  j/,.fpuiul  by  solving  equa- 
tious  (i.)  and  correspond  to  a  m-iximuiu  or  niiuimum 
Talue  of  ^. 

PlOOr.^By  (1718),  ^  being  virtually  a  fanotion  of  0  only ;  and,  by  (1832), 

=  0^  

1839  Ex.— Let    f  (z,  y)  =  r//    and      ( y)  =  2aj'-*y+/  =  0  (i,) 

Eqnation  (ii.)  becomes      y  ('^^|^ —  r)  =  .r  ({]j--  —  y). 

Solving?  this  with  (i.),  wo  fiii<l  /  '  =  2**    and      {ix  —  1/2). 

Therefore  x=|v'2,  =  I  ^  4  are  valans  rom'spondins:  in  a.  v)a.rtmum 
value  uf  9.  That  it  is  a  maximum,  and  not  a  luiuimum,  is  seou  by  inspecting 
equation  (i.) 

18^0  Most  geometrical  problems  can  be  troiitod  in  this  way,  and  the 
alternative  of  maximnm  or  miuimam  decided  by  the  nature  of  the  case. 
Otherwise  the  sign  of  (^^(xy)  may  be  examined  fay  formah^  (1719)  for  the 
criterion,  aooording  to  the  rale. 


Maxima  and  Minima  values  of  a  function  of  two 

independent  variables. 

1841  RcTLE  L — A  function  ^  (x,  y)  is  a  maximum  or  minimum 
when  and  both  vanish  and  change  their  signs  from  plus  to 
minus  or  from  minus  to  phis  respectively^  as  x  and  y  Increase* 

1842  RriiE  II. — Otherwise,  and  must  rauisji  ;  ^.^<p^^.  —  <^\y 
miisf  he  j^ositire,  and  (f>,^  or  tp^^.  nmst  he  ueijaUve/ur  a  niaximanh 
and  positive  for  a  niin  iin  'ini  rahie  of  (p. 

PuooF. — By  (1^12),  writing  0  for  we  have,  for  small, 

dianges  h,  k  in  tbe  Talnes  of  x  and  y, 

9{'e-^h,y  +  k)-f  ix,  y)  =  A#..+A-^,  +  i  iAk*+2Bhk+OI^)  +  terms 

which  may  be  neglected,  by  (141Q). 
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Hence,  as  in  the  proof  of  (1833),  in  order  that  ciianpi^ini^  the  sifrn  of  h  or 
h  shall  not  have  the  effect  of  changing  the  »igu  of  the  right  side  ot  the  eqaa*- 
tion,  the  Brat  powem  must  disappear,  therefore     and  f,  most  Tanifih.  Tlie 
next  term  may  be  written,  by  oompletinff  the  square,  in  the  form 

'^i^Aj--\-Bj  -^AO^S^f ;  and,  to  ensure  this  quantity  retaining  its 

sign  for  all  values  of  the  ratio  h  :  /v,  AC— I?  must  be  positive.  ^  will  thea 
be  a  maximum  or  minimnm  according  as  ii  in  the  denominator  is  negative 

or  positive. 

It  is  clear  that  A  and  /7  might  bare  been  trani^osed  in  the  proof.  Hence 
must  have  the  same  sign  as  A. 

1843  A  limitiiig  value  of  <^  (a?,  y>  -)» 

subject. to  the  condition  ^  (,r,  ^>  is)  =  0  (i.), 

is  obtained  from  the  two  equations 

1844  ♦xV',  =   (li),       <t>.t  =  *A  (i"-) ; 

1846  or,  as  they  may  be  written,    &  s=  ^  ss  !^  (iv.) 

'^x 

Siirmltatieous  values  of  a?,  y,  found  by  sohnng  equations 
(i.,  ii.,  iii.),  correspond  to  a  maximum  or  minimum  value  of 

Proof. — By  (1841),  ^  being  considered  a  function  of  two  independent 
variables  »  and  f,  and,  by  ( 1 721),  1 7:^0), 

fx('^  ij,  x)  ssO  gives  (ii,),    and  ^,(x,  y,  r)  =  0  (pves  (iii.) 
The  criterion  of  maximum  or  mininiam  in  (1842)  may  also  bo  applied 
without  eliraiuntiug  y  by  employing  the  vaiaes  of  9^.  and  ^  in  (1711*, 

1847  Ex.— Let    ^  (sB,  y,  2)  =  jr+f-^-!^ 

and  ^(a?,y,a)  =  aa?4- V+<?«*+2/y«+%aB+2^— 1  =  0..(i.) 

Et^uatioQs  (ii.j  aud  (iii.)  here  become 

 ;   =  1  ,  r  =  :   =  -^r.  Say,  (iV.) 

a.i'-{-hy-i-gz      tix+hiz+Jz      g3:-\-J,/-\-rz      iV  ' 
Therefore,  by  proportion  (70)  and  by  (i.),  «*-|-y*-+-a*  =  Br^  =  f . 
From  equations  (iv.)  we  have 


1848    rta'  +  A//  +  f7„-  =  i?.p 


a  — It     h  g 
h     h-E  / 

g      f  c-B 


=  0, 


1849  or  {B-a){n-h)(n-c)^%f(jh 

-(R-'a)f-(R-h)g'-{R-c)h^  =  0,  or  (sec  1641) 
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This  cubic  in  R  is  the  eliminant  of  the  tln  oo  equations  in 
x^y^z.  It  is  called  the  dUcriminating  cubic  of  the  quadric  (i.), 
and  its  roots  are  the  reciprocals  of  the  maxiina  and  minima 
values  of  a^+y*+af*. 

1850  To  show  that  the  roots  of  the  discriminating  cubic 
are  all  real. 

Let  J2|,  B|  be  the  roote  of  the  quadratic  equation 

1851  1*7*  ^•^J  =  Ui-i)CJi-c)-/  =  o  (V.) 

Jti>  h  ftud  <*,  and  h  and  c  >  /?,. 

Make  Jl  =  7i,  in  tlie  cubic,  and  the  result  is  nopative,  bcinr^  minus  a 
Fqaarp  qutmtity,  by  (v.).  Make  R  =  /A,,  and  the  result  is  jKisitive.  Thei-e- 
fore  the  cubic  has  real  roots  between  each  pair  of  the  consecutive  values  +  oo , 
J2^,  — o) ;  that  is,  three  real  roote.  Bat  eince  the  roots  are  in  order  of 
tnnguitnde,  the  first  mast  be  a  maximum  value  of  i2,  the  third  a  m]nimam» 
sad  the  intermediate  root  neither  a  maximom  nor  a  minimum. 


Mamma  and  Minima  values  of  a  function  of  three 

or  more  variMet. 

1852  Lc*t  <^  (•''//•-)  bo  a  function  of  three  vai-iablcs.  Let 
itr^  <t^i,y  'Per,  <l>ry  bo  donotcd  by  a,  h,  c,j\  g,  h  ;  and  li>t 
A.  ]{,  C,  h\  (r,  ]l  be  the  cuirtsponding  minors  of  the  deter- 

iiiiiiaiii  A,  as  in  (10-^2). 

1853  Bulb  L— ^  (x,  Y,  z)  is  a  maximum  or  mim'  nnmwhfin 
in  ff*  fu  vanish  and  change  their  signs  from  plus  to  minus 
or  from  minus  to  plus  respectively,  as  z,  j,  and  z  increase^ 
Otherwise— 

1854  Bulb  n. — Tin  first  derivatives  of  ^  must  vanish;  A 
and  its  coefficient  in  the  reciprocal  determinant  of  A  must  he 
positive  :  and  f  will  be  a  maximum  or  minimum  according  as 
a  is  negative  or  positive.  Or,  in  the  place  of  A  and  a,  read  B 
and  b  OT  C  and  c, 

Ptoor. — ^Porsaing:  the  method  of  (1842),  let  it,  i/,  C  be  small  changes  in 
the  valnes  of  9,  y, «.   fiy  (15 14) , 

♦  (»+4  y+f,  «+0-f  («.  y» «) 

=  (a?+ii|'+<jr+2/i|f+2ffrS+2A£v)+Ac. 

For  constanoj  of  sign  on  the  ri^'ht,  ^„      ^,  muht  vanish.    The  quadrio 

may  then  bo  re-armntrod  ns  uiuler  by  first  completing  tlie  fiqiinre  of  the  terms 
in  £,  and  then  coUeciiiig  the  terraB  in  (,  tj,  and  completing  the  square,  it 
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Hence,  for  oormtancy  of  si^n  for  all  values  of  £,  i;,  C,  it  is  ncoessnrv  that  C 
and  JtiC—F^  should  be  positive.  This  makes  B  also  positive,  iiy  symmetry, 
it  ia  evident  that  A,  B,  C,  BC-F*,  CA  AB-B*  wiU  all  be  poftitive. 
The  sign  of  a  in  the  first  factor  then  determines,  aa  In  (1842),  whether  f  is  a 
naximnm  or  a  minimnm. 


1855  The  condition  may  be  put  otherwise.  Since 
J9(7— jP*  =  aA  bv  (577),  the  condition  that  BC'-F*-  must  be 
positive  is  equivalent  to  the  condition  that  a  and  A  must  have 
the  aame  sign.   Hence  we  have  also  the  following  rule : — 

1856  Rule  IIL- — ^j^,  ^,  must  vanish  ;  the  second  of  the  four 
determinants  below  must  be  positice,  and  the  first  and  third 
must  have  the  same  sign:  that  sign  being  mujative  for  a  max* 
imum  and  positive  fur  a  minimim  value  of  ^  (x,  y,  z). 


1857 


^tX    4*TW  4*XZ 

^ 

^«  ^ 


<^ir  4*sy  <^x* 
♦f»  ^ 

4^zx  4>zy  ^iz  <l>z 

<t>WX  <t>Wt  4>M,2  i> 


1858  The  theorem  can  be  extended  in  a  similar  manner  to 
<p  (./',  //,  v\  ...),  a  function  of  any  number  of  variables.  Form 
the  successive  ircssians  of  <^  (1030)  for  one,  two,  thi*ee,  &c. 
variables  in  order  us  shown  above ;  theu — • 

1859  Rdf*e. — In  order  that  <f>  (x,  y,  z,  w, ...)  matj  hp  a  max» 
imum  orminimtnu,  <^>.v,<^»2,^w>  ^'(^f^i^^h ;  the  Hessians  of 
an  even  order  must  be  po}<il  ive  ;  and  Utose  of  an  odd  order  must 
have  the  same  sign,  that  sign  Ixiun  urgativefor  a  maximum  and 

pfixifirr  for  a  minhnnm  vah'c  (f  the  finirfion  ^. 

For  a  demonstratioQ  in  fall,  see  Williamson's  i>t/.  Cole,  4th  JBdit.,  p.  i33. 


1860     JEx. —  Required  a  limiting  value  of  the  function 

The  con<liti(iTi  in  the  rule  prodncps  (M|nntions  CI),  (-K  (3).  Eqintion  f!) 
results  from  Euler's  theorem  (IG^ij,  ilius;  iiitiouuciiig  a  tourth  variable  ic, 

as  in  (K'^/i),  wo  have      a'»^-h//"j, +      +       =  2m, 

which  reduces  to  (4)  by  means  of  (1),  (2),  (3),  and  the  value  of  m,  patting 
f »  1. 


1861 


=  ax  +  hy-{-g:-^-p  —  0... 

ahg     p  \ 

=  hx  +  byi-jz  +«/  -~  0... 

"(2)    .  . 

hbf      q  \ 

=  gz-^fy  +cs  +r  ss  0... 

..(3)  ' 

9  f  c  r 

f  nt  +i  =  «... 

i>  3  r  d-u  1 

=  0. 
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The  determinant  is  the  elimiuaut  of  flio  fonr  eqnaiions,  hy  (583),  and  is 
equivalent,  hy  the  method  of  (1/24,  Proof,  i.),  to  A'— Au  =  0,  or  u  =  A'-?-  A 
(Notation  of  1646). 

To  determine  whether  this  valne  of  u  is  a  maximum  or  minimum,  either 
of  the  conditions  in  (18  ">  i-,  '(>)  may  he  applied  ;  and  since,  in  this  example, 
u,^  =  '2a,  u  .,,  =.  2h,  <kc.f  the  letters  a,  6,  c,/,  g,  h  may  be  coiusidered  identical 
with  those  in  ihu  rule. 


1862  To  determine  a  limiting  value  of  ^  (aj,  y,  2f, ...),  a  func- 
tion of  m  variables  connected  by  n  equations  %=0»  t«B=09 ... 

Krr.E.  —  Asmme  n  undetermined  multipliers  A^,  X^, ...  X,i 
iM^A  <Ae  folUming  m  equations : — 

^x+^i  ...  H-X„  (u„),  =  0, 

t*a  ■■•  •••  ••• 

mahing  /?i  a// m-f-n  eqinif ioii,^  in  m-f-n  qnaiifif it  s,  x,y,  z,  ... 
a)id  Xj,  A^*  •••  The  vahifs  of  x,  y,  z,       foninl  from  these 

equatioii-ii  cori  e,^poiid  to  a  maii'matm  or  juininHini  value  of  ^, 

Proof. — DiiTerentiate  ^  and  ?/,.  v.,,  ...  on  the  hypntlicsis  that  .r,  z,  ... 
&Te  arbitrary  functions  of  an  iiuU  pi  ndent  variable  t.  Multiply  the  resulting 
eqaatious,  excepting  the  first,  hy  \,  A„ ...  X,  in  order,  and  add  them  to  the  value 
of  ft.  The  eoefficieota  of  Vgt  Vti  »u  °ow  be  eqnated  to  aero,  since  the 

functiona  of  i  are  arbitrary,  prodncing  the  eqnationa  in  the  mle. 


1863  I!x.  l.—To  find  the  limiting  valnes  of  t's  a;*+2/'+«*  with  the 

conditions         J;i^+By*+Oi*s  1   and  2a!+my+nfsO. 

Here  771  =  3,  n  =s  2 ;  and,  chooaing  X  and  /i  for  the  ninltiplier8»  the  eqoa- 
tioDs  in  the  rule  become 

-  2a+2ilXaj+/ii  =0  (1)-^         Multiply  (1),  (2),  (3)  respectively  by 

2//  +  27?Xy  +  /4wi  =  0  (2)  ^.  a-,  y,  ,~,  and  add;  thua f«  diaappeara, 

24  +  2C7Xa+^»  =  0  (3)  )  aud  we  obtain 

a5'  +  i/'  +  2'+G'lJ-'  +  iV+C''2*)  ^  =0,      therefore   X  =  -r'. 

Sabetitote  thia  in  (1),  (2),  (3) ;  solve  for    y,  a^  and  aabatitate  their  valaea 

in  is+tny+na~0. 

1864  Thereanttia  +  ^^+^—  =  0,  aqua^ 

The  roots  are  the  maximum  and  minimum  values  of  the  square  of  the 
Nkdins  vector  of  a  central  section  of  the  quadric  A»*+Bi/^-\-  Cx*  =  1  made  by 
ibe  plane  2»+iny+iM  s  0. 

1866    Sz.  2."— To  find  the  wftTriirm^  valne  of  n  =    + 1)  (y   1}  (2  + 1}, 
.ntjeet  to  the  oondition  N  >=  a^h^f^. 
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This  U  eqaivalent  to  fiuding  a  maximum  valaa  of 

log(x  +  l)+log(y+l)+log  (z  +  1), 
subject  to  the  condition    log^  =  x  loga+jf  logb-^-z  logo. 
The  equations  iu  the  rale  become 

By  elimittftttng  X,  these  are  seen  to  be  eqiiivalent  to  equations  (1346). 
Haltipljing  up  and  adding  the  eqnattons,  wefindX,  and  thenoe  c+l,  y+l^ 
S+1;  the  Taloesof  which,  aabstituted  in  u,  give,  for  its  mazinMim  TallM^ 
M  =  {log  {Nahc)      3  log  a'  log  b*  logc». 
Compare  (374),  where  a,  &,  c  and  x,  y,  z  are  integers. 

Continumu  Majcima  and  Minima^ 

1866  I{    afid  ^y,  in  (1842),  have  a  common  factor,  so  that 

^,  =  P+(,r,^),  Q>^{x,y)   (i.), 

where  P  and  Q  may  also  be  functions  of  x  and  // ;  then  the 
equation  ^  {x^  y)  =  0  determines  ;i  cuntinuous  series  of  values 
of  X  and  //.  For  all  these  values  (p  is  constant,  but,  at  the  samo 
time,  it  may  be  a  maximum  or  a  minimum  with  respect  to  anij 
other  cont'ujuous  values  of  <ft,  obtained  by  taking  x  and  y  so 
that    (xy)  shall  not  vanish. 

1867  this  case,  ^2,^— vanishes  with  ^,  so  that  the 
criterion  in  Bule  II.  is  not  applicable. 

Pjkwf. — ^Differentiating  eqaation  (i.),  we  have 

If  from  these  valoes  we  form  fiM^^i^—f,,  ^^^t  4^  ^^^^  appear  as  a  factw  of 
the  expression. 

1868  Ex. — Take  2  as  f  (xy)  in  the  equation 

««  =  a«-6»+26v^(*»+ir«)-«»-y»  Q.), 

Mx,^x(      f       — 1)      and     w,  =  y(— f- — ^-l). 

The  common  factor  equated  to  zero  gives  j:'       =  6*,  and  therefore  z  =  ±a. .  (ii.) 
Here  a  is  a  oontinnons  maximnm  valne  of  s,  and  —a  a  continaons  minimaou 
Eqaation  (i.)  represents,  in  Coordinate  Geometrj,  the  snr&oe  of  su  anchor 

ring,  tlie  t^encrating^  circle  of  radius  <i  having,'  its  centre  at  a  distance  h  from 
the  axis  ot  revulntii>n  Ktiaations  (iL)  give  the  loci  of  the  highest  and 
lowest  puiiitti  ut  tiiu  hurlucc. 

For  the  application  of  the  Differential  Calculus  to  the 
Theory  of  Ourres,  see  the  Sections  on  Coordinate  Geometry, 


Digitized  by  Google 


INTEGRAL  CALCULUS 

INTRODUCTION. 


1900  The  operations  of  differentiation  and  integration  are 
the  converse  of  each  other.  Let  f(.r)  be  the  derivative  of 
fM'f  then  <^{x)  is  called  the  integral  otf{x)  with  respect  to  x, 
Tiiese  conyerae  relations  are  expressed  in  the  notations  of  the 
Bifferential  and  Integral  CalculuB,  by 

£fl^=/(a')  and  by  f/(a^)  dlr  =  ^  M- 


1901  Thbobbm. — Let  the  curve  y=f  i^)  be  drawn  as  in 
(1403),  and  any  ordinates  Ll^  Mm^  and  let  OL^a^  OM=b; 
then  tiie  area  LMnU^  (^{b)—^{a). 

PROOP. — Let  OX  be  any  value  of  r,  and  PN 
the  correspoudiug  value  of  and  let  the  area 
ONPQ  =  A ;  then  A  is  tome  fitnetion  of  x.  Also, 
if  2fN'=  dm,  the  ekmental  area  NIT^F  =  dA 

9s  jfdm  in  ibe  limit ;  therefore  ^  s      Thus  A 

is  tittt  fanction  of  x  ^vhose  derivative  fur  each 
ffal«e  of  »  is  1/  or  /(x) ;  therefore  A  =  ^  (x)  +  C, 
where  C  is  any  constant.  Gooeeqaently  the  area 
LMml  =  f(b)-'f  (a),  whatever  C  may  be. 

The  demonstnition  assumes  that  there  is  only  one  function  <p  (x) 
ponding  to  a  given  derivative  /(j;).    This  may  bo  formally  proved. 

If  possible,  let  have  the  same  derivutivo  a.s  <p(j');  then,  Avith  the 

same  coordinate  axes,  two  curves  may  bo  dmwu  so  that  the  ai'eaa  defined  as 
Uiove,  like  LMnd,  shall  be  ^(x)  and  yl/{z)  respectively,  each  area'  vanuhing 
witb  a.  If  these  curves  do  not  coincide,  then,  lor  a  given  value  of  z,  they 
have  different  ordinates,  that  is,  ip>'(x)  and  4^' (x)  nre  diiferont,  contrary  to  the 
hypothesis.    The  cui  vea  must  tberetbre  coincide,  that  is,  f  {x)  and  ^  («)  are 

28 
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1902  Since  <(>  (Ij)  —  <l>  (a)  is  tiio  sura  of  all  the  elemental  areas 
like  NN^'P'P  included  between  LI  and  Mm,  that  is,  tlie  pura  of 
the  cU'inents  ydx  or  /(-r)  dr  taken  for  all  values  of  x  between 
a  and  b,  this  result  is  wTitten 

£/(^)if^=+(6)-^(a). 

1903  The  ezpresNon  on  the  left  is  termed  a  definite  integral 

because  the  limits  a,  h  of  the  intention  are  assigned.* 
When  the  limits  are  not  assigned,  the  integral  is  called  inde^ 
finite* 

1904:  By  taking  the  constant  (7=0  in  (1901),  we  have  the 
area  ONPQ  =  ^  (^)  s  J/(<r)  da, 

XnTF. — In  practice ^  the  confitant  should  alien ys  he  added  to 
the  result  of  an  integration  when  no  limits  are  assigned, 

MULTIPLE  INTEGRALS. 
1905    Let  f(Xf  Iff  z)  be  a  function  of  three  yariables ;  then 

Prt  rvt  ^st 

the  notation      I    j    j   /{a;,y,z)  fLedyilz 

m/ri  •/ei 

is  used  to  denote  the  following  operations. 

Integrate  the  function  for  z  between  the  limits  ::=^iy  z=Zf, 
considering  tlio  remaining  variables  x  and  ij  constant.  Then, 
whether  the  limits  z^,  Zf  are  constants  or  functions  of  x  and 
the  result  will  be  a  function  of  x  and  y  only.  Next,  consider- 
ing X  constant,  integrate  this  function  for  y  between  the  limits 
and  //.J,  Avliioh  may  (Mt]i<  r  l>o  conRtaiits  or  functions  of  .r. 
The  result  will  now  be  a  fuiiet^oii  of  x  only.  Lastly,  integrate 
this  function  for  x  between  the  limits     and  x^,' 

Similarly  for  a  function  of  any  number  of  variables. 


1906  The  olearest  view  of  the  nature  of  a  multiple  integral 
is  afforded  by  the  geometrical  interpretation  oi  a  triple  in- 
tegral. 


*  The  integral  may  be  read  ** 8wn  a  to  6,  J  (.r)  tlx " ;  J  signify  ing  "mm.*' 
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Taking  rectangular  coordinate  axes,  let  the  surface 
z  =  ^  (,c,  7/)  (A  Yam  in  the  figure)  bo  drawn,  intersected  by  the 
cylindrical  surface  i/—\P{.r)  {IlMXhui),  and  by  the  piano 
9=Xi  (LSinl).  The  volume  of  the  solid  OLMNolmn  bounded 
by  these  surfaces  and  the  coordinate  planes  will  be 

Jo  J»     *(^  »^)^'^'^i^=J^  dxdydz. 

pBOOr. — Since  tbe  Tolnme  eat  off  by  any  plane  pamllel  to  OTZ,  and  at  ft 

distance  z  from  it,  varies  continaously  with  it  most  be  some  function  of  x. 
Let  V  be  this  volunio,  and  let  (fFbe  tho  smnll  change  in  its  value  due  to  a 
chaof^e  dz  in  x.  Thi-ii,  iu  tbe  limit,  dV=^  I'Q.^p  x  dx^  an  element  of  the  solid 
■bown  bj  dotted  lines  in  the  figure.  Tberefore 

PQip  =  £    ^     y)  dy,  by  (1902), 

•  being  confltuit  tbrougboat  tbe  integration  for  y.  The  resnlt  will  be  a 
fiuictioa  of  s»  only.   Making  »  thoa  vary  from  0  to    we  hare,  for  the  ^olo 

velome^        ^  £ ^'^ ^     y)     |     =  |"  |  ["^ [  j^^'''^ (i^/ 1 

nnce  ^  (j;,  y)  —  z.  With  the  notation  explained  in  (liiOoj,  the  bracketa  are 
not  required,  and  tbe  integrals  are  written  as  above. 


1907  If  the  solid  is  bounded  by  two  snrfaccs  =  ^,  (r,  y),  =  0,  (»,  y), 
two  cyhndrical  burhiccs  yi=  ^'iC-")*  yi  =  ^d  two  planes  x  =  ZxtX  =  je^ 

the  Tolame  will  then  be  arrived  at  by  taking  the  difference  of  two  similar 
inteiifrals  at  each  integration,  and  will  be  expressed  by  the  inte<^ral  in  (1905). 

If  any  limit  is  ft  constant,  the  ooraesfNUuling  boandary  of  the  solid 
becomes  a  plane. 
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METHODS  OF  INTEGRATION. 


INTBGBATION  BY  SUBSTITUTION. 

1908  The  formula  is        W  ^i*^  =  J*  W  ^ 

where  z  is  equal  to  /  {x),  some  function  chosen  so  as  to  facili- 
tate the  integi'ation. 

Rule  I. — rut  x  in  terms  of  z  in  the  given  f miction^  and 
muUiphj  the  funetian  also  I))!     ;  then  inte(jrnte  fur  z. 

If  the  limits  of  the  proposal  !}ite(/ral  are  given  by  x  =  a, 
z  =  b,  these  mwit  be  converted  into  limits  of  z  by  the  equation 

The  followinjn^  rule  presents  another  view  of  the  method  of 
substitution,  and  is  useful  in  practice. 

1909  Bulb  n. — If^{^)  can  be  esBpressed  in  the  form  F  (z)  z, ; 
then  («v)  cf«p  =  J  F(z) z^dx  ^^F{z)  dz, 

Ex.  1.— To  integrate  [      f''  ,^ .   Snbrtitate  »  =  «  +  ; 
therafore    |i  =  1  +  =  =  £W{id±^  »  - 


d»        ^  y(aj«+o»)        ^{a^^€^)  -/(a^+o^/ 

Here  m  =  x-'-^x-\    i'(z;=-i,    z,  =  -  (5x-*+2a;-*). 


Ex. 


cx  v^(c*«*+*-«+a> 
"     J  («"'  +  cy;;  v/{(a>-'  +  ca;)*  +  a  — 2c-} 

-/(2c -a)  l  +  e«* 

Bj  (1027)  or  (1926).   Hera  c  =  »-'+(». 


Digitized  by  Google 


METHODS  OF  INTEQBATIOK, 


317 


In  Examples  ('2)  and  (8)  the  process  is  analytical,  and  leads  to  the  dts* 
covrry  of  the  particular  function  2,  with  respect  to  which  the  integration  is 
eSect<d.  If  z  be  known,  Rule  I.  supplies  the  direct,  though  not  always  the 
simplest,  method  of  integrating  the  ianction. 


INTEGRATION  BY  PARTS. 

1910  By  difierentiating  uv  with  respect  to  x,  we  obtain  the 

general  formula    J  Uj^vda;  =  uv  —^uVgdiV, 

The  yalue  of  the  first  integral  is  thus  determined  if  that 
of  the  second  is  known. 

Bulb.  —  Separate  the  quantity  to  be  integrated  into  two 
factors.  Integrate  one  factor,  and  differentiate  the  other  with 
re^et  to  x.  If  the  integral  of  the  resulting  quantity  is 
known,  or  more  readily  ascertained  than  that  of  the  original 
one,  the  method  by    Parts"  is  applicable. 

1911  Note.  —  In  subsequent  examples,  where  integration  by  Parts  is 
directed,  the  factor  which  is  to  be  integrated  will  be  indicated.  Thus,  in 
ciample  (1951),  "  By  Parts  l^da"  signifies  that  ^  is  to  be  integrated  and 
•in  h9  differeakiatod  afterwards  in  applying  the  foregoing  mle.  The  fsotor  1  is 
more  frBqoently  integrated  than  any  otiier,and  this  step  will  be  denoted  by  I  dm* 

INTEOIU.TXON  BY  DIYISIOK. 

1912  A  formula  is 

J  (a+fcoT"/  dw  =  a  |'(a+6.r")''-'+6  J^"  {a+bjty-^  da; : 

The  expression  to  be  ink  grated  is  thus  divided  into  two  terms, 
the  index  p  in  each  bein^  diminished  by  imity,  a  step  which 
often  facilitates  integration. 

Similarly,  J  (rt + hx"  +  cz")'  dx 

1913  Ex.— To  integrate    |    (»* + «') 

By  Parts  ^dm,     j  d»^m  y(ai»+««)  -r \^^f^^ry 

Therefore,  by  addition, 

»i«A»'  +  a')  +  Kiogl»+  v/C«-+a»)},  by  (1909,  Ex.  1). 
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INTEGRATION  BY  RATIONALIZATION. 

1914  In  the  following  examy)lp,  C)  is  the  least  common  de- 
nominator of  the  fractional  indices.    Hence,  by  substituting 

and  therefore  Xg=  62^,  we  have 

Each  term  of  the  result  is  directly  integrable  by  (1922)  and 
(1923).    Tor  other  examples  see  (2110). 

INTEGRATION  BY  PARTIAL  FRACTIONS. 

1915  Rational  fractions  can  always  be  integrated  by  first 
resolving  them  into  pai-tial  fractions.  The  theory  of  such 
resolutions  will  now  be  given. 

1916  If  ^  {^)  and  F{x)  are  ratioiial  algebraic  fonctioiis  of  x, 
<l>  {x)  being  of  lowest  dimensions,  and  if  F{x)  contains  the 
&ctor  («— a)  once,  so  that 

/'(a.)  =  (.r-a)  +  (a?)  (1); 

1917  then  i^>  =  ^  +  ^^  and  ^  =   (2)- 

PB00r.--Kiiltipl7  equation  (2)  hf  (1),  tbns 

f(»)«JiJr(»)+(«-a)x(«). 
Therefore,  putting  «  =  a,  <p(a)  =      (n).    Also,  by  differentiating  (1),  and 
patting  x=a  aftenrMds,  F'  (a)  =  ^  (a).   Therefore  A=if{a)-i-F'  (a). 

1918  Again,  if  F{x)  contains  the  fector  («— a),  n  times,  so 
that  F  (a;)  =  (a?— a)»  ^  (ar). 

Assume  + 

To  determine  ...  Multiply  by  (x— a)°i 

z=a  aA(i  differentiate^  alternately, 

1919  If  F(2;)  =  0  has  a  single  paur  of  imaginary  roots 
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«±tj|3;  then,  applying  (1917),  let 

aud  the  partial  fractions  corresponding  to  tliese  roots  will  be 
A-iB       A+iB  _2A(.r-a)-\-2B0 

For  pracHcal  methods  of  resolving  a  fraction  into  partial  fractions  in  the 
different  cases  which  occur,  see  {2'6b-238)» 

INTEGRATION  BY  INFINITE  SERIES. 

When  other  mothofls  aro  not  applicablo,  an  integral  may 
sometirues  be  evaluated  by  expanding  the  function  in  a  con- 
verging series  and  integrating  the  separate  terms. 

Er.        j^<i.  =  log.+a.4-£f.4-j^  +  j^4.Ac  (160) 


STANDARD  INTEGRALS. 


1921  Some  elementary  intc  grak  are  obtained  at  once  from 
the  known  derivatives  of  simple  functions.  Thus  the  deri- 
vatiyes  (1422-38)  furnish  corresponding  integrals.  The  fol-> 
lowing  are  in  constant  use : — 

1988  St-"^'- 

=  —  cos  *  —  or  sin  *  — .    Issuhs,  ~ 


1927    f     y/^^.«-log     .  .  [Substitute i 
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J*  V(^±a')  =       {■^■+  v^(j^±a')}  ■        (1909,  Ex.1) 


931     By  Parts,  Div  ision,  and  adding  resalte  (1916)>  we  obtain 


932    By  Parts,  Division,  and  dil&renoe  of  nmilto, 


933    f  v^Ca'-jj*)  fir  =  ia*  sin"*  ^  +  U  s/ia'-a^). 

^  •  [Ab  IB  (1931) 


[A«  in  (1932) 


986      f  ^-Itan-i^  OP  -Icot-iEl 
J  •p'+o*     a         o  a  a 


(1436) 


938  J*^^^  jccLe^"  cos  dr.  J*^^^  .r  (2^  =  sin  jp. 

940  j  tana; c2j7=  — log  cos  «p.  .     J*cota?i2itr  =  logsiiidr. 
942  1 8eca?i2j?  =  logtan^^H-'^)*  Jcoseeariipsslogtaii^* 

Meihod.— (1940,  '2),  substitute  cosr.    (1'.'41,  '3),  substitute  sina. 
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1946  J  tau  ^  xdjv  =  jc  tan~^  a?  —  ^  log  (1  -fa  -) . 

1947  ^^^^^  Ji  da:  =  a;  tau"^  a,  -i-  i  log  (l-f 

1948  J  a©c~^  jcda:  =^  sec"'  a?  —  log  {a? + v^(a?*—  1)} . 

•  1949  I  csosec"* a?  ifa?  =  «co8ec'*ir+log  {j?+-v/(4?*—l)}. 

Method. — (1944)  to  (194S>),  intngrato  by  Parts,  jiU. 

1950  Jlog.d.  =  .Hog.-u..  [ByP.rt,.ia, 

1952   or  ^       W  ^     +  - +  ^ 

according  as  a  is  >  or  <  6. 

[Snb6.  tan  {x,  and  iniegmto  by  (1985  or  '37) 

YARIOTJS  INDEFINITE  INTEGRALS. 

GENERALIZED  CIRCULAR  FUNCTIONS. 

1954  ^  sin"  djL\  ^  cos"  du;,  j*  00860"*  «/a?. 

Mrbod. — ^When  n  ib  Integral,  integmte  the  expanstons  in  (772-4). 
Otherwise  by  BnooesMve  redaction,  see  (2060).   For  J  cosec*  <29,  see  (20^8). 

1957  J  tan vrf^  =  -^jur -- ^r=r + ir^r 

PftOOP. — ^By  Division ;  tan"^  =  tan*'*  a)  8ec^«— tan"~*^  the  first  term  of 
whibh  is  integvable ;  and  so  on. 

J  (a+6  cosA^)"     (a  — 6 «  J 

HlTBOD.-~By  snbstitating  tan  y  s  tan  ^  ^  (^^)'  ^^^'j 

sinx  in  the  place  of  cjosac,  substitute  in—x. 

1959  j'«2^£da-.  f^25!£^.  fl!H:*dip.  f 4^211  d>. 

V  008M       J  smw       J  COS  MO?       J  Biniia? 

2t 
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Method.— Bv  (609  <l-  812),  when  p  and  n  are  sntegera,  the  first  two 

fanctiuns  can  be  resolved  into  partial  fmotions  af  nn*lor,  p  li^  inGr  <  '*  in  the 
iirst  and  <  »— 1  in  the  necond.  The  third  and  tbartU  iutt-graU  ruduce  to  one 
or  other  of  the  former  by  sabstitoting  J»— af. 

ftiniM    nsioo}  ^     ^    ooear-ooBrtt'  « 

The  fhMjtionB  in  (1963)  are  mtegmted  hj  (1952) ;  those  in  (1964)  hy  (1990). 

FormuJ(V  of  Berfvefioji. 

1965  ('^ds=  giVo.(r>--])^^_rcos(n--2).r^ 

1966  f^c/g^  =  -2  f '  duH-  f "^^(fT^^'^d^r 

J  sin" 4?  J    sin*"**  J  sin'^ 

1967  r^^c/^=  ^rcos(n-l),r^  rsin(n--2)^^ 
*         J  siller  J     sin''-Vr         'J  siii"^ 

1968  f^'rf:r=  2p'"^"-/^^ite-p°^"7')'^ito 

J  cos'' a?  J    C08''-^*p  J  cos'^o? 

Proof. —  Tn  (1965).     2oob9  ooe(i»»l)«  s  oobim»+oos(i»— 2)«»  Ao. 

Similarly  in  ( 1  Mt'.»'-'^' V 

1969  J  sin'  ^  sin  iM?  <liP 
^_8in^.rco8iu;  f8in.-t^eo8(ii-l)a-ili'. 

1970  J* 008^  J?  sin  fttTiliV 

=  -         ^"^""^  +  ^  fcw^-'*  sin  («-!)  *d;r. 

1971  J  sui^    cos  c2a,' 

sin'' .r  sin  »     T  •  o-i     •  i\  ^.,1^ 

1972  J*  cos''  jc  COS  iw'  c/a? 

=  -f  fcOS''-  ^  COS  X  dx. 
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Proof.— (19G9).  By  Parts,  f  sin  nx  dx.  In  the  new  integral  change 
oostixcusiS  into  cos  (n— 1)  j;— sin  Hj;  sinx.  By  successive  redaction  in 
this  way  the  integral  may  be  found.    Similarly  in  (1D70-2). 

Otberwiae^  expand  siu''^  or  cos"  a;  in  mnftiple  angles  bj  (772-4),  and 
integrate  the  terms  by  the  following  formnUk 

1973-1975 

fsiii  pa,-  sin  «.f      =  4('>^i»0'-")'-  _  ^i"  (/>+«) -rN 
and  so  with  similar  forms,  by  (0G6-9). 


1976   p:21££±^'  and  T  SiHiiii^  are  found  from 

(i  cospa;— sinj>a?  ^  g  f  ^^"^""^ 

when  p  and  «t  are  integers,  by  equating  real  and  imaginary 
parts  after  integrating  the  right  side  by  (2023). 

Pboop. — ^Pat  eosa;+{8ine=sff;  therefore  wd»  =  d«.  Mnltiplying  name- 
lator  and  denonoinator  of  the  fiwotion  below  by  cos  fu)+  »  siniMi»  we  get 

cos|M?-|-»  Binpg  _  2  cos  (p+ »)       sin  (pH-n) »  _  £  g"**  . 
oosM  l+cos2fw+»8in2fi0  li-s*"' 

thei^fofe  fS2«JE±i«E£2dis  =  -2tf 

J       cos  wt  J 


J    smnx  J  smiiiV 

_       -  f  cos  /AT'-f- /  sill  7ir   ,  ^  f  ^P"^""'  f/: 

way  from       l  — '—7^  ^  (/«  =  2   5—. 

J       smno;  J   1— sr* 

Pboop. — As  in  (1976),  by  multiplying  nmnerator  and  denominator  of 

cospot+isiniw  , 

*  .  '     by  cos  nx  —  i  si  a  nx. 

sm 

1980  f       '        and  r.f"  '  '^'\. 

Patting  )/  =:  '^7'/!'^'      "I  we  find  tan«i«si(l— y"),  and  therefore 

^/(costu;) 

8ld»  =        •  Henoe,  mnltiplying  by  t,  we  have 


f>  cos  a?— sing  [ 


Tho  real  part  and  the  coefficient  oft  in  the  expansion  of  the  integral  on 
the  f%kt  bj  (2021,  '2),  are  the  Talnes  required. 
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1982  f  — ,  t,.  •  .  =  -rhr.      (^^°^  4/-)-  t^"^ 

1983  [  =     V«  {ilog(aco8a»+68inat)  +  a;r;.     [Subs,  tans 

1935     f  wng  e»>«^«  «g;r  =  ^  tan-'  (a  cosg)  [Sabstitute  acosa. 

iQQfi    f  _£i!^l£i£- =  — 1  ^uar'-yf^.-^  [Subfi.«ii» 

1987  j  coB«y(l-o««m*«)<fa  =  l«n»v^(l-a»8m*«)  +  :^sia-'(ann«^^ 

[Substitute  a  siu4 

1988  I  ■m»v^(l— fl'siTi'-^)      =  —  ^cosj  v^(l— a'sin'x) 

^  -  -"  "  log  iaoo8»  +  v'Cl-a'sm'a)}.    [Subiu  aooss 

2a 

1989  j  sina!  (l-o'8in»^)'  th  =  -  icosj;(l-a'.sin 

+  J  (l-o»)  j  8in»</(l-*'         (!«.  [Sab« 

1  QOA     f  —   =  log  { (g  cosec  a-  +  ^  rntg)*  tan"  ^a;} 

lUW  J  Biuic     +  6  co8«;                         a^— 6^ 

_  1    '  _  ft  cos  r  -tin  r  

^  hm;c  (a  +  6  cohx)      (a*  — 6*)  sin  x     (u' -  6*j  (^u  +  6  tx;b  x; 

^^^^    J  V^(a+6tau«»)"  V'(fc-a)*'  * 

r  >  ubs.  COS  X  v'Cft  — 

1992  1 + ^        =  v'i  CO.-  y"':  '"^ 

*  J  biu*  v/(a  +  6) 

—  \/a  log{  >/a  cota?  +  v^(<i  C08cc?a?+ 6)}. 

Methop. — Bj  Division  (1912),  making  the  numerator  rational,  and  in- 
tegrating the  two  fractions  by  snbstitnting  oot9  and  00s «  respectively. 

1QQQ     f  -  <^\{  i£  f  ], 

}a+-^boMX+cott»2at     i»  i.  J  26Coe«+6— hi    J  2eco8»+6-i-f») 

where  w  =  V^t^-gg         }•  integrate  by  (1953).  

Ja  sino^+c  "  J  V  («'+^  )  cos^+c  ^^^^ 

HiTHOD.— Sabstitnte  0  s  a;— «,  wbere  tan  o  s 
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J  a  cos  a?+6  siua^+c' 
J*  being  an  integral  algebraic  function  of  sin  x  and  cos  x. 

Metuoi>. — Substitute  0  =  x  —  n  as  in  (ll'Ol),  miuI  the  resnlting  iutegral 
Ukn  iha  form    (  ^'(sinO,  cosO)r/Q  _  f  0  (cos  ff)  <lfi     f  si..O>i;  rcos^) 

iincc  /  contains  only  integral  powers  of  the  sine  and  cosine,  and  may  ihero- 
fure  be  resolved  into  the  two  terms  as  indicated. 

To  find  the  first  iute«^ral  OQ  the  riglit,  divide  by  the  denominator  and 
ititt  Lrr<ite  each  term  separately.    To  find  the  second  iategral,  sabstitate  tho 

tltnominator. 


1996  (\— 


F(eoRai)tLv 


L-f^i  cos.r)  (a.,-\-h.,  cos.r)  ...  cos  a?)* 

where  F  is  au  iutegral  function  of  cos  x, 

Mbthod. — ^Resolve  into  partml  fractions.   Each  integral  will  be  of  the 

1997  p  .•....,  +«  sin  .r  +  C'^^ 

J    a  cos  d'-f-o  am  .r+c 

Mkthop, — Let  <p  )  =  acosx  +  h  H\nx  +  c  ;  .'.  ^'(.r)  =  —  a  sin-r-f  A  cosaj, 
As.surnu  .1  c.>s  x -t  B  sm  x -j- C  —  \(^(x)-i'fA<ft' (x)  +  r.  Sub.stitute  tlic  value?  of 
f  {x)  and  9'  {x)t  and  eqaate  the  coefficients  to  zero  to  determine  X,  /i,  » .  The 
integral  becomes 

tnd  the  last  integral  is  found  by  (1991). 

EXPONENTIAL  AND  LOGARITHMIC  FUNCTIONS. 

1998  \  e'F{x)  dx  can  be  found  at  once  when  F(x)  can  be 

expres.sed  as  ihe  mm  of  two  fumtions,  one  of  which  is  the 
dirivaticc.  of  the  other,  for 

V    (d?) +f  (o?)  }  lii?  =  e'^  (j?). 


1999  ^  f'^co&'*bj;dje  and  J  e'^sin'^^krc/a.' arerespectiyely  = 
0 cos hv -f  ti h  si n  6.r     ^^««- 1 1    .  n(n  —  \)h-C  ,  , 
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aud 

Psoor. — ^In  either  eaee^  integrate  twice     Perta,  ^^dx. 

Otberwise,  tlieae  integrals  may  be  fonncl  in  terms  of  maltipic  angles  hj 
expanding  sin"j  and  cos".r  In-  i7r_'-  ti,  uml  inf I'^'mtiug  each  term  by  (li.'ol-"J). 

8000    1  ^  8iii*a?  cos*«riir  is  found  fay  oxproBsing  siii'x  and 

cos"aj  in  terms  of  multiple  anglr^. 

Ex.:   jVain'arcos'j;  Jx.    Put  e*^  =  z  in  (7G8), 

(2tsina')''(2co8  3:)»  =  {z-z'^f  {z-^z-'^y 
-  (2»  -  z-y  =  (z"-z-0-3  («»-*-')  +  +  5  (z  -a-')  ; 

2*e'siu^;r  co8*a;  s  0*(8in  7«— deinox+aiiiSsB+SeiiijB). 
Then  integrate  by  (1999). 

2001  Th£OB£M. — Let  P,  Q  be  functioiis  of  z;  and  let 
JPdte  =  P„   ^r,Q,€bt  =  P,,   JP,(?.(iaj  =  P„  &o.  Then 

^PQ'^dJB  =  p^y-fiPg^-^+n  (li-i;  p»y--»- ...  ±[»P^i. 

Pboot. — ^Integrate  raooeeiiTely  by  Parte,  Jpd!«,  ^ 

2002  i  iii:<  'Ki  M. — Let  P,     as  before,  be  functions  of  x ;  aud 

Jg*'"  (H-l)  (»-2> 

(„_i)(„_2)(„-3}v,g"-» ^l«^J  <j 

Proof. — ^Integrate  ancceesiTelj  by  Parts,  J  —  ^^^^  ^d». 

Examples. 

2003  J-J?""'  (log  jcy  dai 

w  \      HI  in  i/iV 

Mbthod.— By  (2001).  P,  =  ~  P,  =  ^  P.  =  C  4o. 
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2004 

*^  [By  (149) 

and  each  term  of  this  result  can  be  integrated  by  (2003). 

2005  Ci'^-'dx 

J  (logo?)* 

)  (/t-2)  "*''^^7 

^  m*"^  r.?  "*-^  f/.c 
i   —  1  J  logci^  * 
HsTBOD.— By  (2002).  P«  =      P,  =s  ««••«,  Pg  =s  do. 

The  last  method  is  not  applicable  when  »  s  1.  In  this 
case,  writing  I  for  log 


IklBTHOD:    I        =   -J  .    Expand  the  numerator  by  (loO),  and  inte- 

10^  a     0  log  9 

grate. 

See  also  (2161-6)  for  similar  deyelopments  of  the  expo- 
nential forms  of  the  same  functions. 


PARTICULAR  ALGEBRAIO  FUNCTIONS. 

2007  f    ^^-^     -  M     ^  M 

J.  (       1  1   Ij.        nf»  +  1)...2(n-l),_  X 

»  being  even.  (1918) 

J  (!+«•)  ✓(«•-!)  "  V'2  ****      -/(!+*•)  * 
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2011   =  1  ^tAn-\l('^^'^),  «>6e 


2018  f    ^^■^■"'^'^    =  Viog^v^^-^-^';-^^\  [Sab6.f^, 

aoi5 

[Substitute  .v^(l+«*)  =«%/2  in  (iOls  r.) 


[Sabfititate  s  s  a  (24*- 1)^ 

2019   

2020  (  (,.H,)y(tV83^a^)  ^  by  substituting  ^. 


INTEGRATION  OF  ' 


If  {  and  n  are  positive  integers,  and  2—1  <  n;*  then,  n 
being  even, 

•  If  i  =  n,  the  value  of  the  integral  is  aimpl/  —  log  1). 
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2021  =    log  (a  - 1)  +  illD'  log  (^+1) 

+  i  2  cos  r/)8  log(u-  -  2.1'  cos  riS  + 1)  -  -  S  siu  r/^S  tan" '  ^'"^^^i"^ 

where  /3  =  —   and  2  denotes  that  the  sum  of  all  the  terms 
n 

obtained  bj  makiiig  r  =:  2, 4, 6 ...  n— 2  suocessively,  is  to 
be  taken. 


I£  »  be  odd. 


J" 


0?"— 1  n 

+  lSco8Wi81og(«»-2»co8ri8+ 1)  -iS8inWi5tim-»?i;;£2**^ 
11  n  smrp 

with  r  =  2, 4, 6...»— 1  BuccesBively. 
If  n  be  even, 

8028  J  =:  - 1 S  COS  W/8  log  {a*^2afeoB  rfi+l) 

^  «  ^  BinriS  ' 

witih  r  =  i,  3, 6  ....  «— 1  succeaaiTely. 

If  »  be  odd^ 

-  i  Scos  W)81og(a^'-2a;cos  rfi+ 1)      2  sinW/S  tau-  ^  £z£2^ 
«  n  BinrjS 

with  r  =  1 , 8, 5 ... 2  BucceBBiyelj. 


.1-1 


PBoor.— (2021-4).   BeaoWe  ~-  into  partial  fraetions  by  tha  mathod 

of  (1917).   Wa  hava  «         «       ainoe  «•  =  =F  1.   The  diffarant 

yaloes  ot  a  are  the  roota  of        I  =  0,  and  these  are  given  hy  x  =  cos  r/3  ± 

t  sin  rp,  with  odd  or  even  integral  valno.s  <  f  r.  (See  480,  481  ;  2r  ajid  'Jr4-1 
of  thoee  articles  being  in  each  case  liere  represented  by  r.)  The  first  two 
terma  on  tlia  right  in  (2021)  arise  from  the  factors  ail;  the  remainiug 
terma  from  qnaaratio  &otora  of  tha  typa 

(a—aoa        ain     (»-ooa  rfi + 1  sin      »  (»-ooe  r/3)« + sin*  rj3. 
Tbaae  la«t  terms  ara  intagrafcad  by  (1923;  and  (1935).   Siiailarly  for  iha 

2v 


880 


2025    If,  in  formula  (2021-4),  4:  ~2  (iir-r/3)  sin  r/0  be 

added  to  the  last  term  for  the  constant  of  integration*  the 
integral  Tanishes  with    and  the  last  term  becomes 

T  -  ^  sin  rlfi  tan 

reading  -  in  (2021-2),  and  +  in  (2023-4). 


8OB6  |'^=l(")"-^f^.efa. 
where  a2r  =  b^.    Then  integrate  by  (2023-4). 

where  ^  =  ir-^-w,  and  r  =  1, 3,  5, ...  successiyely  up  to  n— 1 
or      2,  according  aa  n  is  even  or  odd. 

2028 

J  =  — —  2  cos  wiryS .  log  (a:*— Zr  cos  r^-|- 1), 

with  the  same  values  of  r;  but  when  n  is  odd,  suj)^ly  the 

additioniil  term       (— 1     2  loir  (.^-f- 1 

Pkoof.  —Follow  the  motbod  of  (20-J1-,  /'/.  ./). 

Similar  formB  Ave  ubtainable  wbea  the  denominator  is  x"  —  1. 


S 


2089 

— J2  sin  ^M— 0  ^.iog  (a"— 2a  cos  ^+1), 

where  ^  =  0+  ^-  and  r  =  0,  2,  4,  ...  2(?i  — 1)  successively. 

But  if  the  integral  is  to  Tanish  with  of,  write  tan"^  ^  ^  , 
aa  in  (2026).  l-^cos|» 

Proof.— Bj  the  method  of  (2024).— The  factors  of  the  denominator  are 
given  in  (B07),  potting  y  equal  to  unity. 
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2030  J^'^^'^Y^  '  rf..  =  T  2»  (  cos  (W^+imtr) 

X log (.1-*-  2a;  cos 1 )  - 2  sin  ( W)8+  imn)  tau " ^  '^"i^^V^  )  , 
with  the  values  of  /3  and  r  in  (2021-4). 

Proof. — Differentiate  the  eqnations  (2021-4)  m  times  with  respect  to  Z, 
hj  (1427)  autl  (1461-2).  If  m  be  negative,  integrate  in  timeB  witJi  respect 
to    and  the  same  formula  is  obtained  by  (2155-6). 

In  a  similar  maimer,  from  (ii027-bj  and  (2029),  the  general 
terms  may  be  found  for  the  integrals 

2032 

J  .r* ih  1  J  r*"  —  2.r"  cos  « ^-1- 1 

INTEGRATION  OF  Jaf"(iur+6^)««br. 
9085   Bulb  I. — When  ^  <^  poiitive  integer ^  integrate 

hy  substituting  z  =r  (a+bz'')'^.  Thus 

Esepand  the  binomial^  and  integrate  the  sejparate  terms  by  (1922). 

20S6  But  if  the  positive  integer  be  1,  the  integral  is  known 
at  sights  since  m  then  becomes  =  n— 1. 


2037  BuLE  II. —  When  — i — ^  ^   is  a  negative  integer ^ 

,     jk  q 

substitute  z  =  (ax-^  +  b)**.  Tlius 
Expand  and  integrate  as  before, 

2038  But,  if  the  negative  integer  be  —1,  the  integral  is 
fouud  immediately  by  writing  it  in  the  form 
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2039  Tofind  Jx«(l+«^)*<Z«.   Hen  m^h         P^^  9-3,  -3. 

»  poeithre  integer.    Therefore,  sabstitatiiig    y  =  (l  +  2!^)^    a;  =  (/-!)', 
(sr*--l),  and  the  integrel  beoomee 

tho  value  of  which  can  be  found  innnedietely  bj  ezpending  and  integrating 
the  separate  terms. 

2040  I  »  ifj 

For  ^"^^  =  1  (2030) ;  that  is,  m  + 1  =  »,  aud  the  factor  x'  is  the  derivative 
of  4a*.  

j  ll-±^^<ip,  or  j*- *(!+**)* 'ie.    Here  m  =  -i,  n=  ^,^  =  2, 

fl  s=  8,    — ^  ^  —  _  2    a  negative  integer.     Therefore,  substitate 
n  g 

i/  =  rx-»4-l)*,  x=(i/-l)-\  .r,  =  -(V(y'-l)-'.  Writing  the  integral  ia 
the  form  below,  and  then  substituting  the  values,  we  have 

J 2-*        +  !)♦  x,dy  =  -  6  Jy*  (/-l)  dy, 

which  can  be  integrated  at  once. 

J  a  (a  f  6x")      J  n  q 

therefore,  by  (2038),  the  intej^ 

-I 

=  |a-"-'(a«--h6)-'</a!  =  -~log(aa5-*  +  6). 

J  M 

REDUCTION  OF  ^  oT  {a-^-boTy  dof. 

When  neither  of  the  conditions  in  (2035,  2037)  are  ful- 
filled,  the  integral  may  be  rednced  hy  any  of  the  six  following 
rules,  so  as  to  alter  the  indices  m  and     those  indices  haying 

any  algebraic  values. 

2043  I-  Tu  change  m  and  p  into  m-t-n  and  p  — 1. 
Integrate  by  FartSt       j  x"*  dx. 

2044  II*  To  change  m  and  p  into  m— n  and  p+1. 
Integrate  by  Parts y  Jx""^  (a  +  bx")^  dx, 

2045  HI.  To  chiinge  m  into  m  +  n. 

Arid  1  to  p.  Thfn  intpgrate  by  Farts^  Jx"dx;  and  also 
by  Divisio?i,  and  equate  the  results. 
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2046    IV.  To  changem  info  m—n* 

Add^  1  to  p,  and  subtract  n  from  m.  Tlien  integrate  by 
Parts,  j  x""  dx ;  and  aUo  btf  Division,  and  equate  the  reeulta. 

9047    V.  To  change  ip  into  p+l. 

Add  1  to  p.  Then  integrate  by  Dimsion,  and  the  new 
integral  by  Parte,  Jx""*  (a+l«")»». 

804B   VI.  To  change  p  into  p— 1. 

Integrate  by  Division,  and  the  new  integral  by  Parte, 


8049        Mnemokio  Table  fob  tbb  same  Bulbs. 


I. 

m+n. 

p-1 

By  FarU  (m). 

II. 

P+1 

By  PaH»  (p). 

III. 

m-)-n 

(p+1),  Pariff  (m)  and  Divinan, 

IV. 

m— n 

(p+1,  m— n),  Parit  (m)  and  Dioitum. 

V. 

P+1 

(p+ 1),  Diviiion,  and  <A«  naw  integral  by  ParU  (p) . 

VI. 

p-1 

Dundon,  and  the  new  integral  by  Pairte  (p). 

By  ap|)lying  the  ruli-s,  Furtaidc.  of  n  duction  arc  obtained. 
Thus,  any  of  the  six  values  below  may  be  substituted  for  the 

integral  j  «"  (a+&r*)'  dx. 


2050-2055 

m+1  m+lj       y"^'^  ) 

"  bn  (p+1)         i«.(p+l)J*  ^ 

a(in-hl)  o(i«+l)      J       \  '  ' 

j^-'+Vrt  +  ii")"*'      a(m— n+1)  f  .  .  ...  . 
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2056  To  find  j  dx.    Apply  Rule  T.  or  Fommlft  I. ;  ihu 

2057  To  find  I — ^—-r  d9.   Apply  ROI0  II.  or  Foimii]»  U.;  thw 

fi-*(a'-r»)-*ffr  =  a-»  (a'-a;*;-'-3  ( x»  (a'-x*)"*  ^^^c  (1934). 


2058    Jcoeec'^^d.    Sabbtituting  sind  =  d;,  the  integral  becomes 

I  sin-  e      t/*  =  I »—  (1  db. 

Apply  Rale  III. ;  thus,  increasing  jd  by  1  and  integrating,  first  by  Parts 
Jaj'^iic,  and  again  by  Division; 

Equating  the  results,  we  obtem 

Bj  repeating  the  process,  the  integral  is  made  to  depend  finally  npon 
Mcording  m  m  is  «i  odd  or  even  integer  (1927,  '29). 

2060  j  siu'dJO  is  fnnnd  in  a  similar  manner  by  Bale  lY.  The  intsgnd 
to  be  evaluated  is  j  (1— x')~*  t/^  ;  and  the  integral  operated  npon  is 
Jl  a?*""' (1  —  J"')*  tfj.    Otherwise  apply  Formula  IV.    See  also  (1954). 

2061  To  find  I  ^^i'^ ^iy•   -^PP^y        V.  jpaa— r,  and inersMbgp  by 

1,  we  have,  first,  by  Division, 

Integrating  the  new  form  bj  Fsrts,  j  x  (x'  -f-a*)  "  (ir,  we  nezft  obtain 
Snbstitating  this  vnlne  in  the  prerions  eqiiatiQai,  wo  hftvo,  fiaallj, 

2062 

r     d.r  £   2r-3     (  r/.r 
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This  equation  is  given  at  once  by  Formula  V.  Thus  r  is 
changed  into  ?*  — 1,  and  by  repeating  the  process  of  redaction, 
the  original  intt  gi'al  is  ultimately  made  to  depend,  upon  (1935) 
for  its  value  if  /•  be  an  integer. 

Another  formula  for  this  integral  is 

^  J  (S^ir "  1.2. ..'(r-i)  ^ (t?*"""' 755)" 

Proof. — Write  (3  for  a'  in  (1935),  and  differeotiute  the  equution  r  — 1 
times  for  /)  bj  the  principle  in  (2255). 

8064  Tofind  f  (a'  +  J^*)*"f/x.    Apply  liule  VI.    By  Division,  we  bave 
The  last  integral,  bj  Parts,  becomes 

Sabfititatiiig  tbia  value  in  the  previoos  equation,  we  obtain 

8065  =  £lf!±pl:+  J!^  f 

J  n+l         M-HA  J 

a  result  given  at  once  by  Formula  VI. 

If  n  be  an  odd  integer,  we  arrive,  finally,  by  successive 
reduction  in  this  manner,  at  ^  {a^-{-te^)^  dx  (1931). 

2066  The  integral  Jsin'"0  co8'*0dO  is  reducible-  by  the  fore- 
gomg  Rules  T.  to  VI.,  if,  in  applying  them,  n  be  always  put 
equal  to  2;  if  p  he  changed  hifo  p±2  instead  0/  p-j^l;  and 
if  Division  he  always  effected  by  separating  the  factor 
C08*e=  1-Bin*d. 

Peoof.  J  sin"  e  cos"  d  M  =  J  ( 1  —  a:')* du',  where  =  sin  0.  Thus 
11=  2  always,  and  tho  index  i  (jp  — 1)  ia  increased  by  1  by  adding  2  to  |7. 

Thus,  £ule  I.  gives  the  formula  of  reduction 

8067 

►  m+1        '  m-hU 
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But  the  integral  can  be  found  by  substitation  in  the  fol- 
lowing cases : — 

If  r  be  a  positire  integer, 
8068  j  Gos^^^j^sis'.rdr  =  ^(l^sf)Vdz,  where  z=mx. 

S069  j*  sin*****  eoeTjedjt  =  — — Vd!»,  where  t = cos  jr. 
If  m-^-p  =  —  2r, 

2070  J  sin^u?  cos" jrdar  =  J  {l-^s^y-^z*ds,  where  «  =  tan4;. 

FUNCTIONS  OF  a+&r±C«p". 
The  seven  following  integrals  are  found  either  hj  writing 

2071  =  {(2ca;+6/+4ac-6*j  -r4c, 
and  substituting  2<;«+6 ;  or  by  writing 

8072        a-\-bx-c^  =  ['kiC'j-b'-(2cx-byi  -t-  4c, 
and  substituting  2ex^h. 

OM<K'  f  -        ^        loff  2ftr+6~v/(6*-4ag) 

according  as  >  >  or  <  4ae  (2071, 1935-6). 

0074    f  -      ^      J     v/(y+4^r)  +  f2rr-6) 

(2072, 1937) 

2076 

(2071-2,  1928-9) 
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2077  J  ^{a^bx-\'CJL^)  (Lv  =  ic-«  J  y/(y'+4MC-^  dy. 

2078  J  v/(a-|-6^-fii?*)      =        J  ^(4ac+^*-2^)  dy, 

where  y  =  2caji  6.    The  integral^  are  given  at  (1931-3). 

OA^a        (  ^'^^   gjf'l  i   fS?  

[By  (2071),  the  integral  being  reUaced  by  (2062-3). 

J  (a+Ao^+c.*^)" 

The  value  of  the  second  integral  is  {a-\-hx'\-cx^Y~^  -r-  (1— p), 
unless  j)  =  l,  when  the  value  is  \og{a-\-b£-\-cs^).  For  the 
third,  see  (2079). 

Methop. — D(  compose  into  two  fractions,  mtiking  ibe  namer&tor  of  the 
first  "Zcx-fi  J  that  is,  llio  derivative  of  o  +  ^x-j-cx^ 

2081  i    ff'f?  4  dx  may  be  integrated  as  follows  :— 

I.  If     >  4ac,  put  «  and  ^  for  "^^^^^^^^^^^^  and, 

by  Partial  Fractions,  tlie  integral  is  resolved  into 

IL  If  6*<4ac,  put  ^=n«and  =  w%  and  the 

c  c 

integral  may  be  decomposed  into 

2082  gi-n'^-s:^?^^^^^ 

the  value  of  wbioH  is  found  by  (2080). 

III.   If  6«  =  A<LC, 

2x 
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2084    f      "^^^  g« 

 ^  

REDUCTION  OF  J  .n"'  {a  +  h.r''  +  cx^'*y  dx, 

NoTK. — In  the  following  F  i  '  r  Ixr-l wtlou^  for  the  sake  of  cloarness, 
aj"(o  +  6x"  +  cx-")''  is  denoted  by  {m,p),  and  the  intopml  meitly  by  \  (m,  }>)• 

2086  (m4- 1)  j  (m,  p)  =  (m+ 1.  jp) 

— 6»jp J(m+»,p— 1)— 2cj»/>J  (>»+2«,|i— 1)   (1). 

2087  ^K/)4-l)  J(m,;>)  =  (m-n+l,;>+l) 
-(„»_„+!)  J(,„_«,p4.i)_2efi(p+1)  J(m+ii,p)  ...(2). 

2088  2c»(p+l)  J{m,i>)  =  (,«-2it+l,p+l) 

■  -(m-2«4-l)  f(m-2//,/)+l)-/>/i(y>-f  1)  f (m-»,/>)  ..(8). 

8089       (m+iip+1)  j  (m,  p)  =  (m+1,  p) 

+anpj(in,p— 1)— enp  j  (m+2n,p— 1)  (4). 

2090  (m+  2;i;> + 1 )  J  (m ,  />)  =  (m + 1 ,  p) 

+2a/ip  J(m,p— l)+6iip  J  (fn+n.p— 1)   (5). 

2091  «p+l)  J(m,p)  =  (m-ii-hl,p-f  1) 

— a(m— n-f  1)  i  (in— »,p)— c(>/i4-2np4-n+l)  I  (i»+ii,p) 

 i   (0). 

2092  j  (»»,|>)  =-(i«-«+l,j>+l) 

+  (m+2iip+n+l)  f(TO-»,|>+l)-2an(p+l)  ((m-n,;)) 

*'  *'   (7). 
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2093  cii(/>+l)  J(m,i>)  =  (iii-2ii+l,i^+l) 
+a«0>+l)  f(w— 2»,ij)-(m  +  /i^;-n+l)  f(m-2»,p+l) 

2094  a;i(i>+l)  J(m,;i)  =-(m4-l,i>+l) 
+(m+n/)+n  +  l)J(/«,;>+l)+«i(p+l)J(m+2»,p)...(9). 

8085      2«»(|i+l)  J(m,p)  =-(m+l,ii+l) 

+(»+2»i>+2ji+1)  f  Ki>+1)-6«(i>+1)  J  im+n,p) 

^   (10). 

a096      a  (m+1)  J  (m,  p)  =  (m+l, 

-6(m+»p+n+l)j(m+»,|>)— c(m+2»i>+2it+l)J^^ 


2097  c(m+2/i/>-Hl)  J(m,i>)  = 

— 11+ 1)  I  «(m— I  (m— 2/i,p) 

 (12). 

Proof. — Bj  differantiatlon,  we  hare 

2098  . 

J  (m,^)  =  m  J  (»n  -1,  j^)  +  ft*//)  J (m  +  «- 1,^-1)  +  2cnj)  j  (m  +2»-l,  j) -1). 
FormalaE)  (1),  (2),  and  (3)  are  obtained  fVom  tHUi  eqaation  by  altering  the 
indices  m  and  jp,  so  that  each  integral  on  the  right,  in  tarn,  becomes  J 
Again,  by  diviaion, 

2099  JC'^^i')  =  aJ(«»,l»~l)  +  ?J(i»+n,ji-l)+cJ(in+2iHi>-l)...(A). 
And,  by  changing  «i  into  *n— n,  and  |»  into  + 

2100  P  +  l)  =  (/ j' (m + A  +  c    imi-n,p)  (B). 

Formula^  (4)  to  (12)  may  now  be  found  us  follows: — 

(4)  ,  by  oliminatiug  j  (m-|-H,    p  —  l)  between  (1)  and  (A); 

(5)  ,  by  eliminating  j  (4»+2»,  jp—1)  between  (I)  and  (A); 

(6)  ,  by  eliminating  J(in-»>  p^l)  between  (2)  and  (B); 

(7)  ,  by  eliminating        +    j  )  between  (2)  and  (IJ); 
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(8)  ,  from  (4),  by  changini^  m  into  m—2n,  and|)  mtoj7  +  l; 

(9)  ,  from  (4),  by  cliang-ing  ])  into  + 

(10)  ,  from  (5  ),  by  cliang-infr  p  into  p  +  1  ; 

(11)  ,  from  (♦»),  by  chaiifj;inp  7/i  into  ?«  + 't » 

(12)  ,  from  (6),  by  changing  m  into  m— ». 

If  a  and  /3  are  real  roots  of  the  quadratic  equation 
a-{-bx'*+cx^"  =  0,  then,  by  Partial  Fractions, 

and  the  int^rals  are  obtained  by  (2021-2). 
Buty  if  the  roots  are  imagioary, 


where        cos7iQ  =  ^- — — r    and    z  =  ^^y^aj. 


2v^"(ac) 


2103  r   ."f^f^^  is  reduced  to  (2079-80)  by  (2097). 

2104  f/  .  i.  .  /^i.  .      =  - 1    /  <  .  ff       i '  C2<^' ^) 

where  y  =  (j3  +  /i)"*,  ^  =  c,  B  =  b—2ch,   C  =  a—bh-\-ch'. 


'IX 

r 


2106     f   =  —1—  oos-'i±^  =  -J=oodi-»i±^ 

S106    f--^^™,  =  -^8in-^.  [By  (2181). 


Method.— SaUtitute  (a+A)~*,  u  in  (2104).  Obaerve  the  cmbb  la  wliich 

01A7  r  ^  —  _  f  //""'^y 

J(a.4-A)V(«+^*t+c^)"  J-x/(^+i*i^+(y)' 

with  the  same  Talaes  for  A^B^C^  and  y  as  in  (2104).  The 
integral  is  reduced  by  (2097). 


{iv-\-m)  djT 
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MkthoD. — Snbstitate  0  by  putting  «  = /3  tan  (tf -f  y),  and  determine  the 
ooDstant  y  hj  equating  to  lero  the  coefficient  of  Bin  2tf  in  the  denominator. 

The  resalting  integral  is  of  the  form  |  "^y?^  ^ "!!  ?  d$* 

Sraente  this  into  two  terms,  and  integrate  bj  aabatitating  sin  0  in  the  first 
and  ooaO  in  the  aeoond. 


(.f)v^(a+6a?+cj?*)' 

where  ^  (.r)  and  F{t)  are  rational  nlpff^braic  functions  of  a?, 
the  former  being  of  the  lowest  dimtuaiuus. 

ICbtrod.— Beaolvc  into  partial  fractions.   The  resnlting  integrals 

are  either  of  the  form  (2107),  or  el.-e  they  nrise  from  a  pair  of  iuiagiiuiry  roots 

of  F(a5)  =  0,  and  are  of  the  type  f  J^^'.^V^/^  ^   .  ^x-  Sabetitute 

a  in  this,  and  the  integral  (2108)  is  obtained. 


INTEGRATION  BY  RATIONALIZATION. 


In  the  following  articleB,  F  denotes  a  rational  algebraic 
function.  In  each  case,  an  integral  involving  an  irrational 
function  of  x  is,  by  substitution,  made  to  take  the  form 
jF{z)dz.  This  latter  integral  can  always  be  found  b j  the 
method  of  Partial  FractionB  (1915). 

3110  J^i^.(5J|)'.(5$^/.&c.j... 

Substitute  ^  ~^    =  sf.  where  I  is  the  least  common  de« 

nominator  of  the  fractional  indices ;  thus, 


the  powers  of  a  being  now  all  integral. 


2111 


Beduce  to  tlic  lorm  of  (2110)  by  substituting  x'. 
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2112  f  F  {  \/(n  +  v/mj7+/i) }  e/.r.  Subs.  -|-  \/mx-\-  n) . 
8113    j  F       y/(hx±cj^) }  cto.        Substitute  z  — 

2114  ^/(a+^ar+w-^)}  di-. 

Writing  Q  for  aH-5.t -|-^^'>  ^  inay  always  be  reduced  to 
the  form  Yr^^~~,  in  which  J.,  B,C,D  are  constants  or 

rational  functions  of  x,  Hationalizing  this  fraction,  it 
takes  the  form   L-\-M  \/Q.      Thus  the  integral  becomes 

tLdx'\'\  My/Qdx^  the  first  of  which  two   integrals  is 

rational,  while  the  second  is  equivalent  to  dx,  which 
is  of  the  form  in  (2075).  ^ 

2115  Otherwise. — (i.)  Whea  c  is  positive,  tbo  integral  ma^  be  made 
mtional  by  snbatitnting 

(li.)  When  c  is  negative,  let  a,  /3  be  the  roots  of  the  equation 
a+6z— e«*sO,  which  are  neoeMarily  real  (a,  6,  and  o  being  now  all 
positive),  so  that  a  +  h.c~e^  =  c  (»— a)  (Ji—9),  The  integral  ia  now 
rational  by  sabstitating 

In  each  case  the  result  is  of  the  form  ^  F(»)  ds* 


2116  Jci'"/'' [a,'",  vV+Ou  '-{-cu-'\  d.v, 

when  — is  an  integer,  is  reduced  to  the  form  (2114)  by 
substituting  . 

am 

J  F  {.r,  ^/(o + bjr).  V  '(/+«•■«')  ]  da:      Substitute  «•  = 

w     '  if 
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and,  therefore,  x  =  y/{ai-bx)  =  '^fg,^f. 

The  form  ^  F  {z,  y/{gsfi^b)}  dz  is  obtained,  which  is 
comprehended  in  (2114). 

when  ^^—^  is  an  integer,  is  reduced  to  the  form  ^F{z)dz 
hj  substituting  ^  =  &af  ±  ^/{a+b^s^)^  and  therefore 


dz'^2nb\2bz)       V  / 


I  0?"  {a-^ba:")  *  i'^j?")  cU'  is  rationalized  hj  substituting 
either  (a + baf')'^  or  (a«-»4-  according  as  ^^^^  or  +  £ 
is  integral,  whether  positive  or  negative. 

2180  Jo?""'/'  {ct*",  ci",  (a+ftci'")'}  (/a?,  when  is  either  a 
positive  or  negative  integer,  is  rationalized  by  substituting 


INTEGBALS  BEDUGIBLE  TO  ELLIPTIC  INTEGRALS. 

2121      ^^{^'  y/(a-{-bA+ea*+dar'+ea^)]  tLv. 

Writing  X  for  the  quartic,  the  rational  function  F  may 
always  be  brought  to  the  form     7"X  /  v» 
and  this  again,  by  rationaUzing  the  denominator,  to  the  form 
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M-\-N'\(X,  where  P,  P' ,  Q\  3f,  N  vlvo  all  rational  functions 
of  X,    j  Mdx  has  already  been  considered  (1915). 

(Ny/Xdxf=^         da?  or  where  B  is  rational. 

By  substitutiiii^  a?  =  ^i^,  and  determining  o  and  &bo 

1+?/ 

that  the  odd  powers  of  ij  in  the  denominator  may  vanish,  the 
last  integral  is  brought  to  the  form 


8188 


f  it'i.v 


B  being  a  rational  function  of  y,  may  be  expressed  as  tlic 
Bum  of  an  odd  and  an  eren  function;  thus  tbe  integral  is 
equivalent  to  tha  two 


8183 


The  first  integral  can  be  found  by  substituting  y/y. 

The  second,  by  substituting  7" .  ,  tor  y*,  can  be  made  to 
depend  upon  three  integrals  of  the  forms 


r  rfr  

J  (l  +  ua-) 


By  substitating  ^  =  sin'^s,  the  above  becQme 

f  

J  (l+n  sin'^)  x/l-ft'rin'^' 

Those  are  the  transcendental  functions  known  as  EUiptic 
Integral*.   They  are  denoted  respeotively  by 

8126  £i,k.<l>).  n(n,A:,^). 
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APPBOXIMATIONS  TO  F{k,  ^)  AND  E{k,  ^)  IN  SEBISa 

When  h  is  less  than  unity,  the  values  of  F(7c,  ^)  and 
E{Jcy  <f>)y  from  the  origin  ^  =  0,  in  converging  series,  are 

2127  = 

2128  £(A,*)  =  *+§4.-J^4.+  J^,4,  

where  2.4.6  ..  n  2^ 

[n  being  an  even  integer. 

A  _  sin (>8in4<^  .  15  sin 2^  i«. 
•»«-    g  j      I  g  ivp. 


•••  •  .  • 


*  •  •  •  •  ■ 


J  _  sin        tt  sin  (n— 2)  ^    C  (»,  2)  sin  (n— 4)  ^ 
*       II  n— 2  »— 4 

Proof.— In  e«ch  oftse  expand  b]r  the  Binomial  Theorem;  snbetitnte  from 
(773)  for  ibe  powers  of  ein^,  and  integrate  the  separate  terms. 

The  values  of         1^)  and  between  the  limits 

^  =  0,  ^  =  ^a-,  are  therefore 

2129 
2130 

'M)°fi-(ij^-Gj)i-aij)i-^i- 

But  series  which  converKe  more  rapidly  are 
2131 

,(»,-)=.J!+l![,+(.)v+QV+e4|)WH 


2t 
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2132 

pressed  in  the  form  "^)»  ^®  integi-ated  by 

substituting  «H--^. 

If  6  is  negative,  and  F{x)  of  the  form  ^iP+  /  — ; 
substitute  «~ 

2134 


Substitute  JL  =  js. 

Hence  4L  =  (_k.  

V2v/i:-2    2  a/5+2/ 

and  the  integral  takes  the  form 

whore  7^  are  rational  finictioiis  of  f.  AVrlting  Z  for  the 
cubic  in  z,  we  see  tliat  the  integral  depeiuLs  upon 

f     P^f^  and  f^i£±HL!^ 

ihe  radicals  in  which  contain  no  higher  power  of  e  than  the 
fourth.   The  integrals  therefore  fall  under  (2121). 

Expn^sinp^  -/'  (f)  as  the  sum  of  an  odd  imd  an  even  func- 
tion, as  in  (212:5),  the  inteprral  is  divided  into  two;  and,  by 
substitutinn^  ,>^,  the  first  of  these  is  reduced  to  the  form  in 
(2121),  and  the  second  to  the  form  in  (2134)  with  a  =  0. 
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r  (.r)  fir 


Put  ./•  =r  //-fa,  filK'inn-  a  Foot  of  tlic  oqu.itioii  iL-{-  h.f  -\-r  t'--\-flr^=  0; 
and,  in  the  rcsultint^  integral,  .substitute  zy  for  tko denominator. 
Tlie  form  finally  obtained  will  be 

which  falls  under  (2134),  P  and  Q  being  rational  functions 
of  z, 

0-107  C  _F(a^)jU__ 

^^"^^  J  </(a-h&i^+Ccf*)' 

ExprcssinGT  F(.r)  as  tlie  sum  of  an  odd  and  an  oven  func- 
tion, as  in  (2123),  two  integrals  are  obtained.  By  putting 
the  dononiinatitr  eijiial  to  z  in  the  first,  and  equal  to  xz  in  the 
second,  each  m  reducible  to  an  integral  of  the  form 

which  falls  under  (2121). 

PROor.— Babstitate  eoa-'a  in  (2138),  and  2tiu>-'a  in  (2139). 
according  as  6  is  >  or  <  2a. 

Pkoo*  . — bubsiituto  accoi'diugly,  x  =  2a  sin*  f  or  x  =  i  sin'^. 


PBOor. — Sabstitnto  «  =  a— (a— ft)  8in*f,  «  being  <  a  and 
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SUCCESSIVE  INTEGRATION. 


2148  In  conformity  with  the  notation  of  (1487)»  let  the 
operation  of  integi^ting  a  fnnction  once,  twice,  ...  n  times 
for  a;,  be  denoted  either  by 

1  t?,  (  t?,  ...  r        or  by  d-te,  ...  d. 


the  notation  indicating  an  operation  which  is  the  inverse 
of  d,.  Similarly,  since  y/„  y^,  y^,  &c.  denote  successive 
denvatives  of  y,  so  y_,,  ?/_o^,  &c.  may  Ix-  taken  to  repre- 
sent the  successive  integrals  of  y  with  respect  to  x, 

8149  Since  a  constant  is  added  to  the  result  of  each  in- 
tegration, every  integral  of  the  order  of  a  function  of  a 
single  variable  x  must  be  supplemented  by  the  quantity 


where  Oi,  0,,  a,  ...     are  arbitrary  constants. 

Examples^ 

The  six  following  integrals  are  obtained  from  (1922)  and 
(1923). 

When  p  is  any  positive  quantity, 

Jnm  (l>+I)(P+52)  ...  (P+n)  Jnm 

When  p  is  any  positive  quantity  not  an  integer,  or  any 
positive  integer  greater  than  n, 

2151  r  JL  (-ir        .  r  a 

^^^^  J„xa^'  ~  (p-l){p-2)  ... 

Whon  p  is  a  positive  integer  not  greater  than  n,  the  fol- 
lowing cases  occur — 
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2154  r  i=w{f  (*iog.)-g}+r  0. 

For  the  integral  witliiii  the  brackets,  see  (21 60). 
The  lollowing  formula  is  analogous  to  (14G1~2) 

SUCCESSIVK  INTEGRATION  OF  A  PRODUCT. 

Leibnitz's  Theorem  (14G0)  and  its  analogue  in  the  Integral 
Calculus  are  briefly  expressed  by  the  two  equations 

2157    Dn.{uv)  =  D^^{ui^  =  {d,+B,)-^uv; 

where  D  operates  upon  the  product  ?<r,  d  only  upon  and  S 
only  upon  v.   Expanding  the  binomials,  we  get 

2159  D„{w)  =  u^  -f 

Pboop. — The  first  equation  is  obtained  in  (1460).  The  second  follows 
fmni  the  fir^t  by  tho  opcrattre  law  (148(1)  j  or  it  may  be  proved  by  Indoction, 

iadfpendentlj,  as  follows — 

Writing  ib  in  the  eqaivalent  form 

I   (uu)  =  I   itw-n  f       wt>,+  **t!*'t^^  I       ««^—  (l.), 

make  n  =  1 ;  then 

•  I  (uv)  =  J  as— l^uvi,— Ao  (ii.), 

a  result  which  may  be  obtained  directly  by  integrating  the  left  member  snc- 
Gesrivcly  by  I^rts.  Now  integrate  equation  (i.)  onoe  more  for  a;,  integrating 
eseb  term  on  the  right  as  a  prod  net  by  formula  (ii.),  and  equation  (i.)  wiU 
be  reprodnced  with  (»+l)  in  the  place  of  n. 

2161  j*  (a+c/J-^+J  0.    Or,  by  expansion, 

2162 

Ja«  a"  C        a  1.2 J  Jm 

« 

•  If  m  be  an  integer,  Ihe  series  tenninatoe  with  (—1)"  a*. 
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Similarly,  bj  cbangiDg  the  sign  of 

8163 


Pboop. — ^Pnttiog  tt  =       0  as  (B*  in  (2158),  tbe  forarnk  beoomes 

Here  (f'  is  writtrn  before  within  the  bmckets,  because  c  does  not 
operate  upon  e^-^.  Observe,  also,  that  the  iudex  —n  aOectii  ouly  the  opera- 
tive aymbola  <2,  and  i„  hat  it  tberefore  aSects  tbe  recuttf  of  tboM  operations. 

Thas,  since  dj.'"'  produces  ae"-',  the  operation  rf,  is  eqatvalent  to  aX,  and  is 

retained  within  tlie  bmckets,  %v]iile  the  sMlij*. ct  f"^,  beiiii:r  only  now  connected 
as  u  factor  with  each  term  in  the  expausiuu  of  (a + Q^^^y  be  placed  on 
the  left. 


8161  fe-*-     =  ^  U— -*■-'+  '-i^^^      -ic.  ^ 
J  a  C        a  a'  I 

2165  =    b+SF^'  +-Si=^+M 

Paoor.— Make  n=l  in  (21G2)  and  (21C3). 


8166  f  ^'(log  i)"  =  f  e<'+">'^.  [Saba.  log«. 

Hence  tbe  integfral  of  the  logarithmic  function  may  be 
obtained  from  that  of  the  equivalent  exponential  function 
(2161). 

For  another  method,  see  (2003-5). 


HYPEEBOLIG  FUNCTIONS. 


2180  Dkfinttions. — Tlic  hyperbolic  cosine,  sine,  and  tau- 
gt-ut  are  written  and  defined  as  follows : — 

8181         cosh  jc^i  {e'+e-')  =  cos  (ta).  (768) 

8183         sinh  af=i  (e*— c")  =  — •  sin  (i>). 

8185        ianh^^    ^""^"^  =-itan(fi).  (770) 
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By  these  equations  the  following  relations  are  readily 

obtained. 

8187   coshOssl;     slnhOsO;     coshoo  =  sinhoD  =5  oo, 

2191  cosh^a?--siuh'a?  =  1. 

2192  sinh  (a-f?/)  =  sink  a?  cosh^+cosha?  sinli?/. 
8193      cosh  {jp+y)  =  cosh  «v  cosh      sinh  a  sinh  y, 

  tanh  .r+tanh  ?/ 


2191      tanh         =  '"""'^  ' 


2195 

siiih2ti7  = 

2siuha?  cosh  a?. 

2196 

cosh2d?  = 

cosh*  07+ sinh*  or. 

2197 

2cosh=a;— I  =  l  +  2siulrcr. 

2199 

siuli  liv  = 

3  sinh  a:+^siuh'^. 

2800 

cosh  do?  = 

4cosh*4^— dcosh  jp. 

2201 

tauh2it  = 

2  tanh  .r 
l+tanh*ar' 

8803 

taiih3j7  = 

3  tanh  .r+taiih^.r 
i+;itanh'^  ' 

8203 


.  I  .1'  /<-osh.p — 1.  ,  .V  /cosh.r+l 
siuh  -  =  yj  g  ;     cosh-^  =  yj  g-l^. 


—  1      cosh.r— 1  sinh,?' 


8805      taiih4  =  v/'"""''' ^  

2       '  coslitt'-l-i        siuuj;  cosliir-t-l 

2208      cosh  *  =  \±p^ ;      sinh  ^  =  .^*""''f;r  . 

1— tanh^'i.i?  1— tanh^'i^ 

INVERSE  RELATIONS. 

2210  Let  tt  =  cosh  j?,     ^ = cosh~^  u  =  log  (u+  >/u^— 1). 

2211  «  =  sinh  a?,     0?=  sinh"^  v  =  log  x/S^+T). 

2818        w  =  tanha?,  /.  a?=tanh-*w=ilog^ii^^. 
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GEOMETEICAL  INTERPKETATION  OF  tanhiSf. 

2813  The  tangent  of  the  angle  vhiek  a  radius  from  the  centre 
-of  a  rectangular  hyperbola  mah  .^  v'lth  the  principal  asns,  ia 
equal  to  the  hyperbolic  tangent  of  the  included  area* 

Proof. — Let  0  be  the  angle,  r  the  ndins,  and  8  tbe  area,  in  the  lijpeilwlft 
fl^— or  f'sBec2a;  then 

S  =  |'^sec20<id=  ^logtan(iir  +  0).  (1942) 
Thenfbre  Lt^^"^;  theiefora  tMi«=:         =  taahA  (2185) 


VALUB  OF  THE  LOGABITHM  OF  AK  IMA0INART  QXTANTXTT. 

8214       log  (a+i6)  =  ilog  (a«+6*)+»  tan-*  A. 

a 

ft 


^^«7^)='^W  1171  =*^''i- ^ 


DEFINITE  INTEGRALS. 

SUMMATION  OF  SERIES  BY  DEFmiTE  INTEGBALS. 

2230  £/ W  da:  =  [/(«)  -f/(« + d.v)  + . . .  +/(a+n  (/u)]  c/.t>, 

where  n  increases  and  dx  diminishes  indefinitelj,  so  that 
ndx  —  6— a  in  the  limit. 

8231  Ex.  1.— To  find  the  from,  when  « ia  infinity  of  the  aeriea 

i  +       r  +  ^  +  -X-  n=|.;  thus, 


.     dx     .  td3D_C**dx_^^a 


8838  2.— To  find  the  com,  when  n  ia  infinite,  of  the  aeriea 

+  -r-TT,  +  .   ^  +  +  Put  n  —  -i-*  *^en 
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THEOREMS  RESPECTING  THE  LIMITS  OF 

INTEGRATION. 

2233  r ♦  W  da?  =  rV  (o — J?)  d^'        [Sub«titate  a-x. 

•/ft  •■  ft 

2231  JV  W  *p  =  2  j%  W 

or  ?^?ro,  according  as  ^(a?)  =  i^(a— a;)  for  ail  values  of  x 
between  0  and  a. 

8iaa;(2a;  =  2  l^&iuxiio;.  j  oob»cLb  =  0. 

If  ^(.r)  =  a;),  that  is,  if  ^(a;)  be  an  even  function 
(1401)  for  all  values  of  x  between  0  and  a. 

8886      ^jk  W  <te  =  <to  =  i       (*)  rfar. 

If  fp( r)  =  — that  is,  if  ^(a?)  be  an  odd  function 
for  ail  values  of  x  between  0  and  a. 

2238  J"  ^Wd*  =  -j^VW^i^  J"^^(a*)cir  =  0. 

Bz. —   I  , sill —  h sin ad0    and  p^sinailvsO. 

Given  a<e<b,  and  that  0=c  makes  ^(x)  infinite,  fihe 
value  of  i^(x)dx  may  be  investigated  by  putting  fi  =  0, 
after  integrating,  in  the  formula 

2240      r^(a?)<ii?  =  r"VW<««^+i*  iHaf)djp. 

If  the  function  ^(x)  changes  sip^n  on  becoming  infinite,  this 
expression,  when  fi  is  an  indefinitely  small  quantity,  is  called 
ihd  princijpal  value  of  the  integral. 

2  z 
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which  is  the  ?  -('yjaZ  r(7/Me.  Tf,  liowover,  ^  be  made  to  vanUb,  the  expres- 
sion takes  the  iudcurminate  forui  oc  —  xi . 


2241  Given  a<(^<6,  the  integral  ^  .  will  always  bo 
finite  in  value  while  n  is  lesB  than  unity. 

Proof. — Lot  ^  in  (2240)  be  taken  so  nonr  to  c  in  valoe  that  ip  (j-)  shall 
remain  finite  and  of  the  same  sij^'-n  for  all  values  of  x  comprised  between 
C^fi.    Then  the  part  of  the  iidegtul  in  which  the  fraction  becomes  intinite, 

and  whioh  is  omitted  in  (2240),  will  be  equal  to  |      — — multiplied  by 

a  constant  whoee  valne  lies  between  the  greatest  and  least  valnes  of  \p  (x) 

which  occur  between  \p  (e—fi)  and  ^{c  +  fi).  By  integration  it  appears  that 
the  last  integral  is  finite  in  valne  when  «  is  <  1. 

2242  f/W  «^  =  {b-o)f{a+e  (6-o)} , 


where  0  lies  between  0  and  1  in  value. 

The  equation  expresses  the  fact  that  the  area  in  (Fig.  1901),  bounded  by 
tlie  curve  y  =  /'(  r),  the  ordinates  /(a),  /(&),  and  the  base  6— a  is  equal  to 
the  rectangle  under  h  —  a  and  some  ordinate  Ijin^  in  value  between  the 

greatest  and  leaat  which  occur  in  passing  from  /(a)  to  J{h). 

If  ^{x)  does  not  change  sign  while  x  varies  from  x  =  a  to 
2243   f/(*)*(*)«ir=/{a+«(6-o)}  fVc*)***. 


2244    il  ^^'^'j  ~^      ^  s \  mmetrical  function  of  x  and  — , 

Js    \    X/  x        Jo   \    JC/  je 
PftOOF.^Separate  tlie  integral  into  two  parts  by  the  formula  |*=  |  ~^ 


and  substitute       in  the  last  iiitcj^ral. 
J- 


METHODS  OF  EVALUATING  DEFINITE  INTEGRALS. 


2245  Hulk  I. — Substitute  a  new  variable^  and  adjust  the 
limits  accordingly. 

For  ecrnmphs,  tee  numbers  2291,  2308,  2342,  2345,  2416,  2425,  2457, 
2500,  2605,  <kc. 
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2246  Rule  II. — Infetjrafc  by  Farts  (liiiOJ,  so  as  to  intro' 
duce  a  known  definite  iulcyral. 

Far  &tam}M  i^ce  numben  2263,  2290,  2430,  2453,  2465,  2484-5, 

2008-13,  -JG-io,  *fec. 


2247  Ri  III. — Differentiate  or  integrate  with  respect  to 
some  quanf  iti/  other  than  the  cariable  concerned  ;  if  a  knoirn 
integral  is  thus  oldaiued,  eralnafe  it,  and  then  rerersc  the 
operation  of  di  fere  n  fiat  ion  or  integration  before  performed 
with  resjx  et  to  the  secvndarij  variable. 

For  ej-amples,  see  numhers  2316-7,  23G4,  2391,  2417,  2421-4,  2426,  2428, 
2497  8,  2502  4,  2571,  2575-<s  25'.t|,  2»3oi,  -Jtjll,  2hI7-8,  2G32,  Ac. 


2248  KuLK  IV. — Substitute  inoiginanj  valnes  for  constants, 
and  thus  transform  the  expression  into  one  capable  of  inte- 
gratiun. 

For  erampUi,  tee  wmben  2430,  2494,  2577,  2594,  25J8,  2603,  2606, 
2615,  2641-2. 


2249  Rule  V. — Expand  the  function,  if  possiJAe,  in  a  finite 
or  cohveryin'j  series,  and  inieijrate  the  separate  terms. 

For  exami>Us,  mimh^rn  2305-7.  2402-3,  24ia-9,  2479,  2306,  2571, 
2593,  259b,  2614,  2620,  5i625,  262y,  2630-2,  2639. 

2250  RcLK  VI. — r^eeoiii j'ose  the  inteijnil  intr,  a  innnhcr  of 
partial  infeijrals,  and  clonnje  all  these  by  soinr  suhsl if nfloti 
into  intiijrals    having  the  sanie  limits.     Ihj  snunning  the 
resulting  series,  a  new  inteyral  is  obtained  which  niay  be  a 
known  one. 

For  esfomples,  $ee  uumbert  2341,  2356-61.  2572,  2638. 


2251  Rl'LE  VIL — Separate  the  fn  net  ion  to  be  Integra  ed 
into  two  factors,  and  rf/daee  one  tf  them  by  its  value  in  the 
form  of  a  definite  integral  taken  betn'een  constant  limits  with 
respect  to  some  new  variable.  The  double  integral  so  obtained 
mny  frequently  be  evaluated  by  changing  tl^  order  of  integral 
tion  as  explained  in  (22G1). 

For  examplet,  tee  wmbere  2507,  2510,  2573,  2619. 

2252  KiTLE  VIII. — Multiply  a  known  definite  integral  u-hieh 
is  discontinuous  between  certain  values  of  a  constant  which  it 
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contains,  by  some  funcfion  of  that  constant^  mch  that  the 
integral  of  the  2^^'odurt  irith  respect  to  the  cowttant  is  knovm, 
A  new  definite  integral  may  thm  be  obtained. 

For  euoMflm,  §e$  numiben  2518, 2522. 


Particnlar  artiBces  not  included  in  the  fongoillff  roIeB  are  employed  in 
2293,  230.\  2:^10,  2:^14-5,  2:517,  23^.7  0,  2404-15,  2422,  2429,  2456^  2495, 
2614,  2518,  25bo,  2000,  2t)26,  263.),  2037. 

Additional  formoln  for  integration  will  be  found  at  2700,  et  teq. 


DIFFERENTIATIOX  UXDER  THE  SIGN  OF 

INTEGRATION. 

Let  n  =  {  f(x)  dx,  where  a,  6,  and  /(j;)  are  independent 
of  each  other;  then 

2858     g=/(6)        a,.d       ^  =  -/(«). 

PROor^Let  u^f  (J)-^  (a). 

Thorefore    fi»s>'(5)  =/(5)      and         = a 

(6 
f{x,c)dx.     Then,  when  a  and  b  are  inde- 
pendent of  Ct 

2255      =  £  {/(o^.  c)}  ite     and    11^=  e)]^dt. 
Pmof.-  ^  =  I  fy o+A)i«-£/(iiv 0 <b I 

But  if  a  and  6  also  are  functions  of 

Proof.— The  complete  derivative  of  u  with  respect  to  c  will  now  be 
ttr+'*fc^c +  But  ttj  =/(6,  c;  aiid  M.  =  -/(a,  cj,  by  (2253-4). 
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INTEGRATION  BY  DIFFERENTIATINO  UNDBB  THE  SIGN  OF 

INTEGBATION. 

2258  El.  1.—  j»-«"<2«  -  j  i^)^dx  =      I  (j-'tlB  (2256) 

by  (l4Ait),  a  Aod  a  being  transpoMd. 

2259  Ex.  2.^  j«««»sinto<2a)s  tf^je^natocLv. 
The  last  integnl  la  given  in  (1999),  putting  n  sai  1. 

2260  Ex.  8  - 

INTEGRATION  UNDER  THE  SIGN  OF  IN TEGH ACTION. 

When  the  limits  are  constant, 

2261  ( "  rVC-^,  y)  djedy  =     I        y)  d^^c?*. 

That  is,  the  order  of  integration  maj  be  changed. 

But  an  exception  to  this  rule  occurs  when,  at  any  stage 
of  the  integration,  an  infinite  value  is  produced.  The  double 
integrals  above  will  not  then  have  the  same  value. 


APPEOXIMATB  INTBGBATION. 


BEELNOULLrS  SERIES. 


8362  ^J{a^)dx^  af{a)-^^f{a)+^r{a)^... 

PirAOF. — Iiitegmte  socoeauTel/  \ij  PaHfl,  jdi,  Jac^  &a    Or  change 

S\x)  iiiU)  /(x)  in  (1510). 

2263 

=  (&-«)/(«)+ <*i^V'(«)+7^r(«)+&«. 
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Proof.— Put  / (a)  for  y'  (a)  in  tho  expanaion  of  the  right  Bide  of  equation 
(19u2),  by  Taylor's  theorem  (loOU)  ;  viz., 

The  following  is  a  nearer  approximation  : — 
Let  (b—a)  =  nh,  where  n  is  an  integer ;  then 

8264  J/G«)  djc  =  h{lfib)+ 1  fit)  +fia +h)+...  +f{b -h) } 

{/(*)-/(«)} +^  {/"(4)-r(«)} 

-^Lr(6)-r(«)]+&c. 

Proof.— Expnncl  1)  -r-  («**•  —  !)  by  ordinary  dtTisioD,  and  also 

by  (15ol)j,  and  o[)e)  ute  upon  /(«)  with  each  resnlt ;  thoa,  after  multiplying 

by  /i,  we  obtain,  by  (1520), 

*      +/(«+*)  •*-/(»+2A) + ...      4-  ^r:^  A)} 

which  expression,  by  changing  x  into  a  and  z  +      into  6|  is  eqaivalent  to 

2265 

pEOor.—Aaenme  9sce**.  Then  »  is  equal  to  the  coefficient  of  - 
in  the  expansion  of  —log  f  1 — Thus 

Substitute  (7j.  for  ar,  and  therefore  <1j.e  for  c  in  tliis  equation,  and  operate 
with  it  upon  ^f{x+h)d9t  employing  (1520).  Finally,  write  /(x)  for  f\x), 
and  a  for  z. 

A  more  general  result,  obtained  in  the  same  way,  is 
8866         /(.«•)  «to  =  »A/(a-A)+»(n+2)-|-/'(a-2ft) 
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THE  INTEGRALS  B(/,m)  AND  r(«). 

EULER'S  FIRST  INTEGRAL  B  (/,  m). 

The  tliree  principal  forms  are — 

2280  I.    B(l,mj  =  £.i'-\l-a;)'"-'du'  =  h{m,l).  [Bjr(2233) 

2281  U.     B(/,w)=j"p^p^^  [Bjsubatitutmgj^^inL 

2288    m.  B(l,m)=rjj^^fIaf.[BjmL\mlAt^^ 

When  I  and  m  are  positive,  and  Hs  an  integer, 

1(1-1) 

2283  B  (/,  m)  =  i^. 

If  m  be  tlie  integer,  interclinnp^o  /  ;uid  m.  If  both  I  and 
m  are  integers,  the  forms  are  convertible. 

Pioop.— Integrate  (2280)  bj  parte,  thus, 

Repeat  this  step  snooessivelj. 

BULEJB'S  SECOND  INTEGRAL  T  {n), 
n  being  a  real  and  positive  quantity, 

2281       r(«)  =  f  %-'a«-^c^  =  f  (loglYW. 

Jo  Jo  \       X  f 

The  second  form  being  obtnincd  by  Rubstituting  e  '  in  the  first. 


2286         r(l)  =  l,  i^(2)  =  l. 

2288    r  (w  +  l)  =  nV(n)  =  n  (n— 1)  ...  («— r)  r(M-r). 
2290   r  (n+1)  = when  n  is  an  integer. 

Proof.— Parts,  |  6"x^~'dx  =^]^  +  \  |^e-'a5V». 

The  fraction  beoomea  aero  at  eaob  limit,  as  appears  by  (1580),  differenHaHng 
the  nnmerator  and  denominator,  -each  r  timea,  and  taidug  r  >». 
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2291  £e-'-ar-'da;  =        =  J]|x*^(logiy''ilir. 

Proof. — Sabstitoie  kx  in  the  first  iotegral,  &nd  so  redace  it  to  the  form 
(2284).  In  the  aeoond  intef^ral,  snbttitnte  'logo?)  redvdnir  it  to  the  former. 
When  »  is  an  integer,  ^2291)  mej  he  obteuied.  hf  differentiating  1 

timee  fbr  Jb  the  equation  |  e'^iles-^. 

When  fi  is  an  indefinitely  great  integer, 

2293  r (n)  =  ,  ^'i,^ 

Pboof.—  log-i  =  lim.  /I  (1-*^)  (1583).   Give  it  this  value  in  (2285), 
*  L 

nnd  then  snhetitate  y  s  si» ;  thna,  in  the  limit» 

r(n)  =/i»-'|'(l-ici)«-»«fe=/i"  j'/-'(l-y)-Vy.  Then,  by  (2283), 
changing  ^  finally  into  in  the  fraction. 

logr(I-Hn)  IN  ▲  CONVEBGING  SE&IES. 

2294  Let  n  be  <1,  fi  an  indefinitely  great  integ^,  and 

loprr(l+w). 

2295  =  (logf4-6'0«4-i^,»*-i^,iiHi5X-i'SX+&c. 


2296  =ilog-5^+(log^-S0n-iV'-i'i^.»*-&c. 

Bum  nW 

+  |'(l-«0+j'(l-S^+&o. 
2298     =  i  log       -i  log  ji^  +  42278«» 

Bin  fiw  1. 

—•0673oa0M'-  0073855»'-  0011927«'-  0002231m'- &0. 

■inoe  —  s  1,  when  M SCO.  Whenoe 

iogr(i+»)  =  «Z;*-i(i-i.,0-i(i+-|)-i(i+|-)-...-i 
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Developing  the  logarithms  by  (155),  the  series  (2295)  is  obtained.  The  next 
■eries  is  deduced  firom  this  hj  snbetitnting 

S|»'+iSX+i'^<»''"  +  i'V+Ae.  =  lognw— log  nnnie, 

a  remit  obtained  from  (815)  by  patting  Ossnw  and  expanding  the  logarithms 
bj  (156). 

The  aeries  (2297)  is  dednoed  from  the  preceding  by  adding  the  ezpressioii 
0  =  -ilogfi^+n+^  +  ^+Ac..  from  (167). 

2305  B(/..)  =  M^. 

PfiOOF. — Perform  the  integrations  in  the  doable  integral 

first  for  X,  by  formula  (2201),  and  then  fori/,  by  (2281),  and  the  result  is 
B  (/,  m)  r  (i-^m).  Again  perform  the  integration,  fifst  for  by  (2291),  and 
theresnltis  r(0  r(m),  by  (2284). 

Note, — The  double  integral  may  be  written  by  the  following  rule  : — 
Write  xj  /or  X  in  V  (/),  and  muU^ly  hy  the  /aeton  of  r(ii»+l).  We 


tlras  obtain 


Jo  J 


e  ■ (xyy-^  X'e''i^dx  dy, 


which  is  equivalent  to  the  inteofral  in  question. 


2306  B(/,  m)  B(/-i-m,n)  =  B(m,  n)  B(m+w,  /) 

s=B(fi,/)B(n+/,m) 

2307  ^miMm.  [By  (2305). 

2308  ^a^-' (a-a?)'^-'da;  =  o^^""^  B  (/,  m).   [SubBtitute  ^ 
lip  and  q  are  positive  integers,  p<qy  and  if  m= 

Aq 


smmir 


2309  ■            fmi  rf-*'  =  5— ^ 
8310  (1^*^=5-?  

Jo  1— 2q  tan  mn 

Proof.— (i.)  In  (2023)  put  /  =  2p  +  l,  n  =  2q,  and  take  the  value  of  the 
integral  between  the  limits  zLoo .  The  lirst  term  becomes  log  1=0}  tho 
ae<mid  gives  the  series 

—  ]  Bin  ^  +  sm  ^  +sm  ^  ^       —  i  =  — :  , 

q  L       2q  2q  Zq        )       q  sin  7rnr 

by  (800).    The  integral  required  is  one-half  of  this  result,  by  (2237). 

(iL)  (2310)  is  dedooed  in  a  similar  manner  from  (2021). 

3  A 
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mw* 


•  1-f.r         smmw  Jo  1— or  tani 

where     has  a  hi/  value  between  0  and  1. 

PBOor.'Bjr  sabstUnting      in  (2309-10).   AXao,  stooe  m  =  bj 

taking  the  intcgci'H  />  aiul  <jr  lar^e  enongli,  the  fi«ction  maj,  in  the  limits  be 
made  equal  to  any  qaantitj  whatever  lying  between  0  and  1  in  valoe. 

2313  r  (m)  r  (l  -m)  =  -r^,  m  being  <  1 . 

PaOOP.—Pttt  Z  +  m  =  1  in  the  two  vahu  s  of  B  (/,  m)  (2282)  and  (•2:^0i>)  j 

Nl  -  I 

'^djB  =  -r^,   by  (2311). 
0  1  -f-  2        Sin  mw 

2314  Cor.—  V{D  =  ^'n. 
The  following  is  an  iTi(!cpendent  proof: 

r(|)  =  [%-'x-*<to  =  2  fe-'iJy  =  2  re-»d!f. 

.  J  Jo  Jo 

Now  form  the  product  of  the  last  two  integrals,  and  change  the  variables  to 

r,  0  by  the  equations 

y  =  r  sir,  6  )  ^j^.^^^  .    ^^^^  ^  r7  (  /r) 

$  =  rcoat* )  »       \       /»    jr         J  ^^^^ 

Jo  .'o  J«  J* 

the  Uooits  for  r  and  d  being  obt.iined  from 

s 


«•«  ^(i)'-(l)'-(f)-  ''("-^-')=V'^-. 

pRoor. — ^rultiply  the  left  side  by  the  same  fiustors  In  reversed  order,  and 
apply  (2;>ia)  thus 


em—  sm  —  ...  sin^  

n        n  n 
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Proof. — Call  tlie  expression  on  the  left  <^(.r).  Change  ar  to  x-\-r,  where 
r  is  niiy  intofjer,  and  chunpe  each  Gumma  function  by  the  formula 
T(x  +  r)'=  x^"'  r(x)  (2288).  The  result  after  reduction  ih  <^(x).  Hence 
f{s)  ss  f  («+r),  however  grmt  r  may  be.   Therefore  ^  («)  is  %udependent  of 

9.  Bat,  when  ^^—^  f*(')  takes  the  valne  in  qaestion  by  (2816).  There- 
fore ^  (x)  always  has  t  hat  value. 

The  formula  may  txUo  be  obtained  by  means  of  (22Q4). 


NUMERICAL  CALCULATION  OF  r{x), 

2317   All  values  of  r(,7')  may  be  found  in  terms  of  values 

hfin^r  })et\veen  r(0)  and  r(D. 

Wlu  ii  J'  is  >  J,  formula  (2289)  reduces  r(j')  to  the  value 
in  which  x  is  <  1 ;  and  when  x  lies  between  1  and  J,  formula 
(2813)  reduces  the  function  to  the  value  in  which  x  lies 
between  0  and  i» 

Values  of  T{x),  when  x  lies  between  0  and  1,  can  also  be 
made  to  depend  upon  values  in  which  x  lies  between  ^  and 
by  the  formulaB,  z  ^  v 

r(— ) 

8818  r(^)=2»-«'v^ir-I^,  r(ar)  =  ^  ^  ^ 


Pboof.— To  obtain  (^^IS),  make  n  =  2  in  (2316).  To  obtain  (2319), 
put  i»=|(l+.r)  in  C>31i)),  and  change  »  into  ^0  in  (2318),  and  then 

eliuinate  r 


Methods  of  emjtloyintj  thf  formulas — 
2320    (i  )  When  X  lies  between  f  and  1,  reduce  r{x)  to 

8321  (ii  )  When  x  lies  between  i  and  f ,  reduce  by  (2319), 
the  Hmits  on  the  right  of  which  will  then  be  J  and  J. 

2322  (iii.)  When  x  lie.s  between  0  an,]  J,  reduce  by  {2^\S) ; 
^(2  +  ')  will  then  involve  the  limits  ^  and  and  will  be 
reducible  by  case  (ii.) 

If  2a;  is  reduce  T(2x)  by  (2318),  writing  2x  for  x.  If 
this  gives  4x<^t  reduce  again  by  the  same  formula,  writing 
^  for  X,  and  so  on. 
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2323  The  figure  exhibits  ibe 
Guire  whose  equation  in  rect- 
angular coordinates  is  y=:T{x), 
Let  the  unit  abscissa  he  0A  = 
ABssl.  Then  the  ordinates 
AD,  BO  are  also  each  =  1  by 
(2286-7). 

The  minimum  value  of  r(a}) 
isapproximatelyO'85560  S  2  ,cor- 
responding  to  a?  =  1  -ir.!  . 

Tbe  values  of  logr(a!)  in 
the  table  at  page  30  correspond 
to  ordinates  taken  between 
AD  =  r(l)  and  -B0=r(2). 


INTEGRATION  OF  ALGEBRAIC  FORMS. 


FBOor.~Add  iogeiher  (2281)  and  (2282).  Separate  the  TCmltang  ixu 
tegral  into     +  J*«  at^ii  bub^titute       iu  thu  last  part. 


2313       J/''~'(^ -J"")— =  [SubrtitBte 

2344  r^-^!;^^^ 

The  integral  is  also  equivalent  to 

2  I  7 — .  .A  .  ,  ■  -  aft  and  similarly  in  other  cases. 
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Peoof.— Diflfereutiato  (2345)        1  times  for  a.  (2255) 


2847  1  Jj-^,d^^Cim,n)^r^.  m<l. 

Fboop. — Sabstitnte  «  s  ay  in  (2811),  and  tben  differentuite  n  times  for  a. 

where  m  and  n  are  a«//  positive  quantities,  and  m  is  <  ??. 
Proof. — Change  m  into      in  (2811-2),  and  then  gabBtitate  «». 

Wiien  ?i  is  positive  and  greater  tlian  unity, 

2350     I  .  .  _^  =  —  cosec— .         1  = — -s  =  —  cot—. 
J»  n        n         Jo  1— jj*     n  It 

Pkoof. — Substitute  x""  in  (2311-2)  and  change  m  into  — . 

^^^^     Jo  y/T^a^  ^  «  cosec—,  ^COL-j-^  ~  »  * 

PBOOr.— Snbetitate  in  (2350), and  in  (2351). 

When  7/^  lies  between  0  and  1, 

Pkoof. — Make  n  =  2  and  write  m  +  1  for  m  in  (2348-9). 


2356  r£::^-d;.=-^.  r£rl=£L"A.= 

Jo     i+of  &mmv   Jo     1— «]? 


TT 


iaumir' 

where  m  lies  hetween  0  and  1. 

Proof. — Separate  (2311-2)  each  into  two  integrals  by  tbe  formula 
|*  =  I  *^  I  *       aabstitate      in  the  last  integraL 

Othcrwiiiy,  in  (20ul)  substitute  e~",  and  ciuuuge  a  into  na—^K, 
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Pboof.— From  (2354^)  by  the  method  of  (2356). 

2360  f  «tr  =  I  coseci^. 

2361  1  — =  z — iir  =  — cot — 

Jo        1— tl  ft 

Proof. — In  the  same  way,  from  (2348-9). 

2362  1  '  —  dx^  -  sec—. 


inir 


Phoof.— In  (2601)  8nl>^titute  e  »*  and  pnt  o  =  In  (2o95)  snUti- 
tnte  6~  "  and  pot  a  = 

n 

23M         f,  =         ra.  « l»i»g  «» integer. 

r 


PiEOOF.  —  By  Bucccssive  rednclion  by  (2002),  or  by  difiercntiating 
=  ^  M— 1  times  with  respect  to  a*.  (2255) 


J.'(&-iS)'^  = 

Pboof.'— The  Talae  when  a  =  I  is  log  n.   The  diflbrenoe,  when  the  valne 

which,  by  sabfltitating^E"  in  the  second  inte^pral.  is  seen  to  be  aero. 

F{x)  being  any  integral  polynomial, 

I         ,         =  Av,  where  A  is  equal  to  the  constant 
term  in  the  product  of  F(x)  and  the  expansion  ^  ( ^ )  * 
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PsooF. — "By  Bncoeasive  reduction  by  (2058),  wo  know  tliat 

f^,  =  ?W^(»-«'H^(^,  (1). 

w1i«re  ^  (x)  is  some  integral  polynominl  and  ^  is  a  constant.    Therefore  the 

isM  g^rat  in  qaestion  =  Aw*    To  determine  A  write  the  last  eqnatioQ  thus, 

(^^(;-i,)-'^-^*(.)(.-J,)-V.fA(i-J,)  ^ 

F\-;>and  each  biTi'  iri  il ;  perform  the  integrations  and  eqaate  the  coefi^cients 
ot  liie  two  lugantiiutic  terms  iu  the  result. 

J*(.r)  being  ;ni  integral  polynomial  of  a  degree  less  than  », 

But  ^  ^'^^  =  f  (x,  c)  4-  where  /  is  of  a  dimension  lower  than  n — 1 

(•ii2I)y  and  therefore  'i      ,  /     c)  =  0.    Hence  the  integral  on  the  right 


INTEGRATION  OF  LOGARITHMIC  AND 
EXPONENTIAL  FORMS. 

8391  JViog.^=^.    rnS  =  ^-«(i^+^)- 

Pkoof.  —  These  are  cases  of  (2292).  Otherwise;  to  ol)tnin  the  first 
intei^ral  diQerentiate,  and  to  obtain  tho  second   integrate,  the  Ci^uatioa 

^"dx  = with  reepect  to p  (2265 and  2201). 

8393        J  V(log*)»d*  =  (-1)" 

Pkoof. — See  (12292).  Otherwise,  when  n  is  either  a  positive  or  negative 
integer,  the  value  raaj  be  obtained,  as  in  (2391),  bj  performing  tho  ditfer- 
entiation  or  integration  there  described,  n  timea  snooesBivelj,  and  employ  ing 
formnln  (2106),  and  (2168)  in  the  case  of  integvation. 

2394  r^=^^dr  =  log^.  [By  (2392). 

Jt  iogx  q+l 
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2395  r (■o|r.r)'- ^^.^ =  '^^ 
Jo     1— J?  «  J»  e'— 1 

'^^^   Jo     14-^  2n  Jo  e'+l 

Pboof. — Expand  by  dividing  by         and  integrate  by  (2393)  j  thoft 

Tlie  first  series  is  summed  in  {\h\'>).  The  ditft'rencc  of  the  two  series  mnl- 
tiplied  by      ' '  is  e4uui  to  the  tirst ;  this  gives  the  value  of  the  secoud  series. 

2399 

Proof. — As  in  (2305-7),  making  n  =  1. 

The  series  (230U)  may  also  be  summed  by  equating  the  coefficients  of  Q* 
in  (764)  and  (815). 

Pboof.— The  integral  is  half  the  sum  of  those  in  (23D9,  2400). 

Jo       a  12       Jo  4?    ®1— d?  4 

Pr0O7. — Ex^nd  the  logaritbnw  hj  (155)  and  (157)  and  integrate  the 
terms.   The  aeries  in  (2400-1)  are  reprodnced. 

2404   Let        r'log(l-^)  ^  ^  being  <  1^ 

Jo  «i? 

Sabetitate  I— •  =s  y ;  therefore,  writing  I  for  log, 

^   J...1-!/    Joi-y   Jo  i-i 


The  second  integral  by  (2399),  and  the  third  by  Parts,  make  the  right  sida 
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8405      *(a)+*(l-a)  =  log«log(l-a)-iii». 

AgaiD,    f»  {x)  =  I'  ^  ^^~^)  djB,      (by  2268)  f  (a)  «  (i.)  ; 


Fnt     -  for  »\  iben 

2406       *(-*)+*(l-^)  =  t{log(l+*)}'. 

^  f(.)=-j;(i+f+f+^+4c.) 

H«oe   t (»)+♦(-*)  =--|-(»'+^  +  ^ +40.) -i-t  (A 
SBnuiiate  ^  (— ;e)  b;  (2406) ;  Omt 

Let     ^  =  fl^,  and  iherafora  »  = + -i.  ^Ss/S  aay, 
by  (2407),  jtm-t  (/3)  =  -i  (l+^)i«, 

or  f  ^(l-/3)-^G3)  =  i(//3)«;  [v/?  =  l-/3and  l+/3=-ii 
•nd  by  (2406)  f  (1-^ +f  (/})  =  2  (Ifi)*^ 

f  W  =  W-^**  iwd  f  (1-/3)  =  (//3)»- that  is, 


2410  Lefc  a  be  >  1,  thea  ^  (a)  contains  imaginary  elements^  but  its 
▼aloe  is  determinate*   We  hare 

SB 
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the  integration  by  23&9,  and  Z  (  - 1)  =  «  by  (2214).   The  last  integral 
.  ^a.  p         (1  - 1 )  ]      =  i;  ,  (1-1)  f . 

Sabetitute  —  b  y  in  the  last  ini^gnl,  and  it  beoomes 

Hence,  when  a  is  >1, 

2411    ^(a)+^  (t)  =  "  T 

If  a =2,  this  result  becomes,  by  employing  (2405), 


2413   Let  VW=£ilogJ-±£«tr. 

8414  =  il»8--  log  1^1 

The  oooBtant  TanisheB,  by  (2403)  and  (2401),  putting  «  s  1. 


I«t  *a=         and  Umfonas  V^— 1;  then,  by  (2414), 

PBOor.~SabBtitate  f  =  taa~^«i  then,  by  (2238), 

^/i^fio?^  differentiating  or  intc^ting  the  equations  (2341) 
to  (2363)  with  respeet  to  the  index  m,  the  integrals  of  f unc- 
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tions  involving  logx  are  produced  ;  tliiis,  from  (^'^oG),  by 
integrating  for  m  between  the  limits  ^  and  m,  we  have 

Otherwise,  this  result  may  be  arrived  at  by  forming  the  expansion  of  the 
fraction  in  powers  of  x,  and  integntiDg  the  terms  by  (2392) ;  the  rednotion 
is  then  effected  by  815-6. 

In  a  nmOar  muuier,  we  obtain  the  more  general  formula 

04.10    r  (^"'— da?  _  ,     m  n+p  w-f  2;i  n+3fi 

Jo    (l+ci  ')loga?         ^  n  m+p  n  +  2p  fn-^iij)  '" 

84S0  f '         T""'     =  togtan 

Jo  (l+.t"Jlog^  ®  2n 

FBOOY^p-Integrate  (23G0)  for  m  from  2»  to  «fk 

=  (;)+l)log(;>-l-l)-(r+l)log(r+l)  +  (r-i>){l+log(</4-l)} 
p£00?. — Inc^;rate  (2394)  for  j>  between  the  limits  r  and|i. 

2422  j--(y-r)a^+(r-y+(p-y)^^ 

=  log  {(;,+  l)(»+'><f-1(v+l)<«*««^»>{''+l)*'*"*'^}- 

Pboof. — Write  (2421)  symmetncally  for  r,  ^  ;  2  and  q,  r.  Multiply 
ifae  three  equations,  respeotively,  by  ^,  r,     and  add,  rednoing  the  result  by 

Proof.— Diilurcutiate  fur  a,  and  resolve  into  two  fractions.  Effect  the 
integration  for  at,  and  integrate  finally  with  respect  to  a. 

8484 

f,o,(,+S),.«(,+|)f  =  ^(l+i)..^.+i)-&. 

Paoor. — ^In  (2423)  put  a  s  1,  and  substitute        yi  multiply  up  by  6, 

and  integrate  for  h  between  limits  0  and  — ,  and  in^tho  result  substitute  by. 
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8488  p-V-c/.^^-^^-^);.-^^. 

Paoop.— SubsLitate  /w'.  Otherwise,  differentiate  the  preceding  equation 
» tunes  for 


 —  dx  =  log  a-log  6. 

PaooF^KWdng  »  s  1  in  (2291),  fe-^Ai  s  -L.    Integnte  ihii  for  a 

Jo 

belweeii  limits  h  and  a  to  obtain  (2427)  ;  and  integrate  that  equation  for  6 
between  limits  h  and  o  to  olitain  (2428). 


PlK)OF.->Hake  e  s  a  in  (2428). 

Of Aenrae.— Integmting  the  first  term  by  Parts,  the  whole  redoces  to 
The  indeterminate  fraotion  Is  erahiated  by  (1580)  and  the  integral  by  (2427). 

=  \  {aH.W-4«6+2i*(loga-log6)j. 
Psoor.—Bj  two  snccessiTe  intc^ratioDs  hgr  Parts,.  J«*'ia^  ^ 


8nbstitate  these  valnes,  and  raako  e  =  0.  The  vanishing  fractions  are  found 
bjr  (1580),  and  the  one  resnliing  integral  is  that  in  (2427). 

In  a  similar  manner  the  valne  of  the  snlgoined  integiml  may  be  (bond. 
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INTEGRATION  OF  CIRCULAR  FORMS. 

Notation. — ^Let  aj*'  signify  the  oontinued  product  of  n 
factors  in  arithmetical  progressioo,  the  first  of  which  is  a,  and 
the  common  difference  of  which  is  b,  so  that 

2451  a':'  =  a(a-^b)ia-{-2b)  ... 
Similarly^  let 

2452  a?J  =  a(a-6)(a-25)  .  .  {a-(n-l)ft}. 

These  may  be  read,  respectively,  "a  to  n  factors,  differ* 

cnce  b";  "a  to  n  factors,  diffrrencr  minus  b.'* 

2453  r%ui«  ofdof  =  iHi  P'sin-*  orcir. 
Jt  n  Jo 

pBOOr. — By  (2048)  ;  applying  Rule  VI.,  we  have,  by  division, 

and  by  Parte,    ^Bm'-*x<x»*xd»  ss^^*^^^' + 

8m"''a»  cos'fBcZs  =  r  I  am"  xdx. 

9  n-ljo 

The  snlMtltaiioii  of  this  valiie  in  the  firat  equation  produces  ibe  foramla. 

If  n  be  an  integer,  wnth  the  notation  of  (2451), 

^  8in«-*»^di  =  ^   and        Bin^-d^ito  =  ^  f 
Pkoop. — ^Bj  repeated  application  of  formula  (21 

Wallis^a  Formula. — If  m  be  any  positive  integer,  we  have 
»4B6         2mj^j  >|->(2m-l)j^j. 
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And  since  the  ratio  of  these  limits  to  each  otlier  constantly 
approaches  unity  as  increaistis,  the  value  of  either  of  tkem 
when  m  is  infinite  is  Jtt. 

Ex.— Wifch  ms4^      lies  ia  magnitade  bet  ween 

and 


Pboof. — Pat  2m  sn,  then 

I  aiu'*~^xdx.      1   8iu''x(ia;,      and    I   sia*'^  xdx 

}•  u  »  u 

are  in  defloending  order  of  magnitude;  the  first  and  second  because  sinar  is 
<  1  ;  (he  seoood  and  third  by  (2453) ;  then  sabntitate  the  fiftotorial  Taloea  bj 

(2454-0). 

2tf  7   |^*'tan*"-*  ^d^  =  o^^^'     C^"**-  • = t«»*f  in  (2811). 

2458  fam"       =  2  f  ^'sin-^iir.         [By  (2234). 

2459  1  sin^cc  cos''  j.  (Lv  =  2  P  sin*  a?  Qoa?^jcdje  or  zero, 
according  as  J9  is  an  eyen  or  odd  integer.  [By  (2234). 

sin-a?  cos"  xdv  =1  sin^o?  cos"  a:du\       [By  (2233). 

Let  either  of  the  integers  n  and  in  (2461),  be  odd,  ai^ 
the  other  either  odd  or  eyen;  thus,  let  n  be  odd  and 
=  2m+J»  then 

2463  J^^'sin^-^^o?  cos"  a;(Lv  =  ^^^^'jt.^^.  (2451) 

PttOOF. — Trunspoaing  the  indices  by  (-4Glj,  we  have,  by  Parts  (2067), 
f*'siii»«csoa«—»«dir  =  ^  f^'ain*-**  ooa^-^^djs, 

Jo  /'+lJo 

Hv  re  peating  the  redaction,  the  integral  finailj-  arrived  at  is 

2464  l^nvl^'^xcosxth  =  . 
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If  both  the  indices  are  even,  then 
2465  siu-a.  cos-" ..rfa-  =  ^  | 


(24rii) 


Proof 
the  Talae 


. —  lloduce  by  Parts  as  before.  The  tiual  iutcgrai  is  I  8iu''"'*'a;</x, 
of  wliich  is  given  at  (24-55). 


2466  Sliuuld  cither  of  the  indices  be  a  negative  integer,  the 
value  of  the  integral  is  iiiQnito,  as  the  foregoing  reduction 
shows,  for  the  factor  zero  will  then  occur  somewhere  in  the 
denominator. 

8467      \  sintup  fanpjpdjp  =  I  eosnaet»spa?d»  =  0, 
when  n  and  p  are  unequal  integers. 

2469  I  sin  ittr  cos  pa:(Lv  =  ^  i  or  zero, 

Jo  n  "^pr 

according  as  the  difference  of  the  integers  n  and  p  is  (nld  or 
even.  [By  (lU/3-5). 

2470  ^^^^  nxdx    J]'*^®®*  nxdx^  iw, 
when  n  is  an  integer. 

Pkoop. — Express  in  terms  of  cos  2naj,  and  then  integrate. 

r/»4»  /•!  2=1 

Jo  Jo 


The  following  four  integrals  (2473-9)  all  vanish  for  in- 
tegral values  of  n  and  p  excepting  in  the  cases  here  specified. 

2474  f  siii'''^  siniM;rf^  =  (-l/^'c^i^.i^)^, 

when  p  and  n  are  hoik  odd,  and  n  is  not  greater  than  p. 

2475  But  if  I?  be  ei^ent  and  n       the  value  is 
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2476      £'8in''^'  coSfM'cli  =  (-l)"c(p,£^)^, 
when  p  and  n  are  loth  even,  and  n  is  not  greater  than  p. 
8477   But  Hp  he  odd  and  n  even,  the  value  is 
(_l/^'JL,J-e  C(p.l)(p-2)  ■  C(p.2)(p-4) 

...(-i)H-'f{p.^i(P-i)}j.: 

2478         J^cos'  ^  cos  «.i  <ir  =  C  (p,  ^, 

when  ;  and  n  are  atlier  iott  odd  or  5oift  ewn,  and  n  is  nofc 
greater  tliaajt. 

I  -  - 

8479  I  cos^fls  mnnxdat  when         is  odd,  takes  the  value 

the  last  term  within  the  brackets  being 

^(p*^~2~)  ^^611  J>  ^  odi  and  2")  ^li^i^  1>  is  ^''^^ 
 i — i —        n  event  or   s —     and  n  odd, 

Pr  n  (For  2174  to2479.)-~£xiN»d  faj  (772^),  and  apply  (2467-2470) 
to  the  separate  terms. 

GoBOLLAioss. — n  being  any  integer, 

8480  J  cos'tTCOsna^dx  = \  cos>*jpeQsnjpdx=^^^. 

2482  jJffln*»«cos2iM?ite  =  (-l)*^, 

f'sin^^^o?  8in(2M+l)  o^da- = 

•.0  46 

oos*«r  cos  iMfifv  =  — r-  \  corf'"**^?  cos  lupdop. 
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8485 

f  cos^arsiniMydu?  =  ^^^^^4^  \  co&^'^jc  smtu; da:  7^^. 

Jo  p'—n*  Jo  jr^n* 

Proof. — (For  either  formala)  By  Parts,  j  cosxdxi  and  the  new  integ^ 
of  highest  dimenwona  in  eoea^  bjr  Partn,  jG08P*'«nii«d(B. 

r*'  1 

2486  I  cos"  ^jcoosnjcdjc^O.  I  eos*~*a  sin  nadjf^  r. 

Jo  Jo  n— -1 

Psoor.— Make  p==u  ia  (24S4-5). 
When  i  is  a  positive  integer, 

2488  J*  eos"-^.i'  cosiu  (/vr  =  0, 

2489  f 'cos-***^  cosna;dx  = 

Proof. — The  first,  by  patting  »  =  n— 2,  n— 4,  ...  n~2k  Buccessivoly  in 
(2484)  and  employing  (:i-t8»>).  The  aeoond,  by  putting  |>«=h  +  2,  n+4, 
...  anooeesiFelj  and  eni|iloying  (2481). 

Wlien  kismt  an  integer, 

2490  cos"-".r  COS nadv  =  2-  ""^^  8in^i;(/i-2^+l,  A). 
•.'0 

Pkoof.— In  (270G)  f,.ke  f(ny=  a*  **,  and  transform  by  (706).  The  oo- 
efficient  of  t  vanishes  by  (22J9),  aud  the  limits  are  changed  by  (2237). 


2491        cos"^  sin  n.t  d.v  =  A.  (^2+  |  4.  ^  + ...  + 

Psoof.'Bjr  snooeBsive  radnotion  by  (1070),  making  msn,  and  the 
intend  definite. 

8492  When  j;  and  n  are  integers,  one  odd  and  the  other  even, 
,  Jo  {^^P)t         (      With  2>  even. 

.  PSOOF.— Bednoe  socoossively  by  (2484).  The  final  integral,  according  as 
p  is  odd  or  even,  will  be 

I    coszcosYUOais — -j-=-i;  r-  or  |    coBnxdx^  ■ —  =  - — ~  , 

Jo                         X— IT        I*— »         Jo  n  A 

3o 
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2493    I  cos^a*  cos  wa  t/x  = -~  I  sin^'x  cos^'^xda:, 

where  n  and  jp  are  any  integers  whatever  such  that  j> — n 
is  >  0. 

PrOOP.— Wbeop— «»  is  odd,  each  integnl  misbes,  hj  (2478)  uid(2459). 
When  p-n  Is  eren,  let  it  sSi;  (hen,  faj  (2488)» 


COS     zcoBfusuj;  =  —   =  ■  •  — — =  


Bat  »+2lsj>,  and  by  (2234)  the  limit  nwj  be  doubled.  Henoe  theieenli. 

24M  f'jrco6»-«jr8miijrd;r=:^^T 

Jo  2  (n— 1) 

"Proof.— Tn  (2707),  put  ir=  I  at  d  ffx)  -  Give  -  '"^  its  value  from 

(766).  The  iinugiuarjr  term  in  the  reHult  vauisbes,  and  tbe  limits  are  cbanged, 
by  (22  J7).    Finally,  write  x  instead  of  tf. 

2495 

j^/"(co«j?)8m**a?iir=  1.3...  (2ii— l)J/(co8a')oo8iMr<|jr. 

Fboop.— Let  %  =  ooea.  Bj  (1471),  we  have 

d  n-s  ,(l~z»)-*=  (-l)-'.1.3  ...  (2ii-l)2i2J!?  (i.) 

Also,  by  integruting  «  times  by  Parts, 
j'  /*(»)(l-««)-*rfs  =  (-1)«|'  /(»)<!„ (l-»^-*dii 

=  -1.8 ...  (2»- i )  j'  /(a) «i.(^)<fa.  by  (i.) 
Then  snbstitnte  ssooe«. 

Otft«rw£i«.--Iiet  /(«)  =  ^o  +  ''<jZ  +  ^V+ Ac.  = 

.-.  t{z)  =  2;^  (J.-1)  ...  (j^-u-t-l)^.*-, 

|/(coe«)  ooenosde  as      |  ooe^c oosnedb 

8496  f  _;_5__^  =  JL.  (198S) 
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2497 

f  ^          cos-  .rdr                ir    ^                ,     ,  ^ 
J»  (a*  COS*  0^+6*  Sin- 0?)*  40^6 

8488 

r*'        sin*  a?  ifr  IT 

1   3  ,  ,..  ■   .  ■  =           [Differentiate  (2496)  for  6. 

Jo  {a- itos"  .v+o- am  u  j-  hub 

8499 

r/.r              _   ^  /  1       1  \ 
J.  (a-  cos^*        sin '  xf  ~  4a6  V  a'     /> '  / 

[Add  together  (•:497-8) 

8800 

Jo  (a*co8*a?+6^8iiiSr)*~  lUa(»W  '  a*/"^  6V' 

2501 

(II*  cos' ^+6*  sin*  xy  "  a2a6 1  a'»"*'a       «  6*  AV* 

(2500)  and  (2501)  are  obtained  hy  repeating  apon  (241.>1>)  the  operations 
by  which  that  inte^^  was  ithdf  obtaiaed  from  (2496). 

2502 

Paoor. — ^Denote  Uie  integral  hy  u. 


Pi:o(iF— Differentiate  for  a.  Integrate  for*  by  partial  fractiona,  and 
then  iutegratti  for  a. 

2504  f  *«-*f  t«.-.^  $  =  1 ,0, [(,  +  A)!. j. 

Psoor.— IVom  (2d03)  we  obtain 

tnn-'a'    .  _  _»  log(H-o) 

Integrata  for  a  between  limits  4       ^  >  and  in  the  resnlt  snbstitate  hx. 
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Jo  *V  AO 

Pitoor. — Applying  (2700),  f  (0)  here  vamshes.    Also,  by  Parts,  we  have 


stnoe  h»  is  infinite  mm!  therefore  tan''  {hx)  =  '^^^V  element  of  the 
intepvl.   Henoe  the  raqnired  value  is 


Pboof.— (i.)  Substitttte  and  tbo  integral  is  reprodnoed,  and  it 

Ihns  shown  to  be 

«  »  f'  dW  =  -  |.  (tan- '  006  ir-tan-»  eosO)  =  ~. 

(ii.)  Otlierwisc,  expand  bj  dividing  by  the  denominator,  and  integrate 
each  ttrm  ot  the  resalt  by  Parts.    Employing  (2478)  we  obtain  the  seriee 

,        |.  +  1.  - 1        ...)  =  ^.  [By  (2945). 

"PtOor.-^Bj  the  method  of  (2231),  potting 

omes 

2  |'jVn'ooB»dbiy=-^p[%-*-^ooe«<^ds  (2261) 
The  second  integral  is  obtained  in  a  similar  manner. 

PttOOf Sabstibate  y',  and  (2507-8)  are  prodooed. 


the  integral  beoomes 
2 
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When  n  and  p  are  integers, 

2510  r?!^<te  =        1  ^  f  fV-^e—  8m"a?</«<iir. 

Jo     d"^  1 .2  ...  (p  —  l)  Jo  Jo 

The  integration  for  x  in  the  double  integral  is  given  in 
(26US-0),  and  the  original  integral  is  thus  reduced  to  the 
integral  of  a  rational  fraction. 

Ffeoop.— Bj  the  method  of  (2851),  patting 

2511  r^tU  =  2r-^.=  *  [B,  (2510). 

Jo    or  Jo  z--{-4i  2 

2512  r2i£dx=6r_^_= " 

2513  rcoByr-co,p>^^  ^  £^ 

Pkoop. — By  (2700).  Transforming  the  namerator  bj  (673),  and  patting 
i  (i^  +  S)  =      ^  =  ^>  becomes 

2615        £  do.  =  ^  (p-j). 

Proof. — Integrate  (2572)  for  r  between  the  limits  |)  and 

If  a  and  b  are  positive  quantities* 

2516   J  ^    "2  ' 

accordmg  as  a  is  >  or  <  5. 

PsooF.— Change  by  (666),  and  emploj  (2572). 

ociQ  f*sinw8in&r  ^  tra  ir6 

Jt   P  T  "2* 

according  as  a  or  6  is  the  least  of  the  two  numbers. 
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Psoor. — From  (2015),  cxactlj  as  in  (2513). 

Otberwue*  m  aa  illoiitraiaoa  of  the  metbod  in  (2252),  as  foUomi.  De- 
noting  the  integral  in  (2516)  bj  «» we  have,  (i)  when  6  ia  >  Oi 

thatia.       f  =  "T"       ^  =  £  ^'  (2261) 

(ii.)  Wlien  5  ia  <  a,   |'uc«»  =  j  =^ 

If  a  is  a  positiye  quantity, 

2580         £«!!:f^2i£frfr=-(2-a)  opO.  . 

according^  as  a  is  or  is  not  less  iban  2. 

Proof. —  sin'  x  cos  nx  —  ^  gin  x  {sin  (1  +  «)  Z4-  sin  (l—a)  x  \  \ 
and  the  result  then  follows  from  (2518),  the  value  of  the  intt^ral  being  ia 
tbetwocasea    ^-^  =  0    and    ^-^(a-l)  =  ^(2-o). 

according  as  a  is  >  or  <  2. 

Paoor. — Denote  the  integral  in  (2520)  by  u ;  then,  wben  a  ia  >  2,  tbo 
pieaent  integral  ia  eqnal  to 

j^tttZa  =  £  ^  (2 -a)  <ia+ 1" 0  f/a  =  ~. 
And,  wbena  is  <  2,    [  uda  =  [  ^  (2— a)  da  —  — 
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2671  r.-"sinnr^^^„r 

Jo        a)  a 

PaoOF.— Differentiate  for  r,  and  integrate  by  (^oSl). 

—  Evpnn  1  sin  rx  by  (764),  and  integrate  the  terms  by  (2291), 

Gregory's  horios  is  tho  result. 
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Proof. — (i.)  By  making  a  =  0  in  (2571). 

(ii.)  Oiherwi$e.  By  the  metbod  of  (2250).  Fint,  obwmng  iSbat  tiis  uip 
tegnil  is  independent  of  r,  which  may  be  proved  by  eobelitnting     let  r  s  1, 

Then        f5L°?d»  =  p5^frf,+£'5i£fj,+£!2i!db+4o. 
Kow,  n  being  an  integer,  the  general  term  is  either 

=  I  I'sin y  tan-|  dy  (2913)  =  j'sin*  |- <iy  = 
AKno         r*  COS  r.r,       IT  r*rcoStr  . 

2S'3     J.  rR'^=T''  =i  tt:?'*'- 

PiOOF.-(i.)  By  (2251),  putting  ^-1^  =  2  (2291), 
the  integral  takes  the  furm 

=  v^«r|%  ''"^iy  (2614)  =  ^Y^(2604). 

(u.)  Menm.   By  the  method  of  (2252),  patting  «  =  |*  stn  aj-^coR/za. 
it  foibms  from  (2516)  that 

Therefore  ^a'^  =     |*  !UL«^^  e'Vad*  =  j^'|2^t/«,    by  (2583). 

PbooTw— For  (2575)  differentiate,  and  for  (2576)  iniograte  eqnation 
(2573)  with  respect  to  n 
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2577    re-"^-*±(6a)  da;  =  ySil^  ±(«taii-'lY 

Pioor.— Bj  (2291),     |%-*'»-'da8  = 
Pat  k  =  a-\- ib,  and  a  =  r cos 6,  6  =  r sin ^ ;  thas 

by  (757).  Substitute  on  tlic  left  side  for  e"'*'  from  (767),  and  eqiMie  raal 
and  iraagioary  parts.    Otherwise,  as  ia  (2250). 

2579  p-'t(^)''-^^^a¥> 

Proof.— Ukka  aaO  in  (2577). 

^    '     C08\  2  / 
Pioor.— Pa(  II  s  1— w  in  (2579),  aad  employ 

r»r(i-»)  = 


smnr  ainmr 


8583       e-«' sin  fcriir  =  e-'cosfio^dj?  =  j-j-p. 

pi;ooF.— Mako  n  =  1  in  (2577-8). 

OtJarwisc. — Diicctl}-  fiom  (1009),  pntting  «  =  1,  and  —a  for  a. 

2585  f\o.^-'-^0ua-^0^^ip0,de^'S£^ 

where  w  is  a  positive  integer  >  1. 

pBOOr.— In  (2577),  pat  tan^'i  =     fhna,  writing  p  for  n, 

a 

j^«-«a5>-»8in  5«<f«  as         con^^  Kiaj)9. 

Haltiply  ibia  equation  bj  6"'V5  s  of  tan"'*!!  see  6(20. 

and  integrate  from  &  =  0  to  oo ,  by  (2579).  Then  the  oomsponding  Itmita 
in  the  integration  for  $  will  be  0  and  ^r. 
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2587    S':^i^-^eZipe)de  =  ;r©»4-r 


Pboof. — Put  n=|}  — 1  in  (2585). 


8589  Jj"e-«^'^°j(*tiuifl)«te  =  r(»)co8«^^™jn*. 

Fboov.— In  (2700),  let  ^  («)  s  oob  («  ten  0) ; 

.*.  bj  (7C5),   A  =  1,    J.  =  —  -4*  =  Ac-  J        -^ii  <fec. 

lubinff*  Thorofora 


The  aeries  on  the  left  =  tan       +  itan         which  by  the 

tbIum  (770)  and  (768)  rednmfl  to  ooao^eoi^O.  Then  change  a  into  n. 
Sunxlarly,  with  tuM  in  the  place  ol  comia. 


2691  J]" 


sin  6arda7  =  tan"^£  — tan"^-?-. 
Fmop. — Integrate  (2583)  for  a  between  a  s  a  and  a  s  /3. 

/•oo 

2592  Jo  '^^^  *^ 

where  n  is  any  positive  integer. 

See  (2717-20)  for  the  Tslnee  of  this  integnL 


8598   r^°"+g  "siniawrfar^l 

Jo  e"— 2 


al>eiiig<ir. 

PBOOr.— >The  function  expanded  by  division  beromoa 

(c^'  +  c-*')  sin  ma-  (e-"  +  e-'"4-e  '''  +  &c.) 

Maltiply  in  and  integrate  bj  (2583).    The  result  is 

{(2n-l)ir-rt}«  +  m«        f(2^- 1  )V+a}«  +  m» " 

Bat  this  series  is  nlso  produced  by  difiereutiating  the  logarithm  of  equation 
(Jid53).    Hence  the  result. 

3  D 
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r^^^c""*                         sin  o 
^— —  cos  ina:da;  =  -=-rs  ; — : 

pBOOr. — Change  m  into  iO  in  (2>:'3),  thus 

r  (e«'+^-'*^)(e'^~'e-*^)  _  sin  fl  ^ 
*  gT^  —  e-M  cosa+cuaO* 

Now  change  a  into  im  and  write  a  instead  of  0. 


P&OOF.— Make  w  =  0  in  (2594),  nnd  a  =  0  in  (2593). 


2597         I  sin  nuvax         .        .  . 

PnooK.— Make  a  =  ir  in  (25'J3). 


Pboof.— Expand  linM*  on  tbe  left  side  of  (250G)  bj  (7(}4).  The  right 
nde  is  s  »  it  tan  (im)  bj  (770).  Expand  this  by  (2917),  and  equate  the 
ooefficienta  of  the  aame  powers  olm. 


2599   I   -r  3- Bin  -^-Vi  — ^* 

Jo  e*-+c-»"  e*"+2ca9  2o+e--' 

Proof.— To  ol.tain  (2509)'  V'^^  'x  +  i'r  and  a  — successively  for  a  in 
equation  (2598),  and  take  tlie  dillerenco  of  the  results.  (2600)  ia  obtained 
in  the  same  way  from  (2594). 


Pioor.— Make  «  k  0  in  (2600). 

8602  JJsin  («•)»  rf*  =  f^'coB  (cx)»  tU  = 
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Froop.— Bj  (2425)        fe-^  <fa  =  ^ 

Jo 


Pat  a=  'j^^''*  SabBiitufce  on  the  left  from  (766),  and  eqaate  leal  and 
tmaginaty  Sparta. 


2601  £ 


Proof. — Denote  the  integral  by  u.    DifftirentiAte  the  equation  for  a,  and 

anfaaiitate      in  the  remltiog  integral  to  pnrre  that  ^  =  —  Slii»  and  thera- 
0    da 

ion  «  ss  Ck'**,  When  o  s  0,  we  get 

2606  J>-^''^'^'«'-  =  ^*-*"- 

Pnoor. — Sabstitate  x  y/k,  and  integrate  by  (2604). 

2606  fe-^-^'^-rK^+^j-^]^ 

Proof.— In  (2605)  pat  ft  :=  OM0+»8m9;  ^nbstitate  from  (766),  and 
equate  real  and  imaginary  parte. 

2608    fV'''8m^-^»a?<to  =  1.2.3  ...(2n+l) 


2609  J]* 


C"  Sin-"  jcdjc  = 


2610 


(a'  +  2n  + 1 0  (a'  +  2 n  -  i    (a'  +  2n  -  3*)  (a'  +  :in  + 1')  ■  •  •  (u*  + 1 ) 
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2611  fe-  cos"  .re/.  =  +  (^^a')^ 

a2f»r2n-l)(2n-2)(2n-3)       ,       .  «  '  jg_ 

(^+2;i»^}(a'+2jr:::^  )(a»+2i^V>    "*  ...(«» +2')' 

Pboof  of  (2008-11). —Reduce  succeasively  by  (1999).    The  integral 

Kit  after  Moh  ivdaetion  disappears  between  the  limite  in  the  cues  (2<S0^), 
t  not  in  the  oaaee  (2610-1).    See  alao  (2721). 


2618 

r  e-C08^-*iir  =  1.2.3...  (2i,+l) 

2613 

e-«cos'-.rcii-  =  12.3...  2it   , 

J- W  « (a»+2*)(ii«+4i«) ... («*+2ii*)  ^ 

Fioof. — ^Bj  snocessire  lednoiion  bj  (1999). 


2614  ^        "  ^ 


Pboof.— Denote  the  integral  by  then 
<I6 


=  -  --^      26j!     =  -  I'  ^  e-"'''  COS      t/j;  =  -  ^ , 


the  eeoond  integration  being  effeetod  by  parts,  J^'*^  2«  die.  Therefore 
log«  =  logC— ~;  ami  isssO  gives  = 

OtherwiK. — Expand  tbe  cosine  by  (76o),  and  iutegrate  the  terms  of  the 
product  by  (2426).   Thns  the  general  term  is 

=  (-!)•  ^  (^) ]72^'         8*^** *^ required resnlt by  (160). 


2615  f        cosh  26^-  =  ^  e^-^'.  (2181) 

Pkoo*.— Cliauge  i  into  t6  m  (2G14). 
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2617  Ce-'^a  hiu  2U  (Lv  =  b/l  e-^. 

Jo  2 

2618  £e-''a?«*^8m(2&r+^«ir)  rfo?  =  ^  5=^^"*^' 

PlOOr.— To  obtain  (2617),  put  a  =  1  in  (20 14),  and  differentiate  for  6. 
To  obtain  (2618),  differantiatei  in  all,  n+1  timeB  for  b, 

3619  r£2^£=£rd^=:log«. 

Jo 

Pboof.— By  (2251)  patting  -  =  r«v<{y  (2291),  and  changing  the 

order  of  integration,  the  integral  becomes 

2620  ^log  (1 —2a  COS  .r 4-a  )  da?  =  0, 

when  a  is  equal  to,  or  less  than,  unity;  but  is  equal  to 
2vlogiiy  when  a  is  greater  than  unily. 

Peoof.  —  (i.)  o=  1.    By  (2635),  since 

log  2  (1— OM  »)     log  4  -}-  2  log  sin  ^x, 
(ii.)  a  <  1.  By  integrating  (2922)  from  0  to 
(iii.)  a  >  1.   Ab  in  (2926),  integrating  from  0  to  r. 

2622  i  log  (1  -»  COS  a)  dap. 

When  71  is  less  than  unity,  the  values  of  this  iutegral  depend 
on  those  of  (2620).    See  (2U33). 

2623  r     ^r^ma^d.^  ^=Zlog[l+a),  or  ^logU+lY 
Je  l"-2«  cos oy+a*     a  a    °\  a/ 

according  as  a  is  less  or  greater  than  unity. 

Prooi. — Integrate  |  log  (1— 2aooBs+a')  (2«  by  Parte,  (lije,  and  apply 
(2620).  J» 


8625   i  oo8«p  lag(l-2a  co8a?+ii*)  <ir  =  - — ,  or  , 
Je  r  r 

according  as  a  is  less  or  greater  than  unity. 
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Proof. — Sabstitate  the  Talae  of  the  logarithm  obtained  in  (2922).  T 
integral  of  9rtaer  term  of  the  rMolting  expansion,  excepting  tlw  one  in  wUeh 
ttssr,  Taaiflliee  bj  (2467). 


Jo  l-2aco8^4-a-~    2  '  2~* 
aocording  as  a  is  less  or  greater  than  miitj. 

Proof. — Integrate  (2625)  hy  Parts,  f  cos  r^^  Jj;. 

2629  J,  i-2aco»^+a'  =  "  """^  < 

Pboop. — The  fraction  =006ra>(l  +  2oC08a!  +  2a'  cos  2jj  +  2a*  oofl  Sat  + . . . ) 
4-(l-a'),  bj  (2919),  and  tlie  remit  follows  as  in  (2G25). 

PBOor.—Eipftad  tbe  eeeood  ftetor  by  (2919),  and  integiate  the  tarms 
by  (2578). 

Proof.— Bxpead  tbe  numerator  bf  (2922),  and  intenate  the  terms  by 

(2573). 


.rsinctrf/.r  tt 


2632  £ 

Proof. — By  ditlerentiating  ('2G31 )  for  c. 

Othenoite. — Expand  by  (2921),  and  integrate  tbe  terms  hj  (2574). 

Paoor.— IHit  a  ssl  in  (1951),  and  take  tbe  integral  between  tbe  liokits 
0  and  ^w,  tben  integrate  for  b  between  limits  0  and  c;  the  result  is 

lo^l  -hceoH.)  ^  ^  ^  r     1  /TEA  ^ 

h  cos*  JeTl-?  Vl+6 

and  the  integral  on  the  right  is  foond  by  snbsiiiating  cus~'  5. 
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2634  ri!aLll±£«22£}dir  =  ,r8iu--c. 

Psoor.— Aa  in  (2683),  by  taking  0  and  r  for  ibo  UmiUi  of  0. 

2635  J>««-'^=|'o4=r^'*'- 


11*   .  fl» 
mnxdx  =  I    cos  a;  dx  (2233).   Add  these  integralB  and  sab- 

atitnte  2s,  applying  (2284)  to  tiie  resnlt. 

2637  J  ^ iog siiij?i£r  = -J  log 

PlOOPd— I*  log  sin  •  <l*  =  J*  (t — j;)'  log  sin  x  dx,  by  (2233 Equate  the 
diffocenoe  of  tiieae  integrala  to  aorow 

2638  1      log  sin^  iVe/«p  =  —  nV  log  2,   ti  being  an  integer. 

•'a 


*'0 

Proof.— Method  of  (2250), 


J*  Jir  J(«>1)« 

s  r«Zain*ciZ0+r(«'+y)Uin*y<'y+...  +  ['{(i»-X)«'4-yM8inV<{y. 

Jo  Jo  '0 

Each  int^ral  reduces  by  (2635)  and  (2G37) ;  for  example, 

I'C'+y)  ^wn'y^'y  =  2  j'(»+y)lainydfy  «  2ir  pMny<ly+2 1*1/ lainyJy 

=  -  2jr'  log         lof^  2  =  -  Sir'  log  2. 
The  result  is  -{l+3+5  +  ...  +  (2n-l)}  TMog2  =s  -nVlog2. 

2639        r«HJ?tErf;^=  l(  1  +1  lY 

Jo  e-"— 1  2\c"'— 1^2  m/ 

Pkoof. — Developo  sin  ni«  by  (7G4) ;  integrate  the  terms  by  (239G),  and 
sum  the  scries  by  (1539). 

Je  2tit    e"'— c""' 


uiyui^uj  by  Google 


892 


TNTBOBAL  CA10ULU8, 


PaoOF,— Develop©  sin  mx  bj  (764) ;  integrate  the  terms  by  (2398).  The 
xMolting  fleriee  »  ^  +  ^oosee  tmir,  hj  (2918),  which  Is  •qmralent  to  the 
ahm  hy  (769). 

8641    f  ^<^«  {'^  log.r)-cos  {n  logs)  ^  ^  ^log^±g^ 
Jt  iog«r  l-tn 

2642   r'^Cmlogx)-9in(»log^)  ^ —  ^.„-t^ 

Jf  logd? 

Pkoof. — Put  p  —  im  and  2  =  *»*  (2394),  and  equate  oorresponding^ 
parte.  860(2214). 

8643 

Pboof.— Put  t»  =  0  in  (2641)  aud  (2642). 


MISCELLANEOUS  THEOREMS. 

FBULLANl'S  FOAMULA. 

2700  j;iMri(Md^  =  ^^0;log|+f[^ 
^  being  =  oo »  and  the  last  term  generally  =  0. 

FlOOr.^ln  the  integral  j*  ^  C^)  <{•  Babetitaie  «  =  aj»  and  •  =  6x, 

aud  equate  the  remlte  thne, 

J.  «  J*    •  J*.    •  * 

•  a  6 

Then  make  /*  infiuite.    For  applications  see  (2513)  and  {2.lj0b). 
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2701      f  =  (a-6)  f 'tiii  rf, 

+f(0)(log^"-«+4)-(«-6)^+jjiM«to. 

with  ^  s  00 . 

(2257)  =  f  ^<Z;c-^'(0)  ia-^-['^, 
ly  BflkiDg  i  a  1  in  the  proof  of  (2700).   Integrate  for  a  between  limits 

•Id  the  left  is      =  J"  »(ax)-»(6^)^^  f  * 

POISSON'S  FORMULJa. 

e  being  <  1. 

Pboof.— Bj  Taylor's  theorem  (1500),  aud  bj  (2919),  the  fraction  ia  eqaal 
to  the  prodnet  of  the  two  ezpanrions 

2 [/(«)+/(«) 0083!+  j^g/' (a)coB2ai+ j-l^/'"(a)coB3»+...  | 

and  {1+20006  s+26Foos2^+2e^  00880+...} 

divided  hj  (1— eF)*  B7  (2468)  the  integral  of  every  term  of  the  product 

viaiihes,  except  when  it  is  of  the  form  2  T  oos'iuf,  and  this  is  ss  ir,  bj 
(2471).  Henoe  the  reenit  J« 

2703 

2704 

Proof  — As  in  (2702),  adding  unity  to  each  side  of  (2919),  and  employing 
(2921.         2470).      '     ^      '  ^  ^  » 

3s 
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ABEVS  FOBMULA. 

Given  that  F{x-\-a)  can  be  expanded  in  powers  of  «~% 
then 

2705  £  Fi.v+iat)  +  F{^-iat)  ^  ^ 

PiiOOF.— Assume  F{x+a)  —  A  +  A^e-" A^e-^  +  A^e'^  +  &c.^ 
:.  F(z-\-{af)  +  F(x-iat)  =  2.1  +  2.4,  cos  0^4-2^*006 2ai-f  Ac 
Sabstitafce  and  integrate  by  (193d)  and  (2573). 

Ex.— Let        as  — ,  then  f  — . .  =  7^""  • 

EUMMER'S  FORMULA. 

2706  J^'^Capcos^O ^M^mku  J  \l /(^«) 

Pboop.— If  A  =  tlien  9+ A  ss  Ssooeee*  bj  (766).  Snbetttnte  theM 
Talnes  in  the  expansion  uf  /(x  +  A)  by  (1500);  multiply  by  and  in* 
iegrate ;  tbiu,  at'ber  reducing  by  (7(30), 

f*'  /(2«.eo8«e»)<^ctt  =  amit;rI/^l2-?^^(:^  + 

]_|/^  '  C    A-         k-\-\       1.2.(^  +  2)  i 

Again,  putting  in  (IdOO),  multiplying  by  end  in- 

tegratiiig,  we  bave  ^        {m^sefydf—  tbe  foregoing  eeriee  within  the 

brackets.  Equating  tlie  two  values  and  cbangiug  9  into  1— 2,  tiic  iormui* 
is  obiuined. 

For  an  application  see  (2490). 

2707  When  h  is  an  integer, 

Pkoof. — Divide  equation  (2706)  by  sin  kw^  and  evaluate  the  iudetermiuato 
fraction  fay  (1580),  difforentiating  with  respect  to  k. 
For  applications  see  (2490),  (:i494). 

2708  If  X  be  a  function  of  a?  so  chosen  that 

Cx/{r,  k)  ,Jx  =  C,  Cxfix,  0)   (i.), 

and  if  the  series 

^cc/*(^,0)+V(*.l)  +  -VX-»',  2)  +  &c.  ...  =f(ir)...(ii.). 
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where  ^  is  a  known  function»  then 

A.C.+A,C,+A,C,-[-&o. ...  =   (iii.) 

Pboof. — Maliiply  (ii.)  by      aud  integrate  from  a  to  6,  omplojing  (i.) 
2709    If  the  sum  of  the  series 

be  known,  then 

Ao+A,a+A,a(a-^l)-\-A,a{a+l){a-{-2)-\-Sm.... 

^  Jo  

 -73 

Pboof.— In  (2708)  let  JIC  =  0-*0^i  and  f(i»,k)sz  x\    Then  naoe^  bj 
wo  faaTS    r  =  a  (a+1)  ...  (a+&-l)  f 

Jo  0 

it  follows  that  (7^  =  a  (a  + 1) ...  {a-\-k—\).    Hence,  conditions  (i.)  and  (ii.) 
being  fulfilled,  result  (iii.)  is  established. 
§m  an  application  aee  (2589). 

Thbobbm.— Let  =  P+iO  (i.) 

8710  Then  f "  f  ^da^dy  =     f  f   (ii.) 

2711  ]T%'^'y=-iTi'^'^  

PboOP. — Differentiating  (i.)  independently  for  z  and  y, 

/  (a:  +  ly)  =      +         a/'  (x  +  ty )  =     +  tQ,, 
P.+  tQ.  =  Qr-*^ri  =  Qj.  and      =  -P,. 

Henoe  bj  (2261)  Uie  eqoalities  (ii.)  and  (iii)  are  obtained. 

Ex.— Lei  /(fl»+ty)  =  a  a-*'^  (coe  2»y-tein  2»y). 

Here  P  =  er^4/^  ooa  2«y,  Q  s  —  e'^^^  sin  20y,  therefore^  by  (iiL), 

1%-'*  (e^coB  2/3a  -e^'cos  2o»)  ilv  a  |^e»^  (e"''*  sin  26^-6-"'  sin  2ay)  dy. 
Fat  asasO,  5sQo;  therefore 

I  «-''(/ cob2pj;-l)Jx  =  0,  .-.  e^j*t!-''co8  2/3.C(/x  =  |  e-'*«i». 
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CAUCHT'S  FORMULA. 


2712    Let  J  n^^F^a,"^)  dx  =  A^^  n  being  au  integer,  then 

PBOOF.—In  th«  iutegral  J    r"    (a*)  d»  =  aabstitiito  i  =  »—  — , 

and  it  becomes  j *      -         ^j.  +  I. j  - -Lj' j =  2o,,   (i.) 

Let  ihe  integral  songht  be  denoted  hj  Otm  tben 

This  is  proved  by  snbstitnting^  —  in  the  finit  integral.    Therefore  bjadditum 

\,{^"^X')nhi)'v-i"^  ••••(«•> 

Now,  in  the  ezpMiuon  of  ooe  (2«+l)  $  (776),  pat  2  oosO    «+  —  and 

1  • 

2i  81U  6  =  j;  ,  where  a?  =  e'*  by  (7G8-9),  and  multiply  the  equation  by 

f    /  1  \ '  )  iJx 

c  7' i'^^^P^^™        ^  *  =       Then,  by  (i.)  and 

(ii.)>  the  required  resalt  is  obtained. 


2713    Ex.— Let  F{x)  then 
Therefore  j***'/*  c2s 


FINITE  VARIATION  OF  A  PABAMBTBR. 

2714  Theorem  (2255)  may  be  extended  to  the  case  of  a 
finite  change  in  the  value  of  a  quantity  under  the  sign  of 
integration. 
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Let  o  be  independent  of  a  and  6,  and  let  A  be  the  differ- 
ence caused  by  an  increase  of  unity  in  the  value  of  a,  then 

1  a)  (/a;  =  A  j  <^  (o^,  a)  (U\ 

2715    Ex-l-    |  e-«d*=-i-,       j  Ae— 'daj  =  A-^.  thatis 

[  e— '(e-'-l)  dx  =  AzTV 

Alto,  hy  repeating  the  operation, 


i; 


A'-e-"  dx  =  A*—,    that  is 


2716      f      (e-'-l)" d«  =       f"^^''**  , 

J*  a(a+l)  ...  (a+zi 


) 


2717    Ex.  2.— In  (2583-4)  pat  k  for  a  and  (2o-»0  for  b,  then 

(•.-Ada{8,-«).i.  =  A,-,^?^.  (t). 

jy-Ac<*(2.— ),*.  =  Ap^^   (U.), 

In  (u.)  let  m  =  2p,  an  eren  integer,  then 

A^CM(2a^2p)  »  =:  oofl  (2a  +  2j>)      2j)  cos  (2a -f  2^-2)  j:+ ... 

...•i>ooe(2a— 2p)0 
8  ooe2a«  [ooe  2px^2p  ooe  (%»-2)  »+0  (2p,  2)  cos  (  2^  ^4)  0^... 

— sin  2aa  [sin      — 2p  sin  (2p — 2)   + . . . 

...  —  sin  2;)j'], 

Tho  coefficient  of  cos  2ax,  in  which  equidistant  terms  are  equal,  i^ 
=  (- 1)" 2^sin*»a  (77a) ;  while  the  ooefficient  of  ein  2a»  yanishee  becansQ 
the  eqnidietant  terms  destroy  each  other.  Therefore 

A^  ooe  (2a-2p)  »  ss  (-1/  2''  ooe  2a»  sin** 

Benoe  (iL)  beoomee 


«718 


c"'*  COS  2ar  aia'''j;djf!  —  '  A* 


2719    Again,  in  (i.)  lot «  s=  2/) -f  1 ,  an  odd  integer,  then 

A**»ein(2a-2p-l)df  =  sin  (2a-}-2«-t- 1)  a:  -  (2^  +  1)  sin  (2a  +  2ii-l)» 
+  0(2p+l,  2) Bin (2a+2p-3) sin  (2«»-2p-l) * 

=     sin  2aar  [cos(2p-fl)»— (2p  +  l)  cos  (2/)— cos  (2;^  +  !)  ^1 
-»-co8  2aa-  [sin  (2p+ 1) ^-(2^)  + 1)  sin  (2p-l) + sin  (2p+l>a»]. 

The  coefficient  of  ein  2ofl;  vanishes  as  before,  while  that  of  ooe  2a«  ie 

=:(-l)»2»»**Bin^*»«  (774). 
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Therefore  equutiuu  {i.)  becomes 

e  sin    jflj  -  A 

To  compnie  the  right  member  of  equation  (2718),  we  have 

A  ^      ^   J,  r  1 

_  4.        C(2p.2)        _  1  ■] 

Xjet  a=0,  then  the  equidiatant  terms  are  equal,  and  we  obtain  in  this  case 

2721    A"        *  (-iyi.2...».2» 

*'+(2a-2p)»  -  *  (A»4.4)(A^+1C)  ...  }A'+(2pJ'} ' 

Thus  formula  (2609)  is  prored. 

SimiUrly,  by  nuOdng  a  s  0  in  (2720)  after  espansicm,  formnla  (2608)  k 
obtained. 

Let  p  be  anj  integer,  and  let  q  and  a  be  arbitrary,  but 
q<2jp  in  (2722),  and  <2|7+1  in  (2723). 

2722 

Jo       af^^'  2^^(^-4-1)  Jt 

2723 

cos2aa?sin'^^^a7 


wbere  A  baa  tbe  sigmfication  in  (2714). 

F&OOF. — Employing  the  method  of  (2510),  replace 

2  being  integral  or  fractional ;  therufore 

by  changing  the  Order  of  integration.  Snbstitnte  the  Yalne  in  (2718)  for 
the  integnil  containing  m,  writmg  the  &otor    xmder  the  operator  ^  sinoe  ii 

is  independent  of  a. 

Similarly,  with  2p-f-l  in  the  place  ofj?,  we  subslitate  from  (2720). 
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It  may  be  shown  t^t,  whenever  a  >  |7,  fommla  (2722) 
rednoes  to 

2784 

For  a  complcto  iuvestigation,  see  Cauehy's  Mumoire  de  r£cole  Poly- 
tecbniqae,"  tome  xvii. 


2725  Ex.— Lot  a  =  2,  p  =  1,  2  =  i, 

Jo       «»  8r(i)8iii-I. 

D 

and     AV20-2)*  =  (2o-f  2)*-2  (2a)*  +  (2a  -2)*  =  6*-2.4*+2*. 


FOURIER'S  FORMULA. 


8726  1"       H^)d^  = 

Jo  sin  0?  2 
when  a=sod  and  A  is  not  greater  than  iw, 

Pkoof. — (i)  Let  ^(«)  be  a  continaoiis,  finite,  positive  quantity,  de- 
creMing  in  Talne  as  m  inereaaea  from  aero  to  h, 

as  •  • 

^  iMisg  the  graaiaat  mnltqile  of  —  contained  in  h.  The  terms  are  alteiw 

o  d 

nately  positive  and  negative,  as  appears  from  the  sign  of  stnow.  The  fol- 
lowing investigation  shows  that  the  teems  decrease  in  valne.  Take  two 
oonseontive  terms 

[    •    sin  «a5  ^  /  \  J  f    •    sin  fl-aj    /  \  j 

}nn       Bina  J(,.n),  Bin  J 

a  • 

Snbstitating  in  the  seoond  mtegral,  it  hseomss 

a 

{n-H)w 

—  _^^x+-jd«, 

^      sm^aj-l-  -j  * 

and  since  ^  decreases  as  x  iTicrea.ses,  an  element  of  this  integral  is  less  than 
the  corresponding  element  of  the  first  integral. 
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Now,  by  subiititutincr  ax  =y,  we  have 

•  a  ** 
when  a  is  infinite,  because  then  f  [^)  =  f  (0)  and  asin^  s  y. 

Henoe  the  stun  of  a  terms  of  (i.)  may  be  replaced  bj  f(0)  I ^^^dtf, 

Jo  y 

which,  when  n  is  inBnite,  takes  the  valae  ^(0)  |t  by  (2572)  ;  wLile  the  sam 
of  thf  remaining  terms  vanishes,  because  (the  sipiTis  alternatiiif;)  that  sam  is 
less  than  the  h+I""  term,  which  itself  vanishes  when  n  is  iufiuite. 

(ii.)  1(  ^{x)f  while  always  dccreasimj,  becomes  negative,  let  C  be  a  con- 
stant snoh  that  (7+^  (x)  remains  always  pusitive  while  so  varies  from  0  to  A. 

The  theorem  is  true  for  C'-i-^  (x),  and  also  for  a  fuoctioo  constant  and  equal 
to  C,  and  it  is  therefore  trne  for  the  decreasinpf  finiction  ^  whatever  its  sii^n. 

If  ^{Jt)  is  a  function  always  incnating  in  value,  — fi'f)  ifi  a  decreasing 
fanction.  The  theorem  applies  to  the  last  fiinetioii,and  therefore  also  to  ^  (x). 

2727  ^'^K- — Hence  the  same  integral  taken  between  any 
two  limits  lying  between  zero  and  ^ir,  vanishes  when  a  is 
infinite. 

Jo    sill  iV 

=  *{i4(«)+*(»)+*(ar)+...+*r«»-i)»+*(«»)K 

"when  a  is  an  indctiniUly  great  odd  integer,  and  mr  is  the 
greatest  multiple  of  ir  less  than  h.  But  when  a  is  an  indefi- 
nitely ^eat  efom  mie^er^  the  second  and  alternate  terms  of 
the  senea  have  the  minus  sign. 

■n   r*  sin  ax     /  \  j        f"*  !*in  f^-^  g  \  j    ,  f  *   sin  ar  ^  /  v  ,  /.  » 

Jo  s'^i-^  Jo   ''"'■^  J  - 

decompose  the  second  integral  into  2i»  others  with  the  limits  0  to  ^ir,  |ir  to  x, 
ir  to  ^ir,  ...  (2»— 1)  .^TT  to     ;  and  In  these  inte^^s  pot  snooessiTelj  «  = 

ir—y,  ir-{-y,  2t  — //,  25r+y,  ...  y.  The  new  limits  will  be  0  to  l^r,  |t  to 
0  altemritely,  with  the  even  terms  negative,  so  that,  by  chant,nng  the  siirns  of 
the  even  terms,  the  limits  for  each  will  be  0  to  ^w.    Also,  it  a  is  an  odd  iu- 

tMnr,      ^-  is  ohansed  into  ^Hi^  by  eaoh  snbstitation,  so  thst  (i.)  beoomea 

*  smff  *  smy    *  »  \  / 

+   (ia.) 

Bai>  when  a  is  even,  the  snbstitntion  of  nr  7  w  for  a  makes  ^ll^i^  minus 

smy 
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wlieiieTer  r  is  odd.   The  limit  of  the  first  part  of  (iiL)  is 

^{f  (0)+2^  (»)+2^  (2*)+...  +2f  (»»)}.  bj  (2726). 

In  the  last  part  of  (iii.)  pat  x  =  mr  +  y,  and  the  integral  becomes 

if  A-iMT  i.  >  ^  by  (2726). 

1th — nir  lies  between  and  ir,  decompose  the  integral  mto  two  others ; 
the  one  with  limits  0  to  ^ir  will  oonrerge  towards  iv^  O^"*),  while  the  other 
with  limits  |ir  to  A— becomes,  bj  potting  y  =  ir— s, 

^     +    "■—«]     =  0, 


8789  Ex.— By  (2614),  fe-^  oos  2to 


the  limit  bj  (2727).  Hence  the  last  term  of  (iii.)  is  i«f  (imt).  Snbsti. 
tilting  these  velaes^  (2728)  is  obtained. 

- 

2a 

Put  6  =  0, 1,  2  ...  »  sacocfisivolj',  and  add,  after  multiplying  the  first  oqiia> 
ilon  by  i,  thus 

f  e-«*^(^4.ooe2«+ooe4»+...-t-cos2«»)d» 

The  left  side        «  (  j.,  by  (801). 

■ndyif  waoo,  beoomee 

Y  li+«-^+e-*^+«-»^+...},  by  (2728)  ; 

»fi+ar-M+a-*^+e-«^+...}  =^{4+e"i+e'^+e"*+...}. 


Ptoi  irasa  and     s^:  Iherefore 

a 


8730  v'«U+e""'+e"*°'+e-*''+...} 

with  the  condition  aj3  =  v. 

when  a  is  an  infinite  integer. 


PbOOF. — The  integral  may  be  pat  in  the  form 

here 
3  F 


I 


~ —  ♦  («)      where  ♦  (»)  =  *  (a), 
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tlirTofnre,  by  (2720),  wli.  n  h  is  >  ^:r,  nnd  hy  (272«>.  if  h  is  >\ir,  the  valao 
is  i^r*  (0),  since  in  (272sj  *  (■■),  *  (2ir^  all  vauish.  But  ♦  (0)  =  f  (0). 
Henoe  tbe  theorem  is  prored. 

When  a  and  /i  are  both  positive, 

8732    ^'^*{-)  d.v  =  0  =  f da-. 

8788         f  ^ii2±::*(*)«to=«^(0). 

P»0OP.-(i.)  f  =  f  -  f"  =  f-i^(O)-     ^  (0).  bj  (2729). 
by  flnbelitatiDg  <— a;  in  the  second  integnl. 

2731  ^(.r)  cos  ujcdu c/o;  =  -g-  ^  (0),   when  a  =  oo . 

P£00r.   ^^  =  ['oo8«xdf(.  Snbstitnte  this  in  (2731). 
*  Jo 

When  a  and  p  arc  positive,  the  limit  when  a  is  infinite  of 

I  ^  (a;)  cos  / u  cos  tt«r  (/m  dt*, 

or  of  f "  f 


0  •  a 


is  iir^(/),  if  /  hes  between  a  and  /3,  i9f{t)  i£  tssa^  and  2m> 
for  any  other  value  of  t, 

Pr  iof. — Wlieu  a  =  cc  wo  have,  by  (008),  and  integrating  with  respect  to  m, 

=  1  |''-'!!!a!I£,(,+od,+  {  r'«»5?, (._*)*   (i.). 

by  rabstitnting  •  =  »-~t  and  a  =  X'f  ^  in  the  two  inieg/als  rcspcctivelj. 

When  a  ie  infinite,  the  limit  of  each  integral  is  known. 

Wiion  n  Hiid  ji  are  positive  and  i  lies  between  tbem  in  Talne,  ^e 
limit  of  (i.)  is     ^  (<),  by  (2782-8)    (ii.) 

When  a  and    are  positive  and  t  does  not  lie  between  them,  the 
▼alae  is  zero,  by  (2732)   (iii.) 
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If  o  =  i  in  (i.),  the  first  integml  becomes  —  \v<^  {t)  by  (2731),  and 
fehe  Moond  Tanialies  as  bef<we ;  so  tbat  the  Talne,  in  Uiis  caae,  \s     <p  {t) . . .  (iv.) 

The  same  demonstntion  applies  in  tho  case  of  (2786),  transforming  by 
(669)  instead  of  (668). 


Hence,  by  (ii.),  i£  t  be  always  positive, 

^ (x)  cos tu  COS uxdudo!  {t) 

J»«  /loo 
1  ^{at)  sin  tu  sin  uxdu  dx, 
0  Jo 

2739  Ex.— Let  ^  (»)  =  «-", 

J I  fl'^oosfuoosKViiutiiv  s  ?*e"**. 
•  J.  2 

TherafonK  by  (2584).  ('^^f  |     =  | 
which  is  equivalent  to  (2574),  with  <  =  1. 

Tl  expressions  in  (27S7'-8)  being  even  fonctions  of  u,  we  have,  supposing 

i  to  l;j  always  positive^ 

J  ^(a!)oos«»cosiwii»cfa»=7r^(0  =  J    J  ^(z)  sin^vaintHpdKdbi  ...(L) 

Replacing  f  («)  by  f  (— «),  and  allerwards  snbstitatuig  — tbeae 
eqnaftions  become 

(r   ^  (7)  COB  toC0Stwiu<f;B  ss       (— ^) 

=  —1         0(«)sinh(8inf«BcItt<2«  ...(ii) 

From  (i  )  and  (ii.),  by  addition  and  sabtraction,  we  get 

2740  j*      f  («)ooefc*oosiK»diKto  =  ir[^(0+f  (-0], 

ID  A  0 

2741  I    j  ^(2)8in<Msiniiivdtid!esr[^(0-f 
Whence,  by  addition, 

2742  J*^  j  *  <^ (ci)  cosu  =  2ir^  (i), 
the  original  fonnnla  of  Fonrier*s. 
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THE  FUXCTIOX  i/'W- 


The  function  d^logHx)  is  denominated  ^(^b). 

8743        =  . 

when  fi  is  an  indefinitely  great  integer. 

Peoop.— By  differentiating  the  logarithm  of  (2293). 
wlieu  /i  =  X) , 

=  -0 577215,C(U1M)1,532860,60  ...(Eiilrr), 

All  otlior  values  of  i^(.r),  when  a;  is  a  commensurablo 
quantity,  may  be  made  to  depend  upon  the  Yalue  of  ^(1). 

When  X  is  less  than  1, 
8746  ♦  (l-^)-*  W  =  V  cot  w. 

PBOOr. — ^Diffexentiate  the  logarithm  of  the  equation 
r  (a)  r  (1  -a»)  =  ,  -1-  sin  tz  (2313). 

8746  1)+ 

=  n^(fij?)— « log  ft. 
pBOor.— DiflTerentiate  the  logarithm  of  eqnatioxi  (2816). 

2747  To  compute  the  value  of  ^(^)  when  ^  is  a  proper 
fraction*  ^ 

Find  '/'^^^  from  the  two  equations 

2748  =  ircot£-ir,  (2745) 

8749  5^        ^  1 

*  (^^f  )  =  ^  1  ♦(D-logj+cos^  log  (2  Ters|r) 

+cos^log(2ver8^)-hco8l^  log(2verB|r)+&c.j. 
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The  last  tenn  within  ihe  brackets,  when  q  is  odd,  is 

{<1-^)P-  log  (2  versia^') ; 

and  when  q  is  even,  the  last  term  is  ±  log  2  according  as  p 
is  even  or  odd. 

Proof.— Eqnation  (2748)  may  be  written 

,^(x)=-I.+l2-J_+I|  L-+ZI-...  l_  +  zfi±|, 

aj  35  +  1     *  '         m+fi  fA-^i 

/I  being  an  mdefimtelj  great  integer. 

n*  place  X  BUOceisiTely  by  ~,        —  ...         1;  where  q  ia  any  in- 


teger ,  thus  '    '    1     Q  2 

Hi)  =- « +"-^^T+'^-2lVl"'■-u,V^- 


•••  ••• 


(i.) 


 2-_H-Z2  2-  +Z|  2— +ii  ^  +  11- 

^(1)       =-   1   +12-    i    +Zi-    1    +Z|-    i  +ii- 
Now,if^beanyoiieortlieang1e8|-,      ^  ...  ^ (?~^)*  weeballhave 

1  =  cos     =s  cos       =  cos  Zq^p  =  <fcc  (ii.)» 

OOif  =  COB  (3+1)^  =:  COS  (2g+l)^  =  COS (3^  +  1)0  =  <fcc  (iii.), 

co8^+cos20  +  cofl3^  +  ... +C08  (g-l)f +  1  =  0  by  (803)  (iv.) 

By  meaaa  of  the  xelationa  (ii.)  and  (iii.)*  equations  (i.)  may  be  written 

oca  ^i^^-Lja-  q  ooaf  +  eoa^W  -  003(2+ 1)^+ ooe^Zf -, 
ooaS^i^  (  2-)  =  ~  -5.  COS 2^  +  COB 2^12-  -4oOOB(j+2)^+coB2f  If-, 
ooaS^i^  (— )  =--^  ooe 3^  +  008 8^i2  ^,coB(£+S)^+ooB3f  if-, 


COb 


(2-1)^1/' (  —  )  =  ^co8(2-l)  tf>  +  co8(2-l)*i2 


-  2^  CM  (2«-l)  ^+ooa  (?-l>f « 

,//(l)  =  -l  +     12     -  I  +  /| 

Upon  adding  the  equations,  tbo  coefficient  of  each  lugarithm  vanisbea,  by  (iv.) 
The  remaining  terms  on  the  right  form  a  oontumoat  series,  and  we  have 

I ^if.  (^) +COS  2^1/.  (|)  + ...  +  coa (a-lj     (^] +./.  (1) 

»  —  £  {cos  ^+iooe  2^+1  COS  3^+ininf.) 
s  |;1og(2-2Qos^)  by  (2928)  (▼.) 


coe( 
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Let  —  s      Then*  Vy  giving  to  f  in  equation  (t.)  ita  diflbrent  TnloeB 

8w  ...  (9— 1)  <*t  obtain  f — 1  linear  aqoations  in  tlie  nnknown  qaanti. 
ties  4^  (— )  •  ■    ('^V^)-  theee  equations  for  ^  j 

|>  being  an  integer  leas  thai:  q,  multiply  them  respectively  by 

ci>s^a»,  cos  2pw  ...  cos  ((/— l)/>w, 

and  join  io  their  sam  equation  (2746),  after  putting  »  =  —        n  =  2. 

The  ooeiBoient  of  i^  (— ]  in  tbe  result,  k  being  any  integer  less  than  g,  is 

cos  j:)w  COS  A  w  +  COS  2pm  COB 

2Hw+ ... +00S  (j — 1)     cos  (g— 1)  **»  + 1. 

By  expanding  each  term  by  (668),  we  see  by  (iv.)  that  this  ooeffictent 
Tanisbes  esoeptiiig  for  tlio  values  k  =  q~p  and  A=  ^»  in  each  of  trhidi 
cases  it  becomes  =        Henoe,  dividing  by  ^g,  we  obtain 

(.H-^  =2^(l)-2ig+oosp«I(2-2oos») 

+ COB  2p«  J  (2 -  2  cos  2«)  +  +  cos  (5  - 1 )  pa>  /  { '2-2  cos  (5  - 1 )  w} . 

The  last  term  =s  co8pwZ(2  — 2  cos  w)  =  the  third  terra;  tbe  last  but  one 
=  co8  22)w2(2— 2co8  2(>^  =  the  second  term,  and  so  on,  forming  pairs  of 
equal  terms.   But,  if    be  even,  there  is  the  odd  term 

COS  to- log  (2-2  cos  igi*)  =  ±  2  log  2, 

aoeording  as  p  is  even  or  odd. 

fjxAHFLBS. — By  (2748-9)  we  obtain 
8760  ^(*)  =  4'(l)-31og2+Y,      ^(i)  =  i/'(l)-3log2-|-, 

2752   .^'(i)  =  4'(l)-flog3+g5r3.  ^(i)  =  '*'a)-i»083-g^. 

2754  V>(i)  =  ^(0-giog(g)»  

DEVELOPMENTS  OF  ^{a+.v). 
When  0?  is  any  integer, 

2755  +(«+-)  =  *(»)+i  +  ^i+4^+-+5q:|:;i. 

PBoor.— By  (2289),  putting  ii  =  a+«—l  and  rasa— 1, 

r  (a+»)  =  (a+«-l)  (a+»-2)  ...  (a+2)(a+l)  a  r(«). 
Differentiate  the  logarithm  of  this  equation  with  respeot  to  a. 

-  ,    ,      ./  \  ,  ^     wCr — 1)  .  .r  (.r— l)(.r— 2) 

2756  V'(«+^t.)  =  f(a)+--2J^^+gjL^^^^ 

x(#-l)(x-2)(.g-8)  .  ^„ 
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If  «  be  a  positive  ioteger,  the  number  of  terms  in  tins 
series  is  finite,  and  the  value  of  ^(a+^)  can  be  found  from 

that  oi  xp{a). 

Hence,  by  this  or  the  preceding  formiQa,  in  conjunction 
vith  (2747),  the  value  of  rp  {N)^  when  N  is  any  commensurable 
quantify,  may  be  found  in  terms  of  ^(1). 

Proof.— Let  vj;  (a  +  «)  =  A  +  Dx+Cx  H-Djt («— 1)  (^-2)  +  &c. 

Change  x  into  «  + 1 ;  then, 

A</.(o+«)  =  4/(a  +  a;  +  l)~4'(o4-a:)  =<?,{logr  (a+«+l)-logr  (a  +  x)} 

=  <i.log(a  +  »)(2288)=^. 

^  s=  1,  ^         ss  2iB,  ^  (a- 1)  (»- 2)  B  8(B  (s— 1),  Ao.  Therefon 

as5  +  2(7jJ  +  3D^  (»-l)  +  4i;x(a!-l)(*-2)  +  , 

A-1— =  2C+2,323Se  +  3.4i?a!(i-l)  +  , 

A* -L.  =  2 .  8P+2 . 3 . 4.  Jir+, 

A«-X-=:2.8.4^+. 
Pat  2 sO  in  each  cqaation  to  determine  the  ooefficiente  A,  JS,  C,  D,  &c.; 

'  a  a      a+1      a         o(a  +  l) 


a        o(o  +  l)     a(a+l)(a  +  2)' 

1  2  2  8 

2.3.4B  =  A* —  =  A  — ; — .  ,^  .   ,     =  /   .  Vv/  '.  nx/   .  oxt  and  so  on. 

a       a{a-^l)(a't-2)  a(a+l)(a+2)(a+8} 

SUMMATION  OF  SERIES  BY  THE  FUNCTION  ^(a). 

8757  Formula  1.     fL  j.  J2L  4. -J!L_  4.     1  ^ 


Pnoor. — Let  denote  the  n  forms  of  the  series  to  bo  summed.  We  have 
S..i-fl.  =  f  +  =  f  ["I-  (i-  +  «  +  2)--^  (A+«+l)j(a288) 

S...-2-*(±+«+2)  =fl.-^*(±+»+l). 
Henoe  the  diflbranoe  is  independent  of  »,  and  tberefore 
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3759  FormulaU.  7-^,+  ^- --..k^^+i), 

Pboof. — ^The  mm  is  eqiiiTaleni  to 

g  .         ,    a    «  •       (  a   -i      «         t       a  ] 

T 5+2i ^  6+5  ^  "^  ^ fc+c+2e       i+c+2«« )  ' 

and  tlie  remlb  follows  lij  Formula  L 
2760   Formula  III, — 

PBoor.— Hake  «s  oo  in  Formtila  IL   The  last  two  terms  beoome  eqnal. 

8761     ^- 1— In  (2760)  let  6 = c = 1,  then 

W+i-i+Ac.  =  i+i     (2) -^^  («}  =  log  2. 
For  4'(2)  =  l+<'(l),hy  (2755)j  ^  (|)=2+i^a)-21og2,  by  (275«). 

2768    Iix>  2.— In  (27e0)  let  6^1,  e=2,  then 

i-i+i-i+&c. = a)-iv  (I) = 

2763  ^{l+a)  =1,'^ 

ft»o».  *(l+«)=*(l)+«-^^+'iiiI^li^>-4o.  [fc,(2756> 
Bat         l-a-»)°  -  „    <■  ("-1")  ^  I  «  ftc. 

therefore  (1  +  a)  =  f'  ^~^*^'dx  +  ^>{l). 

Snbstitiito  1— >  in  tbe  intagmL 

2764  va+«)-*(l+*)  =  ^2r63> 

Jo   .f — 1 
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Ex. — Fui  6  =  —  oi  thea 
^(l+a)-i^(l~a)  (2756)  =1  -rootva  (2745). 


2766    Therefow      f  ^^-^  <to  «  i -»  oot 


^(4?)  AS  A  DEFINITE  INTEGRAL  INDEPENDENT  OF  ^(1). 

2766  ♦(.)  =  -j;(j-L.+i^^)rf«. 

PWOF.  ^(»)  =  log;*- ^  (2748). 

But  k^A^^,,^^^JL-^.^\^€lzf^d», 
X     {»4-I  1  1— » 

by  aotaal  divisioin  and  integration. 
Pat         In  t]i0  fivrt  integnl,  therefore 

Beplaoe  jf  I7  >»  and  sappraBfl  the  term  oommon  with  the  aecond  i 
Fat  e^s  «y  and  thla  heoomea 


ji 

But  when  fisoo  the  product  /«(l*i»^)  has  — log«  for  ita  limit  (1584) ; 

m 

and  tt'^  =  1.    Hence  the  result;. 

2767  +W=j;je--^.J1«. 
PBoot.  r(»)  =  j  4.r(»)  =  j  •-•»»-4og«d». 

But>  by  (2427),    .  log«=  f  ^"°~^"<fa, 

Jo  " 

3  0 
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I 


==r(.)[[e---^-,]'^(2291), 
wbioh  estaUiflheft  the  formala  since 

d.r(fl)  +  r(x)  =  <i,iog  r  (»)  =  ^^  (x). 


2768     log  r{^)  =£[(-^-1)  """tE^]  7 

8769  .  =f  rip^-^+lli^S. 

Jo  L  l—z  J  z 

2770  =j;[S^'»j^]rff. 

Proof. — Tntegrate  (2767)  for  x  between  the  limita  1  and  a»  6baenrin|f 
that  logr  (1)  =  0  ;  tbns 

Jo  ^  log(l  ^a)         )  a 

Sabtmct  from  ibis  tho  cqaatiou  obtained  from  it  bj  making  9  =  2,  and 
nnltipljing  the  reenlt  by      1.   We  tbaa  obtain 

Snbetitnte  a  log  (1  +«),  and  (2768)  is  the  reaalt.  To  obtain  (2769),  snb- 
eUtate  »  =  I«atlj,  (2770)  is  the  iwoli  of  differaotiatiiig  (2768) 

for  a. 


NUMERICAL  CALCULATIONS  OF  logl  ^. 


2771  aeoond  mombor  of  (2768)  can  be  dividea  into  two  parts,  one  of 

which  appean  under  a  finite  form,  and  the  other  vaniahea  with  m.   If  we  pat 

then  log  r  (»)  =  r(P+  Oe-f)   (i) 

J  0 

If  Q  be  ilt  velopod  in  ascomiing  powers  of  £,  the  terms  which  contain 
I  I 

negative  ludiccH  are     +  -  s  Jl  bay. 


NUMEBTOAt  CALCULATION  OF  logr(a^). 
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Pat  F(x)  =  J'(P+J?e-f-r;(i4 

«.d     . (,)  -    Ce-ie;  e  -f. «  =  £         _ i _ |.)  .-^  I ...  (ii,) 

Then,  by  (L),  logr(»)  =  f   (It.) 

can  now  be  calcolated  in  a  finite  form,  and  w  (j;)  will  have  sefo  for  its 

limit  as  x  iu creases. 

First,  to  allow  that  F  {^)  and  9  (|)  can  be  exactly  calculated, 
and,  bj  Bubstituting 

•«)-[(r:{-,-^-|)«-f  ('•) 

Again,  putting  a  s  1  in  (iii.)*  we  Jiave 

-«=i;(i^-i-i)-'f  (^^0. 

and,  bj  sabetitnting 

-o>=j:(i3u-^-i)-«f  

The  difference  of  (vi.)  and  (vii.)  gives 

/v_r/     1  l-e-t\  .  .... 

<>-J^(rz7^--^c  't  

i-e-f     l-e-«  l-e-55<' 
Subtract  (viii.)  from  (v.),  thus 

Also,  by(iv.).  i''(^J  +  t!ra)=ir(|)  =  ii»,  ...  f(i)=ilog(2»)-i...(ui,) 

i\x)  may  now  be  found  by  calculating  F{->)~F{^)  as  follows: — 
Bj  (ii).  J'(»)-F(*)  =  |"'[(»-i)e-*+  (1+4)  f 

=  i-.r  +  (*-i)loga5  (2427-8), 

.-.  F(^)=ilog(2x)  +  (aj-i)log»-flf,  by(ix.); 

•   by  (iv.)    Jog  J'  (»)  =  |log  (2ir)  log«-»+»  (m)  (x.)  ; 

2772  r  (a)  =  e-*«--V(2ir)  (xi.) 


L^iyiiizcu  Uy  Google 
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When  X  is  very  largu,  e*  (')  differs  but  little  from  aniiy.  for  «r(x)  dimiaiahes 
without  Umit  as  » ineromoe,  bj  the  valne  (iii.) 

Beplaeing  «     in  (x.)  by  tta  yalne  (iii.)>  and  obiemiig  that 

log  r  (a + 1 )  =  log  ar + log  r  («), 
we  gei  log  r  (a  + 1)  =  i  log  (2«-)  +    +  J)  log  «-« 

-(;(r:i=»-4-i)'-f  

Now,  hj  (1589), 

\l-e-f     I      2/1      1.2    1.2.3.4^*  **  1...2fi  ^1...2»+2* 
where  6  is  <  1.  Also 

So  that  eqnatioD  (jdi.)  prodooee 

8778  logr{*+l)  =  i£S^ 


4"  1    0«  Q 


1.2^    3 .4r»  ^  •  •  ^  (2ii+l)(2«+2)  a?*-*^' 

This  series  is  divcri^ont,  the  terms  increasiiif^  indctinitcly.  Tlie  comple- 
meutarj  term,  which  increases  with  n  aud  is  very  great  wheu  n  is  very  great, 
l8|  however,  very  tmall  for  condderahU  valve$  ^  it.  For  iiMtuioe>  when 
21  =  10,  the  values  obtained  lor  \o%  T  (II),  by  tiddog  8,  4^  5,  or  6  terms  of 

the  series,  are  respectively, 

10  090820096,  1610441.^343,  I6  104412d65,  16104112563. 


CHANGE  OF  THE  VARIABLES  IN  A  DEFINITE 

MULTIPLE  INTEGEAL. 


2774  Eet  .r,  7/,  z  be  connected  with  ^,  i|,  t  by  tlii'ee  equations 
u  =  0,  6-  =  0,  ?r=  0. 

Then,  wheu  tiie  limits  of  the  integral  contaiuing  the  new 
variables  can  be  assigned  independently,  we  have 


f'*  T"*  C'* 


d  ( iirtr) 


I 
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where  <1>  is  what  F  becomes  when  the  values  of  .r,  y,  z,  in  terms 
of  ^,  >i,  obtained  by  solving  the  equations  v,  w,  are  sub- 
stituted. 

To  find  ar^,  consider  tj  and  (  constant,  and  difi'ereutiato  the  three  cquntions 
«,  V,  w  for     as  in  (1723).    To  find  y^,  consider    and  x  constant,  nnd  ditTer- 
entiate  for  q.    To  find  z^,  consider  »  and  y  constant,  and  di  O'erentiate  for 
We  ihiis  obtain 

d(wOTo)  d(iWM>)  d(wm)         d  (uvw) 

^  ill  'II^-  ^  (^y^^  tHn'i)  d  Ian)  _  _  d  (inO 
dl^       d(         d  (tivv})  d  {uvw)  (}  (new)  d(uvw)* 
d(jKy»)  d(yzi.)  (i(z4>i)  d{xyz) 

obsenringf  that  two  interduogw  of  oolnmna  in  a  defcermmaat  do  Doi  alter 

ita  value  or  sign  (559). 

Similariy  id  the  ease  of  any  nnmber  of  independent  variables. 


When,  however,  the  limits  in  the  transformed  integral 
have  to  be  discovered  from  the  given  equations,  the  process 
is  not  so  simple. 

In  the  first  place,  we  shall  show  how  to  change  the  order 
dl  integration  merely. 

3775    Taking  a  doable  integral  in  its  most  general  form,  we  shall  have 

F(».y)rf»dy=2  F{ti,y)dydm  (i.) 

The  right  member  will  genrrally  consist  of  more  than  one  iTitcirral,  aiul  S 
denotes  their  sum.  The  liuiitK  of  the  integration  for  x  may  be,  one  or  both, 
constants,  or,  one  or  both,  fanctions  of  y.  ^  is  the  inverse  of  the  ftmetum  ifr, 
and  is  obtained  by  solving  the  eqnaticm  y  =  ^(a),  so  that  m  ss  ^(y).  IKmi^ 

larlj  with  regard  to  ^  and  4». 

An  examination  of  the  soHil  figure  doccribcd  in  (1907),  "wliaso  volume 
this  integral  represents,  will  make  the  matter  clearer.  The  integration,  the 
otder  of  which  has  to  be  changed,  extends  over  an  area  which  is  the  projec- 
tion of  the  solid  npon  the  plane  of  xy^  and  which  is  bounded  by  the  two 

straight  lines  x  —  a,  r  —  h,  and  the  two  curves  y  —  4^  (r),  y  =  <f>(r). 

The  summation  of  tlie  elements  PQqp  extends  from  a  to  b,  and  includes 
in  the  one  integral  on  the  left  of  equation  (i.)  the  whole  of  the  solid  in 
question. 

Bnt,  on  the  right,  the  different  integrals  represent  the  summation  of 

elements  like  PQqpy  but  all  parallel  to  OA",  between  planes  y  =  a,  y  —  /3,  kc. 
drawn  tiironrfh  points  where  the  limits  of  x-  change  their  character  on  account 
of  the  bounda^ries  ^  =  >//  (x),  ^  =  ^  not  being  straight  lines  parallel 
to  OX 
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27*76  Example. — Lot  the  figure  represent  the  pro- 
jected  area  on  the  xy  plane,  bounded  by  the  curves 
y  as  \//  (x),  y  =  ^  and  the  straight  lines  a  =  o,  a;  =  6. 
Let  y  =  ^  (sb)  have  a  mnTininra  value  when  a  =  c. 
The  values  of  y  at  this  point  will  be  ^(c),  and  at  Ihe 
points  wlierc  the  stnuL'lil  linc'!<  meet  the  curves  the 
values  will  be  ^('0>  ^  i'^)*  ^0*)- 

According  to  the  drawing,  the  right  member  of 
equation  (i.)  will  now  stand  as  follows,  U  being  written 
for  Fix,y), 

Udyd3t+\         Vdydx+\  Udydx-\-\  Udyd^ 

The  four  integrals  represent  the  four  areas  into  which  the  whole  is  divi  liHl 
by  the  dotted  lines  drawn  parallel  to  the  K  axis.   In  the  last  integral,  <1>,  (</ ) 
and  ^s(y)  avo  ^®  two  values  of  »  oorresponding  to  one  of  y  in  that  part  of 
the  carve  y  s  f  («)  whioh  is  cat  twice  by  any  ^  coordinate. 


21*71  To  cliiingo  the  order  of  integrati(ni  in  a  triple  integral, 
from  z,  y,xU)  y,       we  shall  have  an  equation  of  the  form 

(*•  f*»(*)  f*t (».»)                       r-»  ;'*'•.•  r*- 
F((c,y,9)d9dydMs:S\                      F  {3b,y,a)dadxdy 
4-iJfi(x)J«i(x.ir)  J*»J*i(*)J*i(*.«)   (u.) 

Hero  the  most  general  form  for  the  integrals  w  hose  sum  is  indicat<?d  by  Z 
is  that  in  which  the  limits  of  y  are  functions  o(  s  and  x,  the  limits  of  j  fniir- 
tiousofx,  and  the  limits  of  z  constant.  KeferriQg  to  the  figure  in  (lOuCj, 
the  total  yalne  of  the  integral  is  eqniyalent  to  the  following.  Every  element 
daidydt  of  the  solid  described  in  (1907)  is  multiplied  by  F{xyz)y  a  function 
of  the  coordinates  of  the  dement,  and  the  sum  of  the  products  is  taken. 

This  process  is  indicated  by  one  triple  integral  on  tlie  left  of  equation  (ii ) ; 
the  limits  of  the  integration  for  z  being  two  uurt^hlricted  curved  surfaces 
«  B  ^,  (;);,  z  =  ^,  {x,  y) ;  the  limits  fory,  two  oylindricsl  snrfaoes  y  =  4'i{x)f 
y  s  ^  (2) ;  and  ^e  limits  for  a,  two  planes  a  s     0  s  s^ 

But,  with  the  changed  order  of  integration,  several  integrals  may  be 
required.  The  most  t^oneral  form  which  any  of  them  can  (uke  in  that  shown 
on  the  right  of  equation  (ii.)  Solving  the  equation  £  —  f  1  y)t  lot 
=  cii,  (z,  x),  y^  —  4>,  (2,  z)  be  two  resulting  values  of  y ;  then  the  integnk 
tion  for  y  may  be  eflRMted  between  these  limits  over  all  parts  of  the  solid 
where  the  surface  r  =     (j*,  y)  is  cut  twice  by  the  same  y  coordinate. 

The  next  integration  is  with  respect  to  x,  and  is  limited  bv  the  cylindrical 
sarface,  whose  generating  lines,  parallel  to  OY,  touch  the  sunace  •  =  ^iC^t  y)* 
At  the  points  of  contact,  x  will  have  a  ninxiinum  or  minimnm  value  for  each 
value  of  z  ;  lluMtl'ore  'Jg<^i{x,y)  =  0.  l>liniina«ing  y  between  this  equation 
and  that  of  the  surface,  we  get  as  =  ^,  (2  j,  it  =  4^,  (z)  for  the  limits  of  x. 

Lastly,  the  result  of  the  pi-evious  summations  is  integrated  for  e  between 
two  parsllel  planes  u  =  z^,  s  =  «t,  drawn  so  as  to  include  all  that  portion  of 
tbe        over  which  the  limits  for  «  and  y,  already  deiermioedi  remain  the 
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The  reinniiiiiig  integrations  will  take  place  between  a  =  2,  and  similar 
•DOoeasivc  pHrnllel  planes  ;  and,  ancording  to  tbe  portion  of  the  solid  which 
any  two  of  these  planes  intercept,  the  limits  of  9  for  that  intej^ral  will  be  one 
or  other  of  the  bouiulini;  sarfaoeVy  onrved  or  plane,  the  limits  of  y,  one  or 

other  of  the  curved  surfaces. 


The  general  problem  to  change  the  vai-iables  in  a  miiltiplo 
integial,  and  determine  the  limits  from  the  given  equations, 
may  now  be  solved. 

2778   First,  in  ihe  case  of  a  double  integral, 

F{x,y)dxdy   (m)., 

to  change  from  a?,  y  to  ^,  n,  having  given  the  equations  1^=0, 
t?=0,  involving  the  four  variables. 

To  change  y  for  eliminate  I  between  these  equations;  thos  Sf  ^/(<(^9) 
ud  <^  s 9) (2i}«  SDhstiiitting  these  values,  we  shall  have 

Fi9,y)dy=:F{xJ (as,    }/, (af,  i|)  dq  =     («,  1,)  dq. 

Al«n,  if  T}^  corresponds  to  y,,  the  equations  2(1  = /<|(^)  Vi^/OhVi)  will 
give  iji  =  4'i  (^)-    Simihirly  i;,  =  i/'j  (.r). 

Hence  the  integral  (iii.)  may  now  be  written 

F,(a,,,)£fadv  =  2  F,(m,^)dnd»  (W,), 

the  fot-m  nn  the  ri^lit  being  obtained  by  changing  the  order  of  intogralion,  as 
explained  in  (2775). 

Nezty  to  change  0  for  I,  eliminate  y  between  the  equations  «  s  0,  e  s  0| 
tins,  9ssg(i,ti)  and  d^^g^    9)  d^   Snbstitnting  as  beforoi  we  shall  have 

F,(w,n)dm:^F,iB,n)dl 

Abo,  l^  corresponding  to  a?,,  the  eqnations  «i  =  (9)  and  =  :/  (fj,  n)  pK>- 
dnoe  ^  =  nh  (17),  and  in  the  same  way  ^  =  mj  (17).  Hence,  finally, 

(a;,  y)  Ja!  (fy  =  2  F,i^,n)d>jd^   (v.) 

In  the  last  transformation  from  x  to  the  most  general  form  of  the 
integrals  which  may  be  included  under  2  has  been  chosen.  When  any  of  the 
Kinite  of*  are  constants,  the  process  is  aimpliOed. 


2779  Again,  to  change  the  variables  from  x^y^z  to  ^,9,2^, 
in  the  triple  integral, 

fx,  r>;>t(x)  rxt  (x,y) 
F(jB,y,z)dadydz  (vi.), 
X,  Ji^i  {x)Jx\  (x.jf) 

bavinrr  given  the  equations  u  =  0,  i;  =  0,  w  =  0  between  the 
six  variables  a?,  y,  z,  ^,  n,  2[. 
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First,  to  change  from  z  to  eliminate  {  and  n  between  the  three 
equAtions,  and  let  the  maltbg  equatum  be  M=/ix,y,  ().  From  thk 
lit  s/;(0,y,^clCi  therefore 

J'Ca,  y,  f)  di  =  F{m,  y,/(a>,  y,  0         y.  0  <2f  =         y.  0 
Also,  if  ^1  corrsBponda  to  the  limit  «|,  the  eqnationa  g^ss)^(xty}  and 
"%=/ C-^'. !/'  ^i)  give     =  ^,  (x,  y) .    Similarly  C,  =  y). 
The  integral  (vi.)  may  therefore  be  written 

Ixi  f f,(x)  f*,(», r<,  rv,  li)      (i  #) 
I                F,{x,y,!:)dxdydC  =  ^                     F^(x,y,  C)  d^dxdy 
•iJfi(»}J*i(«r)  JfiJTi«)J*itf.*)   (vii,), 

the  last  form  being  the  resnlt  of  ohanging  the  order  of  integraiioii*  as  ex- 
plained in  (2777).    Wo  have  now  to  ominge  from  y  to  if;  we  thereroro 

eliminate  z  and  i  from  the  equations  u,  v,  w,  obtaining-  an  equation  of  the 
form  y  =  /(C,  x,  17),  and  proceed  exactly  as  before.  The  result,  as  respects 
Uie  general  form  of  integral  in  (rii.),  will  be 

F,(m,n,OdCd»dv  (viiL) 

The  order  of  x  and  i?  has  now  to  be  changed  by  (2775).  Since  C  is  a 
constant  with  respect  to  integrations  for  x  and  17,  ^t(C)f  ^tiO  ^iU  he 
oonstaats,  while  \((tx),  X«(C0)  will  be  functions  of  the  single  variable  x. 

Suppose  1}  s X|(^,  m)  giTes  m ss  At«,  9).   Similarly,  0 s  A,({,  i|)  may  be 

the  other  limit. 

At  the  point  where  x=^^(C)  and  >7  =  Xj(4', «),  we  shall  obtain  by 
eliminating  a,  say,  i|=/ti,(C).   Similarly,  from  and  ^  =  \^((,z) 

snppose,  we  get  i}=:/i,(^)  for  the  next  Umit;  then  a  geiieral  form  for  the 
transformed  integral  will  be 

f&  fMi(0  rA,(f.^) 
F,i.;^,Odi:dndx  (ix.) 

It  now  remains  to  change  from  the  variable  x  to  L  EHminatinpr  y  and  » 
b«»twecn  the  equations  w,  r,  u?,  we  Lave  a  result  of  the  form  x=y'(_4q, «). 
Subbtimtuig  tor  x  and  J.c  as  before,  we  arrive  hnaily  at  the  form 

P^d^n^Odid^^  (x.) 

It  ahonld  be  noticed  that  the  limit"?  z=Aj(<r, »;),  x=Af(^,*i),  in  (ix.),  are 
not  necessarily  different  carves.  They  may,  in  some  of  the  partial  integrals, 
be  difiermt  portions  of  the  same  curve.  This  was  esonplified  in  tba  last 
integral  of  (2776). 


MULTIPLE  INTEGRALS. 


The  following  theorems,  (2825)  to  (2830),  which  are 
given  for  three  variables  only,  hold  o-ood  for  any  numlxr. 
Let  x,  y,z  be  quantities  which  can  take  any  positive  values 
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Bubject  to  the  condition  that  their  sum  is  not  greater  than 
unity^;  then 

Here  0+^+^  =  1  is  the  limiting  equation. 

Proof.— Integrate  for  t ;  then  for  y  by  (2308)  ;  finally  for  »  bjr  (2280), 

and  cLange  to  the  iramnia  function  by  (2305). 

2826  =         ..T^^/n  H 

\p     q     r  ) 

when  ^— ^  -}-        -|-  ^— ^  =  1  is  the  limiting  equation, 

Pboot,— Substitate  »=  (-f-)'  y=  (^)''  «=  (^)'i  and  apply  (2825). 

8827  When  the  limiting  equation  is  simply  ^4-11+^^  =  A, 
the  value  of  the  last  integral  becomes 

r(/+m+«+l)' 

2828  The  value  of  the  same  integral,  taken  between  the 
limits  /^and  h-{-dh  of  the  sum  of  the  variables,  is 

Pkoof.— Let  u  be  the  value  in  (2827)  then,  by  Taylor's  theorem,  the 
Talae  roqoired  is  , 

d/t  VT    T  /  r(/  +  »rt  +  n  +  l) 

which  reduces  to  the  above,  by  (2288). 

8889  jjj V- V-'«"-'/(.r+y+«)  da>(fydz 

r(/+w+»)  J/  ^ ' 
3h 
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if  x-\-)/-{-z  =  h  and  A  v;:!  i»  s  from  0  to  r.  Tii  other  words,  the 
vanables  must  tnkc  all  positive  values  allowed  by  tlio  condi- 
tion that  their  sum  is  not  greater  than  c. 

FsoOF.-i-Far  eaoh  TalDe  of 'A  the  integration  with  respect  to       *  girea, 

by  (2828),      /(A)     » ^^p^/^^;;;^^^^"^ 

tbe  TariatioiM  of  a;,  y,  t  not  nffeoting  fc.  Thia  esprouion  has  then  to  be  in* 
tegtnted  aa  a  fnnction  of  h  from  Otoe. 

2830  jJj>'-V-«--y[(4) +® 


wiih  the  limiting  equation  ^--^  -f        +  (~)  ~  ^• 

PfiOor.— From  (2829)  bj  sobstiiating  m  =  ^-J,  <fco. 

2831  If  .'P,  ?/»  :r  bo  n  variablt  9,  takinn:  all  positive  yalues 
subject  to  the  restriction  then 

But,  if  negative  values  of  the  variables  are  permitted,  omit 
the  factor  2*  in  the  denominator. 

PboOF.— In  (2830)  pnt  Isms Ae.«sjl ;a  =  /?=:4c=l;  jp  =  ?  =  &c.ss2; 
f(K)  ~  — .  . — -r-»  c=l;  and  the  expression  on  the  right  becomes 


The  integral  ia   =  B  (K  i)  (2280)  =  p/f  (^805). 
Hence  the  result.  . 

But  if  nei,^itive  values  of  the  variables  are  allowed  under  the  same  re- 
Ktiictiot:.  + *-  ..  >  1,  each  eleniL'f.t  of  the  integral  will  occur  2"  fimps 
for  once  under  the  hrat  hyp.-thois.  Therefore  the  former  result  must  be 
mottiplied  by  2". 
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2832  If  n  positive  variables,  .r,  y,  z,  &c.,  are  limited  by  the 
condition  a^-f  y*+2*-h&o.>l,  then  •  * 


2-^r{i(i»+i)j 

▼here  P=:  '4-&c. 

Proof. — Chanjc^c  the  variables  to  f,  t}^  i  by  tbe 
ortliogoual  tiuiisforniatiun  (\7Vd),  so  that  x 

a'  +  6'  +  c'  +  &c.  =  ^-^j  and  a^-\-bij-^-cz-\-&4i.  =  ^4. 

The  integral  then  tiikea  the  form 


fli 


^iH)dld^d(i,.  with  i«+i,«+4:'+4c>  1. 


-  1L  A 

k  k  k 
'L    ^1  <L 


Now,  integp*ate  for  9,  ^,  &c.,  considering  £  con- 
fitant,  hj  adapting  formiila  (2826).   The  limitiog 

equation  is  ** 

(7(r:^^)'+(7(rr?})'+*«-'»"-^*^.  ■•• 

Tiierafore  pat  { =  m  =  =  I ;  |)  =  f^p  =  (fee.  s  2 ;  a  =  /3  =  dbc.  =  v^(l  -^). 
vhich  is  equivalent  (0  the  valne  above. 

2833  With  tho  same  limiting  equation  for  »  variables  and 
tbe  same  value  of 


I 

Peoor.— ^l^ing  the  same  orthogonal  transformation  as  in  (2832),  the 

Considering  £  constanti  the  int^^tion  for  tho  remaining  variafalei  IS  eflfooted 
(2830).   Adapting  tho  integral  to  that  formalai  we  have 

for  the  limiting  equation. 
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Here  J  =  m=s&c  =  l;  p  =  5  =  «&c.  =  2;  a  = /3  =  &c.  =  ^^(1-?)  ; 
/  (Ar)  s  — i—  ;  «  s  1 ;  and  Uio  redactions  are  nmilar  to  ihoM  in  (2832). 


2834  in  (2832-3)  negative  values  of  tlie  variables  are 
admitted  (since  the  limiting  equation  is  satisfied  by  such), 
each  element  of  the  integral  with  respect  to  t,  &c.  will  tlieii 
occur  2""^  times,  and  therefore  the  result  in  eacli  caF=e  must 
be  multiplied  by  2*"^  and  the  limits  of  the  iutegratiuii  iur  ^ 
will  be  —1  and  1  instead  of  0  uud  1. 


EXPANSIONS  OF  FUNCTIONS  IN  CONVERGING 

SERIES. 


The  expansion  of  a  function  by  Maclaurin*8  theorem  (1507) 
can  be  at  once  effected  if  the  rt^''  derivative  of  the  function  is 
known,  or  if  merely  the  value  of  the  same,  wlien  the  inde- 
pendent variable  vanishes,  is  known.  Some  n^^  derivatives  of 
different  functions,  in  addition  to  those  given  at  (1461-71), 
are  therefore  liere  coUect^^d.  When  the  general  value  would 
be  too  complicated,  the  value  for  the  origin  zero  alone 
is  given. 


DEEIVATIVES  OF  THE  ORDER. 

The  following  is  a  general  fonntila  for  Gabalatiiig  the 
deriTEtiye  of  a  functioB  of  a  function. 

If  y  be  a  function  of    and  z  a  function  of 

^^^^  dP^'^[7W^  d^\a  V../ 

yrhere  r  =  1, 2,  3, . ..  n  sncoessively,  and  a  is  put  =  0  in  each 
term  of  the  expanded  binomial,  after  differentiation. 

Am  A  A 


To  determine  any  coefficient  A^,  form  r  equations  from  this  by  makiug 
y  =  Sf,  «*,  ...  z*"  in  succession  :  multiply  these  r  equations  respectively  by 
M-\ -0(r,  2)«-',  (7(r,  3)«-»,  ...  (-ly^-",  and  add  ths  regalto.  AlliilM 
eoefficiento  eioeptii^      diaappMr.  This  is  shown  "bj  diflferentiatiiig  the 


eqiiatum  =  l~f»+a (r,  8)  a?-<7 (r,  8)  j*+  ... dsfl^ 
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Baccesaivelj  for  a,  and  makin^^  x  zero  after  each  difTureutiaiion.  Thau,  Rimlly, 
with  a  put  =  z,  afior  expanding  and  differentiating  the  binomial. 

2853  Examples. — The  formula  may  be  applied  to  verif/ 
equations  (1416-19). 

Jacobi's  formula  (1471)  may  also  be  obtained  by  it. 

_    1.3...  (2n-l)    U       ^     z  \ 

2''(l-a?)-(l-^)U      2ii-l  '^In-l.Zn-H 

"^■^^("Oh^      ^1     4.vJ    where  ^-l^:^ 
2n-1.2ii-3.2ii-5^"'=*'    i'  wJiereZ-^^^. 

Proof.       (sm'^  f(l -a)"*  (l+a?)-*}^  (1434). 

fiXpand  the  right  niciiiber  iiy  (14r»0). 

2855  d^ttok'^of.  This  derivative  is  obtained  in  (1408). 
The  following  is  another  method,  which  also  includes  the 
result  in  (1469). 

.•.b,(U25)    .„tan-.-i2=Uz]i"^_l___i_.j   (i). 

Fot  w  s  ootO,  thenfora  x±i  =  ^/(l  +  a;')  (cos 0 ±  imnB),  wBloh  Talnea 
mbfltttated  in  (1)  convert  the  equation,  hj  (757),  into 

(tan-»fli)«,  s  (-!)•-*  U-1  na«9ann0. 


2856        {e*«"*co8(47dna)}  =  g»«*»'cos(j;  sina+na). 

Peoof. — By  Induction. 

LAGJEUJC^aE'S  METHOD. 

8857  Lemma. — The  deriyatiye  of  a  function  u  =f(x) 
-will,  bj  Taylor's  theorem  (1500),  be  equal  to  1.2  ...n  times 
the  coefficient  of  A*  in  the  expansion  of  /(ff+^)  in  powers  of 
h  by  any  known  method. 
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Let  u  =  a-\-hx-^c:r^^  and  thoroforo  u^.  =  h-\-2c,c  \  then 
((/ -f   '  +  equal  to  either  of  the  following  series, 

witlx  the  notation  of  (2451-2). 


2859  or,  patting  2»  =  m  and  4ac— 6*  s=  $S 

Proof. — Cbanging  x  into  x-\-h  in  n",  it  becomes  (m  + M,7i  +  cfc*)".  Then, 
bj  (2857),  drx**"  ^i^l  be  =  |_r_timc8  the  coefficient  of  /i*"  in  the  expansion  of 
this  trinomial.  (2858)  is  the  result,  and  it  may  be  obtained  by  expaTidinn^ 
{{^u+Ugh)-\-cW\*  as  a  binomial,  and  collecting  tho  coefiicienU  of//  iroui  tho 
Bubseqiieiit  ezpimsioiui.   The  value  (2859)  ia  fonnd  by  taking 

expanding,  collecting  coeflicients  of  K",  and  multiplying  by  1.2...  r,  as 
beiora. 

8860  Ex.— To  find  d„(a'+fl^)*.  Applying  fonnnk  (2859),  we  havo 
u  =  a' i»,  =  29,  2  s  2a,  r  s  n.  Therefore 

C       2fi  (2»— 1) 

n'(n-l)'(n-2)(n-3)  7  , 

^     1.2.2»...  (2n-a) 


2861  <?,,e«^=  C~'[a"(2^)"+...  +  ^a"-'-(2a)»-»'-+&c.|, 
with  r  s=  1, 2, 3,  &o.  in  Bucoession. 

Proof.— By  the  method  of  (2<^.'i7).  Pu^fuig  ^ix*h>*  _  ^,ax»  expnnd 
tho  factors  containing  h  by  (150),  and  from  the  product  of  tho  two  aeriea 
collect  the  coefficients  of  A". 


2862  ''-t*'  =  (^)"i^(-^+T)+- 

.•■+flJ(2*)--t(-^+^^)+&c. 
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Proof.— (f„  (008.1^+ j' sin  ar')  =  (7„e'-^.  Expand  ihe  right  by  (2861), 
putting  Binoe»  bj  (766),  «*"  s  inn^  s  ».   AIbo  put 

6^-'<— =  cos  C^i:^  j  +  isin  ^"-^^  "  j  , 

and  tlien  equate  reel  and  imaginary  parte. 


2861  d^p]^  =  {«+l-2-} 

+  {Cf(»+l,  2)-2»(n+l)+8*(^-*«» 

+  {C(»+l,8)-2«a(»+l,2)+3»(i»+l)-4«}«f-«»+Ac.] 

Pboof. — Let  M  be  the  function.    By  differentiating  u  it  is  seen  tliat 

the  A's  being  constants.  To  dctcnnine  their  values,  ej^pand  u  (c'+l)"*, 
and  also  (e'+l)'"',  by  the  Binomial  theorem;  thus 

u„^  =  (-1)"  {c-'-2"d-=^+3''e-''-4"e-*'4-&c.f, 

(«*+!)"•'  =  6  '""+ (n+l)e"  +  C(/i  + 1,2)  e'"-'>'+ C  (n  + 1,  3)  e<"-«'+<tc. 

From  the  prodact  of  the  two  expaufiions  the  coefficients  Af„  QUiJ 
.  be  selected. 

 — 

2865         d^inn  Kv  =  (^1)  *  |n— 1  or  zero, 
according^  as  n  is  odd  or  eyen. 

P&oor. — By  Rale  lY.  (1534).    The  first  and  last  differential  equations 
(see  Example  1535)  are,  in  this  oaee, 

(l+x')  y^+2«y,  =  0  (i.) ;       ^(..2;.^+^  (u+l)y^  =  0  (ii.) ; 

with  ?/^,  =  1  and  y.j^,  =  0. 

Otherwise. — By  (1468),  putting  x  =  0. 

2867       </«.o  sin"'  r  =  \  .3^5^..  (»-2)'*  or  zero, 
according  as  n  is  odd  or  even, 

PBOOr.— By  differentiating  (1528). 

(HherwitB, — As  in  (2865)  where  eqaatioo8(i.)  and  (it.)  will  become  in  this 
oaae         (1  -•^)  ya.  =   (i.)         Vtn^n^  =  A***  •••(»»•) 

2869    rf*ro  (sin'*  J?)*  =  2.SP.^.6" ...  (n— 2)*  or  «ero, 

according  as  n  is  ett'/t  or  odd. 

Pr;ooF. — Ab  in  (2865) ;  eqoationa  (i.)  and  (iL)  being  identical  with  tboae 

in  (2tJ07). 
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2871 

=  (—1)*     (!»•— 2r)(in*— 4)^)  ...  [m=— (w— 2)  J, 

or  zero 

;  acoording  as  n  is  even  or  ooa  ana  >0  if  even. 

$2873 

d„jr(i  sin(m  sin"^  .r) 

(-.i)"-r  m(m*-l)(m«-3») ...  [i»*-(ii-2)*], 

or  zero 

;  according  as  n  is  o(/(/  or  cren  and  >1  if  odd. 

gg75  dn^  cos  (m  cos'^j;') 

^  (-.l)'T^  m(m*-l)Cm*-a^)  ...  [m*-(n-2)*]  sin!^, 

8876  or 

=  (-1)?  wr  (m'-2^)(m«-4?)  ...  [m«-(n-2)*]  cos^ 
according  as  n  is  odd  and  >  1»  or  even  and  >  0. 


2877  dnxd  sin  (m  cos"*  ^) 

s=  (-l)«m*(m*-2*)(m*-4iO  ...  [m*-(ti-2)*]  sinimw, 

2879  or 

accordizig  as  n  is  even  and  >  0,  or  odd  and  >  1. 

Observe  that,  in  (2871-3),  sin"*  0  =  0,  and  in  (2876-9), 

cos"^  ^  =  "H"*       ^®        values  admitted. 
2 

Proof.— For  (2871-9).  As  in  (2865)  j  equatioua  (i.)  and  (ii.)  now  be- 
coming in  Mch  CUB 

(l-O  i/a.~^i/x+mV  =  0  (i.)        yc»D«o  =  (•^-•O  (ii-) 

Otibmm.— By  the  meliliod  o(  (1588). 

2880  Let  y  =  32  cot  X,  then 

with  integral  values  of  r,  from  0  to  »— 1  inclusive. 


» 
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2881  Thus,  denoting  y„o  shortly  by  y„,  we  find,  by  making 
n  =  1, 2, 3»  &c«  snccessively  in  the  formula, 

_     2  8       _     82       _  128 

yf---3.  y^-^W  ^•""""21*  ^'~"T5'' 

Pitoor. — Take  the  nth  derivative  of  tho  cqaation  s  cos  a;  =  y  sin  s  by 
(14C0),  redudiig  tlie  ooeffiments  by  (14<>l-2),  and  patting  x  finally  as  0. 

S883  derivatives  of  an  odd  order  all  vanish.    This  may  be  shown 

iuile|H;iidciilly,  an  follows  :— 

Let  y  =f  {x),  then  ^  (2)  ib  an  even  Amotion  of  m  (1401) ;  therefore 

^•-»(»)  =  -^'"*»(-»); 

/.  f*'*'  (0)  =  -  ^»«»'  (0) ;     .-.        (0)  =  0. 


2883  rf«po{(l+^)'  8in(M»tan-^j?)}  =  (-l)  *  mL'i^  or  zero, 
according  as  » is  odd  or  even, 

2886  d«rt{(l+^)^co8(i»tan-^*))  =  (-l)'^*i»L"i  or  zero, 
according  as  n  is  even  or  odd. 

Proof.— As  in  (2S65).    Equations  (i.)  and  (ii.),  both  for  (2883)  and 

(2885),  are  now  (H-a:')yt,-2  (m-l)xy,4-m  ("i-l)  y  =  0  (i.). 

and  y(,.iiio  =  — (w*— n)(i»-n-l)  y.^   (ii,) 

Formnlu  fii.)  gives  the  factors  in  sncccssion,  starling  with  y«=  0,  y^ssm 
in  ;  and  with  yo  =  1,  y,=  0  in  (2885). 


2887   d^{il+a*y «  co8(mtan-»j?)}  =  (-l)"^mf>  or  zero, 

according  as  n  is  even  or  odd. 

Pkoof. — Chancre  tHe  sign  of  ?n  in  (2^^.')). 

NOTB. — in  formulaa  (2883- 7)  £ero  is  the  only  admitted  value  of  tan~'  0. 


2889  =  (-^^ ' 

according  as  n  is  even  or  oc^;  by  (1539). 


2891    When    ia  a  positive  integer, 

or  zero,  according  as  n  is  >  or  <  j?. 

PBOOr.— Pnt  y  s  d**  coa  &v  and  uss^m  (1460),  employing  (1465). 

3  I 
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lOSCELLANEOUS  SXPAN8I0NS. 

The  folloNving'  series  are  placed  here  for  the  sake  of 
reference,  many  of  them  being  of  use  in  evaluaiinor  definite 
integrals  by  Rule  V.  Other  series  and  methods  of 

expansion  will  be  found  in  Articles  (125-129),  (149-150), 
(248-295),  (756-817),  (14GU),  (1471-1472),  (1500-1573). 
i'or  tests  of  convergency,  see  (239-247). 

Numerous  expansions  may  be  obtained  by  differentiating 
or  integrating  known  series  or  their  logarithms.  These  and 
other  methods  are  exemplified  below. 

2911  cot^  =  l  — 


^27r+ci'     air— 0?  ^  ;iir-i-a? 
Pboop.— By  dUferontiating  the  logarithm  of  equation  (815). 

8912   »cotirj?  =  i-+-l-j+-L-+  ^ 


PBOOF.— By  changing  x  into  vz  in  (291 1). 


8913  timj?==^jJ-«— l_+3-L- 


Paoor.— By  changing  » into  |ir^«  in  (2911). 


8914  cosec  a-  s  A.  +  * 


Of       IT— TT-f-.r      2»— * 

.  _J_  ,  _1  1  L-^&e 

PaoOF.— -By  adding  together  eqaationa  (2911,  2913),  and  chuiging  m 
into 
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2915  -r-^-  =  l+  * 


flinmv     m    1—m  1+m 


1         L       1         .         1  1  J. 

+7rrz::+w-:z-ir\  


PBOOr^B/  patting  «  =  mr  In  (2914). 

8916    oat^  =  --_—  IW^-^' 

For  proof  see  (1545).  The  refbrenee  in  that  artiolD  (first  edition)  Mhonld 
be  to  (1541)  not  (1540). 

2917 

L£.  lA  12. 

2918  ca8ecd?  =  i+^iS^-B^ 

FBOOr.— By  (2916)  and  ilie  relationB 

tan  9  =  cot  9^2  cot  20,      cosec  2  =  cot  \x — cot  x. 

2919 

, — „         ,  ->  =  l+2aeOT«+2a*co82«+2a*oo8av+&o. 

=:  ^^^(cogig+aco82ii;4-a'co8&g+o'cos4f+Ao...) 

2921 

r —  ; — j=  sin  j7+a  sm2cr+a^  siii3ii'-f-"^tiiii4t'+&c. 

Proof. — -By  (784-6)  making  a  =  />  =  z  and  c  =  a. 

When  a  is  less  than  unity  and  either  positiye  or  negative. 
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S922 

1  a' 

-5- log(l+2a  cos.i  -i-a  j  =  a  cosa  — -5C0s2ti  -|-  — cos3ti  — &c. 

2923  tan-^r4^2Lf_==a8m*-.j£8map+^8inar-&c. 

l+acosci'  X  3 

pBOOf. — Patting  «  =  a  (cos  r  + 1  sin  jr),  wo  have 
log(l+»)  =  log  (l  +  acosaj+ioBin*) 

ss|log(l+2aooi«+«*)+»t»n-»j^2i£^  (22U}, 

2*      fl*  a* 

and  also  log  (1 =  i- —  i.+4o. 

Sabatitate  the  viliid  of  0  and  equate  real  and  imaginaiy  parte. 

2924  OKA«tiMie.--To  obtain  (2982), 

log  (l+2a  oca  (vfa*)  a:  log  (1 +log  (1 
BSxpandiDg  by  (154),  tbe  aeriea  is  at  onoe  obtained  by  (768). 

2925  OtherwUe. — Integrate  the  c^uaiiou  in  (786)  with  respect  to  a,  after 
obanging  a  and    into  a,  and  c  into  —a. 

2926  When  a  is  greater  tlian  unity,  put 

log  (l+2a  cosd?+a*)  =  log  a-+log  (14-2a"^  cos^+o"*), 

and  tlie  last  term  can  be  expanded  in  a  conyerging  series  by 
(2922). 


2927 

log  2  cos  \x  s  cos  ices  2d?+i  cos  cos  4r+^> 
2928 

•  log  2  sin  ^op  =  -^cos   — |  cos  2,r — \  cos  Jli — i  cos  4r — &c. 

2929  8m«<-iam2j?+i8in3iir— i8in4v+<S&c. 

2930  \  (ir— ^)  =     sincrH-^  sin  2.r+i  sinat  +i  8m4r+&c. 

PitoOf.— (2927-30)  Make  a  ^  ±  1  in  (2922-3). 

2931  ^  =  sin       sin  sin 

2932  »=2v/2(l+i-i— |+4+-iV-&c.). 

Pkmof.     A>M  t  ..'..'Ikm-  r-2020-::;*''),  and  jnif  r=  |ir. 

When  n  is  less  than  unity,  and  a  =  1±       +  w"), 
2988  cosd?)  =  log(l+2acos«+o*)-log(l+o'). 
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and  is  therefore  equal  to  twice  the  series  in  (2922),  minus 
log  (1 +  (/-).  But  if  a  be  greater  than  unity,  expand,  as  in 
(2926),  by 

2934  log(l+«eoga?) 

=  log  {l+2a~^  coStr'+o~^)+log  a"— log  (l+a*). 

2935 

(l-h2a  oosd?)"  szA+Ai  eoBw+At  cos2d7+<^t  <i083d?+&o., 
where 

Aszl  +  C(n,2)  2a«+...  +  0(n,  2p)  C  (2p,  p)  a'"  + 
^  =  2«{n+C(n,  3)3a*+...  +  (7(n,  2p  +  l)  C  (2p  +  l,p)  .,.], 

(ii+r+l)a 

II «  be  a  positiTe  integer,  the  series  tormiiiates  with  the 
term,  and  the  values  dt  A  and  A^  are  also  finite. 

Peoof. — Diirerentiate  tin-  lno;aritbin  of  the  first  equation;  multiply  np 
and  equato  cocfiicieuta  of  bin  rx  after  transforming  by  ^00(3)  ;  thus  A^^i  ia 
obtuned. 

To  find  A  and  Ai,  expand  (1  +2a  oob«)*  hj  the  Binomial  Theorem,  and 
the  powers  of  ooe  «  afterwards  by  (772). 


LEGENDRE'S  FUNCTION  X^. 

8936  (l-aM7+a^)-»=l+X,a+X,«*+...+XX+ 
with  X.  =  —  ^  !)•. 

Pboof. — ^Expand  by  the  Binomial  Theorem,  and  in  the  numerical  part 
of  each  coefficient  of  a"  express  1.8.5  ...  2»— 1  as  j  2/<     2*  |  tt  . 

Consecutive  functions  are  connected  by  the  relation 

8937  rfA+i  =  (2»+l)  X,+d.X^,. 

Proof. — Difforentiate  the  factor  once  under  tho  sign  of  ditFcrontiation  in 
the  Talues  of        and        given  by  tbo  forumla  for      in  (2936). 

A  difEerential  equation  for  is 
8988      (1-4^  d^-2i»d^+n  (n+l)  X^^O. 
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2939   When  p  is  any  positive  integer, 

=  l«  <i  B,nP-^        B,n*-*  B.n--^ 

oonduding,  according  as  n  is  even  or  odd,  witli 

(-ir'l^      or  (-l)»c^..j^i|^j. 

Psoor   =  .  Expand  the  left  side  by  division,  and 

''—1         X       e*  — 1 

each  term  sulj'^eqnentl}-  by  (1  •'>'.>).    A^ain,  cxpaudthe  tir-st  factor  of  the  ri^ht 

Bide  hy  (150),  aud  tliu  secoud  bj  (loo'J;,  and  e<^aate  the  coef&cientti  of  x'  in 

til«  two  TMolto. 

See  (276)  for  tbe  Tahies  of  tlie  aeries  when  j>  is  1,  2, 8,  or  4  Baft  ihs 
general  formola  tbere  is  inoorrectly  printed. 

Let  ihe  series  (2940-4)  be  denoted  by  8^9  8^,  s^t  hm*u  as 
under,  n  being  any  positiye  integer;  then 


2940  fitsl+j;+^+^+&o....=^Vfi^. 


8W1  fii.sl-^+^-^+&o....  =  2:^^2^. 

FMW.— (i.)  tL  i*  obUiDsd  in  (IMS). 

(a.)  6'..-6'».  =  2  (1.  +  i-  +ic.)  =  2|a.   This  give  S^. 

2943  ,.sl+^+^+^+&c.=-'^=^2*5f. 


4?  =  J. 

Fboop.— Bjr  differentiatiog  equation  (2912)  snooeseiyely,  and  pntti 
«S5 }  in  theiesnlt  To  oompate  d„oobw»,  see  (1525). 
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2945  The  following  values  have  been  calculated  by  formuka 
(2940-4). 


"6' 

IT* 

5e  = 

945' 

9450' 

•» 

12' 

720' 

31if« 

127if^  . 
1201M)00 ' 

•» 

• 

IT* 

IJtr^ 

T' 

9U' 

DUO' 

161280' 

*«  = 

«» 

*«  = 

ein" 

T* 

^' 

1536' 

184320' 

2946  T^=(^-^0[^-(4i?][^-(^^^ 

l+co«a       L     (»-a)'JL     («-+a)«JL  (3ir-tt)'J 

X  Fl-  7-^1  [l  -  TT-^'— 1  ...  Ac. 

p^,    COS  r-co8  g  ^  rin  4  (a+;^i"  i  Expand  the  Bine,  bf 

1  —  cos  a  81  n  .j'f 

(815).  Tho  two  n+ 1'"  factors  of  the  uumcrutor  divided  by  the  oorrespondiug 
onee  of  the  denominator  rednoe  to 

^(^"SS?^)  {^'^2i^a)  (^'^'iii;^)  (^""SS^+a) 

^  (^~(an»-a)»)  (^""(2»»+o)«)* 
Similarly  with  (2947)  employing  (816). 


2948  «..+.«.|si...(n.-^J(,-^J(i+5|^J 


Floor.  ooBs+tan^Binas^^^^Ii^^-^.  Expand  the  oosines  fay  (816), 

2  ci>8  fa 

and  redmoe.    Similarly  with  (2949),  emplojing  815. 
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2950   

8961  [^+a']['-(|;)'J[i-(|f)]  

Proof.— Change  0  into  us  in  (815)  and  (816). 

onco  e*-2  cos  ^-f-^"* 

2952  2(1 -cos  a) 

tJ*4-2  ens  rr  + 


2  (1  +COS  a; 
Proof. — Cliu.ii,^  x  into  »^  in  (2940-7). 


FORMULA  FOR  THE  EXPANSION  OF  FUNCTIONS 
IN  TfiIGONOM£TEIGAL  S£BIES. 

2955    When  X  has  any  value  between  I  and  —I, 

where  n  must  liaye  all  poaitive  integral  values  in  snooession 
from  I  upwards 

But»  if  x  =  l  or  —l^  the  left  side  becomes  1^(1) -^hi^^)' 

PBOOr. — By  (291 9)  we  have,  when  A  is  <  1, 

 n=  l  +  2Acose+2A'co8  20+2/i»cos3tf+&c.... 

Pttt  d  =  — fr.  ^)  ;  multiply  each  side  by  ^  (i-),  and  iutegrale  for  v  from 
—I  to  2;  then  make  h  =  1.    The  left  side  becomes,  by  substituting 

l_2Aco8lil=^+A«  J-i-(l-A)«+4fctin'^' 

When  /i  =  l  each  element  of  the  integral  vaniah^f  excepting  for  values  of  r 
which  lie  near  to  ».   Therefore  the  only  appreciable  Yalne  of  the  integral 

arises  from  snch  elements,  and  in  these  z  will  have  values  near  to  zero,  both 
positive  and  ne^tive,  since  x  has  a  fixed  value  between  I  and  — /.  Let  these 
values  oi  s  range  from  — /3  to  a.    Then  between  these  small  limits  we  shall 

1   sin'  vz     irV        ,     /    ,   \     ^  /  \ 

hftTO  — ^  =        and  (»), 
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and  the  integral  takes  fche  form 


-wben  ft  is  made  eqna!  to  unity,  whicU  establiKhes  the  formula. 

In  the  case,  however,  in  which  x=l,  sin' vanishes  at  both  limits,  that 

is,  when  z  =  0  nnd  when  3  =  —  2?.  We  have  therefon;  to  integrate  for  » 
from  — /3  to  0,  and  also  from  —21  to  — 'J/-|-a,  a  and  />  being  any  small 
qnantities.  The  first  integration  gives  (0  ss  above,  putting  a  =  0.  The 
aecond  integration,  by  substituting  y^z-^-'llf  produces  a  Hintilar  form  with 
limits  0  to  a,  and  with  f  in  the  place  of  <p  (.r)  'giving      (  —  0  ^^''t'U 

a- -I.  Thus  the  total  vuhio  of  the  integral  is  +  ("O-  re****^* 
it>  tiie  same  when  x  =  —  /. 

Tbai  tbe  right  side  of  equation  (i.)  forms  a  oon verging  series  appears  by 
integrating  the  general  terms  bj  Parts;  thas 

^  (>0  cos — —  dv  ss  —  '  ^  (t?)  sin  — i-;  i  > 

I  n»  C  I       )  -i 

—  —  I    ^  (»)  sm  —  £  do, 

ttJr  J   ^  c 

which  vani.slif^s  when  n  is  infinite,  provided  <{>' (v)  is  not  infinite. 

Hence  the  rntili i[)licatiun  of  sucli  terms  by  /<"  wlu-ii  n  is  iTitinite  produces 
no  tinitu  rehult  when  A  in  uiaUu  =  1,  ulLhuugh  1''  is  a  toctor  of  iudetermiuute 
valne. 


2955^  A  function  of  the  form  <^ (.r)  cos ;?  r,  with  «  infinitely 
gTPat,  has  })een  called  "  tr  ffiirtinifi/n/  fifurfioif,*^  for  the  reason 
that  between  any  two  finite  limits  of  tlie  variable  the  fnnc- 
•feioTi  changes  sign  infinitely  often,  oscillating  between  the 
values  <p{.r)  and  — ^(.^).  The  preceding  demonsti-ation  shows 
that  the  sum  of  all  these  values,  as  x  varioi*  continuously 
between  tbe  assigned  limits,  is  zero. 

* 

By  Bimilar  reasoning,  the  two  following  eciuations  are 
obtained. 

2956    If   has  any  value  between  0  and  I, 

♦w-^C^Wdt'+jSr^Vwcosiiiipil* ...  (2). 

But  if  2=0,  write  i^(0)  on  the  left;  and  ii  x=il^  write 

If  X  has  any  value  between  0  and 

2967  0  =  ^£^(t,)</i,+l2rJ^VWcos!iI^^ 

3k* 
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But  if  xssOf  write  i^(0)  on  the  left;  and  if  x=lt  write 



2958  i> {.,')  =  i  rV ('•)  '/'•+ 1 ^ cosIlH  |"co8il2i>(p)  <f» 

ft  ft'o  ft  ft  «;o  ft 

This  formula  is  true  for  anj  value  of    "between  0  and  I, 

both  induslre. 

But  if  9?  be  >  ?,  write  ^  (./•  ~  instead  of  f{x)  on  the 
left,  where  2ml  is  that  even  multiple  of  I  which  is  nearest  to  z 
in  value. 

If  the  sign  of  a;  be  changed  on  the  right,  the  left  side  of 
the  equation  remains  unaltered  in  every  case. 

2959  *  W  =  I-  2r  8in^  f  sin  ^^^(r)  dv  (5). 

'V\uA  formula  holds  for  any  vaiuu  of  x  between  0  and  I 
exclfisio'  of  those  values. 

If  iU  be  > /,  Avrite  :^<p(  r    2tiiJ)  instead  of  on  the  left, 

4-  or  —  accord in«T^  as  is  >  or  <  2m/,  the  even  multiple  of  I 
which  is  nearest  to    in  value. 

But  if  .e  be  0  or  /,  or  any  multiple  of  /,  the  left  side  of  this 
equation  vanishes. 

If  the  si^rn  of  be  chnnirod  on  the  risrht,  the  left  side  is 
nuuierically  the  same  iu  evtiy  case,  but  of  opposite  sign. 

Pkoof. —  For  To  obtain  (4)  Uke  the  sum,  and  to  obtain  (5) 

tnke  the  differouce,  of  cqQatiiinit  (2)  and  (8).  To  determiue  the  vnloes  of 
the  eeries  when  xn  >  2,  pat  »  =  *2ml  ±     so  that  x  \a  <  I. 

For  all  values  of  2,  from  0  to  *  inclusive, 

2960  a-  =  |-ljcos.  +  £2gi!:+£2i5f+&c.J. 

Pboof.— Id  formala  (4)  put  f  (j;)  =  s  »nd  2  s  ir,  then 

•ceordindf  as  n  is  odd  or  even. 

Similarlj,  by  formnla  (5),  equation  (2929)  is  reproduced* 

For  all  values  of  a?,  from  —^wto^  inclusive. 

2961  ^=  ^  jsm*c  &c.j. 

Proof. — Chan^'c  x  into  iv—x  ia  (29G1). 
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Peoof.— In  formula  (5)  put  f  (.c)  =  e"'  — e""'  and  /  =  n-  ;  thoa 


r 


2963  If  ^  U")  be  not  a  continuous  function  between  ,f  =  0 
and  =  let  the  function  bo  <p  {,1')  from  ,r=:0  to  x  —  a^  and 
from  :r=://  to  =  then,  in  forniuhe  ( t<)  ami  (o),  we 
sliall  have  ^(.')  or  (,r)  renpectively  on  the  h'ft  side,  accoi'ding 
tu  the  tNituatiou  of  ./*  between  ()  and  or  bet.veen  a  and  /. 
But,  if  £  =  Uy  wo  must  write  i  +  (a)]  lor  the  left 
member. 

Pkook. — In  asccrtaiuiiig  tho  value  of  tho  intef^ral  in  the  demonstratioa 
of  (2955),  we  are  only  concerned  with  the  form  of  the  fanction  el  >«0  io  the 

value  of  a>  in  qnestioa.    Hence  the  rc-;iilt  is  not  affected  by  the  (li«icout  innity 
unless  a*  =a.    In  this  case  the  integration  for  z  is  from  —^3  to  0  with  tp  (.r) 
for  the  fn notion,  and  from  0  to  a  with  ^  (x)  for  the  fuuctiou,  producing 
+  (a). 

2961    Hence  an  expression    involving   x   in   an  infinito 

series  of  sines  of  consecutive  multiples  of  ~  may  be  found, 

such  that,  when  r  lies  between  any  of  tho  assigned  limits 
('» and  a,  a  and  A,  Ij  and  ...  k  and  /),  the  serie?  sh  dl  be  equal 
respectively  to  tho  corresponding  assigued  Cuactions 

Ai'^),  .../•W, 

provided  that  the  integrals 

j^siu^^yi(jj)  <Le,      j^sin^/4(aj)  dx,  ...  <^ 

can  all  be  determined. 

2965  The  same  is  tru3,  reading  cosine  for  siat  throughout, 
with  the  additional  proviso  [as  appears  from  formuU  (4)]  that 
the  integrals 

A  W       I  ft W  dx, ...  \  A ('t') 

.0  Ja  Jk 

can  also  be  determined. 

2966  Ex.  1. — To  ilnd  in  the  form  of  a  series  of  cosines  of  multiples  of 

*  a  function  of  x  which  shall  be  equal  to  the  cunstaats  o,  fi,  or  y,  according 
fts  '  lies  bolwetsQ  0  and  a,  a  aud  6,  ur  b  and  ir. 
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Formala  (4)  prodaoes,  pottin|f  I 

+  —  s"**  —  cos  hj:  \  I  II  cos  nx  lix  +  |  /i  cos  lijj  tLc  +  f*  y  cus  fixdje\ 
-1  {a(a-/5)  +  Z»(/3-y)  +  Ty} 

+  A      '  -\  co8««  {(a-/3)8inna+0-7)nnii5+y8m»«}. 

IT  n 


2967  2- — "l  o  find  a  fanctioD  of  z  having  the  value  c,  wheu  x  lies 

between  0  and  a,  and  the  yalne  sero  whon  a  lies  between  ii  and  I. 
Bj  fMrmnla  (4)»  we  shall  have 

cos  -7-  *  (vj  a*  =  c  I  cos  — oe  =  —  sm  — 
*  Jo       *         n»  J 

pboe  f  («)  s  e  from  0  to  a,  and  sero  from  a  to  I. 

TLei-efor©  ^  {x)  =  -  -f  ^  ^  sm  ^  cos  —  +  -j"  "j- 


.  1   ,  3va      3»x  .  -  ") 
+  yiim-pooe-p-f&c.|. 


When  X  =  a,  the  vnluo  is  a     Ta)  +0]  =  ic,  by  the  role  in  (2963).  Tbia 

nay  be  verifieil  by  putting  a  =.  —  \  in  ('2U23). 


2968      Kx.  3.— To  fuul  a  fnnclion  of  x  which  becomes  equal  to  hx  when 
X  lies  between  0  and      and  e^ual  to  k  (l—x)  when  « lies  between  II  and  I, 
Bj  formula  (4), 

j'l^  (V)  C08^  dv  =        ^-«C08  ^^-^['j'  ^^-^^  T 

This  redaces  to    -V  •  (2  cos  ~  —cos  n«-  — 1^  =  —  ~,  or  0, 
according  as  » is,  or  is  not,  of  the  form  4ia+ 2.  Also 

...     ^(«)  =  L.  _  cos       +  _  COS  -p  +  J  . 


APPROXIMATE  li^TEGKAiiON. 


2991   Let  jV(7)^  be  the  integral,  and  let  the  curve 

y  =f{x)  bo  drawn.  By  suiiimino:  the  areas  of  the  trapezni,]s, 
whoBO  parallel  sides  arc  the  u-fl  etiuidistuut  ordiiiuies 
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l^fi      •••  Vny  ^0  faiAi  for  a  first  approximation, 

f/W  da^  =  !^  (sfo+%i+2i(*+ ...  +2y.-,+y«)  (i.) 

SIMPSON'S  METHOD. 

2992  If  //i  ^i<^'  tlie  ordinate  intermediate  between  y^^'-Jip) 
and     =  J\b)t  then,  approidinatelyy 

rfcT  =        (y«+4.^i+i/*)    (ii.) 

Pboof. — Take  n  as  8  in  formala  (i.) ;  write      for  y,,  and  sappoie  two 

intermediafo  ordiriafes  each  eqnal  fo  Tlio  area  \\\\\^  obtaiiipil  is  i-rpial  to 
wliat  it  would  be  if  the  boundiii<^  curve  wore  a  p  irabola  having'  inr  ordiuatea 
Vn'  .'/i'  .'/j  parallel  to  its  axis.    Otherwise  by  Cotes'8  fornmla  (2I>'J.>), 

2993  A  closer  approximation,  in  terms  of  2»4-l  equi- 
distant ordinates,  is  given  by  Simpson's  formula, 

+2(^,+^i+...+i/i»-i)]  (iii.) 

Psoor. — We  have 

*  *  11  ~«~ 

Apply  formala  (ii.)  to  each  integral  and  add  the  resalts,  denoting  by  yr  the 

valae  of  y  correiponding  to  0  =  — . 

2994  When  tlie  limits  are  a  and  h,  the  integral  can  bo 
clianired  into  another  having  the  limits  0  and  1,  by  sub- 
stituting X  =  a-\-{h—a)  y, 

COTIOS'S  METHOD. 

Let  77  equidistant  ordiuutes,  and  the  corresponding 
abscisscie,  be 

J   ^  1    2     n-\  1 

lb      71/  7b 

2995  A  formula  for  approximation  will  then  be 

f/(a)  <Lv  =  ^0^0+^1^!+ .•.+^ri^,4- ...+-^11^11  (iv.)? 

where  =  .^^^^  f  ^-^^^^  cto.  (2462) 

I  r  '  /I— r  Jo  iw—r 
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I'uooF. — The  method  oonsUU  in  KabBtiiotixig  tor  f  (x)   the  integral 

function 

L  JUT  I  »  {tix  —  rj      \n  —  r 

...+(-!)•  r^^:/.]. 

r  taking  all  integral  values  from  0  to  n  inclusive.    Wlieu  jc  =  r,  we  have 
(r)  =  ifr'.        tliat      f./ )  lias  /< -f- 1   values  in  couimou  with  f(r).  The 

approxiuiute  valae  of  the  integral  is  theroture  I  \l>  {x)  c/jr,  and  mu^-  be  written 
us  in  (iv.)  J* 
By  rabatiftatuig  1— it  appears  that 

Jo  1M>— r  J^W'—{H  —  t) 

and  therefore  il^  =  A^.^-  Conseqaently  it  is  only  neoessaiy  to  calcalate 
biilf  the  namber  of  coefficients  in  (iv.) 

2996  The  coefficients  corrcspondini?  fo  the  values  of  n  from  1  to  10  are 
at)  follows.  Every  number  ha»  been  carefully  verified,  and  two  misprints  ia 
Bertmnd  corrected ;  namely,  2089  for  2U89  in  line  8,  and  89500  for  80600  in 
line  11. 


«  =  2: 

i  -  A  -1 

Js=  Js  =  ^, 

A  ~  \  - 

2 

J  -J  -ii 

-*«-^»-28»* 

A  "A 

«  =  7: 

^0  -  ^7  -  17280' 
'^•"^•'=<i40' 

*    ^  17280' 
^•-^4-17280- 

»8b8: 

J  ^  J  ^  98d 

^0  -     -  2)^:350' 

U17o' 
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iiss9:  A^sA^ss 

28n7 

^1  = 

^« 

A  = 

27 

b'JtiUU'  • 

221U' 

12<>9 

11=10:  Af,  =  A^Q= 

16067 
508752' 

A,= 

A, 

26.575  , 
"149688' 

1H175 
1U^»584' 

A,^A,= 

5fi75 

4825 
liudtt* 

17«07 
24^' 

GAUSS'S  METHOa 

2997  When  /  (x)  is  an  mtegml  algebfraic  function  of  degree 
2ft,  or  lower,  Gauss's  formula  of  approximation  is 

where  .To ...  j:*^  ...  <r„  are  the  7i-\-l  roots  of  the  equation 

^(*)  =  d,..„.{.i^'+'(*-ir'}=0    (vi), 

and 


^  =  r  U  —  .r,)    .(.r  —  j'^^,)(,r—,r^^,)...U  —  j\^) 

Jo  (.r^— .ro) . . .  (.iv— .r^_,) (cr^— . . .  (j?^— .r,)  ^^^j^ 

The  foi  rnula  is  evidently  applicable  to  a  function  of  any 
form  wliich  c;in  bo  exp.imled  in  a  converging"  algebraic  series 
nothavini^  a  fracti  index  in  the  first  '2n  terms.  The  result 
will  be  the  approximate  value  of  those  terms. 

PnooF. — Lei      ^(«)  SB  («— «Q)(y— J*!)  •..  (»— 

and  let  f  (x)  =  (24^  (x) -\- R    (viii.), 

where /(x)  is  of  t  ho  '2n*^^  degree,  Q  of  the  »— 1**,  and  E  of  the       since  V'C») 
is  of  the  n-\- 1"'  degree. 
Then  the  method  consists  in  choosing  a  fanction  ^  (x)  of  the  »+l*^  degree, 

to  that     Q  4f  (^)  <Jx  shall  vanish  ;  and  a  fanction  B  of  the      degree,  which 

J  o  _ 

shall  coincide  with /(x)  when  r  is  uny  one  of  tho  n  +  1  roots  of  ~  0» 

(i.)  To  ensare  that  I  Q\lf  {x)cbt  ssO,  We  have,  by  Parts,  BnooessiTelj, 
writing  N  for  4^  (»).  and  with  the  notation  of  (2148), 


=    f  JV^-iw»-» f  2/ +JP  (|»-1) f  JV^-.-.i Ijo^  f  (ix.) 

Now  (a;)  id  made  upuf  terms  like  x"  \p  (2)  with  integral  values  ofp  from 
0  to      1  ineloidTe. .  Henoeb  if  tbe  value  (tL)  be  usnmed  for  ^  w,  wo 
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see,  hj  C^x.)i  ibai  |  Qilf{»)dm  will  Taniab  afc  both  limite*  beoanae  ifae  &eton 

•  and  s— 1  will  appear  in  every  term. 

(ii.)  Leii?  hi'  tho  function  on  the  rig^ht  of  equation  (v.)  Tlirn,  whon 
.T  =  ./-^,  wo  see,  by  (vii.),  that  .1^=  1,  and  tliat  the  other  coefficieuU  all  vaniah. 
Heuce  li  becomes  /(.r)  whenever  x  in  a  root  of  4^  {x)  =0. 


The  valnes  of  the  constants  corr(>sp 

according  to  Bcrtmnd,  areas  follows, 
recalculated  by  the  author. 

<.  iili:i;r  to  the  first  BIX  values  of  n. 
The  afasdsee  ralnes,  onlj,  have  been 

n  =  0: 

=  5, 

A,  =  L 

asl: 

=  •21132487, 
«^=s -788070 1:5. 

logs  9*6989700; 

n  =  2: 

a-o=  11270107, 
«,= -88729833, 

A^  =  A^  = 

log  =  9-44:30970 ; 

A  =  h 

log  s  9*6478175. 

H=s3: 

.  <flg=-0t;043184, 
=  -33000048, 
fl5,  =  -60999052  ; 
«,= -93050816. 

Ai,  =  '!»  ~ 
=  ^  = 

•1739274,    log  =  9-2403081  ; 
-3200720,  logs9-M33143;. 

»s4:           -04691008,  J«  s  ^  s  *1 184034,  log  s  9  0736834 ; 

«t  = -23076534,  ilj  =  J,  s  *239314:3,  log  «  9*3789087 ; 

«,s  *o,                   Jt»  '28444H  log  s  9-4539975  s 
(E,s  •76923166; 
(r«s*9530899i. 


«  =  5 :         =  03370524,  =      =  '0850022,    log  =  80327895 ; 

a-,  = -16039531,  ^,  =  .4^  = -1803808,    log  =  •.♦•25.;i'j(»:} . 

a*,  =  -380000 11,  ^,  =  ^,  =  -2339570,    log  =  U  ooOloOO  j 
a?,  =  -01930  j50  ; 
jr^  =  -83000409  j 
fl^  =  *96623476. 


As  a  criti  i  i'in  of  the  lolative  degrees  of  approximation  obtained  by  the 
foregoing  methods,  Bert  rand  gives  the  following  values  of 

»  da  =  1^  log  2  =  •2721982613. 


Method  of  Ti-apez-.ids,  n  =  10,  -2712837. 

Simpson's  method,  n  =  10,  -272:2ul2. 

Cotes's  „  n=   5,  '2722091. 

Gauss's         „  rt=  4,  -2721980. 

For  other  formulae  of  approximation,  see  also  p.  357. 
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TTTNCTTONS  OF  TNDEPEXDENT  YARTABLE. 

30S8   Let  y  =/ (a;),  and  let  F  be  a  known  function  of  a;, 
and  a  certain  number  of  the  deriyatives  y^,      y,.,  &o.  The 
chief  object  of  the  Calculus  of  YariationB  is  to  find  the /om 
of  the  function  f{x)  which  will  make 

l/=  f'Vtfj?  (i.) 


^  .ro 


a  maximum  or  miniuium.    See  (3084). 
Denote  //^,  y^^,  ^3^,  &c.  by  p,  q,  r,  &c. 

For  a  maximum  or  minimum  value  of  U,  must  vanisli. 
To  find  let  be  the  change  in  ij  caused  by  a  change  in 
the  form  of  the  function  ij  =  /(a;),  and  let  Sp,  hq,  &c.  be  the 
consequent  changes  inj?,  5,  &c. 

Now,  p  =  y,. 

Therefore  the  new  value  of  p,  when  a  change  takes  place  in 
the  form  of  the  function  y,  is 

j>+Sp  =  (y+ay),  =  y.+(«y)^ 
therefore  ^==i^y)»i    that  is,  b(^^=:^^. 

Similarljy  ^  = 

8r:!=  (Sry)„  Ac  (ii.) 

Kow  W^^r^VdsB  (1483).    Expand  by  Taylor's  theorem, 

rejecting  the  squares  of  Sy,  S^,  Sj,  &c.,  and  we  find 

or,  denoting  F,,  V„  F,,  ...  by  ^,  P,  C, 

Si7=  r(J^Sy+PSi?4-Q^2-i-...)   (iii.) 

3  I. 
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Integrate  each  term  after  the  first  by  Parts,  observing  that  hy 

(ii.)  js^t/uj  =  cy,  Ac,  and  repeat  the  process  until  the  final 
inte|Bp:«l8  inyolye  ^ydx.  Thus 

^Nhydx  is  unaltered, 

•••         ■••  •■• 

8029   Hence,  collecting  the  coefGloients  of  ^,  2^,  &c.| 

+8gr,(/«-'S.+yi.-".)t-«9.  (H-S,+T..-...).+Ao.  (iv.) 

The  terms  affected  by  the  suffixes  1  and  0  must  have  m 
made  equal  to  .7*1  and  qp^  rt'Spcctively  after  ditfereutiation. 

Observe  that  P^.,  y„  &c.  are  nere  complete  derivatives; 
y»P^  'h  ''y  ^^'i  which  they  involve,  being  functions  of  x, 

Etj[uation  (iv.)  is  written  in  the  abbreviated  form, 

a090  tV^f^Kigix+H^-H,   (t.) 

The  condition  for  the  yanishing  of  3 {7,  that  is,  for  mini* 
mum  Yalue  of  27,  is 

8081  K  =  iY-P, + Q.^-       &o.  =  0  (vi .). 

3032  and   i/,-i/,=  0  (vii.) 

Fsoor.— For,  if  not^  wo  miwt  l»yo 

tiiat  is,  the  integral  of  an  arbitmry  function  (since  y  is  arbitmrr  in  form")  can 
be  expressed  in  terms  of  the  limits  of  y  and  its  derivatives  ;  which  is  impres- 
sible. Therefore  1I^  —  =  0.  Also  Jl  =  0 ;  for,  if  the  integral  could  vauish 
witt«ptjg.yaniahing,  theybm  of  tho  fiuuftioa  Zy  wovld  lio  nttrictod,  wluoh  is 
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The  order  of  K  is  twice  that  of  the  highest  derivative  contained  in  F.  Let 
*  be  the  order  of  JT,  tben  there  will  be  2n  oonstante  in  the  solntion  of  eona* 

Uoa  (yi.)  and  the  same  nnmbor  of  equations  for  determitn'ncr  tiiem.  For 
tberc  arc  2n  tprnis  'va  equation  (vii.)  involving  hj^,  dji^,  &,c.  If  any  of 
these  qnantitie.H  arc  arbitrary,  their  co«fHcicnt«  must  vanish  in  order  that 
equation  (vii.)  may  hold ;  and  it  auy  arc  not  arbitrary,  they  will  be  tixod  in 
their  valaefi  by  given  equations  which,  together  with  the  equations  fiiraished 
by  the  coeflloMnts  which  have  to  be  equated  to  aero^  will  make  ap^  in  all,  Sn 
eqaations. 


FARTICULA.B  CASES. 

3033  !• — When  V  does  not  inyolye  »  ezplidtly,  a  first 
integral  of  the  equation  iST  =  0  can  always  be  f oudcu  Thus, 
if,  for  example^ 

a  Erst  integral  will  bo 

F=  Pp 

The  order  of  this  equation  is  less  hj  one  than  that  of  (vi.) 

Psoor.— We  hare      V»=  Np-\-Pq-^Qr+Bt, 

Snbstitote  the  valne  of  2f  from  (vi.),  and  it  will  be  foand  that  each  pair  of 
tomis  inTolring  P,  Q,  B,  Jbc.  is  an  exact  differential. 

3034  U. — ^When  V  does  not  involve  y,  a  first  intoprral  can 
be  found  at  once,  for  then  NssO,  and  therefore     =  0,  and 

we  have  i^c~  Qax+^s,— &c.  =  0; 

and  therefore        P— Q^+ii,.— &c.  =  il. 

3036  III. — ^When  V  involves  only  y  and  jp, 

V^Fp+A,      by  Case  L 


3036  lY.— When  F  involves  only  p  and  q, 

V=  Qq+Ap-\-B.        See  also  (3046). 

PaoOF.    JSTss— P,+  Qi,  =  0,  giving,  by  integi-ntion,  P  =  Q,+A, 
Also  V.  =  Pq  +  Qr  =  Aq  +  Q^  +  Qr* 

Integfrating  again,  -wo  ^nd     V=  Q^-^Ap-\-JJ, 

m  xedoction  firam  the  fourth  to  tha  second  order  of  differential  equations. 
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3037  . — To  find  the  brachistochrone,  or  rnrve  of  quickest  de^reut, 
fruui  a  pomt  0  taken  as  origin  to  a  point  x^jf^  measuring  the  axis  of  y  down- 
wards.*   

Yclodij  at  a  depth  y  =  -/Igy. 
ThafeCore  tima  of  descant      =  [  '  ^^^3-  dm, 

Haro  F=*/^-±^=—  +J.  lurCaaallL 

Bf  lednctioo,  y  (l+j^^)  s     ^  ^  *^  nbibmrf  oonatentb 

Mi 

That  is,  sinoe  p  =  tan  0,  y  =  2a  cos'  0,  the  defining  property  of  a  cycloid 
lunring  ita  Tertez  downwards  and  a  coop  at  the  origin 

fij-^;  reduces  to         {(j>^)i-  Cp^y).}  =  0. 

If  the  extreme  pcnnta  are  fixed,  3y,  and  iy^  both  vaiiiah. 
The  valnea  «i,  ft,  at  the  lower  point*  determine  a. 

Suppose  a*,,  bat  not  y,,  is  fixed.  Then  ^y,  is  arbitrary  ;  therefore 
ita  coefficient  in  (3)  (P— "^^^t  vanish;  that  is,  (F,),  =  0,  or 

f  [  =  0,  therefore  jhstO,  which  means  that  the  tangent  at  thA 

lower  point  is  horiaontal,  and  the  carve  is  therefore  a  oomplete  half  cjMA, 


3038  In  the  example  of  the  brachistochronc,  it  is  nsefal  to  notioe 

(i.)  If  the  extreme  points  are       d.  ?>/„,  n|^  both  vanish. 
(iL)  If  the  tangents  at  the  extreme  points  have  fixed  directions,  cj>^  cp^ 
Mh  Tanish. 

(iit.)  If  the  onrvatnre  at  each  extremity  is  fixed  in  vahie,  9p^  iq^  ip^  ^ 

all  vanish. 

(iv.)  If  the  ftbscissre  ajj  only  have  fixed  values,  iy^  iy^  are  then 
arbitrary,  aud  tlieir  coc-tlicieutB  in  U^—H^  must  vanish. 

3039  When  the  limits  .t^  arc  variable,  add  to  the  value  of 
W  in  (3029)  V^doi^-  V^dx^ 

Pboof. — ^The  parfcia]  increment  of  U,  dne  to  ohangea  in  9^  and  s^  is 

4^tZj-i-|-      •  dx^  =  FjcJsei-F,<fiv  By  (2253). 

3040  When  and  and  are  connected  bj  given 
equations,            yi  =  *(«i)»  Vn^xi^- 

BULE. — Put 

•  The  CUeoltti  «f  Vsristioiis  erigiiiatsd  with  thu  poUom,  proposed  by  John  Bem:oUi 
in  1694* 
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and  afterwards  equate  to  zero  the  coefficients  of  dxi  and  ds6^ 
because  the  values  of  the  latter  are  arbitrary, 

Pboof. — +      being  a  function  of  x„ 

therefore  ^  ^' (jih)  ^t*  Q^lecting 

Ex.- — In  the  brachistocbrone  problem  (8087),  the  resnlt  thnB  airired  at 
fiignifies  that  the  qydoid  is  at  right  angles  to  each  of  the  given  corres  at  ite 
extremities. 


3M1  ^  ^  involyes  the  limits  fl^,  0i,  y^y  yi,  jpo>  Pi*  the 
terms  to  be  added  to  W  in  (3029),  on  account  of  the  vana-' 
tion  of  any  of  these  quantities,  are 

+    r  ^H^P>+  F^8pi+&c.J 

In  tlio  last  integral,  Sz/o,  Spo,  &c.  may  be  placed  outside 
the  symbol  of  integratiou  since,  they  are  not  functions  of  x.  . 

Hence,  when  V  involves  the  limits  .To,  a?i,  t/o*  Vu  Ihi  Pu 
and  those  limits  are  variable,  the  complete  expression  for 
Wis 

3043  tU^j'\N-'P^+Qu-Rs,+&o.]Byd^ 
+  {  Fx+J^        F,j>i+  F^g,+ ...)  da;]  dv, 
-  {  v.-  V^p.+  V^q,+ ...)  d^}  dx. 

-{(p-«.+«M-...).-r»''.'^']  ^ 
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3043  Also,  if  7/i  =  ;/-(«i)  and  y^^xi^)  ^  equations  re- 
stricting the  limits,  put 

^yi  =  {f  W-JPi}  dx,  and  ^y,  =  (x  W-i>o]  cZ^.  (3040) 

The  relation  =  0  is  unaltered,  and,  hj  means  of  it,  the 
additional  integrals  whicli  appear  in  the  value  of  Hi—E^ 
become  definite  fnnctionB  of 


3044  Ex.— To  find  the  curve  of  quickest  descent  of  apariiclo  from  lomo 
puiut  on  the  curve  y,  =  x(*«)  ^       carve  yi  =  4'  (^i)- 

Aa  IB  (8037),       ^-}—\'\/l±id^  r=  and  oonteins 

jp,  and       Eqaation  (3042)  now  redaces  to 

+PA,-{p,-  f  F^A}   a). 

Now  JBTsO  giYsa  A^-P.bO;  ihexefofe  F— i'p+'i  (3035); 
therefore  =  -7;^  ^TTT-TT  +  ■4- 

Vjf-y,  v'(y-y«)(i+i»") 

Clearing  of  fractions,  and  patting  A  =  — r^r-r*  this  becomes 

(y-y.)(i+i»'>  =  2<».  (2). 

^        ^"^'"^'(i/  -y!!ci+i>*;i"75^  

^"3^'  F^  =  ~F,  =  -2^=-P.(by£:=0). 
thereto  fV^ia  =  P.-P,  =   :  (4). 

Substituting  the  valnes  (2),  (3),  (4),  in  (1),  the  condition  Jff,— jH",  prodaoea 

(l+|)J)(ia^-(l4-;5ori) '^^o+;7,cj/,-;i,q/o  =  0. 
Nezt>  put  for  iyi  and  ly^  the  valacs  in  (3040)  ;  thas  the  eqaation  becomes 

{ 1 }  rf^.  -  { 1 +P,  X  («») }    =  0  '  W  i 

dm^  hang  azbitmr,  tbeir  ooeffieieati  swat  Taniahj  iherafoca  * 

=  -1  "d  IHX  («0  =  -1. 

Tbali  ia,  the  taogeota  of  the  given  enirea  1^  and  x  at  the  pointa  a^o  ood  mjf^ 
are  both  perpendicnlarto  the  tangent  of  the  brachistochrone  at  the  point  »^x» 
Equation  (2)  shews  that  the  brachistochrone  is  n  cycloid  with  a  coap  at 
the  starUng-poiAt^  since  there  y  =  y«,  and  therefore    =  00 . 
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OTHER  EXCEPTIONAL  GASES. 

(Continued  from  303C.) 

3015   V.  —Denoting  y,  y«     —  Vm,  by  y,Pi,Pi ...  J>.; 
ud  F„  F.  ,  F,  ...  F,,  by  N,  P„  P.  ...  P.; 

let  the  first  m  of  the  quantities  y,  &c.  be  wanting  in  the 
function  V;  so  that 

Then  K=:d^P^^d^^^rysPm^l+ ...  (-l)-*rf^P.  =  0, 
wliich  equation,  being  integrated  m  times,  becomes 

=  Co  +  Cia;+...H-c^.4aj*-^  (i.), 

a  difEerential  equation  of  ihe  order  2n— m. 

8016  VI* — Let  9  also  be  wanting  in  F,  so  that 

then  TT  —  0  is  the  same  as  before,  and  proclnces  the  same 
differential  equation  (i.)  From  that  equation  take  the  yalue 
of  P«,  and  substitute  it  in 

Each  pair  of  terms,  such  as  P« +2 (4»P»+»J?«+i,  is  an 
exact  differential ;  and  we  thus  find 

F  =  c  +  P« + 1  Pm+i  +  (P«+2      2 — P»+«  I'-.+i)  + . .  . 

The  resulting  equation  will  be  of  the  order  2»— m— 1,  or 
degrees  lower  than  the  original  equation. 

3017  Vn. — ^If  y.  be  a  linear  function  of  that  being  the 
highest  deriTative  it  contains,  will  not  then  contain  v^. 
Therefore  i«,P»  will  be,  at  most,  of  the  order  2n-*l.  In- 
deed, in  this  case,  the  equation  K=iO  cannot  be  of  an  order 
h%herthan.2ii— 2.  (XeUett,^4A.) 
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3048  VIII. — Let  be  the  lowest  derivative  which  V  in- 
volv'es ;  then,  if  P„  =  and  if  only  tlie  limiting  values  of 

X  and  of  derivatives  hi^^her  than  the  m'*'  be  given,  the  problem 
cannot  generally  be  solved,  (Jellett^  p.  49.) 


3049  IX. — ^Let  ^  =  0,  and  let  the  limitiDg  values  of  x  alone 
be  given;  then  the  equation  Ks=:0  beoomee 

or,  by  integration,  P— Q^+i^— &c.  =  r, 

and  the  two  conditions  furnished  by  equating  to  zero  the  co- 
elhcients  of  Sy^,  %oi  viz., 

(P-Q,+&c.)i  =  0.       (P-.G,+&o.).=  0, 

are  equivalent  to  the  single  equation  c  =  0,  and  therefore 
Hi—IIq  =  Q  supplies  bat  2n— 1  equations  instead  of  and 
the  problem  is  indeterminate. 


3050    Let  U=  \  Fc/jj+r,  where 

V^F{x,  y,p,q        and  V  s=  f  (if^,  x^,  y^,  y„  p^,  Pu  &c.) 

The  condition  for  a  maximum  or  minimum  value  of  U  arising" 
from  a  variation  in  y,  is,  as  before,  K  =  0;  and  the  terms  to 
be  added  to  E^  —  H^  are 

If  the  order  of  T"be  n,  and  the  number  of  increments  (Icq^  ^?/o, 
&c.  be  greater  than  7;-f-l,  the  number  of  independent  incre- 
ments will  exceed  the  number  of  arbinary  constants  in  and 
no  maximum  or  minimum  can  be  found. 

Generally,  U  does  not  in  this  case  admit  of  a  maximum 
or  minimum  if  either  V  or  V  contains  either  of  the  hmiting 
values  of  a  derivative  of  an  order  =  or  >  than  that  of  the 
highest  derivative  found  in  F.  (JeUett,  p.  72.) 


FUNCTIONS  OF  TWO  DEPENDENT  VARIABLES. 


3051  Let  F  be  a  function  of  two  dependent  variables  2, 
and  their  derivatives  with  respect  to  x ;  that  is,  let 

y  =/('^»y»i»»g   »»p>q  ..•)  (i)f 
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where  ^,  (7, ... ,  as  before*  are  the  suocessive  derivatiTes  of  y» 
and  p\  q\  ...  those  of  s. 

Then,  if  the  forms  of  the  functions  y,  z  yary,  the  condition 

Vdx  is 

«% 

W  =  ^'\Khy+K^)  djc^H^^H^+Hi-n;^  0 ...  (2). 

Here  K\  W  involve  z,  p\  q',  precisely  as  JK*,  JS' involve 
ytptQi  ... ;  the  values    the  latter  being  given  in  (3Q29)« 


3052  First,  if  y  and  <25  are  independent,  equation  (2)  ne- 
cessitates the  following  conditions : 

The  equations  it  =  0,  ZT  =  0  p^ve  y  and  s  in  terms  of  «, 
and  the  constants  which  appear  in  the  solution  must  be  deter- 
mined by  equating  to  zero  the  coefficients  of  the  arbitrary 

quantities   Sy^  By^  ^p^t  ^Pi ...      ^>  ^P%»  ^Pi9  » 
wluch  are  found  in  the  equation 

jii-fl,+if;-fl,'=  0  (4). 


9068  The  number  of  equations  so  obtained  is  equal  to  the 
aumber  of  constants  to  be  determined. 

Pkoof.— Let      F  =  /  (r,  y ,  y„  2/2.  . . .       *t     «a«  •  •  •  «•*)> 
K  is  of  order  2k  in  y,  and  .•.  of  form  <p  (x,  y,  yj. ...        'i  x) 
-fir  ia  of  order  2»»  in  z,  and  .'.  of  form  ^  («, y,ym  -'  ^{m*m)m  «»  *«  •••  ••• 

Differentiating  (i.)  1m  times,  and  (ii.)  m-f  n  titaea,  3m-f-tt+2  equations  are 
obtaiued,  between  which,  if  we  eliminate  z,  £^  ...  Z{Mm*n)xt  g®^  &  resulting 
^nUton  in  y,  of  order  2  (m  +  n),  whose  solution  will  therefore  contain 
arbitrary  constants.  The  eqnatioiifi  for  finding  tfaoaa  *re  also 
2(fl»-|»»)  ia  nambiBr,  vis.,  2i»  in  Ex^B^  and  2m  in 


3054    Note. — The  nnmberof eqaationa  fordeftermming  ihe  oonatanto  b  noi 

generally  affected  by  any  auxiliary  equations  introdnced  by  restricting  tlie 
limits.  For  every  .snob  equation  either  removes  a  term  from  (4)  by  an- 
nulling some  variation  (^y,  ^p,  <S(c.),  or  it  makes  two  terms  into  one ;  in  each 
fiMft  diminisbing  by  one  the  nnmber  of  eqnationSi  and  adding  one  equation, 
BMndy  itoel£ 


8055  Secondly,  let  y  and  ft  be  connected  by  sgme  eqnatioii 

3  K 
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^  i^yz)  =0.  y  and  «  aie  then  foimd  by  Bolviiig  dmultaae- 
ously  the  equations 

^(A',i^,«)  =  0      and      IT:     =  iC' 

ProOP. — ^  («,  y,  •)  =  0,  and  therefore  ^  («,  y  +  ?y,  g+iz)=i  0,  when  tbe 
forms  of  If  and  r  vary.  Therefore  f^-^fjk  =  0  (15U).  Alw  0, 
bj  (i^).   Heooe  the  proportion. 


S0&6  Thirdly,  let  the  equation  oonneotrng  y  and  •  be  of  the 
more  general  form 

i>  {^>y>p»  q  ...  »»p\  fi' ...)  =  0  (5). 

By  differentiation,  we  obtain 

If  (which  rarely  happens)  this  equation  can  be  integrated  ao 
as  to  furnish  a  value  of  bi  in  terms  of  hf^  then  ^  ^\  &o. 
may  be  obtained,  by  simple  differentiation,  in  terms  of  By,  Bjp, 
Generally,  we  proceed  as  follows : — 

.  S F  =      +PS^  H-  QSj + ...  +N'h-^FB^'  4-  Q  B^'  +  (7). 

Multiply  (6)  by  X,  and  add  it  to  (7),  thus 

...  +{ir'+Xf.)  te+CF+Xf^)  8p'+  (8). 

The  expression  for  will  therefore  be  the  same  as  in  (2),  if 
we  replace  ^  by  JV^+^^yt  ^  by  P+X^p>  &c.,  thus 

30B7  «t/.=  r"[{(^+^)-(i*+^).+...}  ^ 

"     +  {(N'+x^.)-(P'+X^).+...} 

+  { P+A^, -( g + x«^,), +...},  8^, 

+  {  Q+X^,  -  (« +X.^,),+ . . . } ,  S;,, 

-  I Q+H-  (il+X*r)x  +...}.  %». 

&c.  &c. 
+  similar  terms  in  P,       p',    ...  Ac.  ...(0). 

3068   To  render  ^  U  independent  of  the  yariation     we  must 


.  J  i^ud  by  Google 


FUNCTIONS  OF  TWO  JJEPENLENT  VARIABLES,  451 


then  equate  to  aero  the  coefficient  o£  $z  under  the  sign  of 
integ^tion;  thus 

Ar'4-X<^,-(P'+X<^p.).+  ((^  +X</)J^^&c.  =  0  (10), 

the  equation  for  determining  A« 


3059    £z.  (i.)— Giyen  V^Fia,tf,p,q ...d^  wharo 

«aj«dai  and  «s^((Vby>j'>  St 
The  eqiiation  f  is  now  c— Jv<2«  =  0  or  «— ««a  0, 

f)^  s  0»       V=  —1,  f «'ss  0,  the  MBt  ▼eawhing, 
BohetitntiDg  theae  valoea  in  (9),  we  ohUin 

+  {Q+X»,-(E+X»,),+...},^i-{Q+\i»,-(B+Xv^),+...},^,+Ao, 

For  the  complete  Tarietion  DfT"  add  Vid^i—V^dx^.  To  reduce  the  iibove  so 
as  to  remove  iz,  wo  mast  put  N'-{-K=  0,  and  therefore  X  =  — j  A  Vr.  Lot 

X  =  M  be  the  solution,  u  bein^  a  fnn^-tion  of  ar,  y,  7  .. .  z.  Sabetitating  tbii 
expression  for  A,  the  ralue  ol  cU  becomes  indepeudont  of 

Ex.  (ii.) — Similarly,  if  z  in  the  last  example  be  =  J^v  (2148),  ^  becomes 
9—z^=-0i  and,  to  make  N'-^Xp,  vanish,  we  most  pat  X  =  ~J^-^'« 

3061    Ex.  (iii.)-~Let  17=  (  V^l+s^+ai^^  (1). 

Here  2^  =  0}   A'=Oi   P=  ^;   F=  Q=Oi 

Q's  0;  Knd  the  equations  f  s  0,         0  beoome 

P.  =  0,   ^.  =  0,   or   __^_=  =  a.         /        =  b. 
Sdving  these  eqnatione,  we  get 


3062  Firti,  if  Z],     «u  ^        ^  gi^ent  there  are  fonr  eqaationB  to 

determine  m,  n,  A,  and  B. 

This  solves  the  problem,  to  find  a  line  of  miuimum  length  on  a  given 
carved  surfisoe  between  two  fixed  points  on  the  snrfaoe. 

3063  BeeondUf,  if  the  limits  Xi,  afo  only  are  gi^en,  then  the  equations 

(io»=o,  (i'}o=o,  (P'),=o, 

are  only  oquivatent  to  the  two  eqnations  m  ss  0,  »  =  0,  and  A  and  B  remain 
nndetermined. 
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3064  Thirdly,  let  the  1  iuiits  be  connected  by  the  e<|uatiou3 

We  shall  hay©   (f*+^,,JH+^*Pi)  t^'i+^f.^yi+^'i^^i  =  0. 
Sabstitate  f^sfR,f^,  f,,  =  n^^,,,      =  m,  p,'  =  «  ;  thns 

(l-hiiiin,+iiui,)(2s,+«a|2|rt+«i&^  =^  0. 
TiHniiiintff  db|  bf  thu  aqvalkm  from 

and  eqnftte  to  hto  tlie  ooelBdmits  of  ^y,  and     ;  then 

«i,F,  =s  (P),(l+mm,  +  «n,)  ;    n^Fj  =  (F),(l +wiW|  +  nn,). 

Bcplaciug  F^,  by  their  values,  and  solring  the&e  equaiioDS  for  m  and  », 
ire  find  uisiai, 

Similuljr  from  the  •qnaftlon  4*  (a^  y«>  ^  ^  «•  derire  m  =  in^  n  =  iv 
Eliminatii^g  «„  ^i,  'i>fl^,  y^,    between  thaae  eqaationti  and 

f^^mmi-i-Al  7?;        =  ma-.  +  ^l ;       s  n4,+£; 

four  equations  remain  for  determining  m,  «,     and  jB. 

3065  On  determining  the  constants  in  the  solution  of  («^056). 
Denoting  J?, 9, r ...  by  ...»  we  have 

F  =  F(a:,  ^,  5,  i^; ,  /)J  .../)«)  ; 

and  for  tho  limiting  equation, 

Fis  of  the  order  n  in  y  and  m  in  s. 
f  is  of  lihe  order  n'  in  y  and  tn'  in  2. 

3066  RtXE  I. — If  m  he  y  m\  and  n  either  >  or  <  n',  the 
order  of  the  final  differen  tial  equation  will  he  the  greater  of  the 
two  quantities  2(m-|-n'),  2(m'-|-n);  and  there  will  he  a 
suffieient  number  of  subordinate  equations  to  determine  the 
arbitrary  constants* 

8067  n. — 7/*m  he  <  m',  and  n  <  n',  the  order  of  the 

final  equationtDill  generally  he  2(ni'+ii')*  solution 
may  contain  any  number  of  constants  not  greater  than  the  least 
of  the  tteo  quantities  2(m'— m),  2(n'— n). 

For  the  investigation,  see  Jellett^  pp.  118 — 127. 

3068  If  V  does  not  iuvolve  .r  explicitly,  a  sinpfle  intcgial  ut* 
order  2  (//i -f  ?i)  —  1  maybe  found.  The  value  of  V  is  that 
given  in  (3033),  with  correspundmg  terms  derived  from  z. 
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SiilMititoto  for  Jf  and  JT'  from  tbe  eqnstioiia  ITs  0^  0,  m  in  (S033), 
and  intogiate  for  FL 


RELATIVE  MAXIMA  AND  MUOMA. 

9069   In  this  olasB  of  problems,  a  maximum  or  minimam 

value  of  an  iutegral,  Ui  =     V^dxy  is  required,  subject  to  the 

condition  that  another  integral,  JJ^  =  I  V^dx^  inyolving  the 
same  variables,  has  a  constant  value. 

Rule. — Find  the  maximum  or  minimnm  value  of  the  fanC' 
Hon  Ui+aU^;  that  is,  take  V  =  Vi-faVj„  and  afterwards 
determine  the  constant  a  by  equating  Uj  to  its  given  value* 

for  examples,  see  (3074),  (3082). 

6B0METBI0AL  APPLICATIONS. 
8070   Pbofosition  I. — To  find  a  curve  s  which  will  make 
[  F  (x,  y)  ds  a  maximum  or  minimum,  F  being  a  given  function 
of  the  coordinates  a;, 

The  equation  (5),  in  (305G),  here  beoomea 

where  p  —  V  =^yn  *  V  ^i>^S  dependent  variables,  and  s  the  in- 
dependent ▼anabla. 

In  (3057),  we  liare  now,  writing  u  lor  F(as,  y), 

the  lest  zero.   The  equations  of  condition  are  therefore 

r«.-tZ.(Xx,)  =  0  and   u,-d,{\y.)=0  (1). 

JCnltiplying  by  m„  y,  respectively,  adding  and  integrating,  the  resalt  is 

X  =  u, 

the  constant  being  zero.* 

Substituting  this  value  in  equations  (1),  differentiatiDg  ux,  and  uy„  and 
putting     ss  ««»,+i«,y„  we  get 

y.(«*y.-«»«.)  =  ««n  (2), 

«tK«.--«.y.)  =  (3). 


•  SeeTodhentar'i  "Biitory,"  p.  4M. 
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MnUipljing  (2)  by  y ,  and  (8)  by     and  rabtntoting,  we  obtain  fiaaHf 
oAiyt  u  _du  dp     du  dx 

7""  Si?        "ar  ^^^"^ 

p  being  the  radius  of  curvature. 

To  integrate  this  equation,  the  form  of  «  must  be  known* 
and,  by  assigning  different  forms,  various  geometrical  theorems 
are  obtained. 

3078  Fbofositioh  n.-*To  find  the  curve  which  will  make 

\Fix,y)dB  +  \f(x,y)d»  (1) 

a  Tuaximum  or  miiumum,  the  functions  F  and  /  being  of  given 
form. 

Let  F  (x,  y)  =  M  and  /  (a,  y)  =  t>. 

Equation  (1)  is  equiralent  to   J(«+t»,)  ds. 

In  (3057)  we  now  baye  F  =  u  +  vp ;  and  for     p*-\-p'^  =  1,  as  in  (8070). 

Therefore       N  =     +pv^ ;      ^  =     =  t>  j      ^„  =  2/. ; 

N'  —  Hy-i-pv, ;  (pp-  =  2j/  ;    the  rest  zero. 

Therefore,  equating  to  zero  tbc  coetilcients  of  and  Sy,  the  result  is  the  two 
^uatious  «x  +  P^'t  —    +  Xp),  =  0, 

('V)»  =  ; 

or    d,  (\x,)  +  V,  =  ti,  +  I'x, 

Multiplying  by  x„  y,  respectively,  adding,  and  integrating,  we  obtain,  as  ia 
<8070),  Xs«s  and  nltimatelr, 

QA»7Q         1  —    1  (du  dji    du  da  d9\ 

3074  Ex.— To  find  a  curve  t  of  given  lengtb,  sndb  that  ibe  vohime  of  tbe 
«olid  of  reyolntion  which  it  genexaies  aboni  a  given  Une  may  be  a  mazimnm. 

Hero  fij^Xg^a^ds  must  be  a  maxinuim,  by  (8069),  a*  beug  the  azbifcraiT- 
oonstont.  The  problem  is  a  caae  of  (3072), 

«  =  a«    «,  =  0,  «i;=0,  e  =  3l«,  e,=s2y. 

Henoe  equation  (8073)  beoomea  ^  ~  ^* 

(Hying  p  its  yalne^  .£±£1^  fwberoi>  =  ^\  and  integrating,  the  nsolt 

pPg     \  <*«/ 
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FUNCTIONS  OF  TWO  INDEPENDENT  VARIABLES. 

3075    Let  V  =  f{x,y,z,p,q,r,s,t), 

in  which  x,  y  are  the  independent  variables,  and  ^,  r,  .9,  t 
stand  for  2^,  z^,  z^^^,  z^^  z^^  respectively  .(i^^*^)*  ^  being  an  in- 
determinate function  ol  x  and  y. 

Let  \  Vdxdy, 

and  let  tlie  equation  connecting  x  and  ?/  at  the  limits  be 
^  (a-,  ;/)  =  0.  The  complete  variation  of  I/,  arising  solely  from 
an  infinitesunal  change  in  the  form  of  the  function     is  as 

follows : — 

Let      F,,  &c.  be  denoted  by  Z,  P,  Q,  B,  8,  T. 

Let  ♦  =  (P-B^-iS,)  Bz-\-\8^q 

^  =  (Q  -    -|6f.)  ^z-\-iSBp  +  '/S^, 

The  yariation  in  queation  is  then 

9076  «l^=J>.-«-*.-*+*.-.g-^^.S)d» 

'  rr**    "|x=xi  f^iiVi 

Pboof.—  B  \    [Vdofdy  =  T  [iVchdy 

•8  ippMn  by  diiferentaaiiiig  the  Talnei  of  f  and  4^-  But 

J,.  <l»  J^^^^'*"*^  dm    ^'''^  dm* 

by  (2257),  and  j^-^  dy  = 


HttMse  the  Twoltb 


9077  The  conditions  for  a  mazinram  or  minimum  value  of 
U  are,  by  similar  reasoning  to  that  employed  in  (8032), 
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GEOMETRICAL  APPLICATIONS. 

8078  Pbofobition  I. — To  find  the  surface,      which  will 

make  jj  F(x,  y,  z)  dS  a  maximum  or  minimum,  F  being  a  given 
function  of  the  coordinates    y,  z.  [JeUeU^  p.  276. 


Here,  puUing  c)  =  tt,    Fs=  ttyi+p'+j*; 


Mkd  F;,  F«  F(  an  all  lero. 


£2  = 


The  equation  x  =  ^        Z  — P,— (2^  =  0  gives 

a+a')r-2;>7^+(l-t-p')<  ,  1  /   cfu  rfu  \ 

If  i2,  ii'  be  the  principal  radii  of  curvature,  and  1,  m,  » 
the  direction  cosines  of  the  normal,  this  equation  may  be 
written 

and  according  to  the  nature  of  the  function  u  different 
geometrical  theorems  may  be  deduced. 

3080    PROPOSITION  II.— To  find  tlie  surface  8  which  will  make 

jj  F{x,  y,  z)  dS-{-  y,  z)  dxdy 

a  maximum  or  minimum;  JPand /being  given  functions  of 
the  coordinates  x,  y, 

Le4  ^(0,  y,  •)  8  «  tod  f(m,  y,  i)  s  «.  BraoeediBg  tinonglumt  ia 

(3078),  we  hm  F=  tiV'TfyT7+«, 

and  the  rcniEuning  equations  tho  same  as  in  that  article  if  we  add  to  the 
zeeultiog  differential  equation  the  term  —     on  the  left. 
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This  equation  may  then  be  put  in  the  form 

8081    i+i  =  -:i(^g+«^+-S-S. 

where  I,  n  are  the  direction  cosines  of  the  normal  to  the 
surface. 

3082    Ex. — To  find  n  sorfiMM  of  given  area  aadi  titat  the  rtdame  eontained 

by  it  shall  be  a  maximum. 

By  (3069),  the  intogtal  |j  (•-•v^l+p'+g*) 

iDiui  teke  a  nuudaram  or  minimam  Talve.  The  problem  li  a  oaae  of  (8080). 
We  bare     «  s  —a,  «  s  «^  ^  »  0,   u,  ==  0,  ««  »  0,      s  1 ; 
and  the  diftraatial  equation  of  the  enrfiioe  (3081)  rednoea  to 

(1 + J*)  r-2i)2»  +  (1        <  +  ^  (1  =  Q  i 

8083  or  = 


APPSNDIX. 


ON  THE  GENEEAIi  OBJECT  OF  THE  CALCULUS  OF 

VARIATIONS. 

80M  Bbfimitions. — function  whose  form  is  invariable  is 
called  determinaie^  and  one  whose  form  is  variable,  tmia^er- 

Let  dit  be  the  increment  of  a  function  n  due  to  a  change 
in  the  magnitude  of  the  independent  variable,  hi  that  due  to  a 
change  in  the  form  of  the  function,  Dtt  the  total  increment 
from  both  causes;  then 

Thus,  in  (3042),  the  terms  invoh'ing  dx^  and  dx^  constitute  iu, 
and  the  remaining  terms  In  ;  the  whole  variation  being  D\k» 
is  called  the  variation  of  the  function 

3085  A  prmiiwe  indeterminate  function,  of  mj  number 
^  wiaUes  is  a  function  whose  Tsriation  is  of  arbitrary  but 
constant  form ;  m  other  words,  ^  s  0. 

3  H 


458 


CALCUZJT8  OF  VARIATIONS, 


8086  Let  v  ^  F,u  be  a  derived  fanction, — Chat  is,  a  fimc^ 
tion  derived  by  some  process  from  tibe  function  u ;  F  denoting 
a  relation  between  the  f ormst  but  not  between  the  magnittides» 
of  u  and  v. 

The  general  object  of  the  Calculus  of  Variations  is  to 
determine  the  change  in  a  derived  function     caused  by  a 

change  in  the  form  of  its  primitive  u. 

The  particular  derived  functions  considered  are  those 

whose  symbols  are  d  and  |,  denoting  operations  of  differ- 
entiation and  integration  respectively. 


8UC0ESSIVB  YABIATIOK. 

3087  liOt  the  variation  of  the  variation,  or  second  variation 
of  V  due  to  a  change  in  the  form  of  the  involved  function, 
y  =fix),he  denoted  by  5  (SF)  or  ST;  the  third  variation  by 
¥Vf  and  80  on, 

definition  (3085),  y  being  a  primitive  indeterminate 
function,  and     its  variation,  ^y  =  0   (1). 

3088  The  second  variation  of  any  derivative  of  ^  is  also 
zero,  i.e.,  ^j),       &o.  all  vanish. 

3089  U  V= /(.r,  y,  py  7,  r,  <&o. ...),  where  y  is  a  primitive 
indeterminate  function  of  a,  then 

where,  in  the  formal  expansion  by  the  multinomial  theorem, 
lyy  ^p,  &a  follow  Ihe  law  of  involution,  but  the  indices  of  <L, 
&c.  indicate  repetition  of  the  operation  (2,,  dp,      upon  Fir 

Proof.— First,      a  7  =  (  i ^   ?p  <7p  -I-  ^7  c/,  -f . . . )  T- 
In  finding         each  product,  such  as  cijdj^V,  is  differentiated  again  as  a 
fnnctioQ  of    j?,  ^,  6kXi. ;  bat,  since  the  variations  of  ciy,  c^;,  iui.  vanish  bj  (2), 
it  ia  the  Bsme  in  effeei  as  ihoogh  h/,  3p,  Ac  ware  not  opentod  npon  at  m, 
Thsjr  aoootdingly  rank  aa  algebniic  qnantitiia  merely,  and  tlieiefixra 

Similarlj  fat  a  ihird  dilforentiatum;  and  ao  on. 


nCUEDIA.TB  HfTBOIUBILITY  OF  THS  F0N<friON  F. 

3090  Bbp.— When  the  function  F  (3028)  is  integrabla 
without  assigning  the  vilne  of  y  in  terms  of  «,.and  therefore 


Digitized  by 


APPENDIX.  459 


integrable  whatever  the  form  of  the  fun.otion  y  may  be>  it  ia 
said  to  be  immediatehf  mtegrable^  or  integrable  per  se. 

3091  The  requisite  condition  for  V  to  bo  immediately 
integrable  is  that  K  =  0  shall  be  identically  true. 


FltoOF.—     Vim  miut  be  ezpreaftiblo  ra  the  form 


where  ^  is  independent  of  the  form  of  y.  Hence,  a  change  in  the  form  of  jff 
wbidk  HATM  tbe  valvM  mi  the  limitfl  unaltered,  will  leave 


!  j'Vda  s  0 }  that  18,  ^'^KSy  =  0. 


Bat  the  laat  ecination  necetsitateB  K^O^  mooe  ijf  »  arhitcair.  And  0 
moat  he  identicallj  true,  otherwise  it  woald  detenuiiie  jf  as  a  fnnotion  of  «. 
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GENERATION  OF  DIFFEBENTIAL  EQUATIONS. 

8050  By  differentiatmg  ordinary  algebraic  eqnatioiiSy  and 
eHminating  constants  or  ftmctions,  differential  equations  are 
produced.  Some  methods  are  iUnstrated  in  the  following 
ezamplea. 

3051  From  an  equation  between  two  vartables  and  n 
arbitrary  oonstants,  to  eliminate  the  conatanta. 

Bulb. — Differentiate  r  times  (r<n),  and  from  the  r+1 
equatione  any  r  eonetante  may  be  eliminatedy  and  thus  C  (n,  r) 
different  equations  of  the  r^  order  (3060)  obtained^  involving 
d'v  d'^^v 

gjr^»         ^^^^y  ^H"!-*  however f  of  these  eqimtions  will  be 

independent.  By  differentiating  n  times  and  eliminating  the 
consta/ntSt  a  single  final  differential  equation  of  the  n^  order 
fireefrom  constants  may  he  obtained, 

8058  Ex.— To  elimiiiato  tbe  oonstADts  a  and  h  from  tho  eqnatioii 

y  ==  (i.) 

Diflferenliatiiig,  we  find  =  jSa«+(   (ii  ) 

Eliminating  a  and  b  in  turn,  wo  get 

«^+te  =  2y,    «|^  =  a*»+f    (iiL.iT.) 

ax  ax 

Kow,  differentiatiBg  (iu.)  and  eUminating  h  prodnoM  the  final  eqaatioB  of 
the  aeoond  Older, 

 ••  

The  nine  equation  ia  obtained  1^  difierentiatuig  (iv.)  and  oliminnfinn-  a. 

3053  To  cUniinate  tlie  function  <p  from  the  equation  «  =  ^(t?), 
where  i;  is  a  fuuction  of  x  and  y.    We  have 

=  ^  =  f  (i;)V 

Therefore  s=  2, 
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8064  To  eliminate  f  from  u  =  wWe  u  and  v  are  fnno- 
tions  of  0,  e. 

Consider  a;  and  y  the  independent  yariables,  and  differ- 
entiate for  each  separatelji  thus 

and,  bj  division,    (v)  is  eliminated. 

SOBS   To  eliminate         ...  ^»  from  the  equation 

where  oi,  a^,  ...     are  known  functions  of  x,  y, 

Rule. — Differentiate  for  x  anrf  y  as  independent  variables, 
forming  the  derivativet  o/F  0/  eac/t  order ^  up  to  the  (2n— 1)''^ 
in  every  possihh'  way:  that  is,  F;  F,,  F^;  F^,  F^^,  F|^;  ^c. 
2%^^/?  ?(m7/  be  2n*  M7iA!no«;»  ftinctionB^  consisting  of  fi,  ... 
afui  their  derivativee^  and  2n'+n  equations  for  elimvnatvng 
them. 


3066   To  eliminate  ^^C^)*  between  the 

equations 

E,  ^,(6),        ...  ♦.(5)}  =  0, 

Bum.  —  Oo»<i<ier  z  aTwZ  $  functions  of  the  independent 
variahles  x,  y,  and  fomi  the  derivatives  of  F  and.  i  up  to  the 
2n— 1"*  order  in  the  manner  described,  in  (3055).  There  will 
be  4n'+n  ftmctione^  and  4n^+2n  eqtbations  for  eliminating 
them. 


3067    To  eliminate  ^  from  the  equation 

F{x,y,z,w,<i>{a,p)}  =0, 
where  o,  /3  are  known  functions  of  .r,  //,  z,  u\ 

Rttle. — Consider  x,  y,  z  the  indepciulcnt  variables.  Dif- 
ferentiate for  eaeh^  and  eliminate  between  the  four 
equations. 
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DEFINITIONS  AND  RULES. 


3058  Ordinary  differential  equatioiis  inyolye  the  deriyatiY68 
of  a  single  independent  Ysriable. 

3059  Partial  differential  equations  involve  partial  deriva- 
tives, and  therefore  two  or  more  independent  variables  are 
concerned. 

3060  Th^  order  of  a  clifFcrcntial  equation  is  the  order  of  the 
highest  derivative  whioh  it  contains. 

9061  The  degree  of  a  differential  equation  is  the  power  to 
which  the  highest  derivative  is  raised. 

3062  -4  Linear  differential  equation  is  one  in  which  the 
derivatives  are  all  involved  iu  the  first  degree. 

3063  The  complete  primitive  of  a  differential  equation  is 
that  equation  between  the  primitive  variables  from  whioh  the 
differential  equation  may  be  obtained  hj  the  process  of  differ* 
«ntiation. 


8064  ^  The  general  solution  is  the  name  given  to  the  complete 
primitive  when  it  has  been  obtained  by  solving  the  given 
differential  equation. 

Thus,  reverting  to  the  example  in  (8051),  eqaation  (i.)  iB^imeompUle 

primitive  of  (v.)  which  is  obtained  from  fi.)  by  difforoutiation  and  elimination. 

The  difervntiaJ  equation  (v.)  being  given,  the  process  is  reversed. 
Euuations  (iii.)  and  (iv.)  are  called  the  jirst  integrals  (j.')t  and  eqaation 
(i.)  thm  final  integral  or  general  nlution, 

3065  ^  pa/rticnlar  solution j  or  particular  integral ,  of  a 
differential  eqnation  is  obtained  by  giving  particular  values  to 
the  arbitrary  constants  in  the  general  solution. 

For  the  dei&nition  of  a  singular  solution,  see  (306S). 

3066  To  find  TN'hen  two  differential  equations  of  the  first 
order  have  a  common  primitive. 

Hjjjm,'^  Differentiate  ea4ih  eqtuition,  and  eliminate  ita 
a/i'hitrary  constant.  The  two  results  will  agree  if  there  is  a 
common  primitivefWhichf  in  that  ease,  will  be  found  by  elimi^ 
naiing  y,  between  the  given  equations, 

Ex. — Apply  the  rule  to  equations  (uL)  and  (ir.)  in  (3052). 


.  J  i^ud  by  Google 


SmaVLAB  SOLVnONB. 


463 


8067  To  find  when  two  solutions  of  a  differential  equation, 
each  involying  an  arbitrary  oonstant,  are  equivalent. 

RuLK. — Eliminate  one  of  the  varialites.  The  other  will  also 
disappcQ,ry  and  a  relation  between  the  arbitrary  constantti  will 
remain. 

Otherwise,  if  F=  (7,  v  =  c  be  the  two  solutions  :  V  and  v 
being  functions  of  the  variables,  and  C  and  c  constants ;  then 

dV  dv^_dV  dv^ 
dy  "  dy  dx 

is  the  required  condition. 

Proof. — Fmust  be  a  fnnction  of  o.  Lei  FB^(v)i  therefore  Vm^^'^m 
and  Fy=         then  elimiuate 

Ex. — tan"'  (a;Hhy)  +tan~'  («  — y)  =  a  and  a'  +  26x  =  y'  -|- 1  are  both  boIu- 
tioDS  of  ^seyym  ~  x'  +  y'-f  !•  Eliminating  y,  x  disappears,  and  the  resulting 
equation  is  oteaasl. 


SINGULAR  SOLUTIONS. 


3068  Definition.  —  smgulaT  solution  of  a  differential 
equation  is  a  relation  between  x  and  y  which  satisfies  the 
equation  by  means  of  the  values  which  it  gives  to  the  differ- 
ential coefficients  y^^t  &c.,  but  is  not  included  in  the  com- 
plete primitive."    See  examples  (3132-^). 


8069   To  find  a  singular  solution  from  the  complete  primitive 

♦      c)  =0. 

Rule  I. — From  the  complete  primitive  determine  c  as  a 
fnnction  ofx,  by  solving  the  equation  y^.  =  0,  or  else  by  solving 
x<3  =  0,  and  snhstitute  this  value  of  c  in  the  p>rimiiive.  The 
result  is  a  singular  solution^  unless  it  can  also  be  obtained  by 
giving  to  o  a  constant  value  in  the  primitive, 

9070  ijr  the  aingulcar  aolution  involve$  y  OfUy,  it  remits  firom 
the  equation  ye  =:  0  only^  and  if  it  vnvdlvee  x  only,  it  results 
from  Zo=0  only.  If  it  imfolves  both  z  cmd  y,  the  two  egua» 
tions  z,=sOy  y«=5  0  give  the  same  result. 
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8071  When  the  primitive  equation  <(>  (xyc)  =0  u  a  rational 
integral  Junction,  ^0  =  0  may  be  used  instead  o/     =  ^ 

yc  =  o. 

PBOor. — Let  f  («i  yi «)    0  be  expressed  ia  the  fonii 

y  (1). 

Then,  if  c  be  oonstant,        y»  =  /x    (2) ; 

•od,  if  c  ▼ariee,  y»  =/»+/«6,   (3). 

When  c  is  constant,  the  differential  cqnntion  of  which  (1)  is  the  primitive  is 
satisfied  by  the  valnc  of  ?/,  in  (2).  But  it  will  also  be  satisfied  by  the  same 
value  of  when  c  is  variable,  provided  that  either  /,  =  0  or  y",  =  oo ,  and  ia 
either  ceee  a  aolotloti  is  obtatoed  whieh  is  not  the  result  m  giving  to  e  a 
constant  value  in  the  complete  primitive;  that  is,  it  is  a  singular  solution. 
But  /<.  =  0  is  eqaivalent  to  y«  as  0,  and  /«  s  oo  makes  y«  s  od  ,  and  therefore 
X  =  coostant. 


OEOHBTBICAL  MBANIKG  OF  A  SINOULAB  SOLUTION. 

3072  Since  tlie  process  in  Rule  I.  is  identical  with  that 
employed  in  findint^  the  envelope  of  the  series  of  curves 
obtained  bj  varying  the  parameter  c  in  the  equation 
f  (a'j  y*  c)  =  ^'f  the  singular  solution  so  obtained  is  the  equa- 
tion of  the  envelope  itself. 

An  exoeptioii  ocoois  when  tlie  enyelope  ooincides  witii  one 
of  tHe  corves  of  tiie  system. 


3073    Ex. — Let  the  complete  primitive  bo 

»ssfl»+Vl— c^,  therefore  jfe SB »— -7-^==;  f«^Q  gives  ess—^  . 

vl  — c*  V^i-h.f' 

Sabetitntin^  this  in  the  primitive  gives  y  =  y/i+x*,  a  singular  solution.  1^ 
is  the  equation  of  the  envelope  of  all  the  linee  that  are  obbiined  bf  varying 
the  parameter  e  in  the  primitive ;  for  it  is  the  equation  of  a  circle,  and  the 
primitive,     varying  6,  repreeents  all  lines  which  touch  the  circle.   See  also 

(3132-3). 


3074  "The  determ  ination  of  c  as  a  function  of  z  by  the  solution  of  the 
eqoation  Ve  =  0,  is  equivalent  to  determining  what  paraeakr  primitive  haa 
oontaot  with  the  envelop  at  that  point  of  the  latter  which  oorreaponds  to  a 
given  value  of  x. 

"The  elimination  of  c  between  a  primitive  y  f  c)  and  the  derived 
equation  =  0,  docs  not  necessarily  lead  to  a  singular  solution  in  the  sense 
above  explained. 

For  it  is  possible  that  the  derived  equation  ye  =  0  may  neither,  on  the 
one  hand,  enable  us  to  determine  c  as  a  function  of  a*,  so  leading  to  a  singular 
solution ;  nor,  on  the  other  hand,  as  an  absolute  constant,  so  leading  to  a 
partioolar  primitive. 
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**  Thus  the  particular  primitive  y  =      being  given,  the  condition     =  0 

f ives  e*^'  =  0,  whence  c  is  +oo  if  j;  be  negative,  and  — oo  if  x  be  positive, 
t  is  a  dependent  constant.  The  resulting  solution  y  =  0  does  not  then 
represent  an  envelope  of  the  carvet  of  parttcalar  primitives,  nor  strictly  one 
of  those  curves.  It  represents  a  curve  formed  of  brancbos  from  two  of  tlietu. 
It  is  most  fitly  chanict^rised  m  a  particular  primitive  marked  by  a  siugtilarity 
in  the  mode  of  its  derivation  from  the  complete  primitive. " 

.  [BooU*t  "DiffemUial  Squatioiu;'  SuppUmni^  p.  18. 


DETBB&aNATION  OF  A  SINaULAB  SOLUTION  FROM  THB 

DIFPEBBNTIAL  EQUATION. 

S075  Role  II. — Any  relation  is  a  singular  solution  whichy 
while  it  satisfies  the  differential  equation^  either  involves  j  and 

makes  p,  infinite^  or  vn/oohes  x  and  makes  infinite. 


3076  "  One  negative  feature  marks  all  the  oases  in  which  a  solution 
involving  y  satisfies  the  condition     s  oo .   It  is,  that  the  Bolntion,  while 

expressed  by  a  single  equation,  is  iu>t  connected  with  the  complete  primitive 
by  a  single  and  absolutely  constant  vnlae  of  c. 

The  relation  which  makes  iutinite  satislies  the  differential  eqoatioa 
only  because  it  satisfies  the  condition  y«  =  0,  and  tlus  implies  »  coniieKion 
between  c  and  which  is  the  ground  of  a  real,  thongh  it  may  be  nmmportant, 
singulnrity  in  the  solution  itself. 

"In  the  lirst,  or,  as  it  mif^ht  be  termed,  the  envelope  species  of  singular 
solutions,  c  receives  an  iuiiuiie  number  of  different  values  connected  with  the 
▼alae  of  »  bj  a  law.  In  the  second,  it  leceives  a  finite  number  of  valaes  also 
cciTiiu  cted  with  the  values  of  a;  by  a  law.  In  the  third  species,  it  receives  a 
finite  number  of  values,  determinate,  but  not  connected  with  the  values  of  »** 

Hence  the  general  inolusiye  definition—- 

3077  sinffulwr  solution  of  a  differential  equation  of  the 
first  order  is  a  solution  the  connexion  of  which  with  the  com* 
plete  primitive  does  not  consist  in  giving  to  o  a  single  constant 
value  absolutely  independent  of  the  value  ofx" 

[Boole s  "Differential  Equations  "  p.  163,  and  Supplementy  p.  19. 


BULES  FOB  DISCRIMINATING  A  SINGULAR  SOLUTION  OF 

THE  ENVELOPE  SPECIES. 

3078  Rule  HI. When       or  ^— ^  is  made  infinite  by 

equating  to  zero  a  far  for  ha  ring  a  negative  index,  the  solution 
**  may  be  considered  to  belong  to  the  envelope  species" 

3079  other  oases,  the  solution  is  deducible  from  the 
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oomplete  primittve  hj  regarding  e  aa  s  constant  of  mnltiple 
Yalue, — its  particnlar  yalnes  being  either,  let,  dependent  in 
some  way  on  the  value  of  or,  Sidly,  independent  of  2,  but 
still  such  as  to  render  the  property  a  singular  one/' 

{BoMt  **  JHfferMtua  BpiaHomt,*'  p.  164. 

3080  Rule  IV. — A  solution  which,  while  it  maJccs  py  infinite 
and  .satisfies  the  differential  equation  of  the  first  order,  does  not 
satisfy  all  the  higher  differential  equations  obtained  from,  it^  is 
a  singular  solution  0/  the  envelope  species. 


Ex. :  Sfa  =  fn^f  "  has  the  singolar  eolation  y  =  0  when  m  is  >1. 

Now  B  «» («— 1) ...         1)  y  • » 

and,  when  r  is  >  m,  the  value  t/  s  0  makM  mfinite.  The  sotntion  m, 
therefore,  by  the  mle  of  the  envelope 


3081  V. — The  proposed  solution  being  ,  p  resented  hif 
u  s  0,  Ui  the  differential  equation^  transformed  by  making^  a 
and  X  the  variables,  be  u,H-f  (x,  u)  =  0.   Determine  the  in- 

iegral  \       as  a  function  of  x  and  u,  in  which  U  is  either 

equal  to  f  (x,  u)  or  to  i  (x,  u)  deprived  of  any  factor  tohieh 
neither  vanishes  nor  becomes  infinite  whin  u  =  0.  If  that 
integral  tends  to  zero  with  u,  the  solution  is  singular**  and  of 
the  envelope  species.  [Boole,  Supplement,  p.  30. 

3082  Ex.— To  determine  whether  t/  =  0  is  a  singular  wlotion  or  par* 
tioolar  integral  of  Va^V  (log  y)'. 

Here  u  =  y,  and         \  -/'^      =  - 

J«yU«gy)  logy 

As  this  tends  to  ssro  with  y,  the  solution  is  singnlar. 

Ver^eaHm. — ^The  oomplete  primitive  is  y  ss  and  no  oonstant  vahie 
assigned  to  e  will  prodnoe  m  resolt  y  s=  0. 

3083  Professor  Do  Morgan  has  shown  tli«it  any  relation 
involving  both  .i*  and  //,  which  satisfies  the  conditions  j^y  —■  ^  > 
p^  =  cr:  ,  will  satisfy  the  diiJerential  equation  when  it  does  nut 
make  as  derived  from  it,  infinite ;  that  it  ma}/  satisfy  it 
even  if  it  makes  //^^  infinite  ;  and  that,  if  it  does  not  satisfy  the 
differential  equation,  the  curve  it  represents  is  a  locus  of 
points  of  infinite  curvature,  usually  cusps,  in  the  curves  of 
complete  primitives.  IBooU,  ^u^plement,  p.  35. 
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FIEST  ORDER  LINEAR  EQUATIONS. 

3084  if+A'-^^O,    or    lf<£r+^djf  =  0, 

M  and  N  being  either  functions  of  x  and  y  or  constants. 

SOLUTION  BY  SEPABATION  OF  THB  VARIABLES. 

3085  This  method  of  Bolution,  when  practicable,  is  the 
simplest^  and  is  frequently  involyed  in  otW  methods. 

Ex.  a!y(H-£c')dy  =  + 

therefore  ^r^t  ~    /f^  i\' 

and  each  member  can  be  at  once  integrated. 

HOMOGENEOUS  EQUATIONS. 

3086  Here  3f  and  JV,  in  (3084),  are  homogeneous  functions 
of  X  and  iji  and  the  solution  is  affected  as  follow'S  : — 

Bulb. — Pui  y  =  vx,  aiul  therefore  dy  s=  vdx+xdv,  and 
then  separate  the  variables.   Far  an  ewample,  see  (3108). 

EXACT  DIFFEBENTIAL  EQUATTONS. 

3087  Mdx-\-Ndy  =  0  is  an  exact  differential  when 

and  the  solution  is  then  obtained  by  the  formula 

Proof. — If  F=0  be  tho  primitive,  we  must  have  F,  =  3/,  V„r=N\ 
therefore  =  if,  =  Hg.  Also  F  =  j M.dx-\-ff  {y),  ^  (^)  being  a  constant 
with  reepeot  to  «. 

Therefore  KssV,  =  d„l  Mdz  +  ^'  (y), 

therefore  ^  (y)  =  J  {N—dflMdx}  dy+  0, 

8088     Ex.  (a:'-3x'y)  dx-\-(i/-a^)  dy  =  0. 

Hero  Mg  =  — 3a^  =  N^.    Therefore  the  solution  is 

0-  ^-^  +  f  .[  y'-^-d.  (I*  -  a)  ]  * 
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3089  Observe  t1iat,  if  Mflv-{-N'df/  can  be  separated  into  two 
parts,  so  tliat  one  of  tliem  is  an  exact  differential,  the  other 
part  must  also  be  an  exact  dif[erential  in  order  that  the  whole 
may  be  such. 

3090  Also,  if  a  fanctimi  of  x  and  y  can  be  expressed  as  tbe 
product  of  two  factors,  one  of  which  is  a  fimction  of  the 
integral  of  the  other,  the  original  function  is  an  exact  differ- 
ential. 

3091  Ex.-  lc()B^cto-4oo8^dy  =  co8.^.Ji^£^  =  0, 

y     y      y     y  y  r 

Here  ^  is  the  integral  o£  tbe  second  factor.    Heuce  the  solation  is 


mTEGRATING  FAOTOB  FOB  Mdx-^Ndy  =  0. 

When  this  equation  is  not  an  exact  differential,  a  factor 
wliich  will  make  it  such  can  be  foimd  in  the  following  cases. 

3092  I. —  When  one  only  of  the  functions  ^Ix-fNy  or 
Mx— Ny  vanishes  identically,  the  reciprocal  of  the  other  is  an 

integrating  factor. 

3093  n. — 7/',  when  Mx-|-Ny  =  0  iihnticalhj,  the  equation 
is  at  the  same  time  homogeneous^  then  x"^""*"^^  is  also  an  in^ 
tegrating  factor, 

8094  ni. — IfneitheT  Mx +Ny  nor  Mx — Ny  vmiskes  identu 
cally,  then,  when  the  equation  is  hom^ogeneous,  -^^^^^ 
vntegraiing  factor ;  and  when  ike  e^aation  can  he  put  in  the 
form  ^  (xy)xdy4-x(^y)y^  =  ^»  j^^^^^  is  an  integrating 
factor. 

PaoOF. — ^I.  and  in. — From  the  identity 

MdstJ^Ndy     1 1  (Ha+^y)  d  Icg«y +(ifo~2^y)  dlog  - 1 , 
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amiiing  tho  infoHxatiog  factor  in  each  oiie,  moA  dednoing  the  required 
fbrniB  for  M  and  N\  employing  (3090). 

1L— Pot  vs       Jf  s  4e*^  (v),  1^  =  a;" i//  (v),  and  4^  s  mdo-k-vdit  in 

a; 

Mdx+Ndy  and  Mx-^Ny. 

3095  The  general  form  for  an  integrating  factor  of 
Mdx-\-Ndy  =  0  is 

where  v  is  some  choBen  function  of  x  and  y ;  and  the  condition 
for  the  exiBtence  of  an  integrating  factor  imder  that  hypothesis 
is  that 

3096  Tj-* — Tf—  'must  he  a  /miction  of  v. 

Proof. — The  condition  for  an  exact  differential  of  Mpdx -\- Nfidy  =  0  is 
(Mfi),  =  {Nfi),  (3087).  Aasfune  /i  =  ^  (r),  and  differentiate  out;  we  thna 

obtain  £i=:  ^r--^^. 

The  following  are  cases  of  importance. 

3097  !• — If  an  integrating  factor  is  required  which  is  a 
function  of  .r  onlj,  we  put  a*  =  ^ that  is,  v  =  x;  and  the 
neoessaTj  condition  becomes 

— "  must  he  a  function  of  x  only. 

m   

3098  II' — If  the  integrating  factor  is  to  be  a  function  of  xy, 
the  condition  becomes,  by  putting  xy  =  v, 

j^y^j^^  must  he  afumtion  of  xy  only, 

3099  in. — ^If  the  integrating  factor  is  to  be  a  fnnctioii  of 

— ,  the  condition  is 

X 

^  m^^^'T'^^''^'  fnmt  be  a  function  of 
If  Mx-^-Ny  vanishes,  (3092)  must  be  resorted  to. 
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In  ibis  and  similar  caseSy  the  expression  found  will  be  a 
function  of  o  =  if  it  takes  the  form  F(v)  when  y  is  re- 
placed by  t». 

8100  W^-^  Theorem* — The  condition  that  the  equation 
Mdx-^-Nd/y  =  0  may  haye  a  homogeneous  function  m  and  y 
of  the     degree  for  an  integrating  fiactor,  is 

=  where  «  = 

3101   The  integrating  factor  will  then  be  obtained  from 

PMOF.— Pat  ^  =  t>  =  x"*/-  (u)  ill  (3097),  thua 

Perform  the  differentiations,  and,  by  reduction,  we  got 

^i,  (u)  U»+Ny 

The  right  memlMir  nrail  he  *  fbnotioii  of «  in  order  that  ^  (tt)  may  be  fonnd 
hj  integratioD. 

810S  Ex.— To  aeoerteln  wheHier  an  integrating  fitttor,  whioh  is  a  homo- 
geneons  fhnetion  of  x  and  y,  exists  for  the  equation 

(y»+oafy«)  <i^-ay*d»4-(«+y)(«<fy— y<ie)  =  0. 
Bere      If  » -(ay*+«y+y*),     IT  =  (y»+afli«+«»+iiO« 
SnhititatiBg  ia  the  formula  of  (3100),  m  findthttfe^  by  dioowwg  n  =  — 8, 
ihefnclio&iednoeito  ^iS^st^SSt^  aadybjpiiltiiigsf  aaiic^  it  becomes  ^f^, 

a  function  of  u. 


I 


a —  oil  ,  a 


iiie  intogntiii^  Ihelor  required.  li  is  homogeneovu^  aod  of  the  degree  —  S 
in  X  and  yf  aa  is  seen  bj  expanding  tiie  aeoond  &otor  by  (l«iO). 


8108  If  by  means  of  the  integrating  factor  fi  the  equation 
fiMdx-\-f*Nay  =  0  is  fonnd  to  ha^e  Y^O  iot  its  complete 
primitive,  then  the  form  for  all  other  integrating  Victors  will 
be  ^/(F)y  where /is  any  arbitrary  function. 
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Pboof. — ^The  equation  booomes 

fiMf  ( V)  dz (V)dy^  0. 
AppljiDg  the  teilflf  integvibilitj  (3087),  webaTe 

W(r)},=  {/i2^/(F)],. 
Differentiate  out,  remembering  fbat 

(mM),^  V,  =  tiN,      F.  =  /.if, 

and  the  equality  is  established. 

3104  General  Rule. — Ascertain  hy  the  determination  of  an 
integrating  factor  that  an  equation  is  solcable,  and  then  seek  to 
effect  the  solution  in  some  more  direct  way. 

SOME  PABTICULAA  EQUATIONS. 

3106       (aof+lnf+e)  rfa?+(a'*+6V+c')  dy  =  0. 

This  equatiou  ma/  be  solved  in  three  ways. 
1. — Substitate  «  =  €— «,  y  =  ii— /3, 

and  determine  a  and  /3  so  that  the  constant  terms  in  the  new 
equation  in  £  and  n  may  vanish. 

U. — Or  substitute  oa;  -f  % + c  =  4,   a  « + b  y + c'  =  n. 

3106  But  if  a:a=b:  b\  the  methods  1.  and  II.  fail  The 
equation  may  then  be  written  as  a  function  of  ax-\'bij. 

Put  2  =  00;+ and  substitute  bdy  =  dz^ada,  and  after- 
wards  separate  the  Tariables  »  and 

8107  in. — third  metihod  oonsistB  in  assuming 

(An-\-C)d^+(A%-\-C')  dri  =  0, 
and  equating  coefficients  with  the  original  equation  after  sub- 
stituting ^  =  x-^-m^y,      V  =  aJ+Wjy. 
i»i9  ^  are  the  roots  of  the  quadratic 

am* + (6 -f  a)  m + 6'  =  0. 
The  solution  then  takes  the  form 

t 
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8108    Ex.        (3y-7«+7)db+(7y-ac  +  3)t/y  =0. 
Pai  0  8 1— o,  y  ss  i|— (3,  tlms 

(8»/-70t«-»-(7i»-3i)di|=0  (i.), 

with  equatunis  for  a  ud  >3,  7a-3^+7  =  0;  3a--7^+8s0i 

therefore  a  =  —1,     fi  s  0  (ii.) 

(i.)  being  homogeneons,  pnt  ri  =  ^        therefwe  dtf  stvd^+ldv  (3066)  ; 

/.    (7»«-7)4d4+C7i?-3)?<i»  =  0,   or  ^^^^dvz^zO. 

The  aeoond  member  ii  iutegnM,  m  in  (2080),  with  hssO,  and,  after 
lednotion,  we  find      5  log(9+D+2  log(9— Q  — 

Patting  {  =     1  and  9  s  y,  by  (ii.)  the  oomplete  aolniian  it 

Of +•-!)•  (y-«+l)«=0. 

3109  When  P  and  Q  are  functions  of  a;  only,  the  solution 
of  tiie  equation 

^+P9  =  0      ia     V^Ce-^'"    (i.) 

by  merely  separating  the  yariables. 

8110  Secondly,  the  solution  of 

^  +P,  =  g      is      y  =  e-i'^JC+JgJ^-Ar} . 

This  result  is  obtained  by  the  method  of  variation  of 
parameters. 

KuLE. — Assume  equation  (i.)  to  he  the  form  of  the  solution, 
considering  the  parameter  C  a  f  unction  of  x.  Differentiate  (i.) 
on  this  hf/pothesis,  and  put  the  value  o/j^ao  obtained  in  the 
proposed  equation  to  determine  C. 

Thus,  diiforwitia&ig  (i.),  we  get  y,  s  (7«a~^ '^-iV. 


theiefora      Q^O^i^^^,        therefore  C^joJ^'^dv+Cr. 

Then  enbetitate  this  oxyieeawn  for  0  in  eqoation  (i.). 

Otherwise,  writing  the  equation  in  the  form  {Py—Q)dx-^di)  =  0,  the 

integrating  factor  e^^**'  may  be  foand  by  (3097). 

3111  lu-^Py^Qif 

is  reduced  to  the  last  case  by  dividing  by  y*  and  substituting 


I 
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•3212        I\fLv-\-P,di/-{-Q{j(h/-y(h^  =  0. 

Pj,  P.  being  lioiiiogcneous  functions  of      and  y  of  the 
degree,  and  Q  homogeneous  and  of  the  q^^  degree,  is  solved 
by  assummg 

Put  y^vXf  and  change  the  variables  to  x  and  v.   The  result 
may  be  reduced  to 

dv^<f> (v) 4- v^p (v)  ~     i> (c)  +  /-^ {v)  * 

which  is  identical  in  form  with  (3211),  and  may  be  solved 
accordingly. 

8S18  B,af + Ciy)  (ajdy-2^<2»)  -  ( C^^)  dff 

To  solve  this  equation,  put    .r  =  J-f  «,      y  tf-^fi^ 

and  determine  a  and  /3  so  that  the  coefiicients  may  become  homogeneous, 
and  the  form  of  (3212)  will  be  obtained. 

BIOCATrS  EQUATION. 

3214  «,+/j»r  =  e.r"'  (A). 

Substitute  i/  =  and  this  equation  is  reduced  to  the 
form  of  the  following  one,  with  7i  =  7/?+ 2  and  a  =  I.  It  is 
solvable  whenever  m  (2^il)  =  — 4^,  t  being  0  or  a  positive 
integer. 

3215  xy^'-aif^by^  =  <^r»  (B). 

I. — This  equation  is  solvable,  when  7t  =  2rt,  by  substituting 
y  =:  ixjj",  dividing  by  su*",  and  sepai'ating  the  vai*iables.  We 

thus  obtain  ^\  ,  =  aJ""*daj. 

e — oir 

Integrating  by  (1937)  or  (1935),  according  as  h  and  e  in 
equation  (B)  liaye  the  same  or  different  signs,  and  eliminating 
V  by  y  t»f  ,  we  obtain  the  solution 

3216  y^^C^^Ce_^_^  (1)^ 

 °     €e~'  -1  

•  The  preceding  articles  of  this  section  are  wrongl)'  numbered.  Rich  number  and 
reference  to  it,  up  to  this  point,  should  be  increaaed  by  100.  The  sheeU  wore  printod  off 
before  the  error  wa«  discovered. 

3  p 
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3217   or   y=^{-^yt^\c-}^:y^]  (2). 


8S18   II-  —  Equation  (B)  maj  also  be  solyed  whenever 

^  ~  =  ^  a  positive  integer. 

Rule. — Writt'  z  Jhr  y  equaiioi}  (B),  and  nt+a  for  a 
in  the  second  term^  and  tratis^ose  b  and  ciftbe  odd. 

Thus,  we  shall  have 

flst,— =      (when  t  is  even)  (3), 

xz^—{n  t  -{-a)         =  6**  (when  t  is  odd)   (4). 

Either  of  these  equations  can  be  solved  as  in  case  (1.),  when 
n  ss  2  (nt+a),  that  is,  when  2iZl^  ^st,   z  having  been  de- 

terminofl  by  such  a  solution,  the  complete  primitive  of  (B) 
will  be  the  continued  fraction 

0  +  — +  -S— +•••+      jfc  +—•■('>)' 

where  k  stands  tor  6  or  c  according  as       odd  or  even. 


3219   III.  —  Equation  (B)  can  also  be  solved  whenever 

^1"^^  =  ^  a  positive  intepfer.   The  method  and  result  will  be 

2??  ° 

the  same  as  in  Case  II.,  if  fhe  tdgn  of  a  he  changed  thruughout 
and  the  first  fraction  oinUtedfrom  the  value  of  j.  Thus 

^*^n  —  a     2)1— a  (f  —  ])}i—(t 

 i  r  h  ...  -i  i  i   (Oh 

PfeOOF. — Caae  II. — ^In  equation  (B),  snbititate  y  s  ^  +  — and  eqnata 

(I 

the  absolute  term  to  zero.    This  gives  A  =  ^  or  0. 

Taking  the  first  valne^  the  transformed  equation  beoonMs 

Next,  pnt  jfi  SB  +  — ,  and  so  on.  In  tbia  way  the  t*^  tnuufomed 
equation  (8)  or  (4)  is  ohtuned  with  i  written  for  the    anliatitated  wiaUe  y|. 
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Gue  in. — ^TMkmg  ihe  leoond  Talae,  il =0,  ih«  fiist  transformed  equa- 
tion differs  from  the  above  only  in  the  sign  of  n  ;  and  consequently  the  snrae 
series  of  subsequent  transformations  arises,  with  —a  in  the  place  of  a.  The 
BQCceaaive  sabfititations  produce  (5)  and  (6)  in  the  respective  cases  for  the 
valiMeof  y. 

3220    Ex.  u,-hu'=zcx-K  (3214) 

and  the  equation  is  reduced  to  sry,  — y  4-^/' =  C  '"'  of  the  form  (B).  Here 
asl,  6  =  1,  n  =  |,  and  "^^^=2,  Case  Ul.  By  the  rule  in  (8218), 
dumging  the  ngn  of  a  for  Case  III.,  equation  (3)  becooiia 

Sdvuig  as  in  Oaae  I.,  we  pat  « s  iwi,      ;  or,  empl^jring  formula  (1) 


is  tlie  inal  adation. 


FIRST  OBDEB  NON.LINEAB  EQUATIONS. 

3221  Type 

wliere  the  coefficients  PuPu ...  P»  may  be  functions  of  x 
aady. 

SOLUTION  BY  FACTORS. 

8888   If  (1)  can  be  resolved  into  n  equations, 

Pi  =  0,   i/r—lh  =  0,  ...  1/^— />,  =  0    (2), 

and  if  the  complete  primitives  of  these  are 

Fi  =  c„    F,=  <?„  ...  Vn  =  e^  (3), 

then  the  complete  primitive  of  the  original  equation  will  be 

(r,-c)(F,-e)  ...  (F,-c)  =  0  (4). 


.  ij  i^ud  by  Google 


476 


DIFFERENTIAL  EQUATIONS. 


Proof. — ^Taking  n  s  3,  asBume  (be  last  eqaation.  Differentiate  and 
elimmate  e.   The  reenlt  is 

(F,-  F.)*  (F.-  rO»  (F,-  T;)MF»rfF,<IF,  =  0  (5). 

By  (2),  clF,  =  fi,  (y,— 'ix,  Ac.,  where  /i,  in  an  integrating  &c(or.  Sub- 
etitute  tlK  8e  values  in  (5),  rejecting  the  facton  whrah  do  not  contain  dilfer- 
cntial  ooefficientB,  and  the  xeanlt  ia 

(y.-l>i)  (.v,-7'i)(y.--i>b)  =  0, 
which  is  the  differential  equation  (1). 

3223  Ex.— Giren  yi+3y,+2  =  0. 

The  component  eqaations  aio  y«4-l  =  0  and  y«+2s0,  giving  for  the 
complete  primitive 

(y  +  .T-c)0/+24!-c)=0. 


SOLUTION  WITHOUT  RESOLVING  INTO  FACTORS. 

3224  Class  I.— Type  (f>  (.r,  p)  =  0. 

When  X  only  is  involved  with  and  it  is  easier  to  solve 
the  equation  for  x  than  for    proceed  as  follows. 

Rule. — Obtain  x  =  f(p).  Dlffrnut late  and  eliminatr  dx 
by  means  of  dy  =  pdx.  Lit  eg  rate  and  idiminate  p  by  meaiia 
of  the  original  equation. 

Similarly i  when  y  =  f  (p),  eliminate  dy,  &c. 

3225  Ex. — Given  x  =  ay,-\-hyl,     i.e.,  x  :=  ap-^hp*  (1), 

dx  =  adp-\-2bpiI^,       therefore    dy  =  pdx  =  apdp-^2,br^*dpf 

thmfOM  ys^  +  ^'+a 

Eliminating  j3  between  this  equation  and  (l),the  resalt  is  the  complete  primitive 
{ax-i-Qhy-  bey  =  (6ay  -  4«'  -  ac)  (a*  +  Ujc) . 


3226  Class  ll.—Tijpe 

Rule. — Differentiate  and  eliminate  y  if  necessary,  Inte* 
grate  and  eliminate  p  by  means  of  the  original  equation. 

If  the  equation  be  first  divided  by  the  form  is 

simplified  into 

3227  3^  =  ^r*(p)+x(/^)- 

Differentiate,  and  an  equation  is  obtained  of  the  form 

=  C^  whcro  P  and  Q  are  functions  of  p. 
This  may  be  solved  by  (3210),  and  p  afterwards  ehminated. 
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3228  Otherwise,  a  differential  equation  may  be  formed 
between  y  and  ^,  instead  of  between  x  and  p, 

3229  Or,  more  generally,  a  differential  equation  may  be 
formed  between  .t  or  y  and  t,  any  proposed  function  of  j?,  after 
which  t  must  be  elimmated  to  obtain  the  complete  primitiye. 


3230    ClairauVs  equation,  which  belougs  to  this  class,  is  of 

the  form  y  =  pai+f(p), 

Bttlb. — Dlfferevdiate^  an<2  two  eqnationa  are  obtained — 

(1)  P.  =  0,  and  .-.  i;  =  c;     (2)  x+f(p)  =  0. 

Eliminate  p  from  the  original  equation  by  means  of  (1),  and 
n(jain  by  means  of  (2).  Tke  first  elimination  gives  v  =  cx  4- f  (c), 
the  complete  primitive.   The  second  gives  a  singular  solviion, 

Piioor. — ¥or,  if  Bale  I.  (3169)  be  applied  to  the  primitive  y  =  ea>+/  (e), 

wc  h'lVQ  35 -h/' (c)  =  0 ;  and  to  eliminate  c  between  these  eqoations  is  the 
eliminaUon  directed  above,  c  being  merely  written  forp  in  the  two  eqnationa. 


3231  Ex.  1.  y  =  v"! 

Thia  ia  of  the  form  y^to^iph  and  therefore  fidla  under  (3227).  Differ- 
entiating, we  obtain    xdp-^dxy/l+p'+  ^^^^^^  ^» 
tinoe  djf^pdxi  thna 

in  which  the  variables  are  separated. 

Integrating  hj  (1928),  and  ciimiuutmg  we  find  for  the  complete 
primitiTe  ti^-|-y*sGa. 

3232  Ex.  2.  y=px+  ✓i^-oy. 

Thia  ia  Clairaut's  form  (32:^0).    Differentiating,  we  have 

^  \  x  ^  1=0. 

The  complete  primitive  is  y  =  car  +        —  aV)  ; 

and  the  elimination  of  p  by  the  other  equation  gives  for  the  sintrnlar  solution 
tV  =  a V,  an  hyperbola  and  the  envelope  of  the  lines  obtained  by 
varying  c  in  the  complete  primitive,  which  ia  the  eqnati<m  of  a  tangent. 


3233  Ex.  3. — ^To  find  a  onrve  having  the  tangent  intercepted  between 
the  coordinate  azea  of  oonataat  length. 
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The  differential  eq  nation  which  ezpreaaee  this  properlj  u 

p 

ttI?  

IUfEM«ti.tbg8iT»       ^^.+  -^^^1=0  (2). 

Eliminating  j>  between  (1)  and  (2)  gires, 

4 

lit,  the  primitiTe       y  =  <»+  (8) ; 

2nd,  the  singular  solation  a-^+y^  =  ol  (4). 

(3)  is  the  eqaatiun  of  a  straight  line ;  (4)  is  the  eOTelope  of  the  lines 
obtained  bj  varying  the  parameter  e  in  equation  (3). 

3234   Class  in. — Homogeneous  in  x  and  j. 

Bttlb. — Put  y  =  Tz,  and  divide  hy  x*.  Solve  for  p,  and 
eliminate  p  hy  differentiating  y  =  vx ;  or  sohe  for  aiul 

eliminate  y  by  putting  y  =:  ;  and  in  either  case  separate  the 
variables. 

SS35    Ex.  y  =px-\-  X  v/r+]>'. 

Pnhstitute  f/  =  vx,  aiul  tliun  fi-ro     =  v-\-xv^.   This  g^ives  r  =  //-f  v^l 
Kiimmatu  ^  between  the  laat  two  0(^uatiunu,  uud  then  separate  thu  variables. 

Thereenltis  ^+^^0, 

from  which  x(v^-i-\)  =  C   or   «*  +  y*=:CS». 

The  flame  equation  ie  solved  in  (3131)  in  another  wsj. 

SOLUTION  BY  DIFFERENTIATION. 

3236   To  solve  an  equation  of  the  form 

Rule. — Equate  the  j'unetion.'^  <p  and  \p  rcspertivehj  to  arhi- 
trarij  constanf^  a  and  b.  Dijj'troitiaie  each  equation^  and 
eliminate  the  cunatauts,  1/  the  resulta  agree,  there  is  a  common 
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primitive  (8166),  which  may  he  found  hy  eliminating  between 
the  equations  ^  =  a,  ^  =  b,  and  subsequently  eliminating  one 
of  the  constants  by  means  of  the  relation  F  (a,  b)  =  0. 

Ex.  ^-y>jx-\-f{y'-y'y\)  =  0. 

Here  the  two  equations  x  —yy^  =  ctt  /  (y*— y'yi)  =  ^» 

on  applying  the  test,  are  foQJid  to  htkfe  a  oommoD  pnmitiTe.  Therefon^ 
elimiuat^jag  y^,  we  obtain 

Also,  bj  the  gi7en  eqnatiooi     a  +  h  =  0. 
Henoe  tlw  flolntiloii  is        /  }  =s  fr. 


HIGHEE  OEDKR  LINBAE  EQUATIONS. 


3237    Type  g+P,^  +  ...+P<,.„.-^4-i\i^  = 

▼here     ...  P»  and  Q  are  either  functions  of  x  or  constants. 

Lemma. — If  ^i,  ^s,  •  •  be  »  different  values  of  ^  in  terms 
of  0,  winch  satisfy  (3237),  wHen  Q  =  0,  tlie  solation  in  that 

case  wiU  be  C^y^ + C,y,+ . . .  -f  C^y^, 

Praop. — Substitute  y„  y„  ...  y„  in  turn  in  the  pven  equation.  Multiply 
the  resulting  equations  by  arbitrary  constants,  C,,  Cj,  ...  C„  respectively, 
add,  and  equate  coefficients  of  i^i,  P„...P„  with  those  in  the  original 
e^QfttlOD. 


LINEAB  EQUATIONS  WITH  CONSTANT  COEFFICIENTS. 

8888      y».+Oi^(-i).+ ...  +a(»-,)  jf.+a»y  =Q  (1). 

3239  Cose  I.— TF7iew  C  =  0. 

The  roots  of  the  auxiliary  equation 

iii»+aim-^+..,4-«„-im+««  =  0    (2) 

being  in^,  ...  the  complete  primitive  of  the  difEerential 
equation  will  be 

3240  y  =  Cti^-»*+Ct«*»+...+C.e*.'  (3). 

If  the  auxiliary  equation  (2)  has  a  pair  of  imaginary  roots 
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{a  ±  i6)>  there  will  be  in  the  value  o£  y  the  corresponding 
terms 

3241  i4c^  cos       Be!^  sin  &f  (4) . 

If  any  real  root  m  '  of  equation  (2)  is  repeated  r  times»  the 
corresponding  part  of  the  value  of  y  wiU  be 

3242  (^o4-^,a?+ii^+...+^,_,.i''-^) 

And  if  a  pair  of  imaginary  roots  occurs  r  times,  substitute 
for  A  and  B  in  (3241)  similar  polynomials  of  the  1^  degree 
in  X, 

Proof.— (i.)  Substifcating  y  =  Oe**  in  (1)  as  a  particular  solution,  and 
dividing'  by  Ce"",  the  auxiliary  eqnation  is  produced,  the  roots  of  which 
furnish  n  particular  solutions,  y  =  Oie*'',  y  =  Cje"*'*,  Jbc.,  and  therefore,  by 
the  preceding  lemma,  the  general  solntion,  will  he  equation  (2). 

(ii.)  The  imaginary  rootB  a  ±  t6  give  rise  to  the  terme  Cli*"****+  Oe**"***, 
which,  hj  the  Ezp.  va^ee  (766),  reduce  to 

(iii.)  If  there  are  two  equal  roots  wj,  =  ?Mp  put  at  first  wi,  =:  mij4-  ^.  The 
two  terms  0,6"''+  CV""'  *  '  become  ' (C,  +  C',e*').  Expand  e*'  bj  (150), 
and  put  (7i  +  C,  =  yl,  C^h  —  B  in  tiie  limit  when  A=0,  Cisroo,  C,  =  — oo. 
By  reputing  this  process,  in  the  case  of  r  eqnal  roots,  we  arrive  at  the  form 

and  similarly  in  the  case  of  repeated  paii-y  of  imaginary  roots. 


3243  Case  If.— TF%6n  Q  m  (3288)  %8  afanetion,  ofx. 
First  method. — Bj  variation  of  parameters. 

Patting  Q=0,  as  in  Case  L,  let  the  complete  primitive  be 

y  =  Aa+Bfi-^Cy-\-&c.  to  n  terms  (6), 

o,  Y  being  functions  of  x  of  the  form  e^.  The  values  of 
the  parameters  ^4,  i?,  0,  when  Q  has  its  proper  value 
assignedi  are  determined  by  the  n  equations 

3244  ^lx«        +^xi3        +to  n  terms  =  0, 
A.a,  -h        „  =0, 

•••  •••  ••• 

/?,.,  &c.  being  found  from  these  equations,  their  integrals 
must  be  substituted  in  (G)  to  form  the  complete  primitive* 
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Proof.— -Differentiato  (6)  on  the  hypotheaiB  tiiai  A,  B,  Q^Jke,  aie  fane- 
tions  of  <B  i  thoa 

y,=  (^a,  +  i?/3,+  ...)  +  (^x«  +  B,^+...)- 

Kow,  in  addition  to  equation  (1),  n— 1  relations  may  be  assumed  between 
the  n  arbitmry  panunetera.  Equate  then  the  last  term  in  brackets  to  zero, 
tt&d  differentiate  y,  in  all,  n— 1  times,  eqnatiiig  to  Mio  the  eeoond  part  of 
each  diffinentiatioa;  thoa  we  obtain 

y«     s^o.  .+^.  and  +S,/3  +^sO, 

eee  aee  •••  ••• 

tf(s-D*  =  4o.  and  Js0<«-d«+ —  ^• 

The  n  quantities  il;;,  B„  &c.  are  now  determined  by  the  n— 1  eqnationa  on 
the  right  and  equation  (1).  For,  differentiating  the  yalne  of  y(s.i)M  we  have 

and  if  theee  vahiaa  of  y«,         y.,  be  snbelitated  in  (1),  it  vednoes  to 

for  the  other  part  vanishes  by  the  hypothetical  equation 

since  the  values  of     ...  yoi-Da,  and  the  first  part  of  y^,  are  the  true  yalnee 

in  this  equation. 


3245  Case  IL — Second  Method. — Differentiate  and  eliminate 
Q.  The  resulting  equation  can  be  solved  as  in  Case  I.  Being 
of  a  higher  order,  there  will  be  additional  constants  which 
may  be  eliioinated  by  substituting  the  result  in  the  given 
equation. 

3246  Ex.-Given         y^~73/.+12y  = «    (1). 

Ist  MetJiod. — Patting  a?  =  0,  the  auxiliary  equation  is  m'— 77n-f-12  =  0; 
therefore  m  =  3  and  4.   Hence  the  complete  primitive  ofys.— 7y«-t-12^  =  0 

k  y  =  Ae^+Be"  (2). 

The  ooneoted  Tahies  ol  A  and  £  for  the  primitive  of  eqnatioa  (1)  are  fbiud 
bom 

A.e^-^  iy,e*'  =  0)  and  ^»  ££±i 

Jf,=:  and 

Substituting  these  values  of  J.  and  B  in  (2),  we  hud  for  its  complete  primi- 

12aj  +  7 


144  ' 


8847         JUthoA.        fb,-7y.+  12y  s  »  

a  Q 
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Differentiating  to  eliminate  the  term  ou  the  right,  we  gfi 

!/u-7t/a,+r2»/^=  0. 
The  aax.  equation  i»  »*— 7i»*  +  12m'  =  0 ;    therefore   m  =  4^  3,  0,  0. 
Thex«£ore  y  -  .4^*'  (2)  i 

Siibtttftate  these  vbIum  In  (1)  i  ihoa  0^~\  J>  =  \rA^ 

12  J.44 

thevefoNb  snbstititliiig  in  (2),  y  —  A^^B^^^    Til  "  befom. 


3248  When  a  particular  integral  of  the  linear  equation 
(3238)  is  known  in  the  form  y  =/(.s),  the  complete  primitive 
may  be  obtained  by  adding  to  y  that  value  which  it  would 
take  if  Q  were  zero. 

Thus,  in  Ex.  (3247),  2/  =  r^i  +  TT7  ^  ^  paHionlar  integral  of  (1)  ;  and 
the  complementary  part  Ae^-^Be*"  ia  the  value  of  y  when  the  dexter  ia  sero. 


3249  The  order  of  the  linear  equation  (3238)  may  always 
be  depressed  by  unity  if  a  particular  integral  of  the  same 
equation,  when  Q  =  0,  be  known. 

ThnB,  if  y«,+Piyi.+ J^y.+i^y  =  Q  

and  i(  y  =  z  be  a  putioiilar  solatiou  when  QsOj  lefcyswbe  the  soliiftioii 
of(l).  Therefofe,  tnfaetitoting  in  (1), 

tiie  unwritten  terras  containing  v„  r^,  and  r^,. 

The  coefficient  of  v  vanishes,  by  hypothesis  ;  therefore,  if  we  put  =  m, 
we  have  an  equation  of  the  second  order  for  determining  i*.   u  being  found, 

•  •  •••••  .       .      ^  •  •*  M 


32&0   The  linear  equation 

where  B,  ...  L  are  constants,  and  Q  is  a  function  of  is 
solved  by  substituting  a-{-bx=:r^j  changing  the  variable  by 
formula  (1770),  and  in  the  complete  primitiye  putting 
«  =  log  («+&»). 

Otherwise,  reduce  to  the  form  in  (3446)  bj  patting 
a+hj6=i      and  Bolve  as  in  that  article. 
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8851  ^    ^(..y.g..g....g)  =  0. 

8FE0IAL  FOBMS. 

3252  y(r+l).  -         =  0. 

When  the  dependent  variable  y  is  absent,  and  y^,  is  the 
derivative  of  lowest  order  present,  the  equation  may  be  de- 
pressed to  the  order  n  —  r  by  putting  =  jr.  If  the  equation 
in  z  can  be  solved,  the  complete  primitive  will  then  be 

y=[  a-ff  0  (2149). 


3258  y^xi  yir-^Dx ...      =  0. 

If  a;  be  absent  instead  of  ?/,  change  the  independent  vari- 
able from  X  to  ?/,  and  proceed  as  before. 

Otherwise,  change  the  inde])en(lent  variable  to  and 
make    (=  2/*)       dependent  variable. 


For  example^  let  the  equation  be  of  the  form 

3864  F{y,y„y^yu)^0  (1). 

(i)  This  may  be  ehenged  into  ibe  form 

<^  ai^  a^)  SB  0     by  (1761,  '63,  and  '66)  i 

and  the  order  may  then  be  depremed  to  the  2nd  (3252).  The  eolation 
will  thus  give  « in  terma  of  y. 

8855    (ii)  Otherwise^  ecpiatioa  (1)  may  be  obaaged  aA  onoe  into  one  of 

the  form  ^(Vfi^iFvf  j^^)  »  0,  by  (1764  and  *67), 

the  order  being  beie  dmireseed  from  the  3rd  to  the  2nd.  If  the  solation  of 
this  eqnation  m  j9  s  ^  (y,    e^,  then,  ainoe  i/y  spcls,  we  get,  for  the  oom- 

pkAe  primitive  of  (1), 


8866  jr«=F(*). 

Integrate  n  times  succeasively,  thus 

JlMT- 
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8267  9u^F(y). 


MtQtiply  by  2y,  and  integrate,  thus 


m=  2  fj'(y)dy+c„    ,=  f  -Jy  


Put  2/(.-j)«  =  >>  dien  i!!,  =  J'(z),  firamirliioh 


(!)• 


If,  after  intcgi'ating,  tliis  equation  can  be  solved  for  2  so 
that  z  =  f{x,c),  we  bare  y(«-t)«  =  ^     c),  wbicb  fall&  under 


8259  But  if  8  oaimot  be  expressed  in  terms  of  proceed  as 
follows:^ 


the  number  of  integrations  and  arbitrary  constants  introdnoed 
being  n-*-!. 


found  from  tbis  in  terms  of  »  and  tbe  two  constants,  we  get 

»   or   i/(»-2),  =  ^>(a;,Ci,c,), 
whicli  may  be  solved  by  (3256). 

3261  But  if  »  cannot  be  expressed  in  terms  of  proceed  as 
in  (3269). 


(3256). 


DEPBBJ38ION  OF  ORDER  BT  VmTT. 
8862   When       JF(a7, 1/,      i/^,  ...)  =  0 

iS  rendered  homogeneous  by  considering 

^»  y»  Vm^  yut 
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to  1)6  of  the  respeotiTe  dunensionB  1,  1,  0,  —1,  —2,  &o.;  put 

The  transformed  equation  will  contain  the  aame  power  of  e  in 
every  term,  and  will  reduoe  to  the  form 

F  (Z,  Zgy  Z^y  ...)  =  0, 

the  order  of  which  is  depressed  by  unity  by  putting    s  u. 

3263  When  the  ori^nal  emiation  is  of  the  2nd  order,  the 
transformed  equation  m  u  and  z  may  be  obtained  at  onoe  by 
changing  d?,  y^,,  ytj,  into  1,  u+x,  u-^uUg,  respeotively. 
The  solution  is  then  completed,  as  in  example  (8264). 

Proof. — Wo  have  »  =  e* ;    y  —  ze*  \ 

Vm  =*•+«»    yi»  =  e-'  (z^  +  2.)  ;    y»,  =  e"**  ;    and  so  on. 

The  dimensioTiB  of  x,  y,  y„  &c.  with  respect  to  e,  are  1,  1,  0,  —1,  —2,  Ac. 
Therefore  the  same  power  of  e"  will  occur  in  every  term  of  the  homogeneous 
equation. 

8264    Ex.:  i»^V^={y-xy,)\ 

^king  the  above  snbstitations  for  a;,  y,  y„  and  y^g,  the  equation  becomes 

%+*#  =  -«J. 

Fat     =s  u ;  thus 

i»'+tt  ss  — Uj  =  —uug,      therefore   a'+l  =  — u„     ,  .  -  =  -de, 

therefore  ten~'«s  a^ff  (1935),    fherefitte  «,  s  «  as  tan  (a--»), 

therefore  d$  ss  ooi(a— z)  dx,    therefore  9=s  ''log  h  sin  (a— s)  (1941). 

But  0ssloffiP   and  ff^-*^. 

therefore       to=  coeec  ^a— -^J,     or    6»  =  sec  -^J, 
altering  the  arbitrary  oonttuit. 

8865  When  F(a^,y,y^,y^,.„)=0 

is  made  homogeneous  by  considering  ^r,  ?/,  y,,  y^,,  &c.  to  be  of 
the  respective  dimensions  1,  w,  n— 1,  n— 2,  &c.;  put 

and  depress  the  order  by  putting  z«  =     as  in  (3262). 

8866  When  the  original  equation  is  of  the  2nd  order,  the 
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final  equation  be<r«reen  u  and  «  may  be  obtained  at  onoe  bj 

dhanging 

»«^»  .V.  //x,      into  1,  z,  tt+iMj,  ttfi^+(2ii— 1)  u+n  (»— 1) «, 

respectively. 

3267   Ex.:  yuVs^^y  (i). 

With  the  view  of  applying  (3265),  tho  aaflomed  dimonBioBA  of  each 
member  of  this  equation,  being  equated,  give 

?i  — 2  +  H  — 1  =  l  +  M,       therefore  n  =  4. 

Thus    a  =  6*;    y  =  ze**j    y,  =  e'*(x.+42)  ;        =  7«,-f  12«). 

Sabstituting  in  (1),  e  diaappwiB;  and  bj  puitiDg  %  cs  the  eqnar 

iion  18  reduced  to 

(u»  +  4uz),?u  +  (rn'  +  40f(r  +  48r'-r)  f7z  =  0, 

which  Ja  linear  and  of  the  Isfc  order.  This  equation  is  also  obtained  at  once 
1^  the  nile  in  (8266). 


3268    When       F  (a,  y,  i/„  y^,  ...)  =  0 

is  Homogeneous  with  respect  to  y,  y„  Vi,,  &c.>  put  y  =  e^***, 

and  remove  e  as  before  by  division.  1  he  equation  between  u 
and  «  will  have  its  order  less  by  unity  than  the  order  of  F, 

8269  Ex. :  yt.+ «  o  (!)» 

P  and  Q  beiiig  Innctions  of  0. 

Here  y  =  J***;  y.  =  uy ;  y„  =  (u,+ n')  y. 

Sabstitatiiigy  ihe  eqaatiaii  heoomei  ««+«*-l-Pte4-  Q  =  0,  an  equation  of  the 
let  ordar.  If  the  adatum  giTee  »  «  f  (^i^)}  then  jf  e)  is  a  hgf  la 
the  oomplete  primitiTe  of  (1). 


EXACT  DIf  FEBENTIAL  EQUATIONS. 


3270  Let    dU=ip  {xy  y,  y„  y^,  ...  y^J)  dx  =  0 

be  an  exact  differential  equation  of  the  order.  The  highest 
derivatiye  inyolyed  will  be  of  the  1st  degree. 

3271  Rule  poe  the  Solution  (Snmis). — Integrate  the  term 
involving  yn,  withrespect  to  y(a-i)x  ojilj/y  and  call  the  result  Ui. 
Find  dUi,  considering  both  x  and  y  as  variables.  dU— dUj 
mil  he  an  exact  differential  of  the  n->l^  order. 
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In  tegrate  ihU  with  reaped  to  7(B.t)x  ^hf»  calling  the  result 
TJf,  and  so  on. 

The  first  integral  of  the  proposed  e^^mtion  toiU  be 

U  =  Ui+U,H-...H-U„  =  0- 


3272    Ex.:  Let  dU=  {y'  +  (2xy-l)y','^xi/,,+x'y^}  dx=zO, 

Here  Ui  =  x'i/2t,  dUi=  (2^7r,-f -^Vs*)  * 

dU-dU,  =  {y»+(2a^-l)  y^-xy^\  dx  =  0^ 

r,s=— icy„    dU^  =  —{y^-\-zyi^)dx,    dU—dU^—dU^^  {y*-\-2xyyg)  dx\ 
therefore  CT,  =  {py',   and    U  =■  x^yu—^m+<'^^  =  0 

Is      ftnt  integral. 

8273  Denoting  equation  (8270)  by  dTJ^^^  F(2sb,  the  series  of 
steps  in  Bule  (3171)  inyolve  and  amount  to  the  single  condi- 
tion that  the  equation 

with  the  notation  in  (3028),  shall  be  identically  true.  This 
then  is  the  condition  that  V  shall  be  an  exact  1st  diti'eroutiaL 

3874  Similarly,  the  oondition  that  V  shall  be  an  exact  2nd 
differential  is 

3275    The  condition  that  V  shall  be  an  exact  3rd  differential 

is        Q-aii.+ y  s^-      r^+&o.  =  0. 

and  so  on.  [Baler,  Comm.  P^^rop.,  Vol.  Tui. 


MISCELLANEOUS  METHODS. 


3276  y^+Py.H-Q//]  =  0  (1), 

where  F  and  ^  are  functions  of  x  only. 

The  solution  is  //  =  je"^"'^  {2^Qe''*^'^dxY'dx, 

Pjtoor.  —  Pot  «f'*'  =  f,  and  mnliipl/  (1)  bj?  z\  then,  since  z,  =  Pzt 
•y*+       =  0.   Put  »y,  =        .-.       =  Q»-*,    .•.  «  =s  ^(2  J  Ac. 

8877  ifto+«jd+ii  =  0  (1). 

where  Q.and  E  are  functions  of  y  only. 
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The  bolutiou  is  x  =  J  J^''  {fi^LW^^'^ dy)~^dy. 
PBOOr.— Pat        =  »,  And  mnltiply  (1)  by  2. 

3278  //i.+Pi^x+Qi^:  =  0, 

where  P,  Q  involve  a*  only. 

Put  i/jg  =  2,  and  the  form  (3211)  is  arrived  at. 

8279  //^+P?^x+Q//"  =  o. 

Tliis  reduces  to  the  last  case  by  changing  the  variable  from  x 
to  y  by  (17G3). 

3280  ^or  a  few  cases  in  which  the  equation 

can  bo  integrated,  see  De  Morgan's  "  Differential  and  Integral 
Calculus,"  p.  690. 

3281 

Put  ax ^-hy^t  (1762-3).   Eesult  t^^  =  hi.    Solve  bj  (3239) 

or  (3257). 

3282  (1  -.1^)  yu-^,+^y  =  0. 

Put  sin^^a;  =    and  obtain  =  0. 

Solution,    y^A  cos  {q  sin'^ + sin    sin'* »}. 

3283  (i+oo^)  i^to+«^i^,±(ri<  =  0. 

fdx 
y/iX+a^)  ^         obtain  yu+.fy  =  0  as  aboTO. 

3284  L  lo  a  ville's  equation,  //^  4-/(j^)  (^)  ^  =  0. 

Suppress  the  last  term.  Obtain  a  first  integral  bj  (8209)i  and 
▼ary  the  parameter.   The  complete  primitiye  is 

3285  Jacobi*s  theorem. — If  one  of  the  first  integrals  of  the 
equation        =/(  t ,  y)    is   y«  =  ^  ( «*»    c)  (i.,  ii.). 
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the  oomplete  primitiye  will  be 

Proof. — ^Differentiating  (ii.),  we  obtain  !/)»  and  diflereu- 

iiating  this  for  c,  ^M  +  ^r^y+^^ye  =  0.  Bat,  bj  (3187),  this  is  the  condiUon 
for  ensuring  that  pdy  — ^.f  0  shaH  be  mi  eaEMt  differential ;  ther^re  ft 
is  a&  intognting  nefcor  iot  eqnation  (ii.)f  y«~^  («>  jft    —  0. 

if  jfuo^ion^  imolving  the  cm  8,  having  given 

3286  de  =  da?  +  di^    or       =  vTP^. 

3287  *  =  «a+%. 

Here  v/ 1  +^  =  JB^ind    from  the  quAdratio  equation. 

S888  »u  — 

Change  from  s  to  oi  by  (1763);  /.  —s'^Sfg^a^  ,\  8~'  =  2aic-i-c, 


APPROXIMATE  SOLUTION  OF  DIFFERENTIAL  EQUATIONS 

BY  TAYLOR'S  THEOREM. 

3289   The  following  example  -will  illustrate  the  method 

Generally,  let      =  A^y^-^-B^y ;   y^^^ty^  =  A^^^y^+B^^iy. 
But,  by  differentiation, 

/.  4»+i=^«+.^+^,  and  ^,«=-4.+^;. 

But        At=x,  i?2=l,   /.  il8=«*+2,  Bs  =  x; 

^  =  aj^-f5aj,   54  =  a!*+3,  &c. 

Now,  when  x^nt^ht  y  =  h  and  j?;  thfln,  by  Taylor's 
theorem  (1500), 

y  =  a+p  (aj-.a)+(^+i?,6)  (^Zlil)!  4.(^^4-i?,i)(2Z^ 
which  converges  when  x—aia  small.  [De  Morgan,  p.  692. 

3  B 
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SmaULAB  SOLUTIONS  OF  HIGHEB  OBDEB 

EQUATIOISS. 


DEBIVATION  FROM  THE  COHPIiBTK  PRIMITIVE. 

3301  liet     y^w  =  ♦  (»,  y,  y„     -  y(»-i)*)  0) 

be  the  differential  equation,  and  let  its  complete  priniitiTe  be 

y  =f(x,a,  b^c  ...  «)  (2), 

oontaining  n  arUtraTy  constants. 

3302  Rrr-E. — To  find  the  (/rnfral  singular  solution  of  (1), 
eliminate  abc ...  s  between  tlis  equations 

y  =  f»  yx  =  ^x»  yii==lte...»  y(n-i)x  =  ^(n-i)i  (5) 


and 


=  0 


JVie  res////  is  a  differential  ffpinfinn  of  then  —  V^'  order,  and 
the  integral  of  it,  containing  n— 1  arbitrary  constants,  is  the 
svngula/r  sokUian, 

Pfioor. — Differentiate  (2),  considering  iLe  parsnwlen  a,  ft  ...  t  variable, 
tlMis  y,  s/.+/«a»-l> ...  Thflrafon,  as  in  (8171), 

Ifm  =/«       fa  a.-^fh       .../,  ff,  =  0, 

3fte  =  /j.  if  /ax  u,  ^.  =  0 ,  as  well ; 

and  so  on  up  to  =  fn^-  Eliminating  a^,  ...  bttwecn  the  n  equations 
ou  the  ri^ht,  the  detcrmiiiuul  equation  (4)  is  prodaced  with  the  rows  and 
oolomiui  interohaDged. 


3303  1^1.: 


The  complete  prionlifa  18      y  s  ^ a*-|-ft^ 


IVoiiL  whioh 

and  liw  detemunaiit  eqnatioii  is 

e+26,  I 


0  or  •^+22«  =  2a 


(1)  . 

(2)  . 
.(3). 

(4). 
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a  and  b  from  (2),  (8),  and  (4),  wo  gefc  the  diflforential  eqnalaon 

4Jy  +  (2»+«y)<b^  v^a+aj«)tZ«   (5), 

tlie  integral  of  which,  and  the  aingolar  solation  of  (1),  is 

v/(16y  +  4fl5» + »♦)  =  a;  v^Cl  +  x«)  +  log  {x  +       +       +  C 

[Boole,  iSfup.,  p.  49. 

3304  Eitlier  of  the  two  *  first  integrals'  (8061)  of  a  second 
ordei'  (iifFereiitial  equation  leads  to  the  same  smgular  solution 
of  that  equation. 

3305  The  complete  primitiye  of  a  sin^lar  first  integral  of 
a  differential  equation  of  the  second  order  is  itself  a  singular 
solution  of  that  equation ;  but  a  singular  solution  of  a  singular 
first  integral  is  not  generally  a  solution  of  the  original  equa- 
tion. 

Thus  the  singular  first  integi^al  (5)  of  equation  (1)  in  the 
last  example  has  the  singular  solution  16y-|-4fl!^+a^=0,  which 
is  not  a  solution  of  equation  (1). 


DERIVATION  OF  THE  SINGULAR  SOLUTION  FEOM  THE 
DliiEiiENTLAJi  EQUATION. 

8306  "RmJL^Aamming  the  same  form  (S178)|  a  singular 
sohttim  of  the  first  order  of  a  differential  equation  of  the 

order  will  inahe  .  injinite;  a  singular  solution  of  the 

d{y(n-i)x) 

second  order  will  make  -  ^  (^"^)  ,    ^  (ynx)    ^^^^^  iitfinite; 

a(y(„-i),)  d(y 
and  so  on.  [Boole.  Sup,»  p.  51. 

3^7  Ex- — Taking  the  difforential  equation  (3303)  again, 

=  0  

■od  dilBnentintiog  for  y«  and  only, 

{|fl^+fifli  (y.-«jr«.)  -23^}  (yi-)-{«+2  d  (y.)  =  0. 

The  condition  '4^*^  =  oo  requires 

d(y.) 

SnbititatiDg  the  value  of  jfu  obtained  tnm.  this  in  equation  (1),  and  rejecting 
tho  factor  tho  nine  Bingnlar  integral  as  before  is  prodaoed  (3308, 

equation  5). 
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EQUATIONS  WITH  MORE  THAN  TWO  YAEIABLES. 


3380  PiU+Qe^+Rdz^Q  (1). 

P»  Q,  E  being  here  fanctioiiB  of  9,  «,  the  oonditioii  that  tlus 
equadon  may  be  an  exact  dilEerentuil  of  a  Bingle  eomplete 
primitive  is 

3321    P  (0,-i«,)+0  (/i,-P.)+i?  (P-Qr)  =  0. 

Proof. — T^et  fj.  ho  an  intogratinj;^  factor  of  Pdx+  Q<hi  -{■  T?  ?.-  =  0.  Then 
— /iPf/j-  =  fiQdy-\-fiIidz,  and,  by  (3187),  for  an  exact  differontial,  we  mast 
hare  (j^Q),  —  Write  this  sjmmetricaUv  for  P,  C^,  aud  ii*,  differentiate 

onib  and  add  uie  three  equations  after  moltipljruig  tbem  respeotively  b/  P, 
Q^and  JI. 

To  find  the  single  complete  primitive  of  equation  (1). 

3323  Rule. — Consider  one  of  the  variables  z  ronstant,  and 
therefore  dz  =  0.  Integrate,  and  add  ^  (z)  for  the  constant  of 
integration.  Then  differentiate  for  x,  y,  and  z,  and  compare 
with  the  given  equatio7i  (1).  If  a  primitive  exists^  ^(z)  will  he 
determined  in  terms  of  z  only  h)/  means  of  precfding  equations. 
The  complete  primitive  so  obtained  is  the  equation  of  a 
Bjstem  of  surfaces,  all  of  the  same  species,  varying  in  position 
according  to  the  value  assigned  to  the  arbitrary  constant. 

3323    Ex.:   {x-Zy-z)dx-\-{2y-^x)dy\-{z-m)da=zO  (1). 

Conditiosi  (3321)  is  satisfied  ;  therefore,  patting  dz  —  0»  we  have 

(«— 3y-8)c^4?  +  (2y-3jr)ciy  =  0. 

Applying  (3187),     =  -  3  =  2f«  and  aniep»tion  gives 

|«'-34^y-M+y*+f  (•)  =  0. 

DiffereiitiaAing  now  Ibr    y,  and  z, 

(a-Sy-fl)  d0+<2y-8a)  <^+{f(«)      df  s  0. 

Equating  coefficients  with  (1),  f(s)sf,  tberefore  f(«)s  1*^+0. 
Henoe  the  aingle  oomplete  primitive  is 

the  eqnation  at  a  ^yaftem  of  snrftoea  obtained  by  vaiying  the  oomtant  0. 


3384  When  the  equation  P  lx'^Qdy^Edz  =  0  is  homo- 
geneous, put  x  =  uz,  y  =  vz.  The  result,  when  the  coefficient 
of  de  Tanishes,  ia  of  the  form 

3326  Mdu+Kdv  =  0, 
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BolYable  by  (8184).   Otherwise  it  is  of  the  form 

33S6  —=:Mdu.'\-Ndv, 

z 

and  the  right  will  be  an  exact  difierentiaL  if  a  complete  primi- 
tiye  ezistB. 


38S7    Bx.;  y9d»+»xdy  +  xyd9ssO  (1). 

Conditioii  (8321)  18  satiBflod.  FaUing 

«  =  tt2,   y  =  vz,   da^udz-^zdu,    dy  =i  vcU-^»dv, 

(1)  become.  T  +  ^+  t-"**' 
and  the  aidntum  ie      log  (zu^v^)  =  G   or   ttyz  =  0. 

When  the  equation 

Pda-^Qdy-^Edz-O  (1) 

has  no  single  primitiye: 

3328  R\JLR.--A8iume  f{x,y,si)  =  0  (2) 

and  differentiate;  thus 

^,dx-|-^ydyH-./.,dz  =  0   (3). 

The  foivn  of  0  being  (jiven,  eliminate  z  and  dz  from  (1)  by 

(2)  arid  (3).    The  result »  being  of  the  form 

Mdz+Ndy  =  0, 

can  be  integrated^  and  the  solution  taken  lulth  (2)  constitutes  a 
solution  of  equation  (1),  and  represents  a  system  of  lines  {by 
varying  the  constant  of  integration)  drawn  on  the  surface 
f  (x,  J,  z)  =  0. 

3329  Ex.:        (l  +  ^m)xd.r  +  {l-x)ydij-^-zdzz=0. 

The  condition  (3321)  not  being  satisfied,  asauuie  aj*-hy'-f-z' =  r*  as  the 
fanotion  ^,  therefore  sidx  +  y  dy  -h  zdg  0  ;  and  hj  eliminating  z  and  dg, 
Snufo^yoy  =  0,  the  integration  of  which  gives  y"— 4(»im)  s  0,  a  cylindrical 

BQrface  intersecting  tlic  spherical  surface  in  a  system  ofonnres  (by  TttTjixig 
0),  whose  projections  on  the  plane  oixy  are  parabolas. 

The  condition  that 

3330  Xdje+  Y^+Zdz+  Tdi  =  0, 

where  X,  Y,  Z,  T  are  functions  of  Xy  y^  z,  t,  may  be  an  exact 
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differential,  may  be  shewn,  in  s  manner  wmilar  to  that  of  (S821), 
to  be  expressed  bjr  any  three  of  the  equations 

3331  Y{Z,-T,)  +  Z(T,-Y,)  +  T(\\-'/.,)=0, 
Z(T^-X,)  +  T{X,-Z,)+X{Z,-T,)  =  0, 
T{X,-  r.)+i(r,-  Y(T,-X,)  =  0, 
X{T,-Z,)  +  T{Z. -X.)+Z  (X,-  F,)  =  0, 

the  fourth  bein£r  always  dediiciblt*  from  the  other  equations. 

If  this  coiulit  ion  is  fiilMed,  the  solution  of  equation  (3330) 
is  analogous  to  (3322). 

Integrate  as  if  ^  and  t  were  constant,  and  therefore  dz  and 
dt  zero,  adding  for  the  constant  of  integration  <p{z,t). 

Differentiate  next  for  all  the  variables,  and  determine  f  by 
comparison  with  the  original  equation. 

3332  If  ft  single  primitive  does  not  exist,  the  solntion  mnat 
be  expressed  by  simultaneous  equations  in  a  manner  similar 
to  that  of  (3B28). 


SIMULTANEOUS  EQUATIOXS  WITH  ONE 
INDEPExXDENT  VARIABLE. 


G£N£BAL  THfiOBY. 

3340   Let  the  first  of  n  equations  between  n+l  yariables  be 

FdA'{'P,di/-{-Pidz-\-,.,+P^div  =  0  (1), 

« 

where  P,  Pi ...  Pn  niay  be  functions  of  all  the  variables. 

Let  X  be  the  independent  variable.  The  solution  depends 
upon  a  single  differential  equation  of  the      order  between 

two  variables. 

Solving  the  n  equations  for  the  ratios  dxidyidss:  Slc.^  let 
dx  _  dji__  dz^  _   dw 

.        _  Q}_  _  Qt^         dw_  _ 

Differentiate  the  first  of  these  equations  u  —  \  times,  substi- 
tuting from  the  others  the  values  of  2,  ...  w,,  and  the  itsult 
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is  n  equations  in      Vw^-  y«r>        the  primitive  variables 

x,y,z  ...  ir. 

Eliminate  all  the  vanables  but  X  and  y,  and  let  the  differ- 
ential  equation  obtained  be 

Find  the  n  first  integrals  of  this,  each  of  the  form 
Hi  Vx'"  //(«-!) x)  =  0,  and  substitate  in  them  the  values  of 
ysi  Vui  '•'  Unti  ill  terms  of  as,  y,  s  ...  found  by  solving  the  n 
equations  last  mentioned.  Thus  a  system  of  n  primitives 
is  obtained,  each  of  the  form  F{x^  y^z  ...w)  =  0, 


3341  The  same  in  the  case  of  thi-ee  variables. 
Here  n  =  2.    Let  the  given  equations  be 

3342  Therefore  ^^  =  ^^^^  =  .^^^ 

From  these  let   y«  =  ^(*> -^^x  =  ^  y> 

Therefore  y.^  =  <i»^-^M^-^'Pz^x' 

Substitute  the  value  of  z,,  and  eliminate  r  by  means  of 
y^=:f  («,  y,  z).    An  equation  of  the  2nd  order  in  -r,  ?/,  //^, 
is  the  result.     Let  the  complete  primitive  of  tliis  bo 
y  —  X  i'^*  *i        Then  we  also  have  ^  (r,  y,z)  =  d^x  («,  a,  h). 
These  two  equations  form  the  complete  solution. 


FIRST  ORDER  LINEAR  SmULTAKEOUS  BQUATIONS  WITH 

OONSTAKT  COEFFICIENTS. 

3343  Tn  equations  of  this  class,  the  coefficients  of  the 
dependent  variables  are  constants,  but  any  t'lmcuuu  of  the 
independent  variable  may  exist  in  a  separate  term. 

Such  equations  may  be  solved  by  the  method  of  (3340), 
but  more  practically  by  indeterminate  multipliers. 


3344    Bx.(l):   g+7»-y  =  0,         ^+2«+6i^  =  0. 

Multiply  tho  second  equation  by  m  and  add.    The  result  may  bo  written 

'-^'^+('»«+0[^+i^^.}=0  (1). 
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To  make  the  whole  ezpreenon  an  exact  cjifferential,  puit  x — n^,  Tbk 


gives 


fll  as 


—  — —      IK  ^  — ^— 


2 


2m«f  7 


(1)  now  beoomea     ^  (a= +my)  4.(2M+7)(a4-my)  =  0, 

and  the  eolntion  u  •+iny  s=  asd  «+»n'y  =  ^^tf-*'*'**. 

Sohring  these  equations,  and  rabstitntiiig  the  vahies  (2), 

iy  s  cc'»'«*-c'«-<*-««  =  c-«|(c-c')  C08<-i  (cA-c)  sin  / 
-«  (  (c^c  ,  .c  +  c'\       .  ,  (c—c      .c  +  c'\   .  .) 

«  =  *  «  ^-g- +  -2-)  (-2— * -T")        1 ' 

or  F  =  «-«((7ooB*-(r8faO.  «»  |«-^{((?+C)coe<+((7-(r)8m/}. 


3315  Ex.2:  «<  +  5*  +  y=:fl',  y^  +  Sy-j;  =  e". 
Moltipij  the  second  equation  bj     and  add  to  the  fiist 

Pnt  -^^^smtthnsdeteraimngtwoTalnesof  m,andpnt«+iny=s;thiB 

(5 - »0  2  =    -f-  me".   This  ia  of  the  form  (3210). 

NoTM. — The  eqnatiooa  of  this  esamplei  written  in  the  aTnuBotrioal  lorai 

dz       _       dy  ^ 


of  (8342),  wonld  be 


3346   General  soluHon  by  indetennmate  mtdtiplien. 
Let 


be  given  with 


<Lv        dy  _  dz 


Assume  a  third  variable  t  and  indeterminate  mnltipliers    m,  »  each  that 

The  last  fraction  is  an  exact  differeotialy  and,  to  determine  A,  4  m,  a,  r, 

we  have 

a,Z-f-a,m+a,n  s  A2,  a,— X  o. 


o,  a. 


»0. 
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The  determinant  is  the  eliminant  of  the  first  three  eqaationi  in  h  m,  n. 

The  roots  of  this  cubic  in  X  furnish  three  sets  of  values  of  I,  m,  n,  r,  whicli, 
being  aubstitated  in  the  integral  of  (1),  give  rise  to  three  equations  involving 
ihiee  wbitrarT  oonBtants ;  thus, 

-L  1 

Bimiaating  ^  we  find  for  llie  solution  two  aquationa  inTolving  two 
aihitrary  constanis. 

A  similar  solution  may  be  obtained  when  thsre  are  more  than  three 

variablea. 

8M7  Toaohe^  =  ;p^  =  -p^  =  &o....(l). 
where      P  =  aa)+6y+c,   Pi  =  ai«+iiy+<Ji,  &o. 


andtake  =  ifl  =  ^  (2), 

Pi      Pt  P 

the  solntion  of  which  is  known  by  (3346).  Snbstitaie  {  s  a^,  1  yC>  and 
ttnsB  equations  heoome 

Pi  ft  P* 

aadflHttefoio  J^=_W2L=^. 

Dividing  numerators  and  denominators  by  the  first  equation  in  (1)  is  pro- 
dnoed,  and  therefore  its  solntion  is  obtained  by  changing  4»  >}  in  the  solution 
flf  (2)  into  fl<  and  yC. 

Certam  simultaneotts  equations  in  wldch  the  ooefficiente 
are  not  oonBtants  may  be  solved  by  the  method  of  multipliers. 
Thus, 

3348     Ex.  (1):     x,  +  P{ax-\-hi,)  =  Q,    yt  +  Piax  +  b'y)  =  B, 

P,Q,E  being  functions  of  t.  Multiply  the  second  eauation  by  ntf  add,  and 
detemi&e  m  as  in  (3344).   The  solntion  is  obtained  nom 

=  a"  "  ""  i"'iC7+|e  dlU  (8210) 

with  two  valaes  of  m. 

3849    BX.(2):  »,+  |-(a»-y)  =  l,  ]  (ar  +  5y)  «f 

srs  eqnaiions  solTable  in  a  similar  manner,  and  the  results  ai-e 

[Boole,  p.  807. 

8  s 
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REDUCTION  OF  ORDER  IN  SIMULTANEOUS  EQUATIONS. 

3350  TiiKoiJKM. — n  simultaneous  equations  of  any  orders 
between  n  de|>on(lent  variables  and  1  independeiit  variable  arc 
reducible  to  a  systoni  ol"  equations  of  the  Jrr.-^f  order  by  sub- 
stituting a  new  variable  for  every  derivative  exoept  the 
highest. 

3351  The  number  of  equations  and  dependent  variables  in 
the  transformed  system  will  be  equal  to  the  sum  of  the  indices 
of  order  of  the  highest  derivatives.  This  will,  therefore,  in 
general  be  the  number  of  constants  introduced  in  integrating 
those  equations.  If,  after  integrating,  all  the  new  variables 
bo  eliminated,  tliere  wiW  remain  v  equations  in  the  original 
variables  and  the  above-named  constants.  These  equations 
form  the  complete  solution. 

In  practice,  sucli  reduction  is  unnecessary.  The  following 
are  methods  frequently  adopted  : — 

3352  Rft  k  I. — Differentiate  until  hy  elimination  of  a  vari' 
able  and  its  derivatives  an  eqtiution  of  a  higher  order  in  one 
dependent  variable  onhf  is  obtained. 

8853  Bole  II. — Employ  indeterminate  multipliers. 

3354  Ex.  (1) :       Xtt^om-^hf  Vu^  + 

Bj  Bole  I.,  diflforentiating  twice  for  t  and  eliminatuig  y  and  ffu»  wa  obtain 

which  may  be  solved  by  (3239). 

Otherwise  by  Bole  II.,  exactly  as  in  (3344),  we  find 

and  for  (be  ezaot  differential 

(.c  +  mi/)„  =  (a+ma')  («-hmy)» 
the  aolntaon  of  which,  by  (3239),  is 

in  dnplioate  with  the  two  Taioea  of  m, 

3355  Ex.  (2)  :       -  2ai/,  -^bx  =  0,    y«  +  2a.c,+  by  —  0, 
Differentiate  and  eliminate  y,  yt,  yu ;  thns 

a!«  +  2  (2a' +6)  a!„+6'»  =  0, 
and  aolve  by  (3239).    Otherwise  aasome 

0SS {0080^+ vain 0^      y  sqooBot— {ainai, 
and  the  given  equations  reduce  to 

^«  =  -(^'+^)^  *.«-(a'+6)ii, 
.which  are  aolved  in  (3257).  £Boole  p.  311. 
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3356    Ex.  (3). — Let  u  =  0,  «sO,  wsO  Be Ihree eqnaiioDS in «, 

involving  derivatives  of  /  up  to  in,  ijtt,  ^n- 

To  obtain  an  equation  between  x  and  i.  Difierontiato  each  equation 
6+7  =  13  times,  producing  3+li3  x3  =  42  equations  involving  derivatives 
of  <  up  to  «}tA  yiN>  «iw  Between  theee  4&  equations  eUminate  y,  2/^  •••  ^iMt 
1^  fn  ...  «iof,  in  an  41  qnantatiei,  and  an  equation  of  the  16th  order  in  x  and  t 
u  the  lesiUt.  [De  Morgan. 

8857      A  number  of  equations  inyolVe  the  quantitieB  0, 
0K»  &c.,         Vut       all  in  the  first  degree,  tiiese  quantities 
may  be  eliixanated  by  assuming 

8868  ^  there  be  n  linear  homogeneous  equations  in  n  vari- 
ables XffftZ^..*  and  their  derivaaves  of  the  2nd  order  only, 
the  equations  may  be  solved  by  putting 

a;  =  L  Binpt,   y  =  M  sin pt,   s  =  ^  sinpt,  &c. 

3359     Ex. :  a-j,  =  oj;  -h  fey,  y„  =  gx  -{■fy. 

Fatting  x  =  LBmpt,  y  =  MBin2^f, 

(a+p')L  +  63/  =  0')  .    a+p\    b    I  ^ 
^i  +  (/+y)il/  =  0)'  g,  /-h/l 

J)  and  the  ratios  L :  M  are  thus  found. 

Snppoee  L=—kb  and  if=^(^'+a), 

then  «  s  — nn|^,      y  s  ft     +«)  nnpt, 

and  ft  and  <  are  arbitraiy  oonstanta. 


PARTIAL  DIFFERENTIAL  EQUATIONS. 

* 

3380  An  equation  is  termed  a  general  pri7nitive  or  a  com' 
plete  priinitive  of  a  partial  differential  equation,  according  as 
the  latter  is  obtained  from  it  by  eliminating  arbitrary  functions 
or  arbitrary  constants,  as  illustrated  in  (31o0-7). 

IiINBAB  FIBST  OBDEB  P.  D.  EQUATIOirS. 

3381  To  form  the  P.  D.  equation  from  the  primitive 
tt  =  ^  (v)f  where  «  and  v  are  functions  of  «,  y,  z. 
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BuLE. — Differentiate  for  x  and  j  f»  hum,  and 
f(Y).  i8fee(3054). 

Oiherwise, — Differentiate  the  equations  ii=a»  Y=b;  thus 

u,dx+u,dy4-u,dz  =  0, 

v,dx-i-Vydy+v,dz  =  0. 

Therefore     ^  =  ^  =         where   P  =  v-^'^v,  4*c. 
Then  the  P.  D,  equation  icill  be 

Proof. — Since  z  is  a  fanction  of  x  and  y,  zJLx+M^ssig,   But  dbs&P, 

3388  Sx. — ^Ihe  geB«nl  eqnsfekm  of  a  coniGal  snifMe  dimm  tinoa^  tbd 

point  (a,  6,  c)  is  It^?  =  ^  /im^ ^ 

a  a/ 

the  form  of  f  being  arbitraxr. 

Coondonag  ■  as  a  ftmolMiii  of  iwo  indepflodeiit  Tarialte  m  and  jr»  dilftiw 
entiatc  for  x  and  y  in  torn,  and  sliminate  f  as  in  (3154).   The  vesufc  ia  ika 


partial  diffinwntial  equation 

(as—a)  la  +  Cy—fc)  c  =  0. 

3383  To  obtaLn  the  complete  priiuitiye;  that  is,  to  solve 
tlie  P.  D.  eqiiation»      Pum+QfSp  = 

F,  Q,  B  being  either  functions  of  x,     z  or  constants. 

Bulb. — Solve  the  equationa 

dx  _  dy  dg 
P      Q  "  fi- 
xe^ ^^e  two  integrals  obtained  be  u  =  a,  y  =  b ; 
then  uss^(v) 
will  he  the  complete  primitive. 

Propositions  (3381)  and  (3388)  extended  to  any  number 
of  variables. 

3384  To  form  the  partial  di^erential  equation  from  the 

linmitiYe  ^(«, io)  =  0  (1), 

where  ii,  ..,  tv  are  given  functions  of  n  independent  vari- 
ables x,i/,  ...  z  and  one  dependent  t. 
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^jnM^'^JDijferenHate  far  all  the  wuriabUB  ^vus^ 

^^du4-(^>,dv+  ...  +^,vdw  =  0  (2). 

Therefore^  since  ^  is  arbitrary ,  du^dy ...  dvr  mwt  se^^ately 
vanish^  giving  rise  to  then  equations 

du  =  u,dx+Uydy -fUtdt  =  0, 
dv  =  v,dx4-v,dy4-...4-y4dt  =  0, 

•••  ••• 

dw  =  w,dx+ w/iy + ...  +  w^dt  =  0, 

Solmng  these  for  the  ratios,  by  (683),  we  get 

P,  Q  ...  R,  S  heiny  functions  of  the  variables  or  else  constants. 
Now,  t  bemg  a  function  of  all  the  rest, 

t,dx+t^dy+ ...  +t*dz  =  dt  (4). 

therefore,  by  (3)  and  (4),  the  partial  differential  equation 
required  is 

8885  Pt,+Qt,+...^Bi,  =  a. 


3386  If  UyV  ...  w  he  n  functions  of  n  variables,  x,  y  ...  t,  tlie 
coudition  of  interdependence  of  tlie  functions  or  existence  of 
some  relation  expressed  by  equation  (1)  is  / {u,  v  ...  lo)  =  0 
(see  1606) ;  that  is»  the  eliminant  of  equations  (2)  must  vanish. 


8887  Gonyersely,  to  integrate  the  partial  differential  equa- 
tion Ft^+Qt,-t...+IU^  =  S  (1). 

Bulb.— /Sblv0  the  system  ofardmary  equations 

dx    dy     jL       dz     dt  ,q\ 

and  lei  the  integrals  obtained  fte  u  =  a,  y  =  b»  ...  w  k ; 
then  ^  (u,  V, ...  w)  =  0  will  he  the  complete  primitive. 

//'  P,  Q  ...  R,  S  are  linear  functions  of  the  variables,  the 
integrals  of  equations  (2)  can  always  be  fomid  by  the  method  of 
(3346). 
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NoTB. — Suppose,  in  equation  (1),  that  any  coefficients  P,  Q 
Tanish ;  then,  by  (2),  <k  =  0,  dy  =  0,  and  therefore  the  cor- 
responding integrals  are  xssa,  y^h.  The  complete  prind* 
tive  thus  beoomea 

f  (;b,     «,  V  ...  to)  =  0. 

3389  When  only  one  independent  variable  occurs  in  the 
derivatives  of  the  partial  differential  equation^  the  equation 
may  be  integrated  as  though  the  others  were  constant,  adding 
functions  of  the  remaining  yanables  for  the  constants  of 
integration, 

3390  (Ex.  1)  :  ~  =    ,^  Integrating  for  «  M  though  y  WCN  OOB- 

stant^  the  complete  primitiTe  is 

f  s=jf«n-»i+fGr). 

9 

Soma  eqiutfoDs  sre  redvoiUe  to  the  ahore  obui  by  a  inufennaticiii. 

Thus: 

8891    Ex.  (8):      f.ysfl^+y'.  Pot 

therefore  ti^s0i+^,        therefore  « ss  n. «  flV+i/+f  («)• 

therefore  «  =      +iV+J^  («)  (y)f 

or  «  =  i(«V+'/)  +  x(*)  +  '^0^)- 

3392  Ex.  (3):         (^_a)z,-}.(,/_6)z,  =  c-«. 

Solving  faj  (3283).  =  ^  = 

The  integmk  are 

log^-j)_log(«_a)  =  kg0)  i^  =  Cr 

log(«-«)-log(»-a)=log(r)'  a-a 

therefore  Jtnii  =  a  f  i — ^\  ia  the  complete  primitive, 
a— a       \«— a/ 

For  the  oonTerse  process  in  respect  of  the  same  equation,  see  (3382), 

3393  Ex.  (4).-T  o  Bnd  the  snrt'ace  which  cuts  orihogonallj  all  the 

spheres  whose  equations  (varying  a)  are 

x'  +  i/^i---lax=iO   (1). 

Let  f      y,  z)  =  0  be  the  surface.  Then 

(jr  —  a)  ^,  -f-  ii<^y  -f-  z(},,  =  0 

by  the  condition  of  normals  at  right  angles.  iSabstitute  the  value  of  a  from 
(1),  and  divide  by  thus, 


\ 
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givet       0  for  ono  integtal. 
y     »  °       9  * 

Sobrtiiating  y  s=  <»,  we  then  Ittve 

which,  beiiic:  a  homogeneous  equation  in  a?  and  z,  may  be  solved  bj  putting 
»  =  vaj  (3180 j.  The  resulting  integral  ia   ^  =  0.  Hence  the  com- 
plete primitive  is  ^^^^  *****  ^  ^  (^)           equation  of  the  tnrfiwe  Bonglit. 

3394:  (d}.*— To  find  an  integrating  factor  of  the  equation 

(«»'-2ai0     »  0  (1). 

Assuming  z  for  that  &otor»  the  oondiHon  (Mm),  as  (lirs)«  (8087)  pro- 
daoae  the  P.  D.  equation 

(V-2»*)«.+  (V-^)'»  =  9   (2). 

The  Bjstein  of  ordinary  equations  (8283)  is 

dx    dy    dz 

The  first  of  these  eqoationi  is  identtosl  with  Q)  (and  sooh  an  agreement 
always  oocnrs).   Its  integral  is       +  s 

j^l^  ydx-Vxdy         _  dz 

which  reduces  to  §^5 +  0 ; 

9       y  z 

and  thus  the  second  integral  is  A^y'z  s  e'. 

Heaoe  the  complete  primitive  and  integrating  fiiotor  is 


Anj  linear  P.  D.  equation  may  be  written  as  a  homogeneous 
equation  with  one  additional  yariable;  |}hus>  equation  (3387) 
may  be  written 

3395  + + . . .  -f  Ru,  =  8ut, 

SIMULTANEOUS  LINEAR  FIRST  ORDER  P.  D.  EQUATIONS. 

3396  Pbop.  I.— 2%e  solution  of  auch  cqvatlom^  may  ho  inmlr 
to  d^end  ujpon  a  system  of  ordinary  1st  order  differential 
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equa  t  ions  having  a  number  of  variables  exceeding  by  more  thm 
one  the  number  of  equatiom. 

Let  there  be  n  equatioiiB  reduced  to  the  homogeneous  form 
(3395)  involying  one  depeDdent  Yariable  P  and  n+m  inde- 
pendent. Select  n  of  ihe  Iftttor,  0,  y . . .  z,  and  let  the  remaining 
m  be       ...t-    From  the  n  equationB  find  ...  in 

terms  of  P|»  P, ...  P^»  and  arrange  the  results  as  under : 

P,+a.P«+^».P,...+ifc,Pf  =  0[   (1). 

\ 

J'.+«J'«+6.i', ...  +i.Pf  =  0) 

Multiply  these  equations  by     Aj, ...  A.  respectively,  and  add ; 

thus, 

KP.-^^t ...  +x.i'.+s      P,+S  (Xi)  P, ...  +S  (Ai)    =  0 

 (2). 

From  this,  as  in  (3387)»  we  have  the  auziliaiy  system 

da^dj/^     ^dz_^    dl         dii       ^  dt 

X,"  X,         X.  ""2(Xa)""2(X6)  ^(\k) ^ 

and,  by  eliminating  X„  A,  ...  X,, 

d^—a^dx—a^dy  ...—a^dz  =  0 
dn—bidx—h^dy  ...—b^dz  =  0 

••• 

dl^^kidx^1c%dy  ...—k^da  =  0 

Then,  if  =  a,  v^h,  &o.  be  the  integrals  of  (4),  they 
ivill  be  values  of  P  satisfying  the  equivalent  system  (1),  and 
the  integral  of  that  system  wiU  be  F{u,  v,  „.)  =  0. 


3397  Pbop.  U. — To  integrate  a  system  of  linear  1st  order 
P.  I>.  equations. 

Let  A  =  adg+bdp  ...  -^Mg^ 

so  that  AP  =  0  represents  a  homogeneous  linear  P.  D.  equa* 
tion  of  the  1st  order. 

Bulb. — **Meduce  thr  <''ju,ifl>ns  to  the  homogeneous  form  (1); 
esfpress  the  result  symbolically  by 

AiP  =  0,         =  0»    ...  A.P  =  0, 
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and  examine  whether  the  condition 

is  identically  satiijied  for  every  pair  of  equations  of  the  sj/sfcm. 
If  it  be  8O9  the  equations  of  the  anrlllary  system  {Prop,  L)  will 
he  reducible  to  the  form  of  exact  differential  equations^  and 
their  integrals  being,  u=:a,  v  =  b,  w  =  c,  tlie  complete 
value  of  P  will  he  F  (u,  v,  w, ...),  the  form  of  F  beiii^ 
arbitrary. 

"  If  the  condition  be  not  identically  satisfied,  its  appUcatlon 
vull  give  ?'/'xc  to  one  or  more  new  partial  differential  equations, 
C'>mhlne  any  one  of  these  with  the  previous  reduced  sy8tem,and 
again  reduce  in  thr  f^amp  tcdij. 

"  ]Vlth  the  new  rrdncrd  si/sh  in  procei  d  <is  Injure,  and  con  tinue 
this  method  of  reduction  and  derivation  until  either  a  system 
of  P.  D.  equations  arises,  between  every  two  of  wh  ich  the  abore 
condition  is  identically  saflsjiedf  or,  which  is  the  only  possible 
alternative,  the  si/stem  =  0,  Py  =  0,  ...  appears.  In  the 
former  case,  (he  system  of  ordinary  equations  eorresjiondlny  to 
the  fijial  system  of  P.  D.  equ.ntlons,  will  admit  of  red  net  Ion  to 
the  exact  form,  and  the  ijenerol  nilue  of  P  rmerge  from 

their  Integrals  as  abore.  In  the  latter  cose,  the  given  system 
can  only  be  satisfied  by  supposing  P  a  constant,^* 


3398    "Ex.:    P,+  (/  +  .ri/  +  xr)P,  +  (i/  +  5-3.:)P,  =  0, 

P,+  (jBa<+y  -xy)  -y)  P,  =  0. 

Bepreseniing  these  in  the  form  AyPssO,  AjP  =  0,  it  will  bo  fonnd  that 
(A,Aj  — AjA,)  P  =  0  becomes,  after  rejecting  an  algebraic  factor,  xPg-^-Pi  =  0, 
and  the  three  equations  prepared  in  the  manner  explained  in  the  Rule  will 
be  Ibimd  to  be 

P,4-(3«'  +  0P.  =  0,    J\  +  ijl\  =  0,    P,  +  j-P,  =  0. 

No  other  equations  are  deriyabie  from  these.  We  conclude  that  there  is  but 
one  hual  integral. 

"  To  obtdn    eUminate  P„  P^,  P«  from  the  aboro  system  combined  with 

P^ dx  +  P^ dy    P, d:  +  P(dt  =  0, 
and  equate  to  zero  the  coefficient  of  P.  in  the  result.   We  find 

the  int^fnl  of  which  is  ib<— {y* «  0. 

"  An  arbitrary  function  of  the  hrst  member  of  this  equation  is  the  general 
velne  of  P."  [JBoo/o,  Sup.,  CL  xxt. 

For  Jaoobi*8  weearohce  in  the  lame  saljecti'  lee  OrMt  Jommdl,  Vol.  Iz. 
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ii02{.LlN]iAR  FIKST  OKUEH  PAKTIAL  DIFFERENTIAL 

EQUATIONS. 

8399   Type         F(x,  y,  z,  z„  z,)  =  0  (1). 

CuAKi  iTs's  Solution. — Writing  p,  q  iinitead  of  and  Zy, 
assume  the  tquations 

-^  =  rfy=_^  =  _^    (2). 

Find  a  value  of  p  from  these  by  integration^  and  the  corres- 
ponding value  of  q  from  the  given  equation^  and  suhstitute  in 
the  equation 

dz  =  pdjp-\-q(li/  (3) , 

and  integrate  by  (3322)  to  obtain  the  final  integral. 

Proof. — Since  dzsspdz-k-qdy,  we  have^     the  condition  of  integrabilitj, 
=  q^.    Express  p,  and  9,  on  the  hypothesis  that  s  is  a  function  of  ^.  y  ; 

J)  a  function  of  Xy  tj,  z  ;  q  a  function  of  c,  tj,  p  ;  considering  x  constant  when 
finding  and  y  as  coo&tant  when  tiuduig  <^«.  E<^uatiiig  Uie  Talaes  of  and 
q,  so  obtained,  the  result  is  the  equation 

in  which  J,  i?,  C,  D  stand  for  —  (^,,  1,  q—pq,,  q.-'rpqf 

Hence,  to  aolYe  this  equation,  we  have,  by  (3387),  the  system  of  ordinary 
equations  (2). 

3400  Note. — More  than  one  valuQ  of  p  obtained  from  eq^uatxoud  (2j  may 
give  rise  to  movs  than  one  complete  prunitive. 

The  first  two  of  equations  (2)  taken  together  involTe  equation  (3). 


DEKIVATION  OF  THE  GENERAL  PRIMITIVE  AND  SINGULAR 
SOLUTION  F&OM  THE  COMPLETE  PAIMiTIYE. 

RuLE.^JDdt  the  complete  primitive  0/  a  P,  D,  equation  of 
the  Ist  order  he 

z  =  f  (x,  y,  a,  b)  (1). 

3401    The  general  primitive  is  obtained  by  eliminattng  a 

between         z  =  f  {x,  y,  a,  ^(a)}    and   ^  =  0  (2), 

the  form  of  f  being  specified  at  pleasure. 

3403  Tlie  singular  solution  Is  obtained  by  eliminating  a  and 
b  between  tlhc  complete  primitive  and  the  equations 

f.  =  0,   f,  =  0  (3). 
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Proof. — By  varying  a  and  6  in  (1), 

Theiefora^  reasoning  as  in  (8171),  we  mnat  have 

/•a.+/»6.  =  0  and  /.a,+/6^  =  0  (8), 

tberefore  either  /«  ss  0»  s  0,  leading  to  tbe  singular  solution;  or,  elimi^ 
"•ting  f„  /»,  a,6y— 0^6.  =  0, 

and  iberefore,  by  (3167),  &  =  ^(a).  Multiply  equations  (3)  by  dx,  dy  re- 
spectively, and  add,  thus  f„da -{-fbdb  =  0.  Sabstitate  b  ss  f  (a)  in  this  and 
in  (1),  and  the  equations  (2)  are  the  result. 


SmGUIiAB  SOLUTION  DBBIVEI)  7B0M  THE  DIFFEBENTIAL 

EQUATION. 

3403  Rule. — Eliriiinate  p  and  q  from  the  differential  equa^ 

Hon  hij  iiieans  of  the  equations 

Zp  =  0,       =  0. 

Pkoof.— Let  the  P.  E.  be  z  =/(*,y,i>,  s),  and  the  CP,  F(x,y,a,b). 
Now  p  and  q  being  iraplidt  fnnoUons  of  a  and    we  have,  from  the  first 

equation,  =  z^pa  +  z^qa,    Zf,  =  ZpPi,  -\-z^qi,. 

Hence  the  conditions  ««  =  0,  =  0  in  (3)  involve,  and  are  equivalent  to, 
z,  =  0,  z^  =  0. 

3404  All  possil)le  solutions  of  a  P.  D.  equation  of  the  Ist 
order  are  represent  d  by  tlie  complete  primitive,  the  general 
primitive,  and  the  singular  solution.  IBoole,  p.  343. 


3106  To  connect  any  given  solution  with  the  complete 
primitiye. 

Let  z  =  F(.r,  7/,  tty  h)  be  the  complete  primitive,  and 
zs=^(x^  y)  gome  other  solution. 

Detemiine  the  values  of  a  and  b  which  satisfy  the  three 

equations         i  =  ^,    F,  =  <p,,       =  V 

If  these  values  are  constant,  the  solution  is  a  particular 
case  of  the  complete  primitive ;  if  they  are  variable  so  that 
one  is  a  function  of  the  other,  the  solution  is  a  particular  case 
of  the  general  primitive ;  if  th^  are  variable  and  unconnected, 
the  solution  is  a  singular  solution, 

3406  Cor. — Any  two  solutions  springing  from  dillerent 
complete  primitives  are  equivalent. 
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8407  Ex. :  «= iw+jy+w  a). 

Bj(3299),  ^  =  Jy  =  ^=:^   (2). 


and  we  have  q  =  TTT »      ~  ~2»  ~  » 


/.  i^sO,  |)  =  ai  SnbBHiDting in  ds ^ pda-^qdtf, 

<fc  =  A<to+*-^"'(iy  (8). 

a  +  y 

By  (3322),  makmg  •  ccmBtant»         +  -i^  =  0, 

therefore  —log^  Tz  — aa-) +  log  (a+y)  =  ^  («)  (4). 

Differentiate  for  r,  z,  and  equate  with  (3),  thus  <p' (z)  =  0,  therefore 
f  (2)  —  constant  (say  —log 6);  therefore,  by  (4),  z  =  ax-^by-^ab^  the  C.  P- 
of  (1). 

3408  To  find  a  singular  solution  by  (3402),  we  roust  eliminate  a  and  6 
between  2^  =  0,  «^  =  0j  that  is,  a-  +  h=-0  and  y  +  o  =  0, 

therefore  s  =  —xy^xy+zy  =  —xy 

iM  the  singular  solatton. 

To  find  tlie  general  primitive  by  (3401),  eliminate  a  between  the  two 
eqnationB    c  s  aa+(^  +  a)  ^  (a)  sjidx+(jy+a)f\a)-\-^{a):=0, 

NON-LINEAR  FIRST  ORDER  P.  D.  EQUATIONS  WITH  MORE 
THAN  TWO  INDEPENDENT  VARIABLES. 

3409  Pbop. — To  find  the  complete  primitiye  of  the  diEer- 
ential  equation 

F  (.ri,«rs    ^m*»»Pi9P%  ...jPh)  =  0  (1), 

where  ^  =  &c. 

3410  Rule. — Form  the  linear  P.  D.  equation  in  ^  denoted  by 

^^Udi; +P'dz)  dFr   t d^)  j 

the  summation  extending  from  r  =  l  to  r=:n.  From  the 
amiliary  system  (3387)      1  integrals 

4>j  =  ai,    <t>,  =  0,,  ...  = 
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may  he  ohtmned.  From  these  eguatiane,  together  mih  (l)yfind 
Pk>  Pk ...  pn  in  terms  o/  Zi,     ...  Zb»  substitute  the  vahies  in 

dz  =  Pidxi  +  p^dx, ...  +Pndx„, 

and  the  integral  of  this  last  equation  will  furnish  the  solution 
required  in  the  form 

[BodUt  Biff,  Mq.,  Cb.  sir.,  and  5tfp.,  Ch.  zzril. 


SECOND  ORDER  P.  D.  EQUATIONS. 


8420    Type  F{af, 

The  deriYatives  e^,  2^,  z^,  are  briefly  denoted  by 
Pi  2>  ^'j     ^  respectively. 

z  being  a  function  of  the  two  independent  variables  x  and 
3f,  the  following  values  are  of  frequent  use 

3421    dz  =  pd.V'^-qdy ;   f/p  =  rd.r-^sdij ;       =  sd.r-{-tdy. 


If  be  any  function  of  .r,  ?/,  and  z,  the  complete  deriva^ 
tives  of  u  are  indicated  by  brackets,  thus 

8488         (?^,)  =  («J  =  tt»H-!/"^. 


A  linear  2nd  order  P.  D.  equation  is  of  the  type 

3423  Rr^Ss+Tt^V  (1), 

in  which  By  S,  1\  V  are  functions  of  x,       2^,  q. 

Proposition. — Any  P.  D.  equation  of  the  2nd  order  which 
ha.s  a  first  integral  of  the  form  u=f{v),  where  u  and  v  involve 
^»  2/>  2>  JP>  q»  is  of  the  form 

3484  Rr+S8+Tt'\'U(rt-sF)  =  V  (2), 

where  B,  S,  T,  U,  V  are  functions  of  .c,  y,  2,  p,  q,  and 

3425  I/=  w,»,-u,v,  (3). 


Proof. — Differentiate  u  =f  (r)  for  x  and  y  separately,  considering  a*,  y,  r, 
p,  q  all  involved  in  u  and  V,  and  eliminate  f{y).  The  resalt  is  equation  (2), 
with  the  values 
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3426  Mi^  =  i*,W-K)»p.  ^T  =  t^,(Mj-(t;,)tt,, 

with  the  notation  (3422),  ft  being  an  anUutermined  coustant 

3427  CoK. The  couflition  to  be  fultillud  m  order  that 
ec|uatiun  (1)  xna^  havf  ii  iiist  iutejiral  of  the  form  u  =  /(r)  is 

Upi\—u^i'p  =  0. 
SOLUTION  BY  MONOE'S  METHOD  OF 

34S8  Rr+S9+Tt=V. 

BuL£. —  Wnte  the  tvo  t'(jiiafi(>/i.< 

Rdi^-Sdvdy+Tda^  =  0  (1), 

Rdpdy^  Vda  dy-\-  Tdqdv  t=  0  (2). 

Mesolve  (1)  Infff  its  /(ii'for.^,  proditcuKj  the  ttru  conations 

dy— m^dx  =  0   and   dy— iii,dx  =  0. 

From  dy  =  m^dz  and  equation  (2)  combined^  if  necessary, 
with  dz  :=5 pdx+qdy,  find  two  1st  inte^als  ii=a>  Y  =  b; 
then  u  =  f  (y)  will  be  one  1st  integral  of  the  given  elation. 
Similarly  from  dy  =  jUfdn  find  another  1st  integral, 

3429  llip  pnol  2nd  nifr<ii'al  ino;/  f>r  f'nuid  from  one  of  the 
1st  init'grals  Inj  Lagrange  s  method  (o383). 

3430  Otherwise,  determine  p  and  7  in  terms  of  x,  y,  z  from 
tbe  two  1st  integrals;  substitute  in  d::  =  pdx-{-qdy,  and  then 
integrate  by  (3322)  to  obtain  the  final  integral. 

3431  If  equation  (1)  is  a  perfect  square^  there  will  be  only 
one  Ist  integral,  and  Lagrange's  method  only  is  applicable. 

Proof.  —  By  (3427)  we  may  put  =  mt*,,  =  mt»,  i  and  abo 
dz  =  j)(lx  +  qdij  (3321)  in  the  complete  derivatives 

(c?h)  =  n^dx-'tu^dij-^-itjilz-'t-Updp-'ru^dq  =  0,  (dv)  =  Ac.  =  0; 

.-.  by  (3422)         («,)  dx  +  (»  J  dy  +     (dp  +    <?</)=  0  ) 

(r,)  dx  +  (iv)  '/y  +     {dl^  +  m  dq)  =  0  ) 

Solving  theie  equations  for  the  ratios  dx-.dy  :  dp  +  mdq,  we  obtun  at  once 

cbt   dy-^mdx  md^      dp-\-mdq  ... 

B  ~     8    "  T  ~     r  ^  ^' 

idih  tbe  Tsluea  of     S.TyVm  (3426). 


Digitized  by  Google 


■SECONV  OBDEB  P.  D.  EQVATI0S8. 


511 


Equations  (1)  and  (2)  are  tlie  result  of  eliminating  m  from  (4).  Theso 
two  equations  with  (/v  =  pJ.r  +  qihj  suffice  to  detormine  a  first  integral  of 
(3428)  when  it  exists  in  the  form  u  =/ (v). 

3132    Ex.  (i.)  :  q  (l+q)  r-(p+q+2pq)        (l+p)  t  =  0. 

Solring  tbe  qnadratio  equation  (1),  we  find 

pdm-k-qdyssO,   or  =  0  (5). 

Monge*8  equation  (2)  is  q (1 +9)  dpdy  +j»  (l+j>)  dqd»  s  0, 

wliich,  bj  ^dx  =  ^qdi/t  gives         =        ;  and,  integrating,  = 

Henoe  a  first  integral  is  1±£=:^(.)  (6). 

1+g 

Next,  taking  the  second  equation  of  (5)  with 

Jz  =  pilf  ■{■qJij,     d.i- -\-dij  +  dz  =  0,     /.  x-^-y -\-z  =  C. 
Also,  by  (5),  equation  (2)  now  reduces  to  qdp  =  /jt/^^,  and  by  integration, 
p  ^Qp  t  therefore  the  other  first  iutcgral  is  p     q^ix-k-y  ■{■»). 

TO  fhe  final  integral  integrate  jj—^j/'  =  0;  i.e.,  t^-'ifz^  =  0,  by  (3383)  ; 

...   ^  z  =  A   and   dx=  dx+dy^dz 

Jl-i^»(u!  +  y+^)  V'•«•2^■^■*^■^■'^' 
Henoe  the  Moond  integral  is  »-/ {x-i(-yk-z)  = 

3433    Ex.  (ii.)  :         ^:...-a*2S2,  =  0. 

(i.)  Here,  in  (3428),  It  =  \,  S  =  0,  T=-a\  V=Oi  therefore  (1) 

and  (2)  become      dy*—ii*dx''  =  0,    dj/dy  —  a^dqdx  =  0. 

From  (1)  Jii -\-atlf  =  0,  giving  y-i-ax  =  c,  and  convcHing  (2)  into 
dp-\-adq  —  Of  which  gives  }>-\-a<j  =  c';  therefore  a  Crst  integral  is 

p  +  aq  z=<p(y+aj  )    (3). 

Similarly,  from  (1),  dy—adx  =  0  gives  rise  to  another  hrst  integral 

p-aq  =  \P(y-ax)   (4). 

Eliminating^;  and  g  by  means  of  (3)  and  (4)  from  dz  =  pdx  +  qdy^  we  find 

J:  =  (2^)  '  {(lt(y  +  ax)(dy-\-ad^)  —  \p(y  —  ax)(jdy—adx)]f 
therefore,  by  intogi  iiliin_r,  z  =  ^  (7  +aa;)  4-^ 

For  tiie  symbolic  solution  of  tlie  same  equation,  see  (:i'»()r>). 

SOLUTION  OF  THE  P.  D.  EQUATIOK. 

8484  Rr+S9+Tt+U{rt^i)  =  V  (1). 

Let  iui,  vii  be  the  roots  of  the  quadratic  equation 
3435  -  iim+RT+  UV^zO  (2). 
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Let  u,  =  s  6,  and  «i  =  a\  s  6'  be  lespectiyely 
tbe  BolotionB  of  tbe  two  systems  of  ordinary  diilerantiu 
equations. 

3436       Ud^,  =  ,n,<ll-  T'lx  )  F'Jp  r=  ni,.hj-Tih  ) 

Udq  =  m^dx  —  Rdij  r  (3),       Udt^  —  ni^dx  —Bdf/  r  (4). 
dz  =  p  dx-^  qdy)  dz  =s  pdx-^-  qdy) 

Then  the  first  integrals  of  (1)  will  be 

To  obtain  a  second  integral : 
8487  Ist. — When  mi,  ?%  are  unequal,  assign  any  particular 
forms  to  fi  and  ft,  then  substitute  the  yalues  of  p  and  found 
from  these  equations  in  terms  of  x  and  y,  in  dz  =pdx-^qdyf 
which  integrate.  Otherwise,  assign  the  form  of  one  only  of 
the  functions  fuftf  inyolving  an  arbitrary  constant  C,  solve 
for  p  and  and  integrate  dz  =  2'  dx-\'qdyf  adding  an  arbitrary 
'  function  ik  C  for  the  constant  of  integration. 


3438    2ndly. — ^When  r/ij,  in^  are  equal,  and  therefore,  by  (2), 

S'  =  4{I{T-]-UV)    (5). 

Ivfuations  (3)  and  (4)  coincide,  and,  since  m  =  ^ii, 

r<'duc('  to 

3489  Udp  =  iSdy-^Tdx  (6), 

Udq  =  iSdx—Bdy  (7), 

dz  =   j)  dr  -\-  qdij  (8) . 

Ilcrt'  j)^  =  7„  and  therefore  tlie  hist  equation  is  integrable 
if  the  values  of  and  </,  obtained  by  integrating  0^)  and  (7), 
be  Bubstituted  in  it.   Let  u  =  a,  v  =  h  be  the  integrals  of  (G) 

and  (7) ;  and  let      s  =  ^  («,    a,    c)    (9) 

be  the  integi-al  obtained  from  (8). 

The  general  integral  is  found  by  making  the  parameters 
(I,  //,  r  vary  Rubject  to  two  conditions  6  =/(a),  c  =  F{a); 
that  is,  by  differentiating 

^  =  f  {«»  y»  a,  /(a),  F(a)} 
for  a,  and  eliminating  a, 

3440  I'he  general  integral  therefore  represents  the  envelope 
u£  the  surface  whose  equation  is 
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Proof. — (Boole,  Sup.,  p.  147.)  Assuming  a  1st  intcp^ral  of  the  form 
«  =/(r),  eliminate /4  and  u  from  equations  ('M-iV)  by  multiplying  (i.)  by 
(«**)"«.  (»•)  (i^'O  by  (v.)  by         and  adUiug.  Again, 

eliQunate  fi  and  ©  by  maltiplyinfj^  (i.)  by  {«,)%  (ii.)  by  (a^)*,  (Hi.)  by  (tt«)(«j,), 
•(▼,)  bj  (it|p)  ti^  and  adding.   The  two  resulting  eqaations  are 

i?(tO'+.s('O(«.)  +  r(»,)'+r{0O =  0) ^ 

Multiply  the  2nd  of  these  by  )»,  divide  by  V,  and  add  to  the  Ist  equation; 
the  resalt  is  oxpressiblo  in  two  factors  either  as  (11)  or  (12), 

{ie(tO  +  "h(«.)+TX}{m,  (u,)+T(,g-hTX}  =  0  (11), 

{R  («.) + 1»4  (u,)  +  Fu,}  {tn,  (u,)  +  T  («,)  +  Fi*,}  =  0  (12), 

w,,  »>,  being  the  roots  of  the  quadratic  (2).  By  equating  to  zero  om  fiictur 
of  (11)  and  one  of  (12),  wc  liave  four  systems  of  two  linear  Ist  order  P.  D* 
eqaations.    Taking  each  system  iu  turn  yi'xih  the  equations 

(M,)  +  rj/p  +  ifj;^  =  0, 

and  eliminating  (if.),  we  have  the  de-      £    in,    F  0 

tcrminant  annexed  for  the  case  in  which  the  Ist  T    d  V 

factor  of  (11)  and  the  2nd  of  i  X'l)  arc  equated  to  ^  Q  r  #  ~  ^' 
zero.    In  this  case,  and  also  when  the  2ud  factor      a  i 

of  (11)  and  tbe  ls6  of  (12)  areehosen,  trans-    ^     i    •  t 
posbig  nil,  v%i  in  the  determinant,  the  eliminant  is  eqniTalent  to 

having  regard  to  the  values  of  7)j, and  m^-\-  in.j  from  (2). 

When  the  1st  factor  of  both  (11)  and  (12)  is  taken,  the  2nd  order  P.  D. 
equation  produced  by  the  elimiuutiou  is 

Vi-R{H-^)  «  0, 

tod  wh«n  the  Snd  factor  of  each  is  taken,  the  elimination  produces 

7r-r(rt-j«)=0. 

Henoe  the  hypothesis  of  a  Ist  integral  of  (1),  of  the  form  «  =  /  (lOi 
iBTolTes  the  satisfying  one  or  Other  of  the  cisterns  of  two  simultaneous  eqoa- 
tioii8,(18)or(14),beU)w: 

W+"h(«,)  +  Ff*,»0]      ,  .       i2  (tt,)+m,(u,)+rn,=:0) 

Now  muiiiply  the  2nd  equation  of  (13)  by  X  and  add  it  to  the  1st. 
In  the  xesnlt,  collect  the  coefficients  of  u„  n^,  u^,  u^,  Ug.  The  Lagruugean 
liJBtsm  of  auxiliary  equations  (3887)  will  then  be  found  to  be 

i»  dy     _  dp  _  dq  d»  _du 

Jl+X«,*«t,+Xr     V     XV    Rp  +  mtq-\-\{Tq-^mtp)  O' 

Eliminating  X,  equations  (3)  are  produced.  Treating  equationt»  (14)  in 
the  same  way,  equations  (4)  are  produced. 

3  V 
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POISSON'S  EQUATION. 

3441  P={rt-s^YQ, 

where  P  is  a  function  of  p,  q,  r,  ^,  and  homogeneous  in  r,  x, 
t ;  Q  is  a  function  of  .r,  v/,  2,  and  derivatives  of  ~,  which  does 
not  become  infinite  when  rt—nF  vanishes,  and  »  is  positive. 

Ruus. — Assume  q  =  ^  (p)  and  cqn-rss  s  and  t  in  term  of 
and  r;  thus^  rt— s'  vanishes,  and  the  left  side  becomes  afune-' 
tion  of  J),  q,  and  (jp. 

Solve  for  a  1st  integral  in  terms  of  p  and  q,  arid  integrate 
again  for  the  final  solution. 

Proof.—      8  =    =  q^p,  =  fjpr;    t  =     =  q,,p^  =  ^J*" ; 
therefore    r(—s'  =  0.    Also  P  is  of  the  form    (r,  s,  tj'^  —  r'"  (1,  3^ 
Heucc  the  eqaaiiou  takes  the  form  (1,  =  0. 

LAPLACE'S  RBDtJCTION  OF  THE  EQUATIOH. 

3442  Rr-^Ss+it^Pp-^QqJrZz  =  U  (1), 

where      S,     P,  Q,      U  are  functions  of  ,r  and  y  onlj. 

Let  two  integralB  of  Mosge's  equation  (8428) 

Edf-8dx  dy  +  7V?;p»  =  0 
be  ^(aj,y)  =  ff,    yf,  {x,  y)  ^  h. 

Assume  $  =  ^     y),   n  =  ^  (a;,  y). 

3443  To  change  the  yariables  in  equation  (1)  to  E  and 
we  have 

P  —  ^»  ^       ~H '}     7  =  ••^  =  '-i    +  '  „ »/,/  J 

r  =     =  2«  ^  H-    ,     + + .Vf  ,  -t- .ij, ;  (1  rui) 

The  transformed  equation  is  of  the  form 

z^+Lz,+Mz,+Nz=V  (2), 

where  M,  V  are  functions  of  ^  and  n-  This  equation 
may  be  written  in  the  form 

(c/^-l-if)(i/,+X)  zi-iX-LM^L^  z  =  7  (3). 

If  N-LM^L^^O    (4), 

we  shall  have 

{d^  +  M)  ::=:V  with    ((/, + X)  £  =  z, 
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and  the  solution  by  a  double  application  of  (3210)  is  obtained 
from 

By  symmetry,  equation  (1)  is  also  solvable,  if 

N-LM-M^  =  0   (5). 


But  if  neither  of  these  coTiditions  is  found  to  hold,  find  z 
in  terms  of  z  from  (3).    It  will  l>e  of  the  form 

z  =  Az^-^rBz  +  C, 

where  A,  B,  C  contain  £  and  9.   Substitute  this  for  z  in 
z  =  z\  and  the  result  is  of  the  form 

The  same  comlitious  of  integrability,  if  fulfilled  for  this  equa- 
tion, will  lead  to  a  solution  of  (1),  and,  if  not  fulfilled,  the 
triiTisformation  may  be  I'epeatod  until  one  of  the  equations, 
similar  to  (4)  or  (5),  is  satisfied. 

3m   Cob. — The  solution  of  the  equation 

is       a  =  e-*^  ^ 4- e"*^  ^ (n)  e^^"^  Vdn  d^, 

S4A5  For  the  solation  of  equation  (2),  when  L,  if,  V  contain  also  t,  see 
VmL  Taimer,  iVoc.  L(md.  Maih.  800,,  Vol.  ▼iii*.  p.  159* 


LAW  OF  RECIPROCITY.  [^Za.ch.xv. 

3446   Let  a  difierential  equation  of  the  Ist  order  be 

<^(cr,         p,  q)  =0  (1). 

Let  the  result  of  interchanging  tV  and  p,  y  and  and  of 
changing  z  into  piv-^-qy—z,  be 

*  (p»  9^  iwp+^y— «» y)  =  0  (2) ; 

then,  if  2  =  ^(a;,  y)  be  the  solution  of  either  (1)  or  (2),  the 
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solution  of  the  other  will  be  obtained  by  eHmhuUitng  4  and  ^ 
between  the  equations 

3447  Ex. — Let       z  =  ;>7   (I),      JMf at  =  ar^  (2), 

be  the  two  reciprocal  eqnatioas. 

The mtegiml  of  (2)  is    •  =  /.  ^(4,)  (|). 

4,  I?  hare  now  to  be  eliminated  between 

«=»—f /(f) +/(!).  »=«+/'(t)'  '=*» — 1»>- 

Each  form  assigned  to /gives  a  particular  integral  of  (1 ).   If  /  ^-^  j  =  «  -^^  +  ^» 

the  rqnntinn^  (^)  become    x  =  rj-i-l,    y  =  £  +  a,    s  =s  £f , 
and  the  elimination  prodaces  z  =  {x  —  b)(y  —  a). 

3448  I"  equation  of  the  2ncl  order,  the  reciprocal  equa- 
tidii  is  fornit  d  by  milking  the  changes  in  (3440),  and,  in 
addition,  clianging 

r  into  — — #  into   ^.   #  into 


then,  if  ihe  2nd  integral  of  either  equation  hez  =  \p{i,  y),  that 
of  the  other  will  be  found  bj  the  same  rule. 

3449  The  aboye  transformation  makes  any  equation  of  tiie 

form  <t>(p,q)  r+^fp,7)*+X(^/''7)^  =  ® 

dependent  fur  .solution  upon  one  of  the  form 

3450  And,  in  the  same  way,  an  ec^uation  of  the  form 
is  dependent  for  solution  upon  one  of  the  form 

See  Be  Morgan^  Camb.  Phil.  Traus.,  Vol.  Vm. 


SYMBOLIC  METHODS. 


FUNDAMENTAL  FOBMUL^. 

Q  denoting  a  function  of  9, 
3470  {d.-m)-^Q  =  ^le"^Q4». 
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Proof. — The  v\rr]]t  is  the  value  of  ?/  in  the  solution  of  ihij  —  my  —  Q  hj 
(3210).  Btit  this  tMiuation  is  expressod  symbolioally  bj  »0y  =  Q  (see 
14i)2),  tberetVn  e  //  =  {th—m)'^  Q. 

Let  X  =  r'\  therefore  =  aed^  and  xdd  =  djc»  Heuce 
(3470)  may  be  writteu 

8471  (d?d.-m)-»  Q  =s     Jj?— ^  Qdjp. 

8472  Cob.—        (rf,-m)-»0  =  Ce-*, 

8478      or         {jed^-m)-'  0  =  C>-. 

Let  F(m)  denote  a  rational  integral  function  of  m ;  then, 
since  dfiT*  =  me^,  d^e^  =  m^&^^  ac,,  the  operation  is 
always  replaced  by  the  operation  mX .   Hence,  in  all  cases, 

8474  J^'  (*)     5=  e-^ i'^  (ill). 

8476  F{d,)        =  e-'jPK+m)  Q. 

Formula  (21  Gl)  is  a  particular  case  of  this  theorem. 
8476  ^F{d.)  Q  =  F  {d.^m)  ^  g. 


Also,  by  (3474.-G), 
8477  F  (m)  =      JF  (d,) 

3478  Q  =  c-"''F{'L)  c'"'Q. 

3479  Q  =       (*-wi)  c-^ 

To  the  last  six  formulso  correspond 

3480  F  {a:d^)  x""  =        (m) . 

8481  F(wd,)  oTQ  =  ^^JP*  (^<i.+m)  Q. 

3482  ^"i^  (^ ^>  =    (xd„-m)  a:"' Q. 

3483  (m)  =  *r-'-F  (arc/,)  o^. 

8484  J^(a«l,+m)  Q  =  a?— F  (07^,)  ^Q. 

3485  (^<^,)  Q  =  ^  "i''  (•rd,-m)  or'-Q. 

If  1;^=  a+to+caj*+&c.,  then,  by  (3480), 

3486  F(jid,)  U=:  FiO)  a-^F{l)  bj:+F{2)  cu'-^&.c. 
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3487  F-'{jcd^)U=  F-^O) a-hF-'{l) ihv+F-'(2) cr^+Ac. 

3488  F(.uI^,i/(l,,z(L,  ...).v'"i/"z\..=  F(m,n,p  ...)  .i"y"z\., 

3489  =  (*-2) ...  (*-n+l) », 

OP,  more  succinctly,  writing  B  for  ti,, 

...  or   P:lu  (2452). 

8490   Oiherwise  j?"m„  =  1)  ...  («rd«— n+l)  »• 

Proof. — As  in  (l~rO).  Otherwise,  by  Indaction,  differentiating  again, 
and  remembering  tbat     =  x. 


NoTK. — In  tliL'  symbolic  solution  of  differential  equations, 
we  may  either  employ  the  operator  xtlj.  directly,  or  the 
operator  after  substituting:  for  x.  Formulae  (o480-5)  or 
(3474f-9)  will  be  required  accordingly. 

3491  {^{D)e^'YQ 

=  *(2>)  ♦(i)-r)  *(D-2r)  ...  ^  {D-(ii-l)r} 

Pboop. — By  repeated  application  of  (3475)  or  (3476). 


For  ready  reference,  formulas  (1520,  *21)  are  reprinted 

here. 

8498  =:  e*-'/(^). 

3493  /(JT+A,  y+k)  =  ^'^^fja^.y).  

Let  ao  +  «i'^H-«,ar... -t-a,iB"  =/(»), 

then,  denoting     by  D, 

3494  /(D)  i»»  =  «/(/>)  r+i/,/  (D)  r+  (D)  »+&c., 

where  /(!>)  means  that  I>  is  to  be  written  for  x  after  differ- 
entiating f(x), 

Pboof. — Expand      D.tio,  ...  I>\»uj  by  Leibnitz's  theorem  (1460); 

multiply  the  equations  lespeotively  by  (h,  a^,        a„  and  add  the  ranlts. 

3195  u/(i>)t)  =/(i>).u»-/  (i>)u,e+ jL/'l>.i%t>-&c. 


Digitized  by  Google 


SYMBOLIO  MSTB0D8. 


519 


Proof.— Bxpand  «iO|„ «9« ...  uv^  by  theorem  (1472),  and  proceed  as 
in  the  last. 


3486  F(d^)  '^nuf  =  F(-m')  m*. 

A  more  general  tlieorem  is 

3497 

where  u  and  w  have  the  meanings  assigned  below  (3499), 
and  i  =  -x/^^. 

2%6orem. — ^If  f  and  ^  denote  any  algebraic  functions  of  x 
and  y,  it  may  be  shown,  by  (3 174)  and  (3475),  that 

3498  ^         1/)  <^(.r)  =  ^  (^/,+.rj 

3499  Jjet  w,  or,  more  definitely,  =  («,  ...)*,  represent 
a  homogeneous  function  of  the  degree  in  seyerable  vari- 
ables, and  let 

3600  w  =  xd»+yd^+zd^+&o. 

Then,  by  (3480), 

3601  «»  =  nt(,  n'tissnHf,        =  &c. 
3502   Hence         F{ii)u  =i  F(n)u. 

REDUCTION  OF  F(vi)  T0/(»). 

3608  Let  u  be  any  implicit  function  of  the  variables,  and 
let  w  iri+«'t>  where  itj  operates  only  upon  x  as  contained  in 
n,  and  ^r,  only  upon  x  as  contained  in  iru,  &c.  after  repetitions 
ol  the  operation  w.  Then 

3504  ITiM  =  VU,         ITjl*  =  (ir  — 1)  irW, 

»*•  ««• 

3606  <»  =  (ir-r+l)     (ir-2)(w-I)  vu. 

Proof.—  ir^u  —  (t— tt,)  u  = 

siuco  ^,  has  here  no  snbject  to  operate  upon. 

for,  irtt  being  of  the  1st  degree,  ir,  and  1  are  equivalent  m  operators.  lu  the 
iMKrt  Btep,     and  2  are  eqaiyalent,  and  so  on. 

CoK. — When  u  is  a  homogeneous  function,  we  have,  by 
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(3501),  w^u  =  n^'x,  tin M-efore  n  and  n  are  equivalent  operators 
upon  u.   Hence  (3506)  may  be  written 

3507  <«  =  («— r  +  1)  ...  (n—2){n^\)nu  ^  n^llu, 

which  is  Eiilcr's  theorem  of  liomogciiouus  functions  (1625)9 
since  in  tliat  tlieorem  the  operator  is  confined  to  //. 

3508  As  an  illustmtiou,  let    wu  =  {xd,  +  yd^)  u  =  tt^u, 
Here  t,tm  =  (av?^  +  yd,)  (xd^ -|-  yd^)  u, 

the  openitiou  be in;^  confined  to  r  and  y  iu  the  second  factor  (3503),  and  there* 

foro  producing  (  id,-\-ydy)u  merely. 

Hence  ■k*u  —  {x^d^-i-ilxy  d,^-\- y*di^-\- xd,-^ yd^)  m,  which  proves  (3505). 

If  U  =  "o 4- <<i +  ^  series  of  homogeneous  functions 

of  dimensions  0,  1,  2,       then,  by  (3o02), 

3509  f{')U=  F  (0)  «,+/■' (2)  «.+..., 
8510  F-> {n)U^  F-  (0)  u,+F-> (1) «.+F-'  (2)  u,+... 

3511  Ex.1:       a'U  =  u„+aui  +  a*u,+ 

3512  a"''i7=  it,+o"'«,+a"'i(,4-... 


Ex.  2 :  If  u  have  the  meaning  in  (3499), 

3518 

f  (-r)  e'  =  F{0)l+F(n)u+F{2n)  ^+F{3h)^^  +&c., 
and  similarly  for  the  inverse  operation  F"^  (tt). 

Proof. — By  (3502)  applied  tu  the  expansion  ot  the  subject  by  (loO). 


J^Ti  |i!  ^}  r!  ...  " 

where      J>+5+r+...  =       and  |y  1  =  1.2  ...j?. 

I»KoeF.— Equate  ooeffidento  of  a*  in  tbe  ezpuimoii  of 

(1  +a)'     =  (1  +  a)"''  (U  a)""' (1  +  a)' ... 
reducing  bj  (34UU). 


3515   ^li6  general   symbolic   solution  of  the  equation 
is 

u  =  jF-*(*)  Q+F'^{d,)  0,  by  (1488-90). 


Digitized  by  Coogle 


8TMB0LI0  MBTBOBB. 


521 


3616   The  solution  of  the  equation  (3238)»  viz., 

where  Q  is  a  fimction  of  is  most  readily  obtained  by  the 
aymbolic  method.  Thus  Wj,  iiu,  ...  being  the  roots  of  the 
auxiliary  equation  in  (32-^9),  and  .1,  /?,  ^* ...  N  the  numerators 
of  the  partial  fractions  into  which  (»/i'*-|-«i7/k*"^-i-...  +0^)"^  can 
be  resolved^  the  complete  pnmitiye  will  be 

8617 

y={.l((/,-mO-^4-B(rf,-m,)-\..  +  A(c/.-mJ-^}(g+0), 

where  {d^—m)''Q  =  e'^je-""Gdic,  (3470) 

and  the  whole  operation  upon  zero  produces,  by  (3472),  for 
the  complementary  term, 

3518  C\e'»''+Cge'^,..  +C.e"'-'. 

Pboop.— Bquation  (1)  may  be  written 

((Ztw+a|4(«.i)«+a,<|(«.D« ...  +a„)  y  »  Q» 

or  (<^~mi)  (ti,— OTi)  ...  y  =  <Jf 

by  (3515),    t/=  |(rf,-m,)(rf,-m,)  ...         m,,)  | -' (Q  +  0), 
whicli,  bj  partial  fractions,  is  converted  into  the  formula  above. 

If  r  of  the  roots  r/io,  ...  are  each  =:  m,  those  roots  give 
rise  in  (3517)  to  a  single  term  of  the  form 

8519  (il+J?<l,+Cdto- •+^<^«)«^f 

Pi00f«->Bj  (1918),  tbe  T  rootB  equal  to  m  will  prodnoe 

iil'(<^-i»)-'+^(it-i»)-'*»...  +iB'(«t-m)**j  Q» 
or  (il+Ai.+  0(i»,...  +J2i2»,)(i2.-m)^'Q. 

8520  But,  by  (3470),    (d.-w)-^Q  =  ((i.-i»)-'e-"  je-'Qcia; 

=  «»■  [  I  !«-"*  Q I  cte  as  Q<f«,   and  bo  oti. 

3521    E3U(1);  yu->iu-oy:.-'6  =  Q. 

Here  m*-«m'— dm  -  8  s  (m— d)(m+l)S 

1  _       1  1  1 


and 


(m-8)(«i+l)*     16(iii~8)     16(m+l)  4(m+l)** 
tiwwfore     y  «  tV  (4-8) (4.+ 1)  » Q-J  (d.+ 1)-«  Q 

3  z 
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852S    Bx.(2):  ii^+««u=g, 

therefore  "  =  i>lu  +     ' '  Q- 

Hera  (m'+a*>-*  =  C2m)  '{(m-ia)-'-(w+ia)-4, 

therafore        »  =  (2«i>-»  a-(rf,+K»)-*  Q} 

s  (2<b)->  {e^  Je-*-  Oti*-e-*«Je*-a(fo}  (8470) 
=  a~*nnaa;Jooe(u;Q<b— a~'ooe<ujsiucuc  Q<ir, 

by  the  exponential  values  (766-7). 

3523    Cofi.  1. — The  solution  of  Mi,-f      =  0  is 

u  =  A  co&ax-^B  siiKu;. 

3684   GoE.  2.— The  solution  of  Uu'-^u  s  0  is 

Change  a  into  ia  in  the  fifth  line  ot  (3622 j,  and  pat  Q  =  0. 

3525  When  Q  is  a  function  whose  denvatives  of  the  ii^^  and 
higher  orders  vanish,  proceed  as  iu  the  following  example. 

Ex.  (8) :  Uto+aHi  =  (l+a»)', 

tlienlora      «  =  (<?i.+a»)->  (!+«)•+  0 

=  (a-«-a-*4i,+a-«<«to-4c.)(l+2a+<i?)+(<t+a?)-»0 
«  a-*  (1 2a-*+il  oofl  os+B  sin 

the  last  two  terniii  by  (U523). 


Exceptional  Cane     tJie  Inverse  Process, 

3586    Ex.  (4):  «i..+a««soMff«, 

/.  «=  Oi^  +  a')-'  (co8n«+0)  =  i  (t/^  +  u-r'  (e""  +  «-'"  +  0) 

=  \  (e  «  +  e  '-')(-»i«+a')  '+^oo«a«+Jriiia»  by  (3474)  and  (3528) 
=  cos  nx  (a'— n')"'  +  Ac. 

Now.  if  »  =  a,  the  first  term  becomes  infinite.   In  snch  cases  proceed 

as  follows  :— 

Put  A  =  A'-{a*-fi?y\  and  find  the  valae  of  22!JpZ«tS,  when 
ttsa.  Bj  (1580)  it  ia  B  ^4^-  Thna  the  aoluiion  ia 

2a 

Tho  same  rcBult  is  obtained  by  making  Q  s=  cos  as  in  the  solution  of  (3522). 
For  another  example,  see  (3559). 
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3627    Ex.  (6):  y^-9y.+d0y=a>^, 

tbewftw©     y  =  {(<i.-4)(t/,-5)  {(^/,-4)(d.-5)}-»0 

=  ei^{((^,-l)(J,-2)}-•a>«+.4e♦'+^e^      (3475,  3517,  3472) 

Now       («»-8«+2)-»  =  i(l-52iriZiLy* 
Henoe  tbe  aolution  beoomee 

3528  Ex.  (6) :  (d^-^ayu  =  ^, 

ttwrafoie  «  =  (4p-a)-«««=d«»(<l.)-«l  (SATe)^©"^—  +  f  oV  (2149) 

VH  I      Jnx  / 

3529  Ex.  (7)  :  a)»  ij  =  Bin  mx, 

therafore  y  =  (rf.+a)"'  Bin     4*  0 

=  ain  0  [by  (3478)  with  Q  =  0] 

s=(-»«-fti)-»(4-a)tBin»»»+«-~(^+B)   (by  8496) 

=  (m* + o')    ( — sin  ffui — 2am  cob  iius + a'  am  ma)  +      (Ax + B). 


BBDUCTION  OF  AN  INTEGRAL  OF  THE  OBDEB. 

3680  J^Q  =  ^^ii  {  t  •  J  Jg^ 

where  »— 1 1  =  1 .2  ...  ». 

Proof.— By  (3489)         =  e-"'(c7.-w  +  l)(<i.-n  +  2)  ...  d,Q  (1), 

tkerefbra  {(<i,-»+l)(d.-»+2) 

=  -Vt{(^-»+l)-»-(«-l)(*«.-»+2)- 

+(7(n.2)(4,-n+8)-»-Ao.}d^Q  (8517) 

=  -1-  {«<->i*(cI,)-»  e*-  (n-l)        (rf^-»  a»+ Ac.}  Q. 

n  —  1  ! 

Then  replace  e*  by  x. 

The  equation 

3531   a.i"ij^,+kv^y^+&o.  =  i4+5ci4-  C^-^+fto.  =  g 
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may,  by  (3489),  be  traa&formed  into 

The  solution  is  then  obtained  from 

3532  y=:F-'(nl)Q-{-F-'{x^K)0. 
The  value  of  the  Ist  part  is  given  in  (3487). 

3533  If  a,  /3,  y,  &c.  are  the  roots  of  F{m)  =  0,  the  second 
port  gives  rise  to  the  arbitrary  terms 

3534  If  a  root  a  is  repeated  r  times,  the  corresponding 
terms  are 

or  { C, (log ,vy-'-^ C\ Gog .r)-*+  ^..  +  Cr}. 

Proof. — The  partial  fractions  into  which  F~'(^  ^)  ^-^^  resolyed,  as 
in  (3517),  are  of  the  typo  C{iiK-m)-^  0,  in  luMiifj  a  root  of  F(x)  ss  0.  But 
(jedg—m)~^  0  =  C**  (3473),  0  being  an  arbitrary  constant. 

For  ft  root  m  repeated  r  iunee,  (he  typioal  naction  ia  C  («i«^fli)~',  p 
being  leaa  than  r.  ^ow 

(«l.-m>»(V(log«)»-» «  (<t-i»)»Oe^a^'  =  «^(4,)»0»^-»  (8475)s0, 
iherefbre  «)-»  0  =  0»"  (log»)»->. 

The  equation 

3535  ^y-tf-i-  &o.  =y*(e%  sin  ^,  cos  B) 

is  reducible  to  the  form  of  (3531)  by  x^^i  or,  Bubfititutiiig 
from  (768),  it  may  be  written 

and  the  solution  will  take  the  form 

3536  y  =  tA^^F''(m)JtF-\d.)  0, 

for  the  last  term  of  which  the  forms  in  (3633-4)  are  to  be 
substituted  with  .r  changed  to  r^. 

3537  Ex.  (1)  :  z'y,,  =  ax"'  +  bx'* 

ssd,  («d,-l)(aMi,~  2)  y  =  a»»+  to", 
A  y  =  {«l.(»d.-l)(«?.-2)}-»  (tt*-+l«-)+{«d.(«l.-l)(«l.-2)}->0 

l>7  (3180)  and  (8538).  A  veeolt  evident  by  diieot  integration. 
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8688  El.  (2):        A«.+8a!r»-)-y«(l-ai)-'.  By  (8490) 
{«rf,(«l,-l)+8«l,+l}y  =  (aMl,+l)«y  =  l+2«+ai?+4o.. 

/.  »/  =  (a!rf,+  l)-'(l+2»+ai»>+)=:  (o+i)-»  +  2(l  +  l)-»a+3(2  +  l)-V+ 

(3480)    =l+^+^+&o.+  :i!2££  +  ^  =:-llog(l-a,)+4e. 
2     3  XX         9  ^ 

8689  Bl.  (3):  y^-f  (4jr-l)ty, +  (4a.«-&+ 2)  y=0. 
Let  IT  —  tZ,-f  2aj.    Then  the  equation  may  be  written 

,(,-l)y  =  0,      .'.    y  =  {t(»-1)}-'0=  (jr-l)-'O-ir-'O. 
Let (»-!)-» 0 as «,  /.  (»-l)«  =  0,  or  «,+(2»-l)tt  =  0,  .M»sr^e^-». 

8540   The  solution  of  a  P.  D.  equation  of  the  type 

where  Uj,  ^a^*  ^*  are  homogeneous  functions  of  the  1st,  2nd 
degrees,  &c.  in  aj,  //,  and  ttj  =  I'd^  +  ydy  (3503),  is  analogous  to 
(3531),  and  is  obtained  from  that  sohition  by  substituting 
tti,  U2,  &c,  for  Ci^,  &o,;  and,  for  such  terms  as  Csf,  an 
arbitrary  homogeneous  function  of  x  and  y  of  the  same  degree. 

8641  Solution  of       F(v)u  —  Q, 

where  F(v)  =  ir"+^i7r"-^+^2ir'-^+^„ 

and  Q  =  tC9+tfiH-tti+^>* 

a  series  of  homogeneous  functions  of  x^y^z,...  of  the  respec- 
tive dimensions  0,  1,  2,  &c. 

Here  u  =      (w)  Q+F''  (ir)  0. 

8642  The  value  of  Ihe  1st  term  is  given  in  (3510).  For  the 
general  value  of  the  last  term  (see  Proof  of  3533),  let 
F  (yn)  =  0  have  r  roots  =  m ;  then 

8543    C(ir-m)-'0=  C{tt(loga?)''-^+»(loga?)^-^.,+le}, 

where  Uy  v,  ...w  are  arbitrary  functions  of  the  variables  aU  of 
the  degree  m. 

3544  CoK.-     (ir-m)-^0  =  (;r,i^,.  .)", 

that  is,  a  single  homogeneous  function  of  the  variables  of  the 
degree  m  (1620). 
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«», «» 1}euig  bomogeneoiu  fimeticniB  of  iilie m*^  a&d  n*^  dtgreei.  Tbsequtkm 
may  be  written  («^— air, + o)  »  =  t*^  +  ; 

or,  by  (350o),  (x-a)(^-l)  «  =  u«  +  «„ 

therefore    z  =  {(,r-a)(T~l)}-»  (tt.+ttJ  +  {(ir-a)(»-l)}-^0 


(m— a)(m— 1)     (n— a)(u— 1) 

The  first  two  ivvm^  by  formula  (3">'>2)  ;  tho  last  two  terms  are  arbitrary 
fanctious  of  the  degrees  a  and  1  respectively,  and  result  from  formola  (3543) 
by  taking    =1  and  mesa  and  1. 

3546  'I'o  reduce  a  P.  D.  equation,  when  possible,  to  the 
symbolic  form 

(n»+^in-'+^n-*...+ii,)u  =  «  (i), 

where  n  =  JIW,+JW,-|-&c., 

and  Q,  M,  N,  &c.  are  any  fimctious  of  the  independent 

variables. 

Consider  the  case  of  two  independent  variables, 

+  (i/3/,  +  .\W,)  v,^-\-{MN,+XX,)     ...  (2). 

Here  the  form  of  n  is  obt;iin;ible  from  the  right  by  con- 
sidering the  terms  involving  the  highest  derivatives  only,  for 
these  terms  are  algebraically  equivalent  to  {Md^-^Nd^y. 

The  reduction  being  effected,  and  the  equation  being 
brought  to  the  form  of  (1) ;  then,  if  the  auxiliary  equation 

3547  m'''\-A^m"-'-^Aim*'*...'\-A^  =  0    (3) 

have  its  roots  a,  &, ...  all  unequal,  the  solution  of  (1)  will  be 
of  the  form 

3548  u  =  (n-a)-Ui-\-{\i-b)-'Q,-j-&c  (4). 

The  terms  on  the  right  involve  the  solution  of  a  series  of  linear 
first  order  P.  D.  equations,  the  first  of  which  is 

3549  -^^"x + ^''ff,  +  . . .  -  au  =r 

and  the  rest  involve  b,  c,  &o. 

If  equal  or  imaginary  roots  occur  in  the  auxiliary  equation, 
we  may  proceed  as  in  the  following  example. 
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3550  Ex.: 

Here  II  =  dg—23»yd„  and  the  eqnaUon  becomes  (H'+a*)  s  s  0. 

Let  the  Tamblee  »,yhe  now  changed  to  %  so  that  n  as  d^.  Therefore^ 
since  n (0  =  1,        n  (;)  =  (1  +^-»)  i,-2.tyl^  =  L 

Thowfore.     (3383).         ^  =  ^  =  </4, 

from  which,  by  separating  the  Tamblea  and  integrating,  we  obtain 

=  ^  (1), 

and,  bj  (143C),  I  =  tan->«+5  (2). 

AIks  stnoe  n  (if)  s  i|f|  s  0,   (1  +  ^*)  ^.-S^^*?,  =  0. 

Theiefore  = 

tbfl  aolation  of  whiob  is  eqnadon  (1).  Thus 

1 2=  tan"' «  and   ri  =  x-y-\-y. 
The  transformed  equation  is  now    {d^-\-a-)  z  =  0, 
and  the  solation,  by  (35'23),  is 

r  =  ^  (r;)  cosa^  +  v//  (tj)  sin  ai, 

arbitrary  fanciions  of  the  variable,  whioh  is  not  explicitly  involved,  being 
sabstitnted  for  the  oonstants  (338'J) .   Therefore  finally, 

AUgCKLLAN£OUS  EXAMPLES. 

8651  uu+u^+uu  =  0. 

'Fvkd^+du^a*.  Tbns  11^+0^  s  0,  the  solution  of  which,  by  (3528), 

,  is  «  s  ^  (t/,  z)  coBa«'|'^(y»t)sina«, 

arbitrary  functions  of  y  and  i  being  put  for  the  constants  .1  and  .B.  Expand 
the  sine  and  cosine  by  (764-5) ;  replace  a*  by  its  operative  eqnlYalenty  and, 
in  the  espaoaion  of  sin  as,  pnt     (y,  s)  =  x  hf* ')  i 

«  =  ^  (y,  *)- 1^  (<^+da.)  ^  (y,  0+1^  (d2,+du)  <t>  (y,  0-*e. 

+'x  (y.  "  3]     + '^^^  X  (i/'  ^)   51  (^^i' + X  (y.  2) 

[See  (3626)  for  another  solution. 

355S  as  ofyst. 

Here  w  =  (rf,  +  (/^  +  c?.)    (^-yz  +  0) 

Operating  upon       we  get 

u  =        — iaj*  (« + y) + Ti»*» 
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the  rest  vnnisbiug.    For  spDinetiy,  take  ^rd  of  the  sum  of  three  suh 

expressions;  thus 

«  =  i  { i\      +  '  +        i    V  +  ary» + /a  +  y 2»  +  z»z  +  zx*)  -^\x,jz  (z-\-y+z)}. 
Operating  upon  zero,  we  have,  in  the  first  place,  d.^Q  =  f  (ya) 
iofliead  of  a  constant^  therefore  d.^Q  ss  xf  {yx),  Ac 
The  result  is 

(3498)  the  complementary  term. 

3653    Otherwise,  pattiiig  <^+d;  s  S),  we  hai«»  by  (8478), 

=  «-«»d_,a«»»y»s  e-***!.,!*  (y+x)  (2+x)},  (3493) 

=  ia5'(y-a-)(z-a!)  +  i«»(y+a-2*)+ia>S 
whioh  a{p!ee8  with  the  former  aolation. 


3554  au^+lwg+eug  =  4pjfx. 

Snhetitate  •KoCysdVy'^eC,  and  the  eqiuitioa  heoomee 

which  is  solved  in  (3552). 


The  same  methods  fmnish  the  solution  of 
8555  au,+hu^+eu,  as  ^r-yaf . 

3556  =  2^v/fl^-»*. 

Pnt  2  s  a  sin  r,  • 

/.  irz  =  a  cos  t? . TV,     .*.  TV  =  2xy,     .'.  s  =  a  sin  (xy  +  c)* 

3557  <iati,+ ^1^9+ — nu  =  0. 
Pat  ysq*, 

.*.  ^+  ??tt,  +  ^tt^-iw  =  0,    ,-.  by  (3544)  u  =  («•,  y ' ,  2' )". 

3558  The  solution  of  any  P.  D.  equation  of  the  type 
is,  by  and  (3557), 


0. 
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8S59   Ex.:  w.+ywy— «»  =  Q«, 

Tyhere  Q«=(a;,^)"'  (1620). 

Here  u  =  (m— a) '  +  U^.  When  a  =  this  solution  beoomw  indo- 
terminate.   In  that  case,  as  in  (3526),  auome 

17-.=  F„-  «=  SsLzQi  +  ir.. 

m  —  a  m—a 

Differentiate  for  a,  by  (1580),  patting     tirst  in  the  form 
Uina  tt  =  ii2.(logaj  +  logy)  +  K,. 

Similarly,  the  solution  of 
8660  am^+yu.+zu^'^fnu  =  Q« 

M  tt  =  if^(ioga;  +  logy  +  log«)  +  r.. 

3561  =  c. 

The  lolttiion,  Ij  (8560),  is 

«  K  |e(log0+logy+log0)+r^ 


2a«^+o'^  =  0  or   (<f«— oily}'«  =  0. 

z  =  ((/,-a(i^)-'0  =  ((f,-a(fj-'  0  (i/)  e""»r  (3472) 
by  pntting  ad^  for  wi  and  (p(y)  for  C  The  second  operation  produces,  by 
(3476),       «  =  e"'*!'  {zf  (y)  + 1/'  (y) }  =  ar^.     -h  a*)  -f (i^  +  a*).  (3492) 

8563  47»«to— =  0. 

TUs  vednoes  to      (am^ yc^,)  s  »  0. 
Here  irasoM^+yt^^  and  msO  in  (8544), 

therefore  z  =  (a,         (^'j    )  » 

the  second  term  being  obtained  by  snbstitnting  y'^  =  y',  and  so  converting 
the  second  factor  into  (jud^+ydg).   The  above  may  also  be  written 

jp  nnri  ^ being  integral  algebraic  functions. 

3564  Zt^'-a^stt^+'Zabz^+U^bz^  s=  0. 

Patting  y  B  Of,  this  equation  is  equivalent  to 

(<|.-d,+2o6)(«t+d,)f  =  0j 
3  T 
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patting  9slog«  and  9 slog 9 »  thisgires,  by  (3-544), 

ss  «-«-*'F(y+aa»)+/(y-a»), 
the  fiinctionB  being  algebraic  and  integral. 

8566  =  ♦  y)- 

/.   t*  =  (J,^-aV,,)-'^»(r,y)  (3515) 

=  i2ad,r'  [  (<^,-ad,)-»-(<i.+ad,)-» }  ^  {x,  y)  (3470) 

=s(2o)-*j{«i(aj,y+a«)-*,(a!,3/-(w)}  dy, 
Here  *,  (•»•,  y)  =  |  ^  (•^•,  2/ - "•^)    +  4*  (y). 

♦>  («» y)  =  I  ♦  (»t  y «^ +x  (y)- 

8566   If  ^  (a?,  i/)  =  0,  the  Bolution  therefore  becomes 

If  =  iji^  {i/ 4- (w)  +  Xi    ~ l^^^^' 
For  the  solution  in  this  case  by  Mongers  method,  see 
(3433).   

8667  :s  c""  cos  ny. 

«=s  (<l.-arf,)-'fl*ooiiiy  =  ^J«--«'»e"'ooanydb  (8470) 

s  e«^*je-'coen  (y-aar)  dx  (3'il»2),  and  tin's  bj  Parts,  or  by  (1999),  is 
s^6*'{moosn(y-aa!)— a»8inm(y— ae)  j  (m*+aV)-'+e«^f  (y) 
.•.  ff  =  ^|fncoe«y-anunny  j  (i»«+oV)-'+f  (y+<w), by  (3402). 

3568  = 

z  =  (rf,-arf„) 0  =     '^t  (^).   by  (3472), 
f  («)  taking  the  plaoe  of  the  constant  C. 
Therefore  *  =  ^(.T)+crf^+iaVfi.+Ac.  (3492) 

Otherwise,  to  obtain  §  in  powers  of    we  haTO,  patting  6'  =  a~\ 

ji„-6*rf  s=  0, 

»s{(rf.+M})(d,+64)}-»0=:^-5f  (0+«-****(0  (3518)1 
ihcn  expand  by  (150). 

3569  ^2* + ^2,  =  cos  iM?  cos  my. 
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Trefttiag     and  cob  my  m  ooDstonts,  we  have,  hj  (3526),  putting     for  a\ 
Mxownx      — U-) '  •  cos  my  -f  ^  oos  a»+B  Bin  aa,  or  by  (3496), 
=  COS  tuB  cos  my  (— m'  —  n')  '*  +  ^  (y)  cos  (xd^)  + (y)  sin  (jjc?^), 

j1  and  J3  becoming  ^  (y)  aud  i^  (j/)> 

3570  Zt^+2z^+Zt^-\-d'z  =  cos  (iJi^+n^). 

-wbeve  »  =  r7^  +  (f^.   Thefofore,  by  (3510),  with  «  =  e*,  »/  =  e*, 
to'— (»i  +  n)'    <r— (m+n)"> 

3571  Prop.  I. — To  trausform  a  liuear  differential  equation 
of  the  form 

(a+bjp+ea^»..)  tt«,+(a'+6'a?H-cV„.)  =  Q ...  (1) 

into  the  symbolical  form 

/.(i>)  u+/,(Z>)  «•«+/.(/>)  e-w+Ao.  =  T  (2). 

where  Q  is  a  function  of  a',  T  a  function  of  0,  a;  =  and 
D  =  t/,.  ^ 

Multiply  the  equation  by  ;  then  the  let  term  on  the  left 
becomes,  by  (3480), 

This  reduces,  by  the  repeated  application  of  formula  (8476) 
with  the  notation  of  (2451),  to 

3572  aZ>(">tt+6  (/>-l)<"^  e'lt-Jfc  {0-2^^  e''u-^&c. 
The  other  terms  admit  of  similar  reductions. 

3573  Conversely,  to  bring  back  an  equation  from  the  sym- 
bolic form  (2)  to  the  ordinary  form  (1),  employ  formula  (3475) 
80  as  to  transfer  ^  to  the  left  of  the  operatiye  symbol. 


3574    Ex.:   a'(c'«3.+  7«i».+5tt)=«*{D(D-l)  +  7D+6}« 

=  e*(D^+6I>+5)  t»  =  e"  (JD+  l)(I>+5)  u 
=  (I>-l)(I?  +  3)e»'u  (3476). 
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For  the  converse  rcdnction,  tbe  B^pa  mnst  be  retittoed,  emplojing  (3475). 

See  also  example  (3578). 


3575    Pbop.  U. — To  solve  the  equation 

(1>)  (D)  ^  (1>-1)  t^u  ... 

where  f7  is  a  function  of  6. 
By  (3491) 

♦(2>)*(D-l)...^(I>-n+l)«-i*=  {f(i>)^}-ti. 

Putting       for  this,  the  equation  becomes 

(l+aip+atp*...+a»,p*)u=  U. 
S676  Therefore 

where  qif  are  the  roots  of  the  equation 

and  ^  =  p  ^7—^^  7  

The  solution  will  then  be  expressed  by 

where     is  given  by  the  solution  of  the  equation 

3577  \,^qMD)ifu,^U. 


8578 

Putting  «  =  e*,  and  transforming  by  (3489), 
(1  +  r>e'  +  6e>*)  D  (D  - 1 )  ii  +  (4  +  25e*  +  36«*)  Dw  +  (2  +  20e* + 36e*)  u  =  20^. 
The  fii-st  term  =  D  (7)-l)  n  +  5  (D-l)(/)-2)  e* (D-'1)(I)-  A)  e^u 
hj  applying  (347G).    The  other  terms  similarly  ;  thns,  after  rearrangemfint* 

iD-^l){D+2)  u  +  5(D  +  l)*c*u  +  Ci>(i)  +  l)c^i*  =  20e**. 
Operatiqg  upon  this  with  {(i>+l)(2}+2)}  -',  we  get 

D  +  2  D  +  2  (3  +  1K3  +  2)        *  '* 

or  (l+5|>  +  6p»)tt  =  if   p  =  CI)+l)(I>  +  2)-»e*; 

therefore         »  s=  {  3  ( 1  +  3p) " '  - 2  (1 + 2^) "  * }     =  3y  - 2* , 
if  y  =  (l-*-S^)-»e»    and    i  =  (H-2p)"*«". 
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Henoe  (1+9^) y»a^   or  y+8(D+l)(i>+2)->a'y s^; 

ibevefore  (D+2)  y+3  (D+1)     =  «»(8-l-2},    liy  (8474), 

OP  (D+2)y+8<^(P+2)y  =  6e»»,  by  (8475); 

timi  i8»  («+3»>)  y,+2  (1 +8«)  y  =  5aF. 

Solre  tliete  lij  (8210),  and  subetitote  in  «  ss  8y— 2k. 


3579    Pfior.  III. — To  transform  the  equation 

u+^(D)e'*u^U  into  o+^(i>+fi)e'^vs:  F, 
put  u  =s        and  JT^t^V, 

PBOOf By  (8474),  beoaaae  ^ (D) • »  =  e^f  (i>+n) 


3580  Pbop.  IY. — ^To  transform  the  equation 
u+*(X>)e^ii=i7  into  «++(i>)«^»=  F, 

3581  where  P^^^  =  ^J))  <^  (g-rlj^(Z;--2r) . 

PMO?.— Put  u^f{If)v  m  the  lit  equation,  and  er/{D)v  =f{D-r)tr*v 
(8476).   After  operatiDg  with  /-^  (D)  it  beoomea 

(I>)/(D-r)/-'  (D)  e^ti  =  /-« (D) 

tberefore  ^  (D)  / (D-r)  /-»  (D)  =  4^  (D)    by  hypothesis ; 

and  so  »n  inf.    Also  U  =  F. 


3582  To  make  any  elementary  factor  x(^)  of  <p{D)  be- 
come, in  the  transformed  equation,  x{D  +7ir),  where  r  is  an 
integer;  take  =  xiD±nr)  Xl0)*   See  example  (3589). 


3583   To  make  any  fectop  of  <^  (D)  of  the  form  ^Tiffl-  t 

disappear  in  the  transformed  equation,  take  =  Xi(^)» 
where  Xi(^)»  ^^^^  denotes  the  remaining  factors  of 
f(i)).   See  example  (3591). 
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8584  In  the  application  of  Propofiition  lY.,  differentia* 
tion  or  integration  will  be  the  last  operation  according  as 

has  it^  factors,  after  reduction,  in  the 

numerator  or  denominator,  and  therefore  according  as  ^  (D) 
is  formed  by  algrl)raically  diminishing  or  increasing  the  sevei-al 
factors  of  f  {D),  However,  by  first  employing  Proposition  III., 
the  given  equation  may  frequently  be  so  prepared  that  the 
final  operation  with  Prop.-lV.  shall  be  differentiation  only. 
See  example  (1). 

For  ftirliher  mveetigaftkm,  see  Boci$*$  Diff,  Sq^^  Ch.  17,  and  8Mfplmuml, 
p.  187. 

3585  To  reduce  an  equation  of  the  homogeneous  class 
(3631)  to  a  binomial  equation  oi  the  same  order  of  the  form 

The  general  theory  of  such  solutions  is  as  follows.  Let 
the  given  equation  be 

flfi,  ««,  ...  being  in  descending  order  of  magnitude.  Putting 
u  =  e""'*!;,  by  Prop.  111., 

[D  {p-a^^^  ...  (2>-Jf^,)}-^6^i;  =     U ...  (2). 

To  transform  these  factors,  regarded  as  ^  (1>),  by  Prop.  IV. 
into  ^  {B)  =D(D^l)  1),  we  convert  D  into  i)+r» 

(3582),  r  being  an  integer. 

Hence  for  the  y factor  we  must  have 

8586  and  therefore  Oi—ttp  =  m+;)—l    (3). 

If  this  relation  holds  for  each  of  the  constants  Oi ...  o^i^ 
equation  (1)  is  reducible  to  the  form 

8587  !/+q{j){D-l)  ...  (/>-H  +  l)}-'6'"V=  F  (4), 

which,  by  (3489),  is  equivalent  to  y„^  +  <iii  =  Y,,,.  =  X. 

y  being  found  in  terms  of  x  from  the  last  equation,  and, 

V  being  =  P,-|-^^j  y  (3580),  the  solution  will  result  from 
while  U  and  Y  are  connected  by  the  same  relation  as  u  and  y. 
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3589  1 :  Given    a;V+  l8x*Uu + 84flrM,+  96tt+  3«*«»  —  0. 
Patting  9sse^  and  employing  (3489),  tbis  becomes 

{2?(D-l)(D-2)-Hl82>(D-l)+84D+96}  «+3^«  =  0, 
or  (r+8)(Z)+4)(D+3)  tt+atf*"*  =  0, 

iherafora  »+8{(I>+8)(P+4)(D+8)}->«P'i*  =  0  (1). 

Employing  Prop.  III.,  put  tt  as 

tiierafore  (3476)      «+3  {D  (Z)-4)(D~5)}-'fl?'ir  =  0  (2). 

To  transform  this  by  Prop.  IV.  into 

y+3  [D  (i>-l)(D-2)}-'      =  0  (3), 

we  bttre 

•t/»(i))     D  (D-4)(D-6)(l>-8)(D-7)(l>-8)  ... " ^' 
/.  •  =  (D-l)(i>-2)  .%  «  =  e-(D-l)(D-2)y  (4), 

and  ihe  solation  is  obtained  by  difierentiation  only,  performed  on  the  value 

of  y  as  obtained  by  the  solution  of  (3),  that  equation  being  equivalent  to 
2)(l?-l)(I>-2)y+3e*'y  =:  0,   or,  by  (3489),  y^  +  ^y  =  0- 

If,  however,  Ftop.  IV.  were  nsed  to  paas  directly  from  (1)  to  (8),  we 
ehoold  have 

P  =  i)(D-l)(D-2)(D-3)(i)-4)(I?-5)  ... 

•|/.(Z))     (I>  +  8)(D  +  4)(2}  +  3)(D  +  5)(D-Hl)D... 

 1  

"'(I>+8)(2;+5)(i;  +  4)(I>+3)C2>+2)(D  +  l)* 

and  equation  (4)  wonld  involve  integrations  of  y  as  high  as  D^y. 

3590  NoTE.—By  the  literal  application  of  Bnle  tV.,  the  right  side  of 
eqaation  (8)  ought  to  be  7=  {(I>-l)(Z)-2)}-*0;  but  no  sneh  term  is 

required  when  the  original  and  transform ed  equations  are  of  the  same  order, 
for  in  such  cases  the  arbitrary  constanta  introduced  by  the  operation  upon 
zero  disappear  with  the  terms  containing  them  in.  the  final  difierentiation* 
The  resnit  is  the  same  as  if  the  operation  upon  zero  bad  not  been  performed. 
In  the  following  example,  V  has  to  be  retained. 

  1      111    1 1     ■      r  I  '  

3591  Ex.  2:     (»-«») M^  +  (2-12«')  «,-30a»  =  0  (1). 

Multiply  by  r,  transform  by  (3489),  and  remoTO  to  the  right  of  each 
function  of  jP  by  (3476),  thus 

(I>+4)(J).f8)^  Q  

D(jD  +  1) 
Transform  this  by  Prop.  IV.  into 

We  have  u  ^  P.^^t;  *  (D+4)(D+2)t>, 

F«:{(D+4)(D+2)}-»0  =  ^»+S*-*  (8S18). 
The  operation  upon  lero  is  requited  in  this  example  (see  8590),  beoaose  (8) 
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is  of  a  lower  order  than  (2) ;  bat  only  one  term  of  the  result  need  be  retained, 
beoanse  only  one  additiooail  oonstwit  is  wanted.   Hence  (3)  beoomei 

1)  t  -  (i>  +  3)      =  (D+ 1)  A^  = 

Changing  again  to  »,  tins  equation  iMoomes 

(a^-a^)  v.-Aa^v^A  s  0. 

The  value  of  v  obtained  from  this  bj  (3210)  will  contain  two  arbitrary  cent* 
•lanti.  Tlie  eolation  of  (1)  will  then  be  gifien  bj 

i.«(l>+4)(P+2)e. 

8598  Ex.8:  «,.-»(ii+l)«-'i»-9SisO^  [ Jbobi  p.  484. 
n  being  an  integer. 

HnltiplTing  hj  ^  and  emplojing  (8489X  Una  beoomea 
••-9>{(D+fi)(D-»-l)}-»«»i»  =  0. 
Thia  is  cdianged  bj  Prop.  IIL  into 

e-.9'{P(i)-2ii-l)}-*e*e8  0,  with  %^9"^% 
and  this»  1^  F^iop.  17.,  into 

y-^{D(D-l)}''«»y  =  0  or  y^-^y^O  (8489). 
y  bong  fonnd  from  this  1^  (8524),  we  then  have 


Bnt,  by  (8484),         J'(«l.-f»)  =  ."F  (^cf,)  «— , 

u  =         (ard.)  x-\x*  (xd,)  x"* ...        («d,)  z-""'y, 
or  !»■=  (j-'rf.)" a-*"*' y 

=  ar-*-*  (^d,y  as-***'  (^e^'  +  Pe*")  (3525). 

This  may  be  evaluated  by  sabstitiiting  t  s  a~'.    (See  JrAtc  Tiwtet  Beprint^ 

Vol.  XVII.,  p.  77.) 

3593  Ex.  4 :         iiu-a^'h,-n  (n  + 1)  a:"' m  =  0. 

The  solution  ia  derived  from  that  of  Example  (2),  by  putting  q  =  ad^ 
and  arbitrary  fiinotionB  of  ij  a  fter  the  exponentials  instead  of  A  and  B ;  than 

fl  s  »— »  (x»(i,)"  x-'--'  {e'"''»^  (y)  +6-"*'  n^/  (y)} 

««— '(««(i,)"z-*'"{f  (y+a«)  +  ^/.(y+w)},  by  (3402). 

[  Aolt^  p.  425. 

3594  (1+CM-)  M*,+aa  i/^  ±  7i'u  =  0. 

To  solve  this  equation  or  its  symbolioal  eqiUTalent  obtained 
(3489),  viz., 

3595  u+^J§0^e^u^O. 

Substitute  t  =  [  — in  the  solntion  of  utt±H  U  =  0,  by  (3523-4). 
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8696  Sunilarljy  to  boIto  the  equation 

(a^+a)  ^W2,+  (2j7*+a)  jn*,±n*a  =  0, 
or,  the  same  in  its  symbolical  £orm» 

3597  «+(^^^e-u  =  0. 

Snliilitiite  mtlieaQlatioiiof  ii«^»V»sO. 

J«y(sB»+a)  ^ 

(3596)  Is  obtaiiiable  tnm  (3593)  by  cbaugiug  d  into  —0. 

3598  ^f<^Jf^s  equation^ 

When  Q^Of  the  symbolical  form  becomes 
If  n  be  not  =  2,  substitate  20'=  n9,  and  therefore  2d^  =  nci^. 

86W  T>«-       .+  ^g5^JgEg^.-o  («). 

where  0|,     are  the  roots  of  the  equation 

6(i«a-tj)(fna-»-l)+e(ina-»)+^  =  0  ,(3), 

and  ^  i3|  are  tiie  roots  of 

a  |n/3  (itJ/3-1)  +o  i«/3+/  =  0. 
Fonr  cases  ooonr— 

8600  L— H  Of— oi  and  i3i— /S,  are  odd  integers,  (2)  oan  be  rednoed  by 

Prop.  IV.  (3581)  to  tho form  v+  ^gZ^jgi;-- jj  e"'*  =  0. 

and  tben  veiolTad  into  two  eqnationa  of  the  first  order. 

3601  II* — If  aiiy  one  of  the  four  quantities  a^— /3j,  Oj— p„  "|— /i^,  "j— /^i 
is  an  oven  integer,  (2)  can  be  rednoed  by  Prop.  IV.  to  an  equation  of  the 
first  order* 


3602  III. — If  fti—fti  and  ai  +  €i,— /3,  are  both  odd  integers,  then,  by 
Props,  m.  and  IV.,  (2)  ia  redndble  to  (8596). 

3603  rV. — If  oj-a,  and  ai  +  Of— i3|  are  both  odd  integers,  (2)  is 
redacible  in  like  manner  to  (3597).  [Boole,  p.  428. 

KoTE. — The  integers  naj  be  either  positive  or  negatiTe,  and  when  eron 
maj  be  aero. 
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DIFFBBENTIAL  EQUATIONS. 


SOLUTION  OF  LINEAR  DIFFERENTIAL  EQUATIONS 

BY  S£BI£S. 


8604   Casb  I. — Solution  of  the  linear  differential  equation 

f,{D)u  -/i  (2>)     II  =  0   or  f,  (a      u      (o-'d,)  jc^  u  =  U, 

in  which  fo{D)ffi{p)  are  polynomial  expressions  of  the  form 
Oo+oi^+flfi?'... and  J\{D)  =  (i>-a)(D-6)(D-<j).... 

3605  Let  0  (D)  =  /;  (D)  -/o  (D),  and  let 

3606  =        (a+r)aj'-|-^  (a+2r)^(a+r)a> 

+f  (a+8r)  ^  (a+2r)  ^  (a+r)  «^+ Ac. 
Then  the  eolation  will  be 

3607  u  =  AjT^  (a)  H-B.r**  (6)  +  Ca^*  (c) + &c. 
Proof.— Operatiag  with     (D)  and  writing  p  for  ^  (D)  c^, 

tt  -pi*  =s  /-» (I>)  0  =  ^e^*  4-  Be'^  +  <fcc.  (3518) 
Thowforo,  by  (S515),  «  =  (1-^"*  (il^+Be*-  + ...) 

=  ...)  il^+(l+p4.p«+ ...)  5e»*+ Ac. 

Now  in  each  term  snbstitate  for  p*  the  valae  is  (8491),  «nd  ramore  i>  1^ 

formnla  (3474). 


Casb  II. — Solution  of 

3608  MD)  u+f,{D)  e%+MD)      ...  +MD)  e-ii  =  0 

where  '         f,{D)  =  (D-a)(D-'b)(D'^e)  ... 

Let     ^  (a)  =  1 4- i^i  (ti  + 1)  .6-4- jP,  (a  +  2)  ar 4- &c., 

where  the  coefficients  i^i(a-hl)  or  Vj,  i^i(a+2)  or  v,,  Ao.  are 
determined  in  succession  by  the  formula 

3609  /o  (m)         (m)       ...+/.  (m)       =  0  and  r,  =  1 

 (2). 

The  solution  will  then  be  expressed  by 

3610  u  =  Aaf9  (a)-i-i/cr^*  (6)-f  CV*  (c)+&c. 

PBOOr.->From  (1) 

u  =  {1+^»(D)      +f .  (JD)  rf-}  -V.-*  W  .0  (3). 

who*  ^(I>)=/r(i>)4-A(D). 

Hera    /o->(i))0  =  f(Z>-a)(D-6)  ...}-»0s5il«P»+B^+...  (8518)j 
and     {l+f.  (D)  6- ...       (D)  e*-}    =         {D)  e*  +  F,  (I?)  e*-|- ... 
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To  determine  F„     Ao^  operate  upon  eaoh  side  witii  { 1  +^  (D)  e*+^} » 

nnd  equate  cocfiSoieiitB  of  powers  of  #;  tbii8.foniiii]a.(2)  U  obtained.  (8) 
now  becomes 

«  «  {l  +i\ «•+ f.CI?) ...} (ilfl^"  +^88^*+ ...)  (4), 

Ifnltiply  out;  apply  (8474),  and  pat »  for  ^. 

8811    Bx.s       a^*j,— (a+6— 1)  a;u,+a&w— 3=  0, 

or,  by  (3489),  (X» -a)(Z)-^.)  w-^^-^u  =  0. 

Here        /» (D)  =  (i>-a)(2?-6),  /|(I>)  =  0,  /,(!?)=-«. 

Therefore  (2)  beoomee  (m— ()e»=  gv^.n 

iberafore     J*^  ^  vanisb,  and     (a)  s  1, 


Jf;(a+2)  = 


g  J^o  (g) 


(a+2-a)(iK+2-fr)  2(a+2-l»)' 


*^      '     (a+4-«)(o-»-4-6)  4.2(a+4-6Ka+2-6) 
Therefore  *  (a)  =  1  +  ^-^^^  +  4.2(a^6g(a-^-H2)  + ' ' ' 

Similarly  we  find  F,(6  +  2),  ^^(6  +  2),  <Smj.,  and  thence  and,  sub- 

•titating  in  (3610),  we  have 

^2  (oH-6-2)    4.2  (a-i  +  4)(a-6+2) 

'^2(6-«  +  2)     4.2(6--a4-4X^-a  +  2) 
3618    The  eolation  ia  arrived  at  more  qaiokly  by  formula  (8607).  We 

pradndng  tba  aane. wriea  liy  the  valoe  of  ^  (a>.   Similarly  with  •  (6). 

8613  When  fJD)  has  r  factors  each  i>— a,  the  corres- 
ponding part  of  the  vahie  of  u  in  equation  (4)  wall  produce 

3614  ^0+^1  log (log^o^ ...  +^.-1  (log a'y-\ 

where  the  coefficientB      -^1$  •••  are  each  of  the  form 

8615  But  if  any  one  of  the  quantities  {a + r)  =  0  (3608), 
th^  Of^O  also. 
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PB00rw-<y^*(J>)  now  oontains  a  term  of  the  fonn 

The  cormponduig  part  of  « ia  (4)  is 

I  l+i',(D)^+ 

=  {e-  +  e<«*>  *iJ'i(D+a-|-l)+e"'*'  *-F,(Z)-ho  +  2)  +  ...  }t>    by  (3475). 

Expaud  each  function  F  by  Taylor's  theorem  in  powen  o£  D,  operate  upon 
and  arrange  tbu  result  according  to  powers  of  0. 

In  practice,  proceed  as  in  the  following  example. 
8616  ^mt^+u^+^au^O. 

Moltipljing  by  x  and  changing  by  (3489),  this  becomes 
D»tt  +  g*e>*M  =  0.    I/u  =  0  gives  u  =  A-\-Be. 
Subatitute  tiiiu  valuu  and  operate  with      comiiduring  A  aud  Ji  as  variables, 

andeqoale  toierotkeooefluieiilsoftliepofwenof  9;  thai 

Than  ehaogo  D  into  m,  and  «FM  Into  a».^  to  obtain  the  lelaAioBi 

wldali  detonaine  ilie  eoostaiiU  Baocenfe^  m  tanoa  of  a,  and  (wludb  ifo 
9Mtaaef)  in  the  equation 

whioh  thaa  beoomea  Hie  adlniioa  aonght.  IBooU,  2>iff.  Bq^  p.  489. 


SOLUTION  BY  DEFINITE  INTEGRALS* 


3617   Laplace^s  method, — The  solution  of  the  equation 

^  M  «» =  0   (1) 

is  cJ{c''*i^*J''(^)-*}itt    (2), 

the  limita  being  determined  by 

e''^JS*=0    (3). 

Paoor.— Aanime  use  { e*'2U^  and  snbatitBto  in  (1),  patting  f  (d^) e** 
»f  (0«^(8A74),tlina 

*  ThiB  method  of  solution  is  merely  inilicated  here,  and  the  reader  is  roiexrod  to  BooUt§ 
X)^.  i^.,  Gh.  zviiL,  for  a  oonpkto  iaftrt%aiiaB. 
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Integrating  the       term  by  parts,  this  becomes 

np*^  (0  r- je^  [d,  { ^  (0  r}  -vp  (0  t]  d* «  0  (4), 

an  eqnation  which  is  satisfied  by  equating  each  term  to  zero.  The  second 
term  thus  produces  a  valno  of  T  by  integration  by  (3209),  and  this  value 
substituted  in  the  Erst  term,  and  in  the  value  of  u,  gives  the  results  (3) 
and  (8). 

3618  Ex.  (1) :      mitg-^raUg^^jni  =0*  (4). 

Here  <p  (i,)  =  ^(dL)  a  odU  ^(0  s         ^(0  =  Henoe 

(2)  aod  (3)  become 

a  being  positiTe,  the  limits  are  t=^zkq,  and,  putting  <  =  g[  cos  Q,  we  find 

«  =  olV-'sm'-^eiM  (6). 

3619  The  solution  in  scries  bjr  (3608)  is  as  follows.  Equations  (1)  and 
(2)  of  fha(  arliole  axe  in  ihia  oaao 

D  (D  +  a— 1)  u  — gV*M  =  0    and    w  (m  +  a  — 1)  v,,— g-'r^.,  =  0. 

Thns,  a  in  (3608)  =  0,  and  6  =  1-a.    Therefore  (3610)  becomes 

l^2(o+l)^2.4(a  +  l)(a+3)^  i 

( 1  +  sTT^  +  o  .,o^*''w.  x        ]  (6). 

C      2(3— a)    2.4i(3— a)(5— a)  ) 

Bolii  aariaa  an  oonrargent  bj  (299  n.). 


The  reanlts  dednoad  bj  Boole  m 

3620    (o)  is  equivabnfc  to  the  partieolar  integral  represenlad  by  the  ftnt 
riea  of  (6). 


3621  A  second  partieolar  integial,  bj  aMftming  •  ss  ia  found  to 
be.  when  2— a  ia  poeitive^ 

II  =  a,a^- jV«"*8in»-«fl<»  (7). 

3622  When  a  lies  between  0  and  2,  the  complete  integral  ia 

«ss(^J^^««»8m«->a<»+(7,«»-»J^d»«-»Bin»-«^<W  (8), 

•  lliaiMQiodl^dsflidtsiategndBiidaoMttsdlijBootoddeflf  inflMid 
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8683    Bnt^  if  as  1,  the  sofaitioii  beoouM 

u  =  |V'""  {a+B  log  {x  sin*  e)  }  de   (9). 

3624  If  a  docs  not  lie  between  0  and  2,  then,  if  a  be  negative,  poft 
a    a  —  2n,  and  replace  the  first  term  o£  (8)  by 

0,  («d;,+«'-l)(«it +a'-8)  ...  («t+a'-2»+l)  j^^— ...  a^X 
the  tnuuformatitfn  being  eSboted  by  (3580)'. 

3685  Andif  abepoBitiTeaiid  >2,pat«a6^'«*«  =  «>-«9.  Thiaoon- 
verts  a  into  2—0,  a  n^gatiTB  qvantitj,  end  the  eeae  is  lednoed  to  the  hKt 
one. 

3686  £x.  (2).— To  solve  by  this  method  the  P.  D.  equation 

«l*+«2,  +  Mto=  0  (1) 

when  r  =  v^(aj^+/). 

EUmineting  a  and  y»  (1)  beeomee 

nijp+«»r+"*i*  =  0   (2). 

Now  the  solution  of  tkia  C4uatiou  is  number  (y)  of  Example  (1),  if  we 
change  x  into  r,  q  into  and  A  and  J?  into  arbitraiy  ftiBctiona  of  i .  We 
thna  obtain 

u  =  fV-»"«i  {  ^  (0 + («)  log  (r  sin'  fi)  j  (M  (3), 

or,  by  (3492), 

u  =  |V  { ooee  j  <{6+£4'  («+tr ooea)  log (r ain'Q d9......(4). 

See  (8551)  for  another  aolntion. 


3687  If «  be  the  potential  of  an  attraoting  naaa  at  an  external  poiati 
and  if  us  -^(0  "^oen  rs:0;  tiien,  ainoe  logrsoo,  ^(t)  mnat  vanish; 

therefore  (0  =      («)  <W  =  »f  («). 

Hence  (4)  redaoes  to    «  =  -1  j V  [»+tr  ooe  a  }  dfl. . 

ParsevaVs  Hiearem, 

3688  for  all  Talues  of 

and  ...  =  ^(t*)    (1), 
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then 

Proof.— Foim  the  prodaot  of  eqnatioiis  (1),  and  in  it  put  u  =  e**  and 
separately,  and  add  the  reenlte.  Mnltiplj  bj  dB,  integrate  from  0  to  and 
divide  by  2r. 


P.  D.  EQUATIONS  WITH  MORE  THAN  TWO 
INDEPENDENT  VARIABLES. 

3629  By  means  of  Eourier^B  theorem  (2742),  the  solution 
of  the  equation 

may  be  deduced  by  a  general  method  in  the  form 

the  limits  of  each  integration  being  —  oo  to  oo ,  and  the  func- 
tion ^  being  arbitrary  and  different  in  the  two  terms  arising 
from  the  operator 

BfKiUf  Oh.  zfiti.,  and  more  fvSij  in  Oanehy'a  Exenim  d^JnotffH  MaiM 
maligvM,  Tom.  I.,  pp.  53  et  178. 

3630  Poisson's  solution  of  the  same  equation  in  the  form  of 
a  double  integral  is 

tt=  (l+<2o|^  1^  t  sm(,i^(»+lUan^Bmnt  y+Aisin{ooBi|,  M+htcoB^d^dn 
with  the  same  latitude  in  the  iuterprt'tation  of  4^. 

[Gregory's  L\iamples,  p.  504. 


DIITERENTIAL  RESOLVENTS  OF  ALGEBRAIC 

EQUATIONS. 

3631  Theobbm  I.  (Boole). — If  ^i,  ...  y»  are  the  n  roots 
of  the  equation 

3r-ay«-^+l  =  0   (1), 

sad  if  the      power  of  any  one  of  these  roots  be  represented 
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hj  u,  and  if  a  =  then  «  as  a  fanotion  of  0  satdBfiea  the 
differential  equation 

«_(!^^+^-iy-(4-^-l)[.>..].e-.=0. 
and  the  complete  integral  of  the  aame  irill  be 

8632  Cob.  L^If  m  s-1  and  if  n  be  >2,  the  differential 
eqnatkm 

n  V  n         11  / 

has  for  its  general  integral 

y»y  ...       being  any  n—l  roots  of  (1). 

"  If  0  be  changed  into  —0,  and  therefore  D  into  —  A  the 
above  results  are  modified  as  follows 

3633   "  Cos.  II. — The  difEerential  equation 

has  for  its  complete  integral 

u  =  C.fjT-^  Cijfi ...  +C«yr» 
VuVn'^Vn  being  the  roots  o£  the  equation 

ay-y-^+a  =  0   (2). 

8681  "  Coa.  in. — The  differeniaal  equation 

supposing  n>2  has  for  its  complete  integral 
yif  yt  •••  y«-x  h^ing  any  n—l  roots  of  (2). 
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"  Theorem  JL  (Harley).— 

3635  "  The  differential  equation 

=  0 

is  satisfied  bj  the  m^^  power  of  any  root  of  the  equation 

u  being  considered  as  a  function  of  x, 

3636  "  Gob.— The  difEerential  equation 

is  satisfied  by  the      power  of  any  root  of  the  equation 

[5ooZe,  Diff.  Eq.,  Sup.  191—199. 

3637  See  alfio  lioole,  Phth  Trans.,  18^)4;  Harlcy,  Proc.  of  the  Lit.  and 
Phil.  Soc.  of  Manchester f  Vol.  II. ;  HatvsoUf  Proc.  ojf  the  Lond.  Math.  Soc.j 
Vol.  9. 


4  A 
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CALCULUS  OF  FINITE 
DIFFERENCES. 


INTRODUCTION. 


3701  In  this  branch  of  pure  mathematics  a  functiou  ^  (') 
is  denoted  by  v^.,  and  ^  (  ''  +  /<)  consequently  by  Vj.+f,,  The 
increment  h  is  coinnionly  unity.  If  denotes  the  increment 
// ,  and  Aiijg  the  consequent  increase  in  the  value  of  w^^  we  have 

3702  All,  = 


3703  When  ^  dimimshes  without  limit,  the  value  o! 

^  OP  is  iSs. 

Aff  dot' 


8704  The  repetition  of  the  operation  A  is  indicated  as 
follows : 

AAu^  =  AH»,,     A'tf^  =  AHi^y   and  so  on. 


3705    Ez.:Letu«  =  2S 

«  si  2  3  4  5  ... 

0*sl  4  9  16  25  ... 

A**=8  6  7  9   

AV=2  2  2   


FORMULAE  FOR  FIRST  AND  w^**  DIFFERENCES. 

If  «,  =  aaj*+te»-*+ca?»-*+&c., 

3706  A"»»  =  an         ...  (n-r+1) 

3707  ^"w.  =  an  (n-I)  ...  3.2.1. 
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3708  Hence  the  nth  difference  of  a  rational  integral  func- 
tion of  the  nth  degree  is  constant. 

3709  So  also        AV  =  1.2.a...M.  \ 

3710  Notation. — Factorial  terms  are  denoted  as  follows : — 

3711   ^  = 

3712  Thus     x(x-l)...(x-m-tl)  =  x^"'\ 

3713  ,         \  ^  7v-»^-"^ 

Hence  |w,  ml,  and  m^"*^  are  equivalent  symbols. 

3714  According  to  (2452),  would  hero  be  denoted  by  »!r,'.  The 
Fuliix,  however,  being  omitted,  it  maybe  nnderatood  that  the  common  differ- 
euce  of  the  factors  is  always  —  I. 

and,  if  m<9»y  A*^;^*^  =  0,  since  Ac  =>  0  if  c  =  constant. 

8718    A4f<-"^  =  AV-"^  =  (-w)^"^^^-"-"^ 

3720  Aur  =  0*,^i-u,.„^0 

3722  Ex.: 

A(a«+6)<">=!  om(fl«+&y-»-",  A(o»+6)<-*'=-ai»(ii«+6y-"»-«. 


3724  Alogt».  =  logjn-^(,  Alog«i-"  =  logJ^ 

3726      Aa'  =  (a-1)  a',       A^e*^  =  (a '-l)''a"«-. 

o-rto    Ai.9in  /     ,  ,v     /o  •  ttVsin  (      ,  ,  .  n(a+ir)) 
3728    A"^(c«-l-6)  =  ^28in^j  ^|„.i.+i+ 

PeOOF.—    A8in(aaj  +  6)  ss  rin (a«  +  a-f  6)— sin (aa;-f  6) 

.  =2aiii|-8in(o*+6+5±r). 

That  is,  A  is  equivalent  to  adding  to  the  angle  and  multiplying  tiie 

a 

line  bj  28in-^. 
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3729  Conversely,  the  same  formula  holds  if  the  sign  of  ii 
be  changed  throughout. 

EXPANSION  BY  FACTORIALS. 

3730  If  ^"^(0)  denote  the  value  of  A>C<0  when  aj=sO, 

then  *(^)  =  *(0)+A*(0)j7+^4^*«+^^*«+Ac. 

3781  If  Aa»=:^  instead  of  unity,  the  same  eaqmnsion  holds 
good  if  for  A*^(0)  we  write  (A*^(ii;)-s-A*)«.«;  that  is»  making 
a;s=0  after  reduction. 

Proof. — Assume  0  (jr)  —  n^-{-n^x-^a^  -  -k-a^^  ^-kc. 
Compato  A^(a;),  ^\{jc),  4c.,  and  pat  2  =  0  to  determine  a^,  Oj,  a„  d;c. 


GENERATING  FUNCTIONS. 

3732    If  ^^x^'  general  term  in  the  expansion  of 

then  ^{t)  is  called  the  generatitig  function  of  iijg  or  ^(<)  =  (rw,. 

Ex.:  (I'O'''^^ for  0+1  is  ibe  ooeffident  of  in  the 
mcpanaion. 

8733  e«*. ...  e«,„=M. 

3734  GA«,  =  (l-l)^(/),  ...  GA"«,=(i—l)>w. 

P^f.—  <?Ai»,=  Ac. 

THE  OPERATIONS  E,  A,  AND 

8785   ^  denotes  the  operation  of  increasing  x  by  unity* 

=       =  w*+ =  (1  +  A) 

The  symbols  E  and  A  both  follow  the  laws  of  distribution^ 
commutation,  and  rcjpetitioa  (1488-90), 

3736  £  =  l+A  =  e^'    or  e^.* 

By  (1520),  Ax  being  unity. 

*  The  letter  d  il  rcsprvod  as  n  aymlvil  of  tUtlVr'  ntintion  ouly,  and  the  floffix  •tlAChfld  W 

it  iadicatos  tbo  iudepoudout  variable.    See  (1187). 
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3737   Hence  A  =  e^— 1    and  D^logE, 

3739  Consistently  with  (3735)  denotes  the  diminishing 
X  by  unity ;  thus         E'hi^  = 

n^+n  tn  ^ems  o/     cmd  sticcesgive  diffcrmcea, 

3740  M,^,=  +  2) 

Proof. — (i )  B j  indaciion,  or  (ii.)  by  geaeratiDg  fnnciionfl,  or  (iii*)  by 

the  symbolic  law  : 

Expand  bj  the  Bmomial  theorem,  and  a])])1y  (:)?34). 

(iii.)  =     + A)" 

Apply  the  laws  in  (3735)  by  expanding  the  biuomial  and  disiribatiug  the 
operation  upon  u^. 

Conversely  to  express  A*w,  in  terms  of  '',.+2,  Ac. 

3741  A"**.  =  (w,  ii)  ...  (-1)"  w,. 

Proof.—  AX  =  {E-iy  (3736). 

Clxpa&d,  and  apply  (3785)  as  before.   Patting  »  =  0,  we  also  bave 

3742  A%  =  »«-wi/„_i4-C«.2M«-2 ...  (-1)"  u,' 

3743  A'-a,'"*  =  (.f+n)"*— w  (cr+w-l)'" 

+  C(ii,2)  (.r+n-2)'»-&c. 

8744      A»0^  =  n--n  (n-l)-+C  (»,  2)(«-2)- 

— C(ii,3)  (n— 3)"'+&o. 

3746  Ex. :  By  (3717)  A"0"  =  n !  Honco  a  proof  of  theorem  (285)  is 
obtained. 

3746  A"u,t»,  =  (Ee-iy  u^p„ 

where  E  operates  only  upou  tf,  and  E'  only  upon  r^. 

Pboof.   ^UgVg  =  «,*iv,»|— tt,r,  =  Eu,.Kv,^%jBg  =  {EK—1)  u,v,. 

Applicatiam  of  (8746). 

8747    Bi.  (1) :  =  (-l)-(l-jB^X«k. 

Expand  the  binomial,  and  operate  npon  the  aalgeoto  ««» 9»;  thns 

3748    ^"w.t'.  =  (-!)"{  "•«.-«tt.»ii',*i  +  C(»t,  2)  «,.,».*,-4c  } . 
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3749  Ex.  (2) :  To  ejqpuid  cTmxi  9  by 

A" a* Bin*  =  {    (1  +  A') - 1 }  'a»mn •  =  {  A  +      }  'a* nns 

=  {  A"-4-nA"-»J?A'+  0  (n,  2)  A"-»£»A''+&0. ).  o'  sin« 

=  A"  o*.8iii»+»A«- V*»  A  uns  -I-  0  (»,  2)  A*-'a"'A*nn«+ Ac 

=  a'{(a-l)"8m«+n(a-l)"-»aA8ra«+0(n,2)(a--l)"-VA«BUi»+4o.}, 

by  (3727),  while  ^ik""  a'mx  is  kuown  from  (3728). 

3750  Ex.  (3)  :  To  expand  A"u«o«  in  dififerences  of     and     ulouc :  put 
19  =  1+A,  Jr=  l+A'  in  (3746),  fcboa 

A«f^tr.=  (A+A'+AA')»«.ir« 
wUoh  must  be  expuided. 

A"Ux  tn  differential  eoeffieienta  of  u,. 

3751  ^'•w,=d>,+^i</r^+^^/r'ti,+&c. 

Peoof.—  A"n,  =  (8737). 

Expand  by  (150)  and  (125)  as  if  4.  were  a  qnantitatiTe  Bymbol.  See  also 

(n7»;i). 

in  sueeesHve  differences  ofu, 

3752  g={>og(l+^)}V 

The  enansion  by  (155)  and  (125)  will  present  a  series  of 
ascending  differenoes  u, 

Pboof.—         e'*'=l  +  A,      .-.  J,  =  log  (1  +  A). 
8763     Ex.:K..l.  |  =  A»-f +  f-^+4o. 

If  (7  be  a  constant, 
3754   <^(D)C=<^(A)C=<^(0)C  and  ^(E)  (7  =  C, 

Since  every  terra  of  ^  (-D),  or  of  ^  (A)  C,  operftting  upon  (7,  pfodaoes  Oj 
and  every  term  of  ^  (i/)  operating  upon  0  produces  0. 


HERSCHEL'S  THEOBEM. 

3767     ♦(e')  =  *(i2)€«* 

3758  =^(i)+*(^)o.<+^(ij;)o^j^+<Sbc. 
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Pioor.— Lot  ^(tf)^A^'^A^,„'\-J^ 

=  ♦(i?)    •  =  f  (i?)  { l+0.<+ ^ +&0. } , 
•ad  f  (J5)  1  =  ^  (1)  by  (3756). 

A  THEOREM  CONJUGATE  TO  MACLAUaiN'S  (1507). 

8769     ♦(0  =  *(i>)e*' 

3760  =*(0)+*(c/o)0.^-f^((/«)f.j^+&c. 

Pboop.-—  <t>iO  =  <}>  (log  c')  =  ^  (log  7^)    '  (3757) 

=  ^(D)e°*(37a8)=^(I>)^l+0.i+  +&c.|, 
and  f  (Z))l-f  (0)  (3754). 

n  being  a  positiTe  integer, 
3761 

Pboov.— By  (8758),  putting  ^  (0<)  =  (e*-l)", 

(e*-l)»  =  (£-!)»  0.<-f(i;-.l)»0'./^  +<Sm:.  =  A"0.i  + A^O'-^ +  <tc. 

1*«  1.2 

Pat  i  s  d«  aod  employ  (3736)  and  (8737). 


INTBBPOLATION. 

Appronmate  value  of  u,  iet-ms  of  n  }>articular  eguu 
distant  values. 

8762  If  is  an  integral  algebraic  function  of  the  degree 
n^l,  vanishes,  and  therefore  by  making  fl;=0,  and 
writang  «  for  n  in  (3740), 

3763  =  tto+^'AM,+  f,.iAX ...  +  tV-iA"-'»o- 

This  is  formula  (265).  The  given  values  are  u^,  Ai^,  A^e,, 
Ac,  oorrcspondiiig  to  a,  6,  c, ... 

3764  For  nn  application  of  the  formula  to  the  prr/blcm  o£  interpolation, 
aee  (2o7),  in  which  example  x  =  1*54  aud      =  log  72  5i. 
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3765  When  the  term  to  bo  interpolated  ia  one  of  a  set  of 
equidistant  terms,  employ  (S741).  ^"uj  =  0,  as  in  (3762)  ; 
therefore 


3767  Ex.:  From  ainO,  8ia30°,  8iii45^  and  nnGQf,  to  deduce  the  Talae 

of  siuo  15  . 

The  formula  gives  sin  0 — 4  si  n  1 5 '  + 13  si  u  iiO" — 4  sin  4^^"  +  Bin  60'  =  0, 
or  -4sinl5"+3-2v/2  +  ^v/3  =  0, 

from  which  tin  Id'  «  ^  (6  -  ^4^2  +  V'S)  =  '2594. 

The  trae  volne  is  '2588 ;  the  error  '0006. 

LAGRANGE»S  INTERPOLATION  FOBlfULA. 

3768  T.et  //.  />,  i\  ...  /•  1)L'  values  of  not  equidistant,  for 
which  tiio  values  of     are  kuowu;  tlieu  generally 

3769 

_     (.r-h)(v-^^...(,r-k)  (.r>«)(,r^,)...(.r-Ar) 
'      "(a-^jla-c) ...  (a-^)      *(6-«)(6-c)  ... 

(.r— «)(.?'  — 6)  (.I'  —  c)... 


Pboov. — ^Assume      «,  =  -4  «)...(»—*) 

+  £(a;-a)(.r-c)  ...  {.t-k)  +  C  (z-a)(x-b){x-iJ)  ...  ik)-|*&0., 
and  dcttrutiuu  .1,  B,  C,  4&c.  bj  making  a;  =  a,  b,  c,        in  tarn. 

If  the  values  of  a,  6,  c,  ...A;  are  0, 1, 2, ...  ?i— ],  (3769) 
reduces  to 

04i\9  1.2.3...  («-l) 

— i£  1)     t^'— n+3)(.r— n+l) 

1.1.2.3  ...(n-2) 

...  (.r-n+4)(.r-n+2)(^---ii+l)_^^ 

3771 

(n-l)l  I  ^-n+2  ^  .v-fi+3  j 
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MECHANICAL  QITADBATURE. 


The  area  of  a  curve  whose  equation  is  1/  ~  u^.  in  terms  of 
equidiBtant  ordinates  u,Uif  is  approximatelj 

3772 

f 

Proof. — The  area  is  =  I  Uj.dx.    Take  the  valae  of       in  tcijus  of 

?'i  ...         from  (3763)  and  integrate. 

3773  Wben  n=2,   Cu^i  =  *+^+*'. 

Jo  u 

3774  *»=3,  £«,(ii>  =  i(«+3tt,+3u,+u,), 

3775  «  =  4.    r«,da.=  ^^('♦+''«)+«*('"+"')+'^«. 

Jo  40 

3776 

In  the  last  foruiula,  which  is  duo  to  Mr.  Weddle,  tlie  co- 
cflBcient  of  A  /  is  taken  as  -^q  instead  of  -nro,  its  tnie  value. 
Tliese  results  are  obtained  from  (3772)  by  substituting  for 
each  A  its  value  from  (3742). 


COIJSS'S  AND  QAUSS'S  FOBMULM  • 

3777  These  give  tibe  area  of  the  curve  directly  in  terms  of 
fixed  absdsssD. 

They  are  obtained  by  integrating  Lagrange's  value  of 
(8769-71),  and  are  fully  discussed  in  articles  (2995-7). 

4  B 
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LAPLACB'S  FOKlfULiu 

3778  =  |+«^+«. ... 

^^(Aii,-Au.)+^(AHi.-AS)-&0., 

the  coefficieiits  being  those  in  the  ezpaaBum  of 

Ulog(H-Oi"'- 

Pboof.—  Aw^  =  d^^^^^^^^^w„  bj(3736), 

Hflooe,  pnfttmg  w^s 

Ji  ^       2        12      24  ^ 
and  BO  on;  then  add  togetiier  the  i»  equations. 

3779  Formula  (8778)  contains  Au^,  &o.,  which  cannot 
be  found  firom  iio»  Ui ... 

The  following  fomula  does  not  involye  differences  higher 
than 

3780  £«*^=-|i+«h+M|...+^ 

-  ^  (All,.,- Au,)-  ^  (AHi..,- A%,)-&c. 

PEOOF.-In  thepi^f  of  (3778),  change  ^^^y  -to  ^^i^^=^^y 
and  pat  ^''lo.  =        (3739)  after  expaaaion,  and  proeeed  as  before. 


SUMMATION  OF  SERIES. 

3781  Definition  :   %u,  =  ««+i»«+i+».+f 

3782  Theorem :       2m,  =  A"  ^tt,+  C, 

where  0  is  constant  for  idl  the  assigned  valueB  of  as. 
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Proof.  —  Let  ^(aj)   be  such  that  A^(«)sr  u,,   then  ^(j5)  =  A-'tt,, 
therefore     =  ^  (o+l)— ^  (a).    Write  thus,  and  add  together  the  values  of 
...  u,.,.    Therefore,  by  (3781),  2t»,  =  ^ (35)  — ^ (a)  =  A-'m,— ^ (a), 
Mid  0(a)  IB  oongtaxifc  with  mpeot  to  «. 

Taken  between  the  limits  x  =  a^  a;  =  6— 1,  we  have  the 
notation, 

3783  or  =  iw,-Su„  =  A-%-A-»M.. 


Functions  integrable  in  finite  terms : 

3784  0/a««J.      Sa.("')  =  £_-|-c\ 


3786         S(«»+*)'->  =       f>y"*''  +c. 

a(m  +  l) 


8786  s*.-..=£^j+c.  .„,:ur(^,,,, 

8787  S  (a^+i)'-"'  =  c-(2£+*liri' 

^  a(m— 1) 

Formulae  (3785)  and  (3786)  are  equivalent  to  the  rules 
(269)  and  (271).    They  are  the  direct  results  of  theorem 

(3782). 

3788  So*  =  [By  (3726). 

Cla88  III. — If     be  a  rational  integral  function, 

3789  Sr-«.=  {a?+CV,A+C..,A«+ ...}«.. 

Pboop.— By  (3735)  and  (3736), 

+          ...  +«a>,-l  =  {i  +  E  +  E*  ...  +i;'-')      =  ^Et"*"  ^^^^^^^^ 

s  the  expanflion  above. 

3790  The  formula  has  been  »i;ivcn  at  (S^'iJ)  and  an  example  of  its  appli- 
cation. The  series  there  summed  is  1  +  5 +  15  +  35  + 70  + 120  + to  100  terms. 
The  function  Ug  which  gives  rise  to  these  terms  is  found  by  (376o)  to  be 

M,  =  (a*  +  lOic* + 35«'  +  50*  +  24)  ^  24. 
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3791     If  tin's  fnnotioD  be  presented  as  «„  and  be  required,  we 

first  tind  n^=  1,  t!,=  5,  u,=  15,  &c. ;  then  the  diflerr-nccs  Am,,,  A^it^,  ...  A*u^  — 
1, 4|  0,  4, 1,  and  then,  bj  (3/89),  the  required  sum,  as  in  the  example  re- 
linnid  to. 


3792  For  another  example,  let  2"a5*  =  1  +  2^  ...  +n*  be  required. 
]  1 1 1 0  A*'  =  3a;»  +  3a  + 1,    AV  =  6*  +  6,    AV  =  6, 

therefore  A0»=1,    A«0»  =  6,    A*0«  =  6  (1), 

z'  may  now  \ye  expressed  in  factorials,  and  the  OTmmation  maj  then  be 
effected  bj  (3784).    First,  bj  (3730), 

therefore,  by  (3784),         X^'  =  2  (n  + 1)^  (3783), 

^■-^_«(n-H)  .  3(»-H)H(n-l)  .  (n4-l)«(n-l)(«-2)_n'(n-H)» 
2  8  4  4  ' 

3793  Otherwise,  by  (3789),  taking  o  =  0,  we  have 
Therefore 

_H(n-l)     Gn(n-l)(n-2)  .  C»(»-l)(n-2)(n-3)  n*(«-l)' 
•         2  i.2.3  1.2.3.4  4  * 

ibenfore^  obaaging  n  into  «+ 1,        =  Cliiiilii'. 


3794  Class  IV. — When  the  genei'al  terra  of  a  series  is  a 
rational  fraction  of  the  form 

^4-^^  +  ^'        where      =  a«4-6, 

and  the  degree  of  the  numerator  is  not  higher  than  — 2; 
resolve  the  numerator  into 

by  (3730).  The  fraction  then  separates  into  a  series  of  frac- 
tions with  constant  numerators  which  can  be  gummed  by 
(3787). 


3795  If  the  factors  ii^"-n^+m  are  not  consecutiye^  introduce 
the  missing  ones  in  the  denominator  and  numerator^  and  then 
resolve  the  fraction  as  in  the  foregoing  rule. 


3796    Bx. :  To  sum  the  series  i  -;  +  ~  +  ^  +  to  fi  tanni. 
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The     term  IS 


1  (u-H)(u  +  2) 


n(ti+S)  fi(n+l)(»+2)(»+3) 


2Xn  +  3)     (»+2)(n+3)  (n+l)(tH-2)(n+3) 


n  (n-hl;(u  +  2X>i-|-3)" 
The  sum  of  n  tenns  is,  therefore,  by  the  rule  (271), 

\3  2  \2  3     (n+2)(»i  +  a)/     8  \2.3     (n  +  l)(«+2)(n  +  a) 

18  8(»+l)(n+2)(n+3)' 

If  the  form  in  (3787)  ia  need,  ihe  total  oonstant  part  0  is  dotermined  finally 

11 

by  making  »  =  0,  which  gives  C  = 

3797    Theorem.    f(E)  o*^  (a;)  =  oT/iaE)  ^  (a?), 
/  being  an  algebraic  function. 
Fboov. — Let  a  as      iheii  the  k£t 

«/(i^e~^(a;)=/(e'Oe-"^(«)  (8786)  «e-'/(e^-)^(»)  (3475) 

«ay(flJS>f(»). 

C/a^s    — If  ^  {x)  be  a  rational  integral  function, 
3798 

The  upper  limit  is  understood  to  be  1,  and  a  constant  is  to 
he  added,  (3781-2). 

PSOOF.—  Sa»^  (ar)  =  iS^'V^ (x)  =  (^-.l)-»o'^  (x)  =  a" (aJB-l)-»f  (») 
(3797)  =  a'  {  a  (l+A)-!  j  "V  {z)  =  ^  (l  +  ^i)  "V 
Tbea  eipaad  the  binomiaL 

2a'^(z)  i»  derivatives  of  ^(z). 

3799    2a'^W  =         [  l+^^f        Af  (.r)+&c.J. 

.here        ^.=  (-^»)-V  =  (l+^)-V. 

Pkoof.— Bjr  (3757),  i/.  (e")  =  i;.(F)e''";  thcroforo  (see  last  proof) 
a'iaE-iy-*f(x)  (potting  E  =  e'')  =  a' {aE-1)-' c'  "  f  {x) 
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3800  Bx.!  ToBumtiieMries  2.1+4.8+8.27+16.64+  iomtemt. 
We  leqaire  2V+S2»;^  =  2»a>»+2»  («»-2Aai»+2«AV-'2»AV) 

=  2V+2'{x'-2(3a:'  +  3jr-f-l)  +  4(Gj!  +  C)-8.cJ 

3801  If       ^'r  be  known  for  all  integral  values  of  n,  and  if 
be  rational  and  integral, 

Proof.   I'/^r,  =  ( /;/;'- 1)"'  n,r,  =  A')->  u,t;,  (3746)  and  (3736). 

Expand  the  binomial  operator,  observing  (3738). 


3802 

PBOOr.  2^l^»  B  (A'+ AF)'"«,«M  u  in  (3801), 

=  A-*  (A-"->^)  t»^ii,+ (A-^-'B*) 

prodnomg  the  abore  by  (3785)  and  (3782). 

■  Observe  tliat,  in  (3801)  and  (3802),  two  forms  arc  obiainable  in  eaeboaae 
by  expanding  the  binomial  operator  from  either  end  of  the  series. 


3803    CSx. :  To  snm  the  series  sin  a+2f  sui2a+3'  sin  3a+  to  a;  terms. 

The  anm  is  =  sin  ax + Sj-'  sin  ax.  Taking  «^  ss  sin  m  and  r«  s  a^,  we 
know  A-'sinotr,  by  (3729) ;  therefore  (3801)  gives 

2a^  sittos  =  (2  sinfa)-*  sin  { as~)  (a+ir) }  («-l)« 

—  (2  8iuia)-»Biu  (aa!-(a  +  5r)  }  (2j;-3)-|-(2  sin  ^u)  'sin  [ojc— |(o  +  »-)}  2. 


APPROXIMATE  SUMMATION. 


3880   The  most  useful  formula  is  the  following 

^  I    r       J       t     "  r     I  (/fix         J^*  1     i?  - 


(Pn 1  d^u. 


1      d'u.  .       1  l{!!i:-&c 
f3D99S0  <iir»  ^47900160  da* 

Proof.— (e^'-l)-'  !*^  Expand  bj  (1539)  with  i>  iu  the  place 
of  X. 
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Ex.  1 :  Tho  value  of  Xc''  at  (29ol>)  ia  given  at  oucc  hj  the  formula. 
3881    Ex.  2:  To  ram  the  eetiM  1+    +  ^  ...  +  —  approximttlely, 

Pofe  xsslO  todetennioetheoonsUat;  thus 

^+  i  +  i  - + 1^ = '-'+'"8 +  ^- 

from  whkh  0  s  '577215^  and  the  required  ram  is 

.577215+log.+  i-^-^  +  j^.-4c. 


3888    Bx.8:  +     4-1+40.,  . 

^  2«*  2j:*      2a:''  2x« 


2x»»' 


.  ^  2      2      4     12  ■  12     20  ■  12' 

The  convci'gcnt  part  of  this  soi  ies,  consisting  of  the  first  fire  tnrme,  is  an 
approximation  to  tbo  sau  of  all  the  terms. 

3888  A  much  nearer  approximation  is  obtained  in  this  and  analogoos 
cases  by  starting  with  the  summation  formuhi  at  a  more  advanoed  term. 

1728  ^  2.5«  ^  2.d»  ^  2.6*    2.6* ^ 

-  2035    JL  _1  L-..&e 

"  1728  ^  60  ^  260  ^  2600    187600  ^ 

The  oonvergtog  part  now  consists  of  a  far  greater  number  of  terms  than  before, 
and  the  oonveigenoe  at  first  is  mueh  more  rapid. 

3884  £x.  4:  The  scries  for  Iogr(£  +  l)  at  (2778)  can  be  obtained  bj 
the  aboTO  formula  when  0  is  an  int^er.   For,  in  that  oaset 

logr(9+l)  8s  logl+]og2+kg8  ...  +log«aB  lQg«+SIog«, 

and  (3820)  gives  the  expansion  in  question,  the  constant  being  determined 
b^  miaking  » infinite. 

3835    Formula  (3820)  may  also  be  used  to  find  by  the 

process  of  summation,  and  thua  answers  tke  purpose  of 
Laplace's  formula  (3778). 


Digitize<l  by  Google 


560  CALCULUS  OF  mriTS  DIFFSBJBNCS8, 

2"Ux  in  a  series  of  derivatives  of  u^. 

8886  Letnma. — 
n~\  I  (6^-1)-=:  (-l)-^(<l,+n-l)(r/,+ji-2) 

...K+l){e'-l]-\ 

PliOOF. — Put  i„  fur  n  —  l\(e'—l)".  Then 

=  -O^  +  m)  v»  =  (<it  +  »)(ii,  +  n-l)  t„.,. 
£"u,  may  now  be  developed. 

8887  Ex.— To  develope  (JSdo^p.97) 

2(«^-l)-=  (d.+2)(rf,+  l)  { o'-l }  ' 

with  il|r  »  0,  and 

^.1  =  +  (2r+a) !  =:  I  - 1  + 1  +(2i,+3il,-l) 

+      I  (r  +  2)(r4l)^,.,  +  3(r  +  l)^,,j  +  2^^}<'. 
Therefore,  changing  ^  into  d,,  wo  get 

3828    2"Ux  in  a  series  of  derivatives  of  u,_n  . 
Let       cosec*  as  ==:  1  —  CV*^  -h  0^* — &c . ,  then 

SV.  =       5 1 + (:^)  +  C.        +  &c.  j      . . 

 IBooU,  p.  98. 

(1)+ *  (2) -&c.  =  i  J 1  - 1  +     - &c.  ( ^  (Olj. 

By  this  formula,  a  series  of  the  given  type  may  often  be  trans- 
formed into  one  much  more  conyergent. 

PEOOF.-Theleft  =  jl^^(0)«  ^l-^KO)  « |  j^K^;. 

the  expansion  of  which  ia  the  aeries  on  the  right. 

3880    Ex.— To  sun  1— +  4  -  T +^  Samning  the  first  six  ftsrms, 

it  becomes  I? +  l-i+&c   Taking  f(0)  =  (0+7) 

lyio.-!    M      2       .       2.3         .  ) 
7    8  •^*'^  ==-2l  7     2.7.8"^  4.  7. B.i^"^  8.7. 8.9. 10  "^^""  i- 
The  sum  after  six  temis  convcrr:i;cs  T-npidlj  by  this  formula,  nn<\  more  nqiitlly 
than  if  tbo  i'ormala  bad  been  applied  tu  the  series  from  iU  commencement. 
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PLANE  COORDINATE  GEOMETRY. 

SYSTEMS  OF  COORDINATES. 


CARTESIAN  COOiiDINATES. 

4001  In  this  system  (Fig.  1)*  the  position  of  a  point  P  in  a 
plane  is  determined  hj  its  distances  from  two  fixed  straight 
tines  OX,  OY,  called  axes  of  coordinates.  These  distances 
are  measured  parallel  to  the  axes.  They  are  the  abscissa  PM 
or  ON  denoted  by  x,  and  the  ordinate  PN  denoted  by  y.  The 
axes  may  be  rectangular  or  oblique.  The  abscissa  <<*  is 
reckoned  positive  or  negative  according  to  tlio  position  of  P 
to  the  right  or  left  of  the  y  axis,  and  the  ordinate  //  is  positive 
or  negative  according  as  P  lies  above  or  below  the  x  axis 
conformably  to  the  roles  (607,  '8). 

4002  TbesL"  coordinates  are  called  rcrtam/fiht r  or  ohh't/iie 
according  as  the  axes  of  reference  are  or  are  not  at  right 
ancrles. 


4003  The  polar  coordinates  of  P  (Fig.  1)  are  ; ,  the  radius 
vector,  and  B,  the  inclination  of  r  to  OX,  the  initial  line, 
measured  as  in  Plane  Trigonometry  (609). 


4004   To  change  rectangular  into  polar  coordinates,  employ 


4005   To  change  polar  into,  rectangular  coordinates,  employ 


POLAil  COORDINATES. 


the  equations 


.r  =  r  cos  0, 


y  =  r  sin  0. 


«  See  the  end  of  the  Tolnme, 


4  0 
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FLANE  COOKDINATE  OEOMETBY. 


TRILmEAB  COOBDINATES. 

4006  The  triliiicar  coordinates  of  a  poiut  1'  (Fig.  2)  are 
-y,  its  pcrpon<Hcular  ilistances  from  three  fixed  lines  which 

foT'm  the  trin iKjh'  of  rrfrvt'iire,  ABCf  liereafter  calleil  the  trigon. 
Tliesf'  coordinates  are  always  connected  by  the  relation 

4007  aa+^+cy  =  2, 

4008  or  a  siu  ^  -f /8  sin  B-\-y  sin  C  =  constant, 

where  a,  6,  C  are  the  sides  of  the  tngon,  and  %  is  twice  its 
area. 


4009  If  a;,  y/  are  the  Cartesian  coordinates  of  the  point 
ojSy,  the  equations  connecting  them  with  the  trilinear 
coordinates  are,  by  (4004), 

a  =  J?  eos        sin  a— 
^  =  0^  cos  /3+^  sin  fi—pt» 

y  ^    COS  y-\-i/  sin  y—jh^ 

4010  Here  a  has  two  significations.  On  the  left,  it  is  the 
length  of  the  perpendicular  from  the  point  in  question  upon 
the  side  AU  of  the  trigon.  On  the  riglit,  it  is  the  inclination 
of  that  perpendicular  to  the  x  axis  of  Cartesian  coordinates. 
Similarly  0  and  y. 


4011  The  angles  a,  j3,  y  are  connected  with  the  angles 
Bf  G  by  the  equations 

y^fi  —  TT—A,       a— y  =  IT— jB,      a— j8  =  ir-i-C, 

only  two  of  which  are  independent. 

4012  P\i  pa  7>3  Jii'e  the  perpendiculars  from  the  origin  upon 
the  sides  of  the  triangle  ABC. 

AREAL  COORDINATES. 

If  /I,  /?,  C  (Fig.  2)  be  the  trigon  as  before,  the  areal  co- 
ordinates a  ,      y'  of  the  point  F  are 

40W   <'-J^—JSf«   P-p^-JBC'  ABC- 
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The  equation  oonnecting  the  coordinates  is  now 
4014  «'+/3+/=l. 


4015  To  convert  any  liomogcneous  triliuear  equation  into 
the  corresponding  areal  equation. 

4016  Substitute   aa  =  Sa,  hfi^J,p, 

Also  any  relation  between  the  coefficients  2,  m,  n  in  the 
equation  of  a  right  line  in  trilinears  will  be  adapted  to  areals 
by  substituting  to,  mb,  "iK  for        n.    Similarly  for  a, 
/,  flf,  hi  in  the  general  equation  of  a  oonic  (4656),  substitute 
aa%     a\  /6c,  ^fca,  Im, 


In  either  the  trilinear  or  areal  systems,  a  point  is  deter- 
mined if  the  ratios  only  of  the  coordinates  are  known. 

Thus,  if  a  :  J3  :  y  =  P  :  Q  :  then,  with  trilinear  co- 
ordinates, 

TANGENTIAL  COORDINATES. 

4019  111  this  system  tlie  position  of  a  straij^ht  lino  is  deter- 
rninod  by  coordinates,  and  i\w  position  of  a  point  by  an 
equation.  If  }a-\-mfl-\-  uy  =  0  be  the  ti  ilincar  equation  of  a 
straight  hue  A'/^/'  (Fig.  o) ;  tlien,  making  0,^3,7  cuiistnnt, 
and  /,  111^  n  variable,  the  equation  becomes  the  tan<^ential 
equation  of  the  point  0  (a,  /3,  y) ;  whilst  /,  n  ;ire  the  co- 
ordinates of  some  right  line  passinof  throuj^h  that  point. 

Let  A,     i;  (Fig.  3)  bo  tlie  perpendiculars  from  A,  i?,  G 
upon  EDFy  and  let  2),,  p,,  y?..,  be  the  perpendiculars  from 
C  upon  the  opposite  sides  of  the  trigou ;  then,  by  (4G24),  we 
have 

4020  iiX  =  /|ii,      jRf4  =  mp«,  Bv=fipt» 

where  R  —  -v/(i'-f-w*-|-n*— 2imi  cos  A  — 2«Z  cos  B— cos  G), 

Hence  the  equation  of  the  point  0  becomes 

4021 

Pi       Pt       Ps  pi  Pk  Pa 

where     =  OA,  e,=^BOC,  &c.,  and  2^7700  =  /j^^a  sin 
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ThANS  OOOBDINATJg  QBOMSTBT, 


Pormula  (4021)  shows  ihat,  when  the  perpendioakra  X,  ^i,  w 
are  taken  for  the  coordinates  of  the  line,  the  coefficients  be* 
come  ihe  areal  ooordinateQ  of  the  point  referred  to  ihe  same 
trigon, 

4023  Any  homogeneous  equation  in  /,  m,  n  as  tangential 
coordinates  is  expressed  in  t^rms  of  X,  /i,  v  bj  substituting  for 

m^n,  — ,  ^,  —  respectively.  By  (4020). 

Pi  Pi  Pt 

4004  An  equation  in  X,/i,  v  of  a  degree  higher  than  die  first 
represents  a  curve  such  that  X,  /i,  v  are  always  the  perpen- 
diculars upon  the  tangent  The  curve  must  uierefore  be  the 
envelope  ca  the  line  (X,  fi,  v). 


TWO.POINT  INT£BC£PT  COORDINATES. 

Let  X  =  AD,  fi  =:  BE  (Fig.  4)  1>6  variable  distances  from 
two  fixed  points  A,  B  measured  along  two  fixed  parallel  lines, 
then 

4025  aX+^^/i-hc  =  0 

is  the  equation  of  a  fixed  point  0  through  which  the  Une  DE 
always  passes.  This  may  easily  be  proved  directly,  but  we 
shall  show  that  it  is  a  particular  case  of  the  system  of  three- 
point  tangential  coordinates. 

Lot  one  of  the  vertioes  (0)  of  the  tr^n  in  that  qrstem  be  at  infinitj 
(Fig.  3).  Tben  equation  (4022)  beooniet 

+  «^ (705  sin  6^  «  0. 
Pi  P% 

For  y:9%  =  »in  COE  always.  Divide  nn OOB ;  then  X'^tanOOS  =  JD, 
do.,  and  the  equation  becomes 

2iE£i^+  ?iBi!^+8in«^  =  0. 
ft  pj 

The  only  variables  are  AD  and  AE.    Calling  these  X  and  /i,  the  eqaation 

may  ho  written  aX  +  6/i  +  c  =s  0, 

the  fdMin  taken  by  aX+6/i+6V=sO  when  irsoo  and  e' Tanishes. 


ONJCFOINT  INTBBCEPT  COORDINATES. 

4086  Let  a,  be  the  Cartesian  coordinates  of  the  point  O 
(Fig.  5) ;  and  let  the  reciprocals  of  the  intercepts  on  the  axes 
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of  any  line  DOE  passing  tlirougli  0  be  ^  =        i|  = 
Then,  by  (4053)| 

4027  oi+br)  =  1 

is  the  equation  of  the  point  0,  the  variables  being  ^»  9. 

This  is  a  case  of  the  system  of  three-point  tangential  coordinates  in  which 
two  of  the  Tortices  (B,  0)  of  the  trigon  are  at  infinity.   Equation  (4022) 

now  beoomes  +  rin  BOD  sin  6^ + sin  COB  sin  6, «  0, 

ft 

^  fi,       AD^  AB  * 

which  is  of  the  form  o^  +  Z"?  =  1. 

TANQENTIAL  EBCTANQULAR  COORDINATES. 

4028  This  name  has  been  given  to  the  system  last  desonbed 
-when  the  two  fixed  lines  are  at  right  angles  (Fig.  6). 

The  coordinates  which  are  defined  as  the  reciprocals 
of  the  intercepts  of  the  line  they  determine,  have  now  also  the 
following  Talnes. 

4029  L^t  .r,  y  be  the  rectangular  coordinates  of  tlie  pole  of 
the  line  in  question  with  respect  to  a  circle  whose  centre  is 
the  origin  and  whose  radius  is  A; ;  then 

and 

since  x,OM  =  y.ON  =  k^;  for  M,  N  are  the  poles  of  y  =  0, 
ie  =  0. 

4030  The  equation  of  a  point  P  on  NM  whose  reotangular 
coordinates  are  OB  =  a,  08  =  is 

of +61,  =:  1,  by  (4053), 

this  equation  being  satisfied  by  the  coordinates  of  ail  lines 
passing  through  that  point. 

4031  In  all  these  systems  an  equation  of  a  higher  degree 
in  I,  n  represents  a  curve  the  coordinates  of  whose  tangents 
satisfy  the  equation. 
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ANALYTICAL  CONICS 

IN 

CARTESIAN  COORDINATES, 


LENGTHS  AND  AREAS. 


Coordinates  of  the  point  dividing  in  the  ratio  n  :  u  the 
right  line  which  joins  the  two  points  jy^  x  y' , 

4032  f='-™^.     ^  = 

PB00r.^(Fig.  7.)  i  =  »+^C«»+-"  .(^'-«).  SimiUffl J  for  9. 

4083  If«  =  «'.  ^  =  ^- 

4034  Length  of  the  line  joining  the  points  asy,  z*y' 
The  same  with  oblique  axes 

4035  u  )  +  u^-i^  j  Ky-y  )  ^-^s"- 

Pboof.— Bj  (Ilg.  7),  Bno.  I.  47,  and  (702). 


Area    of  a  triangle  in  terms  of  the  coordinates  of  its 

angular  points  a^i^i,  x^y^^  «s?/8- 

4036  -4  =  i  {cTi^i— + *ityi—^%y%  4-  • 

Pboot. — (Fig.  8.)  Bj  oonsidering  tbe  three  trapesoids  formed  by  y^,  y^,  i/, 
and  the  ndea  of  the  triangle,  we  have 
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_  _ 

Area  of  the  triangle  contained  by  the  k,  axis  and  the  lines 
y  =      + Ci,       !^  =  (4062) 

Pboof. — (FSg.  9.)   Area  » |  (<a~'<^)l'i  >nd  j9  is  fdnnd  from 
jrai,— jpm,  =  c, —e^  The  sign  of  the  area  is  not  regarded. 

Cor. — Area  oi"  the  triaugk"  contained  by  the  Unes 

4038  A  =  ii  ('^-^^y^  {r,-c;)'_^{e,-cd'\ 

L  mi—m^     iiig— Wis     tn^—mi  ) 

4039  =      (w*<~»%)+gg0^s'"ffli)+c^(i»i— tiH)l ' 

2  (mi— m2)(mt^iii,)(m,— m^) 


4041 


  Square  of  D(^frrm!ii;nii  (  \^IlJl^) 

^  2{A,B^^A,B,){A^-A,B,){A,B,^A,B,y 

FKOOt .— (Fig.  10.)           =           CDE-BED,   Employ  (4037). 
 E  


J.rea  o/  Polygon  of  n  sides. 

First  in  terms  of  the  coordinates  of  tho  angidar  points 

4042  24  s=  *,y,)+(^,y,— dfay,)+,..+(^.yi-^,yJ 

Secondly,  when  the  equations  to  the  sides  are  given,  as  in 
(4037). 

4043  2A  :==  ...  + 

4044  Also  three  values  similar  to  (4039,  '40,  '41). 

Peoof. — By  (4367),  adding  tho  component  triauglcs. 

4047  Each  expression  for  the  area  of  a  triangle  or  polygon 
will  be  adapted  to  obUque  axes  by  multiplying  by  sin  w. 
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OABTSaiAN  ANALYTICAL  C0NI08. 


TRANSFORMATION  OF  COORDINATES. 


4018   To  transform  the  origin  to  the  point  hk. 

Put  j7  =  ir'+/i,      y  =  y-\-k. 


To  transform  to  rectaugular  axes  inclined  at  an  angle  0 
to  tlio  original  axes. 

4019  Put 

«r  =  ^'oos0— y  sintf,   p ^  y  coa^+x  mn$.   (Fig.  11.) 

Proof. — Consider  «'  as  cos^  ami  ij'  ati  sin^.  Then  x  =  oob(^4-0)  and 
y  =  Bin(^  +  ^)  (627,  '9). 

Generally  (I'  lg-  let  w  Ix-  the  angle  between  the  original 
axes ;  and  let  the  new  axes  of  x  and  ij  make  angles  a  and  j3 
respectively  ^Wth  the  old  axis  of  x. 

4050   Put  drains     or' sin (a>-a)+y  sin  (tt—iS) 
and  jf  sin  tt»  =  «r'  sin  a+^'  sin  /8. 

Proof. — (Fig.  12.)  TLe  cuordiuates  of  i*  referred  to  the  old  axes  being 
00  =  0,  PO  « Iff  Mid  refemd  to  the  new  »xea,  OM  s  »,  PM  s  y\  we  hare, 
by  pngec^g  OOP  and  OMP  at  right  angle*  first  to  CP  and  tben  to  00, 

on  s  MF-MB,      PN  s  i£L+PZ, 

wMob  are  eqaivalent  to  tbe  above  eqnatkms. 


To  change  Kectangular  coordinates  into  Po]ar»  hk  being 
the  pole  0,  a  the  inclmation  of  the  initial  line  to  the  x  axis 

(Fig.  13),  and  mj  the  point  P. 

4051    Put  A'  =  /t+rco8(^+a),  y  =  &+r  sin  (^+«). 


THE  RIGHT  LINE. 


EQUATIONS  OF  THE  RIGHT  LIKE. 

4052  y  =  iiur+c  (1), 

4068  X+i'^^  
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4054  *  C08  a+y  sin  a  =  p  (3) . 

4055  Aa;+By+C=:0    (4). 

Pboop.— (Fig.  14.)  Let  .11?  be  the  line.  Take  any  point  P  upon  it, 
coovdiuntcs  ON  =■  X,  PN  =  y.  Then,  in  (1  ),*  m  =  \t\nd,  wliero  0  =  ILiX, 
the  incliuatiou  to  the  X  axis;  therefore  7/j.('  =  —OC,  and  c  i.s  the  intercept 
OB.  In  (2),  o,  b  are  the  intercepts  OA,  OU.  In  (3),  p  =  OH,  the  per- 
pendicnlar  ftom  O  npon  the  line ;  a  =  ^  AOS, 

p  =  OB+LP  =  «  oosa+y  Bin  a. 

(4)  is  the  general  equation. 

4056  wi  =  tan  ^  =  -  4-  =  -  —  =  -  cot  a. 

13  a 

4060     am^=    .  ,      C08^  =  -  ^ 


4062       j)  :=  c  sin  a  = 


\  l-f  v^^-+/^- 


Oblique  Axes. 

Equations  (4052,  '53,  '55)  hold  for  oblique  axes,  but 
(4054)  must  be  written 

4065  cos  a-l"  t/  cos  ^  =  |>.  (tig- 1^-) 

4066  tMi0=  =  , 

1  -|-  m  cos  oi         cos  Q}  —  B 
a»  beiug  tlio  augle  betweou  tho  axes. 
Pboop.— From  m  s  sm  0  -S-  sin  0). 

4068  /!=  ""^'"'^ 


\/ l-f  2m  cos  w 4" ni'      \  ^ ^ + — 2 J cos a» 
Proof. — From  p  ss  e  ain  and  (4  /06). 


The  equations  of  two  lines  being  given  in  the  forms  (4^52) 
or  (4055),  the  angle,  ^,  between  them  is  given  by 

ArMrx  X      A       Wl— III'  AB'  —  A' 

Ptoor.— (Fig.  15)      tan  ^  =  tan  ((J - 0').    Expand  by  (632). 

4  1) 
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To  oblique  axes : 

Proof. — Aa  in  the  last,  employing  (40GC). 
Equation  of  a  line  passing  through  xy: 

4078  y-y' = m  (4?     ),  (Fig.  8) 

4074  or  //— iiM?  =y'— mar', 

4075  or  ^0?+%  == 

PSOOP. — ^From  Figue  (13),  m  being  =  tan  9. 

Condition  of  parallelism  of  two  lines  : 

4076  m^m\      or  AB'=^AB. 
Henoe  the  equations  differ  by  a  constant. 

Condition  of  purpLiidicularity  : 

4078       iiM»'=-l      or      AA+BB  =  0.  (4070) 

The  same  to  oblique  axes  : 

4080  l+(m+m  )  cos  a>+mm  =  0.  (4072) 

4081  or      A  A' -{-BB' =  {AB'+ A  B)  cos  ta, 

1      III  en  -  ci> 


4082   or  m  =  — 


m+cosoi 


A  line  passing  through  the  points  Xi  Hit  : 

4083  =  '-^^^  =  m. 

P&oor. — (Fig.  16.)   By  the  similar  right-angled  triangles  PCA,ADB, 

4084  Or  w  =  ^i^S^IliM!, 

4085  or     (j?— 4?i)(y— yi)  =  (^-^«)(y— yi). 

Fboof. — This  equation  repreeente  a  etraight  line  becanae  it  ia  ol  the  first 
degree ;  and  the  coordinates  of  each  of  the  given  points  satisfy  the  eqnation. 
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A  line  pasBmg  through  xyf  and  perpendicnlar  to  a  given 
line  (f») : 

4086  =  -  ^(a— A').  (4073,  '78) 

4087  or  Bx-Ay^  Bx  -  Ay\ 

The  two  lines  passing  through  xy  and  making  an  angle 
/3  (=  tan"^       with  a  given  line  (mj) : 

4Qgg  g=a(  =  ■'*'-«^    and    3±«t.  (4073,70) 

A  line  passing  through  hk  and  di^ding  the  line  which 
joins  fl^^i  and  x^^  in  the  ratio 

4089  ^  =  ^'0/^-f)  +  ^^^0/^-f).         (4073,  '32) 

iT — «     ni  (.i'a — /*)  +  ^  '0 

Coordinates  of  the  point  of  intersection  of  two  lines : 

4092  y  =  =  -  f^'-^'^'.  (*U6) 

^         Jilt— nil  ilxiia— ilaiJi 

Length  of  the  perpendicular  from  a  point  x'y'  upon  a 
given  line 

4094  =  a'  COB  a+y'  sin  a^p. 

Pboop.— Let  il£  (Fig.  14)  be  the  line^  and  Q  the  point  «V* 
(4054),  x'  cos  u + sin  u  =  03*,  the  perpendicnlar  from  O  npon  a  parallel  line 

throtigh  Q,  and  p  —  OS. 

Otherwise,  the  same  perpendicuhir 

4095  =  AaZ+By'-^-C  .^^^  .^^^ 

The  same  with  obHque  axes 

4AQA  —  -f  sin<i> 

^{A'-^B'-^AB  cosoi)* 

obtained  in  a  similar  way  from  (4065-69). 
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0ABTB8IAN  ANALYTICAL  00NI08. 


Condition  of  three  lines  intersecting  in  one  point : 
4097  — c.m  1  -f  e.,ms — c»wi, + c^m^ — c^/nj  =  0. 

The  area  in  1009  must  vaaisb. 


4098  Otherwiae. — ^If  certain  Talues  of  the  constants  Z,  m,  n 
make  the  expression 

vanish  identically,  the  three  lines  indicated  intersect  in  one 
point. 

Pboof. — By  (4099),  for  then  valaea  of  z  and  y  which  make  (1)  and  (2) 
yanish  alio  mam  (3)  vanisli. 

A  line  passing  throngh  the  point  of  intersection  of  the 
lines  i4jB+By-f ^>  =  0  and  A'x-^-By^C^O  is 

4099  Ax-^By^-C  =  k  {A\i>^By^V  ), 

4100  or  /     r  -f  %+  C)  -m  (ilV+B'y+Cr)  =  0, 

h,  I,  and  m  being  any  constants. 

4101  Bulb. — If  the  egriation  of  a  right  line  eontaina  a  third 
variahle  k  in  the  first  degree,  the  line  always  passes  through  a 
axed  point. 

Proof. — For  the  values  of  x  and  y,  which  satisfj  simaltaneoofilj  the  given 
equations,  also  satisfy  whatever  k  roaj  be.  See  (4604). 


4102  If  in  the  equation  of  a  line  Ax  +  Bi/  +  C  =  0,  tlie  co- 
efficients Ay  B,  C  involve  /,  i/\  the  coordinates  of  a  point 
which  moves  along  a  fixed  right  line,  then  the  first  line  passes 
through  some  fixed  point. 

Proof.— By  maaiiB  of  the  equation  of  the  fixed  line,  y'  may  be  eliminated, 
and    then  remaxna  a  third  variable  in  the  first  degree  (4101). 


4103  To  find  the  point  in  winch  the  Hne  Ax+By-i-O  inter- 
sects the  line  joining  the  points  xy,  x'y';  subsiitate 

Aaf+By-^-C  for  it,  and  Aw+By^-C  for  n  in  (4032). 

Paoor.^By  (4095) ,  since  the  aegmenta  intensepted  are  in  the  ratio  of  the 
perpfflidicolaiB  from  «y,  ay'  upon  tiie  line  J«+^+(7> 
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Equations  of  the  line  with  m  for  direction-ratios,  hk  a 
fixed  point  on  the  line,  and  r  the  distance  of  the  variable 
point  mf  from  hh. 

4104  r  =  — J— =  ^4— , 

4106  where   ;  =  ^='45^,  (Obliqae) 

smw  smw 

4106    or         1  =  cos  0,  m  =:  sin  B,  (Bectangnlar) 


Polar  Equation  of  a  Straight  Lme, 

4107  rcos(^— a)  =  p. 

(Fig.  17.)  Here  p  is  the  perpendicular  to  the  line  from  the 
pole  0,  ^[id  a  is  the  inclination  of  ^  to  the  initial  line  OA, 

When  the  line  passes  through  the  pole>  the  equation  is 

4108  ^  =  constant. 

A  line  passing  through  the  two  points  TiBi^  rA* 

4109  m  sin  {B -  e^)  -f  ryXt  sm  (^i -     + r^r  sin  (^^ -  ^)  =  0. 
Pw)0F.-(Fig.l8.)  APOJ1+-40B-POJ5  =  0.  Then  by  (707). 


EQUATIONS  OF  TWO  OB  MORE  RIGHT  LINES. 

The  homogeneous  equation  of  the  n^^  degree, 

4110  ^+Piaf'^y+p^'V+ +Pn^  =  0, 

represents  n  right  lines,  real  or  imaginary,  passing  through 
the  origin. 

For  it  is  resolvable  into  n  Tactors  of  the  form  (x—ay),  by  (405), 

For  the  caso  of  two  right  liues  represented  by  the  general  equation  of  the 

second  det^ec,  Bee  (41^9). 

Equation  of  two  right  lines  through  the  origin  : 

4111  (M?«+2/wy+6y^  =  0. 
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If  f  be  the  angle  between  the  lines, 
according  as  the  axes  are  rectangular  or  oblique. 

Pboof. — AamuoB  (jf'-mx^-)iy—m^)  =0,  and  apply  (4088). 

E(|uatiou  of  the  bisectors  of  the  angle  <p  : 

4113  A^-(a-*)       V  =  0. 

Pboof. — Let  y^sifix  be  b  biBeetor  (/i  ss  faa  ^) ;  then,  siniw  2^  s  0,4.0^ 

The  roots  of  this  equation  are  always  real. 


GENERAL  METHODS. 

APPLIOABIiB  TO  ALL  EQUATIONS  OP  PLANE  OURVBS. 

4114  Let  i'X^',y)  =  0  (iO  Bjxdf{a;,y)  =  0  (ii.) 

be  the  equations  of  two  curyes  of  any  degree. 

4115  To  find  the  intercepts  on  the  x  and  y  axes. 

Put  y  =  0  in  (i.),  then  x  hcrohws  the  intercept  uii  thexaxi'^. 
Similarly,  jjut  x  =  0  for  the  intercept  on  the  y  a^is, 

4116  To  find  the  points  of  intersection  of  (i.)  and  (ii.). 

Sulre  as  S( m  n I fnihons  i  ijHiif  inii.s.  Each  pair  of  rallies  nfx 
and  y  so  ohtaim  d  (jivt  s  a  point  of  intersection,  linayinarif 
values  (J ice  an  ihuujinarij  point. 


4117  To  determin(»  equation  (i.)  so  that  the  line  may  pass 
through  certain  fixed  points,  ic,yi,  x^y^t  &c. 

Substitute  x,yi,  x  v.,  ^c,  for  xy  sueeessivehjy  so  forming 
as  many  equations  as  there  are  jmints.  From  these  equations 
the  constants  in  (i.)  must  be  determined  in  terms  of  Xifju  ^^Jt* 

4118  The  number  of  arbitrary  points  cannot  exceed  the 
number  of  eonsta/nts  in  the  equation. 
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4119  -Condition  that  (i.)  and  (ii.)  may  touch. 

At  a  point  of  contact  tiro  or  more  points  of  intersection 
mmt  coincide^  and  therefore  the  equation  for  x  or  y,  obtained  as 
in  (1116),  must  have  two  or  more  equal  roots  for  rarh  point  of 
contact.  The  contact  is  said  to  be  of  the  second  order  when 
there  are  three  coincident  points;  of  the  third  order  when 
there  arefowr^  and  so  on, 

4180  To  find  the  equation  of  the  tangent  at  a  point  xy'  on 
the  curre  /(aj,  y)  =  0. 

Form  the  equation  to  the  secant  through  two  adjacent  points 
^iju  (4083),  and  determine  the  limiting  value  of  ^ — ^ 
when  the  joints  coincide  by  means  of  the  equations  f  (x^,  y^)  =  0, 

f  (^2,  Ji)  =  0. 

4181  Otherwise  ^"^tx'    ^  (^^^^)* 

4122    ^or  the  equatiou  oi:  the  normal,  change  m  of  the 

tangent  into  —  —  (4086). 

m 


4123  To  express  the  equation  of  the  tangent,  or  normal,  in 
terms  of  m  and  the  constants  of  the  curve. 

From  the  equation  of  the  tangent  or  normal^  the  equation  to 
the  curve  J  and  the  equation  furnished  hy  the  value  of  m,  eliminate 
X  J  9  the  coordinates  of  the  point  of  contact  of  the  tangent. 

THEORY  OF  POLES  AND  POLARS. 

4184  Let  F(s^f  y\  .r,  y)  =  0  represent  the  equation  to  the 
tangent  of  a  curve  at  the  point  xy\ 

Then  F{x,  y,  x\  y')  ==  0,  the  equation  obtained  by  inter- 
changing the  constants  x\y'  with  the  variables «,  y,  represents 
tlie  pokur  of  any  fixed  point « y'  not  on  the  curve. 

Lei  ^i^,,  x^y^  (Fig.  10)  be  points  A,  II  on  the  curve,  and  let  the  (angentli 
at  tiioM  points  intersect  in  m*y  *   Consider  the  equations 

!/i.^,y)=0...(l),    if(a;„y„a-,y)=s0...(2),  a'.y*)  =  0.., (3). 

Here  (I),  (2)  are  the  tangents,  and  (8)  is  some  draight  Une  or  curve 
aooording  to  the  dimensions  of  x  and  y.  Also  (8)  passes  through  the  points 
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of  contact  a!,y„  ^jV,,  and  may  therefore  be  called  the  curve  of  ckytUact^;  or,  if  a 
right  line,  the  ehnrd  of  cotUiui  of  tangents  drawn  from     y\  t.e.,  the  polar. 


4125  Henco  tlie  coordiimtos  of  the  points  of  contact  of 
tangents  from  an  external  point  ,t:'y'  will  be  determined  by 
solving  (3)  and  the  eqmition  of  the  curve  simultaneously. 


4:126  Again,  let  x'y'  (Figs.  20  and  21)  be  any  point  P  not  on  the  corre. 
Then,  from  the  equations 

F(m\y\x,y)  =^0..,(4),    F(x,y,z^y,)  ^0.,.(b),    F  (x,y,  x^^y,)  =0...  {6), 

we  see  that  (4)  is  some  straight  line ;  that,  if  ar^^  and  x^y^  at  e  any  two  points 
upon  it,  (5)  and  (6)  are  the  curves  of  contact  uf  tangents  from  those  points ; 
and  that  these  curves  of  contact  pass  through  the  point  ^ff\ 

4127  If  the  points  a*,^,,  r^y^  are  taken  at  J  I,  where  (4)  intersects  the 
curve,  (5)  and  (6)  then  become  curves  teaching  thp  ^ven  curve  at  ^  and  B, 
and  I  tv^iug  through  We  may  call  these  imes  the  curve  iangmUs 

from  x'y\ 


4128    Lastly,  let  »y  in      be  a  point  within  the  given  curve  (Fig*  22), 

t  liuu  the  equations 

F(.r.„,/,y')  =0...(7),     F(.r,^v,,.r.i,)  ={J...  (8),     F  (■'•.,  V,- v)       ^>  ■■.  (0) 

bhow  that  (7)  is  the  locus  of  a  point,  the  curve  tani^iMits  fi-om  which  have 
their  chord  of  contact  alwaya  passing  through  a  tixed  point.  When  xy'  in 
without  the  curve,  as  in  Fig.  (19),  the  same  definition  applies  to  every  part 
of  the  locus  (8)  from  which  tangents  can  be  drawn. 


41S9  If  the  given  curve  be  of  a  degree  liiglier  than  tho 
second,  the  line  of  contact  of  tho  tangents  from  a  point  is  a 
curve,  and  the  line  of  contact  of  the  curve  tan|;ent8  from  a 
point  is  a  straight  line  (Figs.  19  and  20).  A  similar  converse 
relation  is  exhibited  in  Figures  (21)  and  (22). 


If  the  curve  be  of  the  second  degree,  equations  ('^)  and 
(4)  become  identical.  The  line  of  contact  or  the  polar  is 
always  in  this  case  a  straight  line,  and  so  is  the  locus  (7). 

Figures  (19)  and  (20)  now  become  identical,  as  ako  (21) 
and  (22). 


4130  The  polar  of  the  point  ol'  intersection  of  two  right 
lines  with  regard  to  a  conic  passes  tiirough  their  poles. 

Pcoor  — As  in  r4124).  Let  (1)  nnd  (2)  be  the  two  lines,  (iB,y,),  (a^,) 
their  poles,  and  x'y  their  point  of  intersection. 
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4131  To  find  the  ratio  in  which  the  line  joining  two  giren 
points  xy,  x\{  is  cut  by  the  curve  /(x,y)  =  0. 

Svhstitate  for  z  and  y,  the  supposed  eoordinates  of  the 
point  of  interseetion^  the  vaPues 

and  determine  the  ratio  n :  n'  from  the  resulting  equation. 
TJie  real  roots  of  this  equation  correspond  to  the  real  points  of 
intersection. 

4132  To  form  the  equation  of  all  the  tangents  that  can  be 
drawn  to  the  curve  from  a  point  x'?/. 

Express  the  condllioii  for  equal  roots  of  the  equation  in 
(4131),  and  consider  xy  a  variable  point, 

4183  To  form  the  equation  of  the  lines  drawn  from  (vY  to 
all  the  points  of  intersection  of  two  curves. 

SuhstUute  nx'-^-n'x,  ny'-\-n'y  for  x  omd  y  in  both  eiu/ntes^ 
and  eliminate  the  ratio  n :  n'. 

Proof. — Take  anjr  other  point  xy  on  the  line  throagh  x'tj  and  a  point  of 
interseotum.  The  ratio  i» : (4131)  is  tho  same  for  eaoh  curve,  ana  thore- 
fore  may  be  diminated. 

4134  To  find  tho  loncrth,  r  =  AP  or  AP'  (Fig.  23),  of  the 

segment  intercepted  between  the  point  A  or  x  y'  and  tho  curve 
j(^x,  y)  =  0  on  a  straight  line  drawn  from  A  at  an  inclination 
6  to  the  X  axis.  That  is,  to  form  the  polar  equation  with 
x'y'  for  the  pole  and  the  initial  line  parallel  to  the  x  axis. 

Snhslitute  for  x  and  y,  Hip  assumed  coordinates  of  the  point 
of  intersection^  the  values  x  =  ON  or  ON',  y  =  PN  or  P'N', 

that  iSf       X  =  a'+r  cos  tf,      j  :=  y'+r  sin 

a/nd  determine  r  from  the  resulting  equation.  That  is,  put 
a  =  0i»(4061). 

The  real  vcUues  of  r  a/re  the  distances  of  the  points  of  inter^ 
section  from  xy'. 

4135  When  an  equation  has  been  obt  liued  for  determining 
9  the  length  of  a  line,  important  results  may  frequently  be 
arrived  at  by  applying  theorem  (406)  respecting  the  sum  and 
product  of  uie  roots. 

4  B 
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THE  CmCLE. 


Equation  with  tlio  centre  for  origin. 
1136  «»+y  =  r*.  (Fig.  24) 

Equations  of  the  tangent  at  tlie  point  P  or  x'y\ 

4137  y-jf'=-4(*-*')-  (*i20) 

y 

4138  t^i?      =  r*. 

Also,  by  (4124)y  the  polar  of  a»y»  any  point  not  on  the  curve. 

4139  9  =  nw+r 's/l+m* ;      m=:-^.  (4123) 

4140  cos  a+f/  sin  a  =  r, 

a  being  the  inclination  to  the  x  azia  of  the  radius  to  the  point 
xy . 

Equation  of  the  circle  with  a,  b  for  the  coordinates  of  the 
centre  Q,  (Fig.  24.) 

4141  {ar-«)«+(j^-6)«  =  r». 
Tangent  at  xy\  or  Polar, 

4142  i^-a){a;  ^a)-^(y-b){jf  -6)  =  r*,  (4188) 

4143  or  a)  COS  a+  (y— 5)  sin  a  =  r, 

a  being  the  inclination  of  the  radius  to  the  point  xy. 

General  equation  of  tlie  cii'cle  : 

4144  «*+y«+2|grar+^+c  =  0. 

4145  Centre  {^g,  -/).      Radius  ^(^+/«-c). 

Pboof. — Bjr  eqaatiog  coefficieuts  with  (4141). 

Equation  of  the  circle  with  oblique  axes  :  (Fig.  25.) 

4146  (*-a)*+(y-6)*+2(^-ii)(y-ft)co84»  =  f»,  (702) 

4147  or  d^+2ay  C08«»+y— 2(a4-6co8<u).jr 

—2  (6-f  a  cosw)  t/ 
+o*+2a6  cos  o>+6*  =  r*. 
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General  Equation, 

4148        ^+2.^7/  coai»+t/'+2ga.+2fy+e  =  0. 
Tlie  coordinates  of  the  centre  are 

4150     EadiuB  =  ^{ff'-yff<^ 

8mtt 

pBOOr. — By  equating  oo^Keleiits  wHli  (4147). 

Polar  Equation. 
4161  r*+r— 2rlcoB(^— a)  =  c»,  (Fig.  2G) 

4152  or  r*— 2/co8arcos^?— 2/8inor8iii^4-/*— c^=:0. 
PBOOr.— B;  (702),  the  coordioateB  of  P  being  r  and  0. 

General  form  of  tHe  polar  equation : — 

4153  r'+'igr  cos  e+2fr  sin  $+c  =  0. 

4154  iuiia  =  L 
PROOF.-^By  equating  coeffioiwtB  with  (4152). 


4156  Equation  of  the  circle  passing  through  the  three 
points        .I'^y.,  x^y^. 


^8^8  1 

^  y  1 

^'2  !h  1 

.V  1/  1 

yi  1 

^3  //S  1 

1  i 

Pboof.— Eliminate  ^,/,  and  c  from  (4144)  by  (4117). 

Equation  of  the  chord  joining  x^yi^  x^^,  two  points  on  the 
circle  aj*4-y*  =  r*: 

4167       ^(**'i+'?^2)+?/(//i4-.'/2)  =  ^i^v^-^!/iIh+r\  (4083,4130) 
4158  or  0?  cos  i  (^1+^,)  +y  sin  i  {$,-^6,)  =  r  cos  i  (^i- tf,), 
where         rco8  0|  =  a!i,      rsinOi^^x,  &o. 
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4159  Note. — The  coordinates  aj,  y  of  a  point  on  the  circle  2^  +  i/  =  r*  may 
often  be  expressed  adTantageonslj  in  this  waj  in  terms  of  0,  a  single  Tuiable. 


4160   Let     S  =  (a^-a)«+(y-6)«-r»  =  0 

be  any  circle  (Fig.  27).   Then,  if  ^ry  be  a  point  P  outside  the 
circle,  8  becomes  the  square  of  the  tangent  from  P.   If    be  . 
a  point  jP  within  the  circle,  8  becomes  minus  the  square  of 
the  ordinate  drawn  through  P*  at  right  angles  to  the  radius 
througb  F. 


CO-AXAL  CIRCLES. 
(See  also  984  and  1021.) 

4161  K     S  =  «»+y+^^+g^ +i?  =  0, 

be  two  circlesi  the  equation  to  the  radical  axis  is 

If  aj  =  0  be  taken  for  the  radical  axis,  the  equation  to  any 
circle  (radius  r)  of  the  system  of  coaxal  circles  (1U21)  is 

416S     a^+y'-2fcr±««  =  0  and   ik*-r«  =  ±««, 

+  in  Figure  (1),  —  in  Figure  (2).  Here  S  =  Ifi  a  constant, 
and  k=iIO  Tariable. 

4164  The  polar  of  s''?/'  for  any  circle  of  the  system  passes 
through  the  intersection  of 

^^'+»'±**  =  0  and  af+.i?'ssO. 

Pitoor.— Its  equation  is  xx+yy'-k  (x+a>')  ic*  =  0  (4121).  Then  bj 
(4099). 


4165  When  i  =  8,  then  k  =  n)  =  ny.  D  and  are 
Poncelet*s  limiting  points. 


4166  The  polar  of  D  with  respect  to  any  of  the  circles 
passes  through  D\  and  vice  versa ^  by  (4164). 

4167  Tangents  from  any  point  on  the  radical  axis  to  aU 
circles  of  the  system  are  equal  (4160,  '61}« 
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4168  The  radical  axes  of  three  circles,  iSi,  8^  8t,  meet  in  a 
point  called  their  radical  centre* 

4169  The  reciprocals  with  respect  to  the  origin  D  or  iX  of 
the  system  of  co-axal  circles  are  all  confocal  conies  (4558). 

The  equation  of  the  circle,  centre  Qi  cutting  the  system  of 
cii'cles  orthogonally  is,  putting  IQ  =  h, 

4170  5"  =  0.  (1230, 1286) 
This  circle  passes  through  D  and  ff. 

The  common  tangents  to  the  two  circles 
(aj-a)»  +  (2/-6)*  =  r^   and    {x^ay-^(y-b'y  r'K 

(See  also  1037.) 

The  equation  for  a  in  (4143)  is 

4171  («-«')  cos  «+(5-5')  sin  a+r  qp    =  0. 

PboOF. — Assnmo  (4143)  in  n,  b,  r,  a,  and  also  in  a',  h\  r,  a  as  coinnidinpf 
lines.  Then  i&n  a  —  tau  u' ;  tiieruioro  a  —  a  or  w-fa.  Take  tho  diil'oronoo 
of  the  two  eqafttionfl* 

The  chords  of  contact  are 

4172  («-a')(*-a)+(6-5)(y-5)+r(r:Fr')  =  0, 
4178  (o-«')(*-a')+(6-6')(y-6')+K^=FO  =  0, 
with  —  for  exterior  tangents,  +  for  transyerse. 

Pboop. — For  these  aro  straight  lines,  and  tlioy  pass  through  the  points  of 
contact  of  each  pair  of  tangents  reapectivelj,  bj  (4171). 

The  centres  of  similitude  0,  Q  are  the  intersections  of  the 
external  and  transverse  tangents  reepectiyely. 

4174  Coordinates  of  0.  b^r^ 

V  —  T  T  —  T 

4175  Ooordiiiates  of  Q,  ^J^,  ^S^. 

r+r  r-hr 

Pboop.— By  equating  ooeffioients  in  (4172)  and  (4142),  the  polar  of  0 
or  Q. 

4176  The  six  centres  of  similitude  of  three  circles  lie  on 
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four  straight  lines  called  axes  of  similitade.  See  the  firare 
of  (1046). 

Proof.— The  coordinates  of  tlic  tbree  oenires  of  the  fonna  (4174^  75) 

will  ill  each  cni>c  satisfy  equation  (4083). 


4177  The  equation  of  the  external  axis  of  similitude  is,  in 
determinant  notatiou  (564), 

(lrA)aj-(lr,0j)y+(ri6|a,)  =  0. 

Proof. — By  formiDg  the  equation  of  tbe  rigbt  line  paasing  throng^  two 
of  the  centres  of  aimilitade  whoae  ooordinatea  are  aa  in  (4174). 

4178  The  renmining  three  axes  are  found  by  changing  in 
turn  the  signs  of  r,,  i\ ;  r^,    ;  ?*3,  i\. 

4179  If  OTIC  of  tlie  circlop  touches  the  othiT  two,  one  aids  of 
similitude  pusses  througli  tlie  points  of  contact. 

4180  The  angle  0,  nt  which  the  circle  F{.i\  )/)  =  0,  mdius 
r  (Fig.  20),  intersects  the  circle  whose  centre  is  hk,  and 
radius  U  is  given  by  the  e(juation 

Pboof:  asOQP,  J?-228rooBe+»*  =  P2*+f*  =  F (*,*)+•*, 
(702)  and  (4160). 

4181  OoB.  1. — ^If  the  circles  are  given  by  the  equations 

the  equation  for  cos 6  becomes,  since  ks=—g^  ^=:— /, 

2il/  cos  0  s  2gg  +  Iff—e^e.  (4145) 

4182  Cob.  2. — ^The  condition  that  the  two  circles  may  cut 

OPthogonally  is 

4183  CoE.  3. — By  solving  three  such  equations,  we  can 
find  the  circle  cutting  three  given  circles  ortliogonally  (4186). 


4184  Con.  4. — The  condition  that  four 
circles  may  have  a  common  orthogonal 
circle  is  thie  determinant  equation 


c  fir/  1 

^  gtft  1 
gifi  1 


=  0. 
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4185  Cor.  5.— If  the  circle  + f  i-'2n,r-\-2Fi/ =  0  cuts 
three  other  circles  at  the  same  angle  0,  we  have,  by  (4081), 
three  equations  to  determine  (r,  G,  The  resulting  deter- 
minant equation  may  be  written 


Si 

/i  1 

St 

/3  1 

+2/i  cos  B 


0  -0?  1 

»*i      gx  fx  1 

g'a  fi  1 

^3     ^'•3  /a  1 


=  0. 


4186  Tbe  first  determinant,  put  =  0,  is  the  orthogonal 
circle  (4183),  and  the  second,  expanded,  is  the  axis  of 
similitude. 

4187  locus  of  the  centre  of  a  circle  cutting  three  given 
circles  at  equal  angles  is  a  perpendicular  from  their  radical 
centre  on  any  of  the  four  axes  of  similitude. 

Proof. — By  elunimitiDg^  and  cm  a  between  three  eqaafeioiu,  like  (4180). 

4188  Kach  of  these  four  perpendiculars  contains  the  centres 
of  two  circles  touching  the  three  given  circles.  •  - 

Pboof.— CoiumSer  a  s  0  or  180^  in  (4180). 

To  draw  the  eight  circles  which  touch  three  given  circles, 
see  (946)  and  (1049). 

4189  The  equation  of  the  fourth  degree  of  two  of  the 
touching  circles  is 

where  23  signifies  the  length  of  the  common  tangent  of  the 
second  and  third  circles,  &c. 

Pboop. — ^By  first  showing  that,  if  four  drdes  are  all  touched  by  another 
circle,  the  relraon 

4190  12.84:1: 14.28  ±8i.2i=0 

will  snbsisi,  and  then  supposing  the  fonrth  circle  to  reduce  to  a  puint. 


THE  PAEABOLA. 


4200  Dbf.— A  conic  is  the  locus  of  a  point  which  moves  in 
one  plane  so  that  its  distance  from  a  fixed  point  8^  the/ocus, 


Digitized  by  Google 


584 


OARTSaiAN  JNALVnOAL  OONIOB. 


is  in  a  constant  ratio  (e)  to  its  distanoe  from  a  fixed  light  line 
XM  (the  directrix). 

When  e  =  unity,  the  curve  is  a  parabola.  (See  also  p.  24S, 
et  seq.) 


Equation  of  tlie  Pai'abola  with  origin  of  coordiuatcs  at  the 
vertex  A, 


4S01     y'  =  4M€, 

Here  a  =  AS,  x  =  AN, 

y  =  PN. 

Proof.— Gcometrioallj,  at  (1229). 

Analytically,  from 

The  equations  with  the 
origin  at  /ST  and  X  respectively 
are 

4202  i^  =  4a(.r-fa), 

y*=s4a(^— a).  (4048) 


Equations  of  the  tangent  at  x'y  : 


4204 
4205 

4206 


a  2a 


(4120) 


(4123) 


4207  (4204)  is  also  the  polar  of  any  point  x'y\  bj  (4124). 
Its  intercepts  are       and  jy'. 


Equations  of  the  normal  at  »y  : 

4S08 

4810  if    4w~2m»— am*. 


y-y's=-^(a^-.^'). 


(4128) 


(4123) 
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Equation  of  iihe  parabola 
with  a  diameter  and  tangent  for 
axes  of  coordinates. 


4211  =  4a  .r, 


where 

4818   (^  =  (Kcoseo^0c=i8fP; 
«  =  PF;     y  =  Qy, 


T 


Proof. — Geometrically,  at  (1239).    OHierwise,  let  VQ=:  —  VQ'  bo  equal 


since  y''  =  4)a  x  absciBsa  of  P. 


4213  Equations  (4204-10)  bold  good  for  these  axes,  with  a 
written  for  a  in  each. 

For  the  polar  equation  of  the  parabola,  see  (4336). 


4214  Quadratic  for  :  w,,  the  ratio  of  the  segments  into 
which  the  line  joining  two  given  points  a^i,  fl^^g  is  divided  by 
the  parabola  y^-'4ax  =  0, 


^   (4181) 

Equation  of  a  pair  of  tangents  from  any  point  x'y' : 

4215  (i^'— 4aa')(y-4aa;)  =  bw'-^a  =  0. 
The  condition  for  eqwJ  roots  in  (4214). 

Quadratics  for  the  coordinates  of  the  points  of  contact  of 
tangents  from  »'y' : 

4216  aa^-(y'*-2aa?V-aa7^  =  0. 

4817  ^-2^'+W  =:  0. 

PBoop.-^lTe  Bunnltftneoiulj  the  eqnatunui  of  the  enm  and  the  polar 
(4805)  and  (4125).  ^  ^ 


Coordinates  of  the  point  of  intersection  of  tangents  at  x^y^ 
and  a%^t: 


4218 


4  9 
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mo 


(4206) 


4221  General  polar  equation  of  the  parabola,  or  quadratic 
for  r,  the  segment  intercepted  between  a  point,  x'y'y  and  tlie 
curve  on  a  line  drawn  from  that  point  at  an  inclination  0  to 
the  X  axis  (4134), 

Quadratics  for  the  coordinates  of  the  points  of  intersection 
of  the  line  Ax-^-By+C  and  the  parabola  ^  =  4sax :  (^16) 

4222  {2B'a^AC)  ^+C"  =  0. 
^28                Af+ABay+4»Ca  =  0. 

Length  of  intercepted  chord, 
4224  4y/{{B'^-ACa)iA*'\-B')}'i'AK  (4m) 


Equation  of  the  secant  through  two  points  on 

the  parabola : 


4228   The  subnormal  NG=^2a. 

Proof.— Put  y  =  0  in  (4205)  and  (4208). 

42S9  The  tangent  PT«  =  4r(a+^). 
4230    The  normal    I'G'=4m  (a +«t). 

The  perpendicular  p  from  the  focus  upon  the  tangent  at  : 
4281  p  s  's/a  (4r+a)     V^oo^  {4212),  (4095) 


4225 

4226  or 


(4088) 


4227    The  subtangent  NT  =  2^. 


Fig.  of  (4201) 
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The  port  of  the  normal  intercepted  by  the  curre  is  equal  to 

4883  ^  a («21).(4135) 

m*  smru  cos  § 

4234    The  minimum  normal  =  6aN/3  and  m=  y/2. 

Length  of  a  chord  through  the  focus 
4835  =         =  4a .  (4212) 


Coordinates  of  its  extremities,  with  the  focus  for  origin : 
tt37  2«  cosg  y__2«siii^ 


co8^=Fr      *  cos^^l' 


Coordinates  of  its  centre : 
4839  9  =  2aco(0. 

am-  a 


THE  ELLIPSE  AND  HYPERBOLA.  " 

(See  alao  p.  283,  et  seq.) 

4250  Referring  to  the  definition  (4200) ;  when  e  is  less  than 
unity,  the  conic  is  an  ellipse;  when  greater  than  unity,  an 
hyjterbola. 


Equation  of  the  ellipse  with  the  origin  of  coordinates  at  X 
and  8X=sp, 

4861  = 

Peqof.— Bj  the  definition  in  (4200). 


Abscissae  of  vertices  :  (Supply     in  the  following  figure.) 

4252  -=*^^  =  TXi.    ■^^'=r^-  (*"^> 
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Asm  CS  =        =  ae.  (4252) 

1— 


4268  li  b  =  a  tan  a,  then  e  =  sec  a  in  the  hyperbola. 
Equation  with  the  origin  at  A : 

4269  i^=^(2aa^-^)  Ell. 

4270  y  =  ^(2aa^+««)  Hyp. 

PnrM->F.— By  ( 4-200) ,       f  f  r  -  SA  )'  =  p»  (.r  Ac. 

Equations  with  the  origin  at  the  centre  C : 

4271  3/"  =  -^(a'-o^')  =  (l-e^)(a— ar).  (4269) 
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PaooF.— Bj  (4200),  y«+  (»+0i8)' =  a'(»+OX)S  Ac. 


4274  PN  iQN  :  :b:a.  (4271) 


I 


4275  I^- — QON  is  the  eccentric  angle,    of  the  point  P. 
«  and  y  in  terms  of  the  eooentrio  angle  : 

4276  d?socos^,     ^  =  68in^.  (£11.) 
4278             d?=08ee#,      ysfttan^.  (Hyp.) 

Five  forms  of  the  equation  of  the  tangent  or  polar  of  the 
point  x'y' : 

4280  y-y'  =        (•^-•^')-  C4.i20) 

4281  f^+f^-l- 

4882  p  =  mr + Vahn*+V.  i^^) 
4283        £^+IL!^=,l,    (EU.)  (4276) 

4384       l^^jrW^l.   (Hyp.)  (4278) 

4285         *  cos  y +y  sib  y  =  \/ cos*y  4-6*  sin*  y, 

y  being  the  inolination  of  jp«  (4064)  A  (4872) 
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Five  f omiB  of  the  equation  of  the  nonnal  at  x'y' : 

4886     y-y  =  ^ 

4287     ^-.?J^  =  o*-6S  or  ha-icy  =  a'-b', 

where  A  and  k  are  the  intercepts  of  the  tangent. 

4290       or  sec  j»—hy  cosec  <^  =  a*— 6^.  (4276) 

4891     *ia?-yiy  =  («i«'-yiy).  (^2) 

where  x^i/i  is  the  extremity  of  the  conjugate  diameter. 
Interoepts  of  the  tangent  or  polar  on  the  axes: 


4898  —  and  — .  (4115),  (4281) 

ai  y 


Interoepts  of  the  normal :  (4287) 

4294   On  the  X  axis,       °       x   or  e^x, 

4896   On  they  ana,   -^^y  or  -y~py- 

Fooal  distances  r,  /  of  a  point  vy  on  the  curve : 

4898  {a±ex)  inEU. 

4899  (eird:a)  in  Hyp. 

PAOor.— From  f's  (aa:ks)'+y',  and  (4272). 

Perpendieolars  from  the  foci  npon  the  tangent : 

4300  P  —  byJ^*     P^^yJ^  (^95,4282) 
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4302 

.-.  (p.  588)  BinSPTs  ^-B^ 

b 

h 

T 

(486$) 

4306 

V  =  pp. 

(4300) 

Segments  of  tangent  and  normal : 


4am  PT=^y^, 


PI  =  ^^/w. 


(4292) 


4809       J»0=AvW  =  ^     PG'=-^v^S?=^.  (48M) 

a  a  0  0 


•         Bight  Line  and  Ellipse. 

(Quadratic  for  the  ratio  %  :  n^y  in  which  the  line  joining 
two  giyen  points  xaifu  ^%  ^      ^7  the  elhpse  (4131). 

4310 


Equation  of  the  two  tangents  drawn  from  s^y* : 
Pioop.— the  oondiliaii  ibr  equal  noli  of  (4810). 


=  0. 
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Quadratic  for  abscisssB  of  pointe  of  contact  of  the  tangent 
from  x'y' : 

4312  *»(fi"^+aV)-2<^ft^**'+a*(ft'-y'')  =  0.  (4882.4125) 

« 

Quadratic  for  m  of  the  tangent  from  mf : 
4S1S  !»■  (4P«— fl«)  -2i«xy =  0,  (4282) 

General  polar  equation  of  the  ellipse,  or  quadratic  for  r, 
the  segment  intercepted  between  the  point  xy'  and  the  curv'e 
on  the  right  line  drawn  from  that  point  at  an  inclination  ©  to 
the  major  axis  and  x  axis  of  coordinates. 

4314  (a«8iii*^+ft^co8«^r» 

+2r  (aV  sin  ^+6V  cos^)  +  (ay*+6^a?'^-a*6«)  =  0. 

4315  Length  of  inter cepted  chord  =  difference  of  roois. 

4316  Jyistance  to  middle  point  of  clu>rd  —  half  sum  of  roots* 

4317  Rectangle  under  segments  =  products  of  roots. 

CoE. — If  two  chords  be  di^awn  to  a  conic  at  two  constant 
inclinations  to  the  major  axis,  the  ratio  of  the  rectangles  under 
their  seirnieiits  is  invariable. 

For,  it' be  their  point  of  intersection,  the  ratio  in  ques- 
tion becomes  a*  sin'O-f^"  cos-0  :  sin'"0'4-6- cos*^,  which  is 
constant  if  0  and  6^  are  constant. 

Locus  of  centres  of  parallel  chords : 

4318  a^8iii0+6^jp€OB^=O.  (4814) 

Quadratic  for  abscissae  of  points  of  intersection  of  the  line 
Aa:+By  +  0  =  0  and  the  eUipse  ^V  +  ay-a'^'  =  0.  (4116) 

4319  (-4 V+ W)  a^+2A  Ci^a^+  C"<^- J5»aW  =  0. 
AQOA  _  -AC(^±Bab^/A^a  -]- - C* 

*  A*iF+S^  

4331   Vor  the  ordinates  transpose     B  and  a»  b. 
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Length  of  intercepted  ohord : 


432S  2ai/<^'+^(W^^. 

Henoe  the  condition  that  the  line  may  touch  the  ellipse  is 
4323  A'a'+B'b'  = 

The  chord  through  two  points  a^i,  x^^  is 

OFy  denoting  the  points  by  their  eccentric  angles  a,  j3,  the 
chord  joining  is 

4325        -j.cos-^  +  ^8m-|^  =  COS— g^:. 


The  coordinates  of  the  pole  of  the  chord  or  intersection  of 
tangents  at  0,^1,      (or  a/3  as  above). 

4326  J  —  »i!ft+^tyi  __  ^cos  i 

yi+ys  a^ijfi      cos  4  (a— /8)' 

4339     _  J^i.v«+^tyi  ^  6'  (^,-^,)  ^  ^  sin  j  (a+^) 


The  following  relations  also  subsist 
AQM  _  g'sin  g  ain/S       6^  cos  a  cos^ 

^  6  (sin  g+siu/S)  ^  a(cosg+co8^) 
^  ^  2a?  * 

which  are  of  use  in  finding  the  locuB  of  (x,  y)  when  a,  /3  are 

connected  by  some  fixed  equation." 

(Wolataiiholnie*!  Problems,  p.  116^) 

4  O 
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4334  It  a,  ft,  y,  ^  are  the  eccentric  angles  of  the  feet  of  the 
four  normals  drawn  to  an  ellipse  from  a  point  xy^  then 

a+fi+y+B  =  air  or  5«r. 
Paoor.— Bqnation  (4290)  gi?M  the  foOowing  biqaadrmtio  in  f  s  ten^f , 

Iieta,(,e^<{betitoroote.  BKminnte  4  from  aft+ac+Ac.  =  0  and  aMg—l 

(400).  Thai  +  —  from  witieh,  liiioe  sstaH 

DC      ca  a6 

<5rc„  we  get  ihlOS+y) +  8iii  (y  +  a)  +  Bin  (a-f /3)  =0; 

and,  aince  l  —  (ah  +  fu:-\-  Ac.)  +  a6c<l  =  0, 

tani(a+/3-|.y+«)  =  00,      /.   04-/3+7+^  =  3r  or  5x. 

4335  The  points  on  the  curve  where  it  is  met  by  the 
normals  drawn  from  a  fixed  point  x'l/  are  determined  by  the 
intersections  of  the  curve  and  the  hyperbola 

a^a^jf—bh^op  =  (4887) 

POLAR  BQUATIOVS  OF  THE  CONIO. 

The  focus  8  being  the  pole  (Fig.  of  4201),  the  equation  of 

any  conic  is 

4336  r(l+eoos^)  =  /, 

0  being  measured  from     the  nearest  Tortez. 
For  the  parabola,  put  6  =  1. 

Proof. — 

r=/8P;   0  =  ^SP;   Z  =  5L;   r  =  e^SX  +  SN)  (4^00)  =l-^er ooeO. 

The  secant  through  two  points,  P,  P',  on  the  curve,  whose 
angular  coordinates  are  a  4-/3  and  o— /3  (Fig.  28),  is 

4837         r  |e  ooe  cos      ^)  ss  L 

Proof.— Let  ASQ  =  a,  FSQ  =  FSQ  =  /3. 

AnalytieaUy.   Take  (4109)  for  ibe  equation  of  PF.   KKmiiiate  r,  and  r, 

l]gr  (4i386),  and  snbstitate  2a  for  d,  +  Oi  and  2fi  for  Of- 0,. 

Oeometrically.  Let  PP*  cut  the  directrix  in  Z]  then  QSZ  is  a  right  angle, 
by  (1166).  Take  C  any  point  in  Pi'' j  SC  =  r;  =  d.  Draw  Ci>,  C'£, 
CF,  CO  pmm  to  aL,8P,SQ,SX,fiMDH^tx^  Then 

^^=g^SD  =  er cose,       =pS=^  =  M  =  o5* 

/.  HL  s  (7£  s  r  Bin  Ci^JPaeo/Ssrooa  (a— 6)800/9; 
.*.  Is«f  ooB/3+raeo^ooe(a— 0). 
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The  equation  of  the  tangent  at  the  point  a  is,  oonse* 
qnently, 

4338  r  [e  008 ^+cos  (a-^)}  = 


A  Foeal  Chord. 

4889  Length  (4886) 

Coordinates  of  the  extremities,  the  centre  C  being  the 
origin : 

^  a  (<?  i  cos  0)    /  sin  0 


4342  The  lines  joining  the  extremities  of  two  focal  chords 
meet  in  the  directrix.  [Bjr  {4iid7) 

Polar  equation  with  vertex  for  pole : 

4848  .  1^(1-6*008*^  =  2{eoB^.  (mo) 

Polar  equation  with  the  oen^  for  pole : 

4344  (a*  sin'  $-\-  6«  cos^  6)  =  a^b\ 

4345  or  rv'(l-«*eo8'tf)  =  6. 

Pkoof.— By  (4i273).    Otherwise,  by  (4314),  with  a?'  =  y'  =  0. 


CONJUGATE  DIAMETERS. 


Equation  of  the  ellipse  referred  to  oonjugate  diameters  for 
coordinate  axes: 

****  +  = 
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where 

Here  af=:  C2>,  CP,  a  is  the  angle  DCB,  and  ^  tlie  aii£^ 
FOB. 

PBOOr.— Apply  (i050)  to  the  ^iptMoa  (4273),  pottiiig  «  s  ^  and 
teaa  imnfi  s  -  ^,  lij  (4851). 

When  a  =  b\        =  v»  and  equation  (4346)  beoomes 

4349  =  a'*  =  i 

Let  the  coordinates  of  D  be  a*',  y\  and  those  of  P  y ;  the 
equation  of  the  diameter  CP  conjugate  to  CD  is 

4350  ^'+^  =  0. 

4851  tiin«iaiii8  or  mm's—il.  (4818) 

a 

mf  in  terms  of  o^y'y  &c. 

4354  y  =  Ay.  Hyp. 

Peooi.— Solve  (4350)  with  (4273). 

4356  x^dR,  »   a/^pN.  (4274^4852) 

4358  a*+.v"=:a\       y''+f=b\    EIL  (4352) 

4360  ^-*'*  =  ii*,     y*-.y»  =  6».  Hyp.  (4854) 

4362  fr  +  A^  =  a'^+6^    Ell.  (4358) 

4368  a'-6'  =  a"-6'.    Hyp.  (4360) 

4364  of*  =  6'  -f  (^.t^,  (4271,  '61 ) 

4365  V*  =  a«-eV  =  rr'.  (^> 
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The  perpendionkr  from  the  centre  npon  the  tangent  at 
my  is  given  %  * 

4366  4=  4+^-  (4281,4^) 


The  area  of  the  parallelognan  PODL  (Fig.  of  4307)  is 
4367  jM^  =  a6  =  a6  sine*, 

▼here  jisPJ;  d^—OD^  V^CP,  t^^LPOD. 

FBoor.-— From  (4366),  and  (4352),  and  a''= s^'+y''. 


Other  values  of  ; 


4369  =  ^  =  Z^^-iT.'  (4362) 


4871  j»»so'nn>^H-^GOB>tf. 

Proof.— From  *67),  putting  r  =  a . 

4372  a^cos'y+^'sin^y,  .  (4371) 

7  being  the  inclination  of 

4878  ji^  =  a*  (1— e'ain'y)*  <4872»  4260) 

Equations  to  the  tangents  at  P  and  the  coordinates  of 
D  beinfi:     ^' : 

DETERMINATION  OF  VARIOUS  ANGLES. 
4875  l^^d  —  Fig.  p.  595.  (4356) 

4!in  tan  PCD  =  —  ^L,  (4070, 4362-3) 

where  e  «  v^(a«-5*)  =  08. 
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4378  tan        r)  =  —  =  (4070. 42a6. 4336) 

^     cy  emu 

where  0  =  PST.  [See  figure  on  page  588. 

If  ^  be  tlie  inolixiatioii  of  ihe  tangent  to  the  0  aziB, 
4380  t«#  =  -^  =  2±52i5.  (4880) 

VwSM  i  i^^e+SPT,   Then     (631)  and  (4379). 

4S88  tan  SPS^  =  i^^'  ^^^^ 

4888      tan^Pil'  =  ^^,  tanCPG=^. 

1£  OPt  OP'  are  tangents  to  an  ellipse, 

Pboof.— Bj  figure  and  construction  of  (1180),  POP'=  If  OS'.  Therefiw* 

208, OS  WS.OS' 

Jisi^ij/  are  the  coordinates  of  0, 

4886        ts.POP' = 

"Bwnij—Bj  (4311),  taking  terms  of  the  aeeand  degree  ferthetiro  jMnDel 
linee  throogli  Uia  origin  Aod  tan^  from  (4112). 

It  is  worthy  of  remark  that  the  substitutions  (4270-8) 
may  also  be  usefully  employed  when  the  axes  of  reference  are 
conjugate  diameters:  though,  in  that  case,  the  geometiical 
signification  of  ^  no  longer  exists. 
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THE  HTPEBBOLA 

REFERRED  TO  THE  ASYMPTOTES. 


4887  ^  =  i(a«+fi«). 

Pboof.— Bj  (4273)  and  (4050).   Here  m=OK,  y  =  FK. 


Equations  of  the  tangent  at  P,  y'). 
4388  a;y''[-a;'y  =  i  (4120) 

4889  9  =  nue+  ^/m{i^+F).  (4123) 

4390  m=:-X. 

4891   Intercepts  on  tlie  axes  C/ss2j/,  CL=^2^. 

THE  RECTANGULAR  HYPERBOLA. 

4392  ^  =  6,  6  =  \/2 ;  and  the  equation  with  the 
ordinary  azea  is 

4898  =  H^.  (4273) 

4894   Tangent  asaf  ^-tfyf  =^  a\  (4281) 
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Equation  with  the  asymptotes  for  axes : 

4395  2anf  =  a\  (4387) 

4396  Tangent         ^y+^y^o*.  (4388) 


THB  GEN£EAL  EQUATION. 


The  general  equation  of  the  second  degree  ia 

4400  a«"-f-2A«y+6y«H-2^+2/y+c  =  0, 

4401  or  aa^-{'bi^-\'c:,'^2j)jzi-2(jzx-^2}ue-y  =  Oj  with  z  =  1, 
The  equation  will  be  denoted  by  i»  or  f  {x^  y)  =  0. 

THB  BLUPSE  ASD  HTPBBBOLA. 

When  the  general  equation  (4400),  taken  to  rectangular 
axes  of  coordinates,  represents  a  central  conic,  the  coordinates 
of  the  centre,  (/  (Fig.  30),  are 

Pkoof. — By  changLug  the  origin  to  tiie  point  x'y'  and  equating  the  new 
g  and/flteh  to  aero  (4048). 

For  tho  ottw  in  which  ad  8  il^,  see  (4490). 

4404  The  transformed  equation  is  aa^+2hjnf-{'by*-{-e*  =  0, 

4405  where  e'  =  a4?'*+2Aa?y4-% 

4406  =  gr^+>y+c. 


4407 


(44S6) 


The  inclination  0  of  the  principal  axis  of  the  conic  to  the 
»  axis  is  giyen  by 

4408  tan  26  ^ 

II— o 

Floor.— (Fig.  30.)  Bj  tnmiiig  the  axw  in  (4404)  throogh  the  angle  9 
(4049)  and  aqvatang  the  nmr  %  to  aero. 
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The  transformed  equation  now  becomeB 

4409  oV+6y+c  =  0, 

4410  in  which  a'  =  i  {o-[-6+  \/4/*^+(a-6)-} , 

4411  6'  =  i  {a^-b^VW^ia-bf]  , 
a'  and  h*  are  found  from  the  two  equations 

4412  a'+&'  =  a+6»       i^b'  =  ab^h\      [See  (4418). 
The  semi-axes  and  excentrieity  are 

4414  V— J.,  and   e=:^(l-^).  (4278)  (4261) 

For  the  coordinates  of  the  foci,  see  (5008). 

4416  Note. — If  B  be  the  acute  angle  determined  by  equation 
(4408),  we  have  to  choose  between  6  and  ©-h-^  ior  the  inclina- 
tion in  question,  since  tan 29  is  also  equal  to  tan  (20+ir). 

Rule.* — Far  the  ellipsct  the  inclination  of  ihr  mnjor  axis 
to  the  X  axis  of  coordinates  tcill  be  the  acute  angle  B  or  0+iir, 
according  aa  h  awl  c  have  the  same  or  different  signs.  For  the 
hyperbola^  read    different  or  the  same** 

PiiOOF. — Let  tlio  transfoimed  equation  (4409)  be  written  in  terms  of  the 
semi-axo8  j?,  tUua  gV =  j? Vi  representing  an  ellipse.  Now  turn 
the  axes  back  again  tmrough  the  angle  —0,  and  wo  get 

(g'cos'O+p'sin'O)  x'-{i>'-'f)  ^m^Oxy+iq'  em*  6+ cos*  0)  r/ =  j'V- 
Comparing  thia  with  the  identical  equation  (4101),  ax^-^2hxy-^by^  =  —c, 
we  lam  i^-^)  ain  2fl  =  -2/i,      jpV  =  -«  J 

siu2e  =  ?^.J^.  Henootfia<| 

when  h  and  c'  have  the  same  sign,  «  being  >q.  A  similar  investigatiini 
appIiM  to  the  hyperbola  by  changing  the  sign  of 

•  Tluf  ndie  and  fhe  dflmonstntim  of  it  axe  dne  to  Ur.  Gtaoiga  Hippel,  U.A.»  of 
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INVARIANTS  OF  THE  CONIC. 

4417  Transformation  of  the  origin  of  coordinates  alone 
does  not  alter  tlic  values  of  a,  h,  or  wliother  the  axefik  be 
reotangnlar  or  oblique.   This  is  seen  in  (4404). 

When  the  axes  are  rectangular,  turning  eaoh  through  an 
angle  B  does  not  a£Eect  the  values  of 

4418  ab^h\  a+b,  g*+f*,   or  c. 

When  the  axes  are  oblique  (inclination  w),  transformatioii 
in  any  manner  does  not  afEect  the  values  of  the  expressions 

4128  and  '*+l>-2h'^o^^^ 

surm  sm^tt 

Those  theorems  may  be  proved  bj  actual  transformation  by  the  fcrmnlM 
in  (4048-dO).   For  owsr  mithoda  aod  additional  invanMite  of  the  ooiiio,8ee 

(4951). 

4424  If  the  axes  of  coordinates  are  oblique,  equation  (4400) 
is  transformed  to  the  centre  in  the  same  way,  and  equations 
(4402-6)  still  hold  good.  If  the  final  equation  referred  to  axes 
coinciding  with  those  of  the  conic  be 

4425  aV+6y+</  =  0, 

and  9  the  inchnation  of  the  new  axis  of  to  the  old  one,  we 
shall  have  c'  unaltered, 

4426  tan2^;=   2A  sin        sin  2« 


2/i  coscii  — a  cos2w— 6  * 

4427 

^  ^  2jk  cos  tt»-f  y/Q .  a-H»  — 2/j  cos<u--y^. 

2  sur  CD  2  aiw  a> 

where  Q  =  a'+^+2a&oos2«i»H-4&(a+^)  oosm+4^'. 

Proof. — (4404)  is  now  traTisformed  by  the  substitutions  in  (4050), 
patting  /3  =  0  +  00°,  aud  equatmg  the  new  h  to  zero  to  determine  tan  20. 
a*  and  b'  are  most  readily  fband  £rnn  the  inTariaata  in  (4422).  Thiia,  pattbg 
tbe  new  he^O  and  the  new  «  s  90", 

0+6  =  r-i   aud  ab  =  -7-= — , 

warm  am*« 

eqnatioDB  which  determnia    and  6'. 
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The  ecoentricity  of  lihe  general  conio  (4400)  is  given  by 
the  equation 

Proof — By  (4415),  and  the  invariants  in  (4422). 

THE  PABABOLA. 

4430  When  a6— A'  =:  0»  the  general  equation  (4400)  repre* 
sentB  a  parabola. 

For  fl^,  ^  in  (4402)  then  become  infinite  and  the  cnrre  has 
no  centre,  or  the  centre  may  be  considered  to  recede  to 
infinity. 

Turn  the*  axes  of  coordinates  at  once  through  an  angle  6 
(4049),  and  in  the  transformed  equation  let  we  new  ooeffi- 
dents  be  a\  2h\  b\  2g\  2/,  c\   Equate  k'  to  zero ;  this  gives 

2/^ 

(4408)  again,  tan  20  =  ^.    K  0  be  the  acute  angle  doter- 

mined  by  this  equation,  we  can  decide  whether  9  or  B-\-^Tr  is 
the  angle  between  the  x  aads  and  the  axis  of  the  parabola  by 
the  following  rule. 

4431  Rule. —  The  inclination  of  the  axis  of  the  parabola  to 
the  X  axis  of  coordinate's  ivill  he  tJir  acute  angle  0  ifh  has  the 
opposite  sign  to  that  of  a.  or  b,  and  0-\-^  if  it  has  the  same 
sign, 

Pboop. — Since  ah  —  h*z=zO,  a  and  6  have  the  same  sign.  Let  that  sign 
be  positive,  changinir  signs  throughout  if  it  is  not.  Then,  for  a  point  at 
infinity  on  the  curve,  x  and  y  will  take  the  same  sign  when  the  inclination  is 
the  acnte  angle  6,  and  oppoatte  aigna  when  it  ia  But,  sinoe 

as^+by*  ss  ^co  f  we  iniiat  Iwve  2ibeyss— >oo,  the  terms  of  the  first  di  L^n  oo 
vanishing  in  ocnnpariaoii.  Henoe  the  sign  of  h  defcerminea  the  angle  aa  stated 
in  the  mlo. 


4432        8in<'=N/5|5.  V^^- 

Proof. — From  the  value  of  tan  20  above,  0  being  the  acate  angle  obtained, 
and  from  V  s  obm 

4481  Also       a'  =  0  and   6'  =  o+6. 

For  ab'  =  ab—h}  =■  0,  and  wo  ouauro  that  a  and  not  V  vaniahea  by 
(4481).   Also  a'+fr'»a-f(  (4412). 
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4136  ^-,.co.i^+/sln^:=£^g^. 

4138      r  =  f  cos  e-gfane  =^  ^ "r^ 

4440   But  if  h  has  the  same  sign  as  a  and  6»  change  0  into 

(44S1) 

Pboof.— By  (4418,  4432-3). 

The  coordinates  of  the  Yertex  are 

Obtained  by  changing  the  origin  to  the  point  x'y'  and  equating  to  mco 
the  coefficient  of  y  and  the  absolute  term,  ^le  ooeffifliont  »  tbfln  gn«i 
the  latuB  rectum  of  the  parabola ;  tu.  : 

4443  L=:-^  =  -2^^-i-^^i^. 


METHOD  WITHOUT  TRAIJSFOEMATION  OF  THE  AXliS. 

4445  Let  the  general  equation  (4400)  be  solved  as  a  quad- 
ratic in  y.  The  result  may  be  exhibited  in  either  of  the  forms 


4446  y  =  aT+fi±y/iL  (ar'-2iM?+5f), 

4447  3f  =  «i+/S±  ^/|*{(*-p)«+(^-.JI^}. 

4448  jf  =  ar+i8  ± 

4449  where  ^  =  -'f»  '^^^-p^' 

^2  i^  =  S    or  ^,(164.)     ,  =  ^   or  4. 

4456  y  and  8  =  p  i: 

4458  Here  y  =  ax-\-ft  is  the  equation  to  the  diameter  DD 
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(Fig.  31),  7  and  5  are  the  absciss®  of  D  and  Z/,  its  extremities, 
the  tangents  at  those  points  being  parallel  to  the  y  axis.  The 
surd  =  FN  =  FN  when  «  =  OM.  The  axes  may  be  reot- 
angnlar  or  oblique. 

When  oft— =  0,  equation  (4446)  becomes 

4159  y-u»+fi±~y/^-2p'a;, 

4160  where    p'  =  ^-ftf»   q' zs^f^^be, 

4468   In  this  case,  ^  is  the  abscissa  o£  the  extremity  of 

the  diameter  whose  equation  is  y  =  aaj+p  and  the  curve  has 
infinite  branches. 

BULBS  FOB  THE  ANALYSIS  OF  THB  GENEBAL  EQUATION. 

FifBt  esumine  the  value  of  ab— h*,  and,  if  this  is  not  zero, 
edieulate  the  numerical  value  of  c'  (4407),  and  ^proceed  as  in 
(4400)  et  seq.  If  ab— h*  is  zero,  find  tne  values  of^'  and  q' 
(4459).   The  folhunng  are  the  cases  thaJt  arise. 

4464  ab^h*  positive — ^Locus  an  ellipse. 

Particular  Gases, 
4466   ^  =  0 — ^Locus  the  point  vt^f. 

See  (4402).    For,  by  (4404),  the  conjugate  axes  vanish. 

4466  positiye — No  locus. 

Bj  (4447-54),  nnoe  q'-^  is  tlieii  positm. 

4467  A  ==  0  and  a  =  h — Locus  a  circle. 
B7  (4144).  In  other  cases  proceed  m  In  (4400^14). 

4468  aft— A*  negative — Locus  an  hyperbola. 

Particula/r  Cases. 

4469  A  =  0 — Locus  two  right  lines  intersecting  in  the 

point  xtj . 

Bj  (4447),  since  g^-p*  then  wishes.  In  this  case  sdve  as  in  (4447). 
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4470  6^  negatiye — LootiB  tho  oonjngate  hyperbola. 

4471  a +6  =  0 — ^Locus  the  rectangular  hyperbola. 
By  (4414),  nnoe  a's  -6'. 

4472  a  =  6  =  0 — Locus  an  hyperbola,  with  its  asymptotes 
pari^el  to  the  coordinate  axes.  The  coordinates  of  the  centre 

are  now  —  <^  and  -^^t  ^7  (4402).    Transfer  the  origin  to 

the  centre,  and  the  equation  becomes 

4473  ^  = 

In  other  omm  pvooeed  as  in  (4400-14). 


4474  a6— V  =  0 — ^LoouB  a  parabola. 

Particular  Caae^, 

4475  p'  =  0— *Looit8  two  parallel  right  lines.       Bj  (4450). 

4476  9'  =  0 — ^Locus  two  coinciding  right  lines. . 

By  (4459). 

4477  P  =  0  and  q  negative — ^No  locus. 
:  By  (4459).  In  otiior  OMes  pnweed  u  in  (4430-48). 


Ex.1.:  2z»-2j:y+y»-h3x-j/-l  =0. 

3  1 

Here  the  valaee  of  a,  h,b,g,f,e9xe  reapeotiTely  2,  —1, 1,  ~,  —  —1, 

The  locus  is  therefore  an  ellipse,  none  of  the  exceptions  (4405-7)  occarring 
here.  The  coordinates  of  the  centre,  hy  (4402),  are 

,       hf-hg  _  »^yh-aj_  1 

Hiooe  tiie  eqnatioii  tiansfdnned  to  the  centre  is 

Turuing  the  axes  of  ooordinates  through  an  angle  0  so  that  tanSSs— 2 
(4408),  we  find  the  new  a  and  (  from 

a'+5's8,      aV  =  l;  (4412) 
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iherefore  a'  =  J(3-v/5),    6'  =  i(3+y5). 

and  tho  final  equation  beoomee   2  (3-  >/h)  a* +2  (3+  y/h)    s  9. 

Tho  inclination  of  the  major  axis  to  tho  original  »  axis  of  ooordioi^es  is 

the  acnte  angle  \  tan''  (  —  2),  by  the  rule  in  (4416). 


Ex.  (2)  :  12a>'  +  60«y+76y'--12a5-8y-6  =  0. 

Tbo  Taloes  oi  a»  A,  6,  jTy/i  e  are  napeotivelj  12,  80,  75,       —4,  —6, 

a(-;k*sO;     ys59-V--830s      g's/'-fie.  (4460) 

Sinos  j»'  does  act  Taiush  (4475-7),  the  loons  is  a  parabola.  Ptooeeding, 
Cberafoie,  by  (4480-48),  ira  baTS 

By  tbe  rnlo  (4481),  we  most  take  0+|ir  &r  ibe  angle,  instead  of  Tbera- 


and  ft'so+»s87  (4485). 

Conseqaentlj  the  transformed  equation  is 

The  ooordinales  of  the  Tertex  are  oompnted  by  (4441),  and  the  final 

44 

equation  with  the  vertex  for  origin  is       =  x. 

Of  va& 

Ex.  (8) :  fl^+6a^4- =  0. 

6  15 

The  values  of  a,  /»,  6,    /,  c  are  respectively  1,  3,  9,  -3-,  -3-,  6, 

a5-VaO   and  p's&^-A/sO, 

therefore,  by  (4475-7),  if  there  is  a  locus  at  all,  it  oonaists  of  two  paxallel  or 
coinciding  lines.    Solving  the  equation  therefore  asaqnadratio  in  y,  we 

obtain  it  in  the  form      (0 + 3>/  +  2)  («+8y +8)  s  0, 

the  equation  of  two  parallel  right  lines. 

The  equation  of  the  tangent  or  polar  of  x*^  is 

4478  M>'  X + My  ,y + Wz  -  =  0    or   u^x  +  u^y' + u,«'  =  0 ; 

(4401,  1406)  obtained  by  (4120)  in  the  form 

4479  («*'W+«')*+(A^'+iy'+/)y+fira^+>y+«=o. 

4480  or  {aai'\'hy+g)      (Ajf+^y+Z)  ^ +/f«+^+c  =  0. 
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4181  or 

When  the  curve  passes  through  the  origin, 

the  origin  is 

4482  gof+fy  =  0. 

And  the  normal  at  the  same  point  is 

4488  f^^gif  =  0. 

4184  InteroeptB  of  the  curve  on  the  axes,  - 

4486    Length  of  normal  intercepted  between 

the  chord 


Bight  Line  and  Gonie  taith  the  general  Equation. 

4487  Quadratic  for  n  :  n\  the  ratio  in  which  the  line  joining 
fljy,  xy  is  cut  by  tlio  curve. 

Let  the  equation  of  tlie  curve  (4400)  ])e  denoted  by 
^  (a;,  y)  =  0,  and  the  equation  of  the  tangent  (4471>)  by 
i/»  (,T,  y,  .r\  )/)  z=  0 ;  then  the  quadratic  required  will  be  found, 
by  the  method  of  (4131),  to  be 

«V      y)  +2nfi'+  (.r,     jc\  y')  +       (a  ,  y)  =  0. 

The  equation  of  the  tangents  from  x*y*  is 

4488  <^  (.r,  y)  4>  Gr,  y)  =  {+  (.r,  y.  a:\  y)}  \ 
Pboop.— By  the  oonditum  for  eqnal  xoois  in  (4487). 

Cob. — ^The  equation  of  two  tangents  through  the  ongin  is 

4489  jRu*- ZHxy-^-  Cy^  =  0.  (4660  > 

The  equation  of  the  asymptotes  of  u  (4400)  is 
4480  ai4j+2fciiA+W  =  0. 
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The  equation  of  the  eqm- conjugates  of  the  conic 
as^-t^kg^-^by*  =  1  is 

4491    (a+6)(a.r+2/i.t:i^+6/)  =  2  (ab-h%ar+f). 

Psoor. — ^Wben  tbe  conio  k  as^Arh^  s  1,  ihe  similw  eqaation  is 

{a  +  h)  (ax'  +  fcy^)  =  2ah  (a;'  +  y')    or    {az'-hy'')  =  0, 

g^ivea  by  tbe  intersectious  ot:  the  conic  and  a  circle.  Transforination  of  tbe 
axes  thou  prodacos  tbo  above  bj  the  invariants  in  (4 41 8). 

4198  When  the  coordinate  axes  are  oblique,  the  equation 
becomes 

(a— 6) (cub'— 6^') +  2*  iJix-\-by)Qi—aQ0&m)-^2y  (aa>+%)(A— icoaw)  =  0. 

General  polar  equation : 

4193   (a  cos' sin   008^+6  8in>^)r> 

+2  (g-  cos  ^+/8in  e)  r+c  =  0. 

Polar  equation  with  (»,  y)  for  the  pole :  (4.134) 

4^         (a  COB*  e-J^Th  sin  ^  cos  B+h  sin'  B)  r* 

-f  2  {{aa^^hy^te)  cos  ^+(% 4-7*0,4-/)  siu^}  r-\-F(,vy)  =  0. 

Equation  of  the  line  through  o^if  parallel  to  the  conjugate 
diameter: 

4495  (^-^o(«^'+v+s')+(i/-y)(/*^''+^y+/)  =  0. 

Pioor. — Bj  the  condttioA  for  equal  roots  of  opposite  signs  (4404). 

Equation  of  the  conic  with  tlio  oritcin  at  the  extremity  of 
the  major  axis,  L  being  the  latus  rectum. 

4496  ^  =  Ljl  -{\  -e')  .v\  (42G9,  '59) 

Equation  when  the  point  ah  is  the  focus  and 

Ax-\-By-\-C  =  0   the  du-cctrix  : 

4497  yk^-oy+iy-hy}  =<'^'i^.^^|-  (-1^00.4095) 

4  I 
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INTERCEPT  EQUATION  OT  A  CONIC. 

The  equation  of  a  conic  passing  through  four  points  whose 
intercepts  on  oblique  axes  of  coordinates  are    «  and    t\  is 

4198  ^+2*^+^-..(i+^)-y(l  +  f)+l  =  0. 

Equation  of  a  oonic  toucbing  oblique  axes  in  the  points 
whose  intercepts  are  s  and  t : 

4199  :J+2fcri,+  ^-^-^+l=0. 

4500  or  ^£.+JL-if+wigszO. 
Comparing  with  the  general  equation  (4400),  we  have 

4501  *  =         *  =  -4   i,  =  2*-.|  =  2^^. 

g  f  J*  c« 

Perpendicular  ^  from  xy,  any  point  on  tlie  curve,  to  the 
chord  of  contact : 

t_    rj^Vcty  Bin' o>  (4096,4500) 

Equation  of  the  tangent  at  x  y' : 

4507  2(^+^-l)(il+|.-l)+t^(^y+^'>)  =  0. 

4508  The  equation  of  the  director-circle  is 

(1  +  |s^r)(x'+ J/"  -f-2j"y  cos  «)  —  A  (a  +  y  cos  w)  — A:  (y-j-x  cos  w)  +/jA;cos«  =  0. 

The  parabola  with  the  same  coordinate  axes  as  in  (4499) : 

4609    (^  +  f-ij=^  or  V:^+Vf  =  l. 

Peoof.— From  (4500),  putting  h=  —  —  (4174),  and  therefore  i  =  — 


L/iyiiized  by  Google 


TEE  GENERAL  EQUATION.  Gli 


Equation  of  the  tangent  at    / : 

4610  -7^^^-^-^^  =  1» 


(4123) 


(4122) 


4611    or      ^  =  m^+j^^.  fn  =  -y/'£. 

Equation  of  the  normal  at  d»y : 

4512     ,  =  «,+  ^^j^^.  «  = 

4618  Normal  through  the  origin  a^^s  =  yVt. 

The  equations  of  two  diameters  are,  with  any  axes, 
4614        i-4  =  l     and     -2— f.=  -l. 

Pboov.— Diameter  tbnragh  Oi,  s  -  by  the  property  012 «  AQ,  in 
ilie  figure  of  (4211).  ^  ' 

Coordinates  of  the  foous : 

Equation  of  the  directrix : 
4518  COS  ei) + (^+'  cos  «»)  =  «l  eos  ei. 

Proof. — Expand  (4509),  and  form  tlio  equation  of  tho  polar  of  the  focus 
by  (4479)  and  (4516). 

When  the  axes  are  also  rectangulary  the  latus  rectum 

AM 

4619  L  =  -fpl-^ .  (4095. 4616-8) 

4520  Locus  of  tlie  centre  of  the  conic  which  touches  the 
axes  at  the  points      0^ : 

ix^sy.  (4500, 4402) 

4521  To  make  the  conic  pass  through  a  point  ^ff  i  substi- 
tute sty'  in  (4500),  and  determine  v. 
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SIMILAB  OONIGS. 


4522  Definition. —  If  two  radii,  rlmwn  from  two  fixed 
points,  maintain  a  constant  ratio  and  a  constant  mutual 
inclination,  they  will  describe  sinular  curves* 

4583  n  the  proportional  radii  be  always  parallel,  the  curves 
are  also  simUarly  situated. 


1£  there  be  two  conies  (1)  and  (2),  with  equations  of  the 
form  (4400),  then-- 

The  conditioa  of  their  being  similar  and  similarly 
situated  is 

4524  F  =  Y  =  F 

Pboop. — ^By  (4404),  ebaaging  to  poUur  ooordinates,  r :  oonBtent. 
The  condition  of  similarity  only  is 

or,  with  oblique  axes, 

h'—au  h' — ao 


CIECLE  OF  CUEVATUJaE. 


CONTACT  OP  CONICS. 

4527  Bef. — ^When  two  points  of  intersection  of  two  curyes 
coincide  on  a  common  tangent,  the  curres  have  a  contact  of 
the^r^j  order  \  when  three  such  points  coincide,  a  contact  of 
the  second  order;  and  so  on.  To  osculate,  is  to  have  a  con- 
tact higher  than  the  first. 

4528  The  two  conies  (Fig.  32)  whose  equations  are 

(ur  -\-2h;cy^hir  +  2ifx  =  (}  (1), 

aVH-2A'afy+6y-h%'»  =  0  (2), 
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touch  the  y  axis  at  the  origin^  0,  by  (4482).  Eliminate  the 
third  terms  frdm  (1)  and  (z)^  and  we  obtain  0  =  0,  the  line 
through  two  coincident  points,  and 

4529  {ab'-ah)  .r+2  {kh'-hb)  y-%  {hg'-h'g)  =  0, 

the  equation  to  LM^  the  line  passing  through  the  two  remain- 
ing points  of  intersection  of  \l)  and  (2).  (4099) 

Again,  eliminate  the  last  terms  from  (1)  and  (2),  and  we 
obtain 

4530  {<^'-a'g)^^+2Qig'-h'g)a.>y^-{bg'^b'g)f^^f^, 
the  equation  of  the  two  lines  OX,  OM.      [By  (4111)  and  (4099) 

4531  If  the  points  L,  M  coincide,  the  conies  have  contact 
of  the  first  order.  The  condition  for  this  is  that  (4530)  must 
have  equal  roots ;  therefore 

4532  iag'-a'g){hg'-b's)  =  g>g'-h'g)K 

4533  If  the  conies  (1)  and  (2)  nre  to  osculate,  if  must 
coincide  with  0.    Therefore,  in  (4529),  bg'  =  b'g. 

If  in  (4532)  bg'  =  b'g,  the  conies  have  a  contact  of  the 
third  order. 


CIRCLE  OF  CURVATURE. 
(See  also  1254  «t  seq.) 

The  radius  of  curvature  at  the  origin  for  the  conic 

aa*+2kji!lf+!n^+2gjp  =  0, 

the  axes  of  coordinates  including  an  angle  <»,  is 

4534  p  =  -^L.. 

PeooP.— The  circle  touclnng  the  curve  at  the  origiu  is 

x^-^2-cy  cos  w -!-?/■  — 2 /-.r  bin  a»  =  0, 

by  (4148),  and  the  geometry  of  the  figure,  2rsiuw  being  the  intercept  on 
the  if  ax».   The  odndition  of  oseolatrng  (4533)  givea  the  valae  of  p, 
p  is  positive  when  the  eonvezity  of  the  carve  is  towards  the  y  axis. 

Badius  of  curvature  for  a  central  conic  at  the  extremity 
P  of  a  semi-diameter  a',  the  conjugate  being  b\ 
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4535  p  =  -r-! —  =  —  =  —r  =  T-  (^^0 

a  ami*      p  no 

Pboof. — Take  tho  equation  and  figure  of  (434<j)  (o  =  CP).  TraDaform 
to  pmOel  tarn  throagh  P.  Then  bj  (4o34). 

The  same  in  terms  of       the  coordinates  of  the  point  P. 

4689  P  =  i^^^^ 

Paoop.— By  (5188),  or  from  (4S38)  ind  the  vilna  of  6  ai  (4865). 

The  coordinates  of  the  centre  of  cmratore  0  for  the 
point  are 

4540  f  =  ^»    '  =  ^^'^  c*=a*-6^. 

PMOf.-(Pig.  88.)    Aom  ^  =  ^'=^^,  tod  J^  =  -^'  =  ^,. 

^  ^      '  oi'      p     ro        OF     p  FQ 

witb  tho  values  of  p,  rO,  and  P^/  at  ( 15ao)  and  (4o00). 


Badius  of  onrvatnre  for  the  parabola. 

Taking  the  diameter  and  tangent  throagh  the  point  for 

axes. 

By  (4534),  and  equation  (4211). 

Coordinates  of  the  centre  of  curvature  at  xy  (rectangular 

axes) : 

4646  i  =  ax+2a,     ^  =  -^ 

Proof.— Fr  m        :psy:P(?  and  p  =  2aooaeoP0,  P<?s8acone0 

and  y  =  2a  cot  &. 

The  erolnte  of  a  central  conic  (Fig.  33) : 

4548    or     (aV+6y-c*)»+27aWay  =  0, 
where  c"=:a"— 6*. 
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Proof. — Substitute  for  y  in  the  cqnation  of  the  conic  (4273)  their 
valnes  in  terms  of  4,  ij  from  (454r0).  Otherwise  as  in  (4UC»bj,  or  by  the 
method  of  (5157). 

The  car?e  has  ensps  at  L,         and  K* 

The  evolute  of  the  pai  ubola  : 

Proof. — As  in  (4548),  from  tbo  eijuations  (420l)  and  (4545). 


CONFOCAL  CONICS. 


«60      5+1;=^  ^  ^+1^-1 

are  oonfocal  ooiiioB»  if 

or  the  sign  of  h''^  may  bo  changed. 

For  ihe  oonfooal  o£  the  general  oonu^  aee  (5007). 


4651   Oonfocal  conies  intersect,  if  at  all,  at  right  angles. 

Pboop. — If  u,  u'  are  the  two  conies  in  (4550),  changing  tlic  sign  of  5''  to 
make  the  second  conic  an  hyperbola,  ?f  —  h'=  0  will  be  satisfied  at  their  point 
of  intersection ;  and  (by  a^  — a'^=  b^-j-b'^)  this  proTCS  the  tangents  at  that 
point  to  be  at  right  angles  (4078,  4280). 

Otherwise  geometrically  by  (1108). 

4558  Tangents  from  a  point  P  on  one  conic  to  a  confocal 
oonie  make  equal  angles  with  the  tangent  at  P.    [Proof  at  (1291) 


4553  The  locus  of  the  pole  of  the  line  A»-\-By->tG  with 
respect  to  a  series  of  confocal  conies  in  which  a'— s=  A,  is 
the  light  line  perpendicular  to  the  given  one, 

BCa!-A€y+AB\  =  0. 

pBOOr. — Th»  pole  of  the  line  fbr  any  of  the  oonics  being  xy ;  As^  s—Cx 
■adJBft^s-C^  (|4292);  ako  Eliminate  a*  and  M. 

4554  CoR. — If  the  given  line  touch  one  of  the  conics,  the 
locus  is  the  normal  at  the  point  of  contact. 
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4555  Grarrs  Thrnrrm.  —  The  two  tangents  drawn  to  an 
ellipse  from  a  point  on  a  confocal  ellipse  together  exceed  the 
intercepted  arc  by  a  coustaut  quantity. 

Proof. — (Fig.  132.)  Let  P,  f  be  conseoutire  points  on  the  confocal  from 
which  the  tanj^ents  are  drawn.  Let  fall  the  pcrputulicalars  FN,  F'N'.  From 
(12;>1  1,  it  follows  Ihiit  I  FF'N=  F'Fy,  and  therefore  i^.V  =  P^'.  The 
incrcmcui  lu  the  sum  ut  the  tangents  in  passinsj  from  F  to  F'  is 

7i  A"  -  QQ'  +  F  N- FN'  =  FW  -  Q(/. 

Bat  this  is  also  tho  iuct-emeat  in  the  arc  QB,  which  proves  the  tht.:ort  tn. 

4556  II  tlie  tangt  nts  are  drawn  from  a  confocal  hyperbola, 
as  in  (Fig.  13  ]),  the  difference  of  the  tangents  P(2,  Pi2  is 
equal  to  the  difference  of  the  arcs  QT,  BT. 

•The  proof  is  qaite  similar  to  the  foregoing. 


4557  At  the  intersection  of  two  confocal  conies,  the  centre 
of  curvature  of  either  is  the  pole  of  its  tangent  with  respect 
to  the  other. 

pBOOf.— Tkke  ^  4-     ss  1  (i.)  aad-^  -     s  1  (ti.)  for  oonlbotl  cobma. 

a       0  a  0 

At  the  point  of  intersection,     =  — ^  and  ^  (where  6*  =  a'<-6'); 

by  a*— a'*  s  The  coordinates  of  the  centre  of  carvatare  of  s'y'  in 

(i.)  are  »"  =        y"  =  -       (4540  1).    The  polar  of  this  point  with 

Nepeot  to  (u.)  will  be  +  ^  1.  Sabstitate  the  values  ol « snd 
we  see,  by  the  valaes  of  x\  y\  that  this  is  also  the  tangent  of  (i.)  at  P. 

4558  A  system  of  coaxal  circles  (41  Gl),  reciprocated  with 
respect  to  one  of  the  limiting  points  JJ  or  1/,  becomes  a 
system  of  confocal  conies. 

Pkoof. — The  origin  Jj  is  one  common  focus  of  tho  reciprocal  conies,  by 
(4844).  The  polar  ol'  J)  with  respect  to  any  of  tho  circles  is  the  same  line, 
by  (4166).  p  and  its  polar  (both  fixed)  raciprocate  (4858)  into  the  line  at 
infinity  and  its  polar,  which  is  the  centre  of  the  conio.  The  centre  and  ono 
focus  being  the  same  for  all,  the  conies  are  confocal. 
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TRILINEAR  COORDINATES. 


THE  RIGHT  LINE. 


For  a  description  of  this  system  of  coordinates,  see  (4006). 
The  square  of  the  distance  between  two  points  a|9y,  a'^Y  is, 
with  the  notation  of  (4008), 

4601 

{a  08-i8')(y-y)+b  (y-y)(«-«')+r  («-«')08-^)}, 


4608 


Proof. — Let  P,  Q  be  the  points.   By  drawing  the  ooordtnatM 
it  is  easily  seen,  by  (7^2,),  that 

PQ»  =  [(/3-./3')»-f  (y_y')»  +  2  03-/S')(y-y')  cosil]  coBecM  (I). 

Now,  by  (4007),     a  (a  -  a'j  4-  b  +  c  (y-y')  =  0, 

from  which  bOj-;3')'  =  -a(a-a')(/3-/3')-c(/3-/3')(y-y'), 

and  a  Bimilar  expression  for  c  {y—y'f.  Substitute  these  values  of  the  eqaare 
tei*m8  ill  (1),  i-educing  by  (702). 

Coordinates  of  the  point  which  divides  the  straight  line 
joining  the  points  a/3y,  ufVy  in  the  ratio  I  imi 

3^  ^,,3,, 

fl 

ABC  being  the  triangle  of  reference,  and  a  -  0,  /3  =  0, 
•y  =  0  the  equations  of  its  sides,  the  equation  of  a  liiif  passing 
tbrougii  lLc  lutersection  of  the  lines  a  =  U,  j3  =  0  is 

4604  /a-m/SsO   or  a-ftjS^O. 

4  K 
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Pboof.— For  this  is  the  locns  of  a  point  whoie  ooovdinates  a,    mre  in  tbo 

constant  ratio  m  :  I  or  Ic  (4U'J'.0. 

When  I  and  m  have  the  shuio  sign,  the  line  divides  the  external  angle  C 
of  the  truwgle  ABOi  when  of  opposite  sign,  the  internal  angle  (7. 

The  general  equation  of  a  Btraight  tine  is 
4606  /a+iiii8+fiy=:0, 

and  it  may  he  referred  to  as  the  line  (/« m,  n). 

Psoor :  la+m/l  &s  0  is  any  line  throagh  the  point  C,  and  (la-^mfl)  -f  ny 
sO  is  any  line  through  the  interseotion  OI  the  former  line  and  the  line  y  =  0 
(4(j04),  und  therefore  any  line  whatever  aooording  to  the  ▼aloee  of  the  arbi* 
trary  constants  I,  m,  ti. 


The  same  straight  tine  in  Cartesian  coordinates  is 

4606  (lGoaa+meosfi+nGoay)ap 

+ (/  sin  a+m  sin  fi+n  sin  y)  jy—  (/p, + w/j^-f  np^)  =  0. 
Pboof.— By  snbstitnting  the  valaes  of  a,  fi,  y  at  (4009). 

Or,  if  the  equations  of  the  sides  of  ABC  are  g^ven  in  the 
form  Ai,r,i-Biy-^Ci  =  0,  &c.,  the  line  becomes 

4607  {LU-^mA,+  nA,)a'-^{lB,+mB,-\-nB,)y 

Proof. — By  r409»5),  the  denominators  like  being  included  in 

'the  conhttinta  /,  »?,  ». 


4608  If  t(  =  0,  v  =='0,  w  =  0  are  the  general  equations  of 
the  lines  a,  fi^  then  it  is  obvious  that  /tt-rj-mv  =  0  is,  like 
(4604),  a  line  passing  through  the  intersection  of  u  and  and 
iu+mi^+nto  =  0  represents  any  straight  line  whatever. 

To  make  an  equation  such  as  a  =  j)  (a  constant)  homo- 
geneous in  a,  /3,  y;  multiply  by  the  equatiou  I£  =  (ka-\-bp-\-Cy 
(4007),  thus 

(ai)^S)a-hbii/3  +  Ci)y  =  0, 
which  is  of  the  same  form  as  (4605). 
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4610  The  point  of  interseGtion  of  ilie  lines 

Za+««^H-»y  =  0   and    I'a-^m'^+n'y  =  0 
is  determined  by  the  ratios 

The  values  of  a,  0,  y  are  therefore 

4611   5  ^,  -i-g — I.  — 

where   i>  =  a  (mn'— in'n)+b  (nT— «7)-f r  (/m'— I'm). 
Pboof.— Bjr  (4017),  or  by  aolTiiig  the  three  eqoatioiw 

The  equation 

4618   na+hfi+ty-O  or  ftsiiiil+iSsiiiB+y siu C bO 

represents  a  straight  line  at  infinity. 


Psoor.— The  eoovdinetoa  of  its  inteneotioa  with  any  other  Hoe 
=  0  ere  infinite  by  (4611). 

4613  Note:  +  +  =  2,  a  quantity  not  zero.  The  equation 
aa  +  b/3  +  Cy  =  0  is  therefore  in  itself  impossible,  and  so  ia  a  line  infinitely 
dietent.  The  two  ooaoeptions  are,  however,  together  eaimHtni;  the  one 
involyes  the  other.  And  if,  in  the  equation  la-j-fi^-^ny  s  0,  the  mtioe 
I :  m  :  n  approach  the  values  a  :  b  :  c,  the  line  itivpreeentB  lecedea  to  an 
unlimited  distanoe  from  the  trigou. 

4614  The  eqoataon  oorretponding  to  (4612)  in  CJartesiaik  ooordinatea  » 

0(6+0^+^  =  0,  the  intercepts  on  the  axes  being  both  infinite.  Cartesian 

coordinates  may  therf>fore  be  regarded  as  trilinear  with  the  se  and  y  aXBB  for 
two  sides  of  the  trigou  and  the  other  side  at  an  infinite  distance. 


4615  The  condition  that  three  points 
•iftyi*  «fft7«»  «8i3a73  may  lie  on  the  same 
straiglit  line  is  tiie  determinant  equation. 


«i  A  yi 

<h    A    72  =0. 

A  y« 

Pboof. — For  it  is  the  eliminant  of  the  three  samnltaneona  equations, 
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4616  Cob. — ^The  above  is  also  the  equation  of  a  straight  line 
passing  through  two  of  the  fixed  points  if  the  third  point  be 
considered  variable. 

4617  Similarly,  the  condition  that  the  three  following 
BtrniL'^ht  lines  may  ]iass  tlii'ough  the  same  pointy  is  the  deter- 
ininaut  equiitiou  ou  the  right, 


/,a+wii^-|-«,y  =  0 


/,    ttii  n, 

III  2  tu 


4618   The  conditioii  of  parallelism  of  the  two  straight  lines 


/a+m;3-|-«y  =  0, 
is  the  determinant  equation 


I  m 

r  m' 

a  b 


n 


=  0, 


Pftoop.— By 


the  line  at  inSaity  (4612)  Tor  the  third  line  In  (4617). 


4619  Otherwise  the  equations  of  two  parallel  lines  differ  by 
a  constant  (4i076).  Thus 


or 


(4007) 


represpiits  any  line  parallel  to  /o -|- wi/3 -|- ny  =  0  by  varying 
the  value  of 


The  condition  of  perpendicularitv  of  the  two  lines  in 
(4618)  is 

4620   //'+»tm'+ftn'-(fiift'+m i»)  cos il -(nr-hn'O  cosB 

— (fm'+ I'm)  cos  C  =  0, 

4681   or  ^(l^iii  cosC— iicosB)+m'(m— iioosii— leoeC) 

+ n' (ii —  / coij  ii  —  m  cos -4  )  =  0. 

Paoop. — Transform  tlie  two  equatioiui  into  Cartesnwu,  lij  (4606),  ■od 
apply  the  t«Bt  AA'+BB'^Q  (4078),  nmemberinsr  tl»t 

COeO-y)  s  —COB  J,  ^  (4011). 
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When  the  second  line  is  AB  or  y^O,  the  condition  is 

4622  n  =:  m  cos  A  -^l  cos  B. 

It  also  appears,  by  (4676),  that  (4620)  is  the  condition  that 
the  two  lines  may  be  coDjugate  with  respect  to  the  conic 
whose  tangential  equation  is 

4623  /'+>«'4-w'-2mri  cos  A-2nl  cos cos  C  =  0. 


The  length  of  the  perpendicular  from  a  point  a'/3Y  to  the 
line  ia-f-rwj3+»7  =  0: 


4624 


Proof. — By  (  WOf))  the  |>(>rp»»n(Hcnlnr  is  oqtial  to  the  form  in  (4ri06),  with 
x\  y'  in  the  place  of  x,  w,  divided  by  tlie  square  root  of  sum  of  squares  of 
coelBcieoU  of  «  and  y.  The  numerator  =  2a'+m/3'+ny'.  The  denominator 
rednoee  hj  ooa  03— y)  »  — ooe^l,  9m, 

4625    Equation  of  the  same  perpendicular : 

a    a    l^m  cmC ^ n  C09  li 
fi  P  m— noes il—/ cos C  s  0. 
y  y  n^l  cos  B—m  cos  il 

Proof.  —  This  is  the  eliminant  of  the  three  conditional  eqnatioos 
Xa  +  J/^  +  A>  =  0,  La  +  lf/5'  +  Ny  =  0,  and  equation  (4621), 


4626    Equation  of  a  line  drawn  through  u^'y  parallel  to  the 
line  {If     n) : 

'  a    a!    tm— hn 
y    y*  am 

Proof.  —  It    is  the  eliminant  of   the  three  conditional  eqoationa 
Jo  +  OT/S  +  ny  =  0,  ia'  +  m^'  +  ny'  =  0,  and  the  equation  at  (4G18). 

4687   The  tangent  of  the  angle  between  the  lines  (2,  n) 
and  iff  m\  n*)  is 

(mn  - m^t )  sin  A-\-{nl'- nl)  sin (/m^ - Vm)  sin  C 
i/'+wm'-hnii'— (m»'-i-i»'«)  cosil — (n^'-fn'^)  cosi^— ^^w'4-^'w»)co8C 

Pboof. — ^Bj  (4071)  applied  to  the  tnuisfonned  cquatioi»  of  (lie  lines, 
(4606),  ofaeerving  (4007). 
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EQUATIONS  OF  PABmCULAB  liIHVS  jjid  COORDIITATB  RATIOS 
OF  PABTICULAB  POINTS  IN  THB  TBIGON. 

4628  Bisectors  of  the  angles  A,  B,  C: 

fi^y  =  0,      y-a  =  0,      «-/8  =  0. 

4629  Centre  of  inscribed  circle  (or  in-centre)  *  1:1:1. 

The  ooordinates  mn  obtained  from  thoir  mntoal  nidm  hf  tlie  formsk 

(4017). 

4630  Bisectors  of  the  angles  A,  t  — ^,  t  —  C: 

/3-r  =  0,      y+a  =  0,      a+i8  =  0. 

Centre  of  the  escribed  circle  which  touches  the  side  a  (or 
a  ex^eirele)  —1:1:1. 


4831   Bisectors  of  sides  drawn  through  opposite  Tertioes : 

^  sin  ^  =  7  siu  C,       y8iuC  =  asin^,      a  siu.^  =  jSsinB. 

4632   Point  of  intersection  (or  nuus-eentre) : 

cosecil  :  cosec^  :  cosecC. 

PbOOF.— Assume  »i/3— ny  =  0,  by  (4604),  m  the  form  of  the  eqnation  of 
a  line  ihrongh  A,  and  dfitermino  the  rntio  m  :  »  from  the  vnlne  of  y  :  ^ 

when  a  =  0. 

The  ooordinnlis  of  the  point  of  lotemotioii  mkj  be  fimnd  bj  (4010),  or 
thus: 

a  :  /3  =  sinJS  :  sin  A  =  ooeeeA  :  ooeec^, 
:  y  =  muC  :  naB  s  eoeeoB :  ooeeoO, 
therefore  «  :  ^  ;  y  «  eoeecil ;  eoeeo  J :  coeeeC. 


4688  Perpendiculars  to  sides  drawn  through  opposite 
yertioes : 

/8  cos B  =  y  cos C,  7C08C=  acosil,  acosii  =  ^cosjB. 
4684  Orthooentre:   seeX  :  secB  :  secC. 


•  This  nomenclftfure  is  8ntrpofit«d  by  Prof,  spor lladgon,  wlio  prnpofies  the  following' :  — 
If^-eurcltt  drcum-cirde,  a  tg-circU  ...  tnid-circU  for  inscribed  circla,  oircamacribed  circle, 
ebrole  waribed  to  the  aida  a,  aad  ii{iM*{M^t  drele i  tSao  iit-emdr*^  Hnum^etrntr^  •  «*. 

Ctntft,  ...  fnid-certtre,  for  the  ccntrps  of  these  circles  ;  and  in-radiun,  rxrcum -radius,  a  er- 
radMtff  ...  mid-radiiu,  fur  their  radii ;  central  line,  for  the  line  on  which  the  circom-centre» 
nid-«enti«b  oiiho^ntre,  a.nd  maw ■  centre  Ua  g  ead  ciiifral  Uitgih  fbr  the  diitinci  betanen 
the  oirctun-centre  and  the  ortho-oentra." 
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If  the  Cartesian  ooordinates  of  ^9  ^,  0  be  Xji/i,  a^yj,  x^^t 
the  coordinates  of  the  centre  of  the  inscribed  circle  are 

4635    « =  g^i-f^'^2+g'rs        _  <iSfi+fty*+<y3 

a+6-f-c    '       ^  a+b+e 

Proof. — By  (4032).  Find  the  coordinates  of  D  where  the  bisector  of 
the  angle  A  cats  BU  in  the  ratio  b  :  c  (VI.  3),  and  then  the  coordinates  of  B 
where  the  biseolor  of  B  eats  AD  in  ihe  ratio  6+0  :  a> 

4686  For  the  coordinates  of  the  centre  of  the  a  ez-circley 
change  the  sign  of  a  in  the  above  values  of  x  and 

4637  The  coordinates  of  the  mass-centre  are 

« = i  («i+^i4-^f)»       y  =  i  (yi+yt+ya). 

4638  The  coordinates  of  the  orthocentre  are  obtained  from 
the  equations  of  the  perpendiculars  from  x^^,  x^^  viz.. 

Perpendicular  bisector  of  the  side  AB\ 

4639  «  sinil-iS  sinB+r  sin  {A-B)  =  0, 

4640  or  acoSil-^co8^-|^sin(il-jB)  =  0, 

4641  or 

4642  Centre  of  circumscribed  circle  (or  circum-centre) : 

cosil  :  oosB  :  cosC 

Proof.— A  Hre  through  the  intersection  of  y  and  a  »inil— j3  BinJB  (4C31) 
is  of  the  forqa  a  8in-4  — /3  sini^  4- '<y  =  0,  and,  by  (4622), 

n  =  —  sill    coh  .1  +  sill  A  cos  if  s=!  siu  {A — J?). 

Otherwise,  by  (4633)  and  (4610), 

o  COS  J  —  /  J  COS  B  +  k  =  0 

in  any  liue  pet  pt-ndicuiar  tu  vli^ ;  and  the  constaat  k  ia  found  faj  gi?iiiy  a  I  /3 
the  value  whicli  it  Inis  at  the  centre  o(  Ali, 
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4M3   Centre  of  the  nine-point  circle  (or  mid-cenire) : 
COB  (B— C)  :  cos  (G-A)  :  cos  (A^-B). 

Proof. — By  (955)  the  coordinates  are  the  arithmetic  means  of  the  corres- 
ponding coordinates  of  the  orthocentre  and  circam«ceatre.  Therefore^  bj 
(4684,       and  (4017). 

o  — 

 aeoA  ^  con  A  7 

Csioil  secA+sioBaeofi-fsinOBeeO  uaAotmA-^mnBeatB+nnCoimC)' 
wliioh  rednces  to  cos  (B— C)  x  constant. 

464:4  Ex.  1. — In  any  triangle  ABC  (Fig.  of  965;,  the  mass-centre  ii,  the 
orlhocMitre  0,  and  the  oircnm'Centre  Q  lie  cm  the  aaxne  ttnigfat  lioe  fbr  the 
ooordinates  of  these  points  gim  at  (4632,  *34,  '42),  rabsatnted  in  (4615), 
give  for  the  valae  of  the  determinant 

ooaeo.^  (aec^  ooaC— odbB  Bec0)-i-4c., 

which  vanishes. 

Similarly,  by  the  coordinates  in  (4643),  it  may  be  shown  that  the  mid* 
centoe    Hea  on  the  same  line. 

Equation  of  the  central  line ; 

Ex.  2. — To  find  the  line  drawn  throngli  the  oiibooentre  and  mass- 
centre  of  J /?'".  Tho  coordinates  of  thc«;e  points  are  g-ivon  at  (4t'32,  '84). 
Substituting  in  the  determinant  (4t31t))  and  reducing,  the  equation  becointa 

«  sin 2^  sin  iB-C)  -)-/3  sin  2£  sin  (a-^)  +  y  8in2C  sin  {A-B)  =  0. 

Bx.  3.«Suni]arl|]r,  from  (4629,  '42),  the  lina  drawn  throagli  the  centraa 
of  the  Inaeribed  and  circnmaeribed  dndea  is 

o  (flOB      008  C) -^fi  (ooa  (7-ooa  J) +y  (ooa ooa B)  as  0. 

Bz.  4. — patalld  to  AB  drawn  ihrongh  Cs 

arin^+/3  nnB-s  0. 

For  this  is  a  line  through  by  (4604),  and  the  eqnation  differs  onlj  hj  a 
oonataat  from  y  =  0,  for  it  may  be  written 

(a  sin  j1  +/3  sin  £ +y  sin  C)— y  sin  0  s  0. 

Ex.  5. — pel  pendiealar  to  BO  drawn  through  C  is 

aeos  C-h/)  ~  0. 

For  a  perpendicular  is    /3  eosB— y  cos  (7  =  0  (4633)    (1), 

and  a  line  through  (7  is  of  the  form  la-k-mfi  s  0.  Henoe,  by  (4619),  the 
GonstMit  A;  (a  sinil-l'/SainS+ysinC)  mnst  be  added  to  (1)  so  as  to  elinu» 
nate  y.  Thns 

/j  sin  C  cos  B-^a  sin  A  cos  (7  +  />  sin  B  cos  C  =  0, 

/3  sin  (/?+ r')  +  a  sin -4  cosC  =  0    or    /3+aco8C  =  0. 


•ThectttnlliM.  Am aols ta (4<2»). 
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ANHARMONIC  RATIO. 


For  ih,e  definition,  see  (1052). 

4648  The  three  ratios  of  that  article  are  the  values  of  the 
ratio  k:1^  in  the  three  following  pencils  of  four  lines  respec- 
tiyelj — 

a-A^  =  0,  /8  =  0,  a+*'^  =  0...  (i.)  (Fig.  34), 
a  =  0.  a-kfi  =  0,  a-^k'fi  =0,  ^8  =  0. . .  (ii.)  (Fig.  35), 
a  =  0,    ^8  =  0,    a+*^  =  0,    a+/c')8  =  0...(iii.)  (Fig.  3G). 

4649  The  anharinonic  ratio  (i.)  becomes  liannoiuc  when 
k  =  k'.  Hence  the  lines  a-j-/r/3,  a  —  kji  form  a  liarmonic  pencil 
ivith  the  lines  a,  /3,  the  first  dividing  the  external  and  the 
second  the  internal  angle  between  o  and  /3  (Fig.  37). 

4650  Simikrlj,  the  anharmonic  ratio  of  four  lines  whose 
equations  are 

is  the  fraction  O^i-M.)  (a' 

Proof. — Let  OL  be  the  Hue  a  =  0,  aud 
OA  /3  =  0. 

f»^^^ft^ss  dlSbrenoe  of  perpendioulan  from 
A  and  B  upon  02/,  divided  by  p. 

Similarly,  /i^,  &c.  These  differcuces 
are  proportional  to  the  sogmouts  ^iB,  CD, 
JiDf  BCt  aod  jp  IS  ft  oommoii  diviaor. 

^4651  Uomograjphic  pencils  of  lines  are  those  which  have  the 
same  anharmonic  ratio.   Thus  the  two  pencils 

and  o'— /i^^',     a'— /4,^',     a'--/i,P',     a'— ^4/3', 

•rehomographicpencilB. 

4  L 
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THE  COMPLETB  QUAX^RILATBRAL. 

4652  T)yA\ — Any  four  ri«^Ut  lines  together  with  the  three, 
called  diagonals,  which  join  the  points  of  intersection,  mske  a 
figure  called  a  complete  quadrilateral. 

4653  Let  0  be  any  point  in  the  plane  of  the  trigon  ABO, 
Draw  AOa,  JiOby  COr,  and  complete  the  figure.  The  equa- 
tions of  the  different  lines  may  be  written  as  under,  with  the 
aid  of  proposition  (4604),  the  ralioB  limin  being  arbitrarj 
and  dependent  upon  the  position  of  0. 


AUf    mfi—uy  =  0, 

AP, 

mfi-i-ny  =  U, 

ny+lm  =0, 

Cc,    la  —  m)8  =  0, 

CR, 

la  +my8=0; 

mfi-\-ny  —la  =0, 

OP. 

mP+ny  — 2fa  = 

0. 

jiy  +/a  —  m/8  =  0, 

ny  +(a  —imfi  = 

Uk  +111^— iiy  =  0, 

OR, 

la  +mfi^2ny  s 

0, 

PQR,  la+mfi-^ny^O. 

Proof. — Aa,  Bh,  Cc  are  concurrent  bj  addition,  he  is  concurrent  with 
Bb  and  /3,  and  with  Cc  and  y,  by  (4604).  AF  and  OP  are  each  concurrent 
with  he  and  u.  PQB  is  concarrent  witk  each  pair  of  lines  he  and  a,  ca  and 
/3i  ab  and  y.   Similarlj  for  the  leeL 


4654  Every  pencil  of  four  lines  in  the  above  figure  (supply- 
ing  AFf  BQ,  Cli)  is  a  harmonic  pencil. 

Proof. — By  the  test  in  (4G49),  the  alternate  paiis  of  eqnationt  being  the 

Bum  and  difference  of  the  other  two  in  ererv  case. 

Otherwise  by  projection.  Let  FQliS  be  the  quadrilateral,  with  diagonals 
BP,  QS  meeting  m  C.  (Supply  the  linea  AC,  BO  in  the  figure.)  Taking  the 
plane  of  projection  parallel  to  GAB,  the  fii^nii  o  projects  into  the  pamllelogram 
pgn;  the  points  A,  B  pass  to  infinity,  and  tbeiefore  the  VakmAO,  BC  become 


L/iyiiized  by  Google 


TSJB  GENERAL  EQUATION. 


627 


lines  harmonically  divided  by  the  ndes  of  the  puallelograni,  the  centre, 
and  the  points  at  infinity. 


4655  Theorem  (974)  may  bo  proved  by  taking  a,  /J,  y  for  the  lines  BO, 
OAf  AB,  and  r«+  »i/3  +  ny,  la  +  m)l  f  ny,  la  +  ////}  -|-  »'y  for  be,  ca,  aft,  the  last 
form  beug  dednced  from  the  preceding  by  the  concnrrenoe  of  Aa,  B6,  and  Cc 


THE  GENEEAL  EQUATION  OF  A  CONIC. 

The  general  equation  of  the  second  degree  is 

4656  aci«+6/8*+<y+^/8y+2igy«+2Aii^  =  0. 

This  equation  will  be  denoted  by  0  (a,  j3,  -y)  =  0  or  a  =  0. 
Equation  of  the  tangent  or  polar : 

4657  t*a'Oi+fffifi+u^Y  =  ^    0^    «y-|-M^/3'  -f       =  0, 

the  two  forms  being  equivalent  and  the  notation  being  that  of 
(1405).   The  first  equation  written  in  full  is 

4659 

{aa'+hP+gy)  a+(/ia'+6/3'+yy)  ^-[.{ga'-j-m+cy')  y  =  0. 
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Proof.  —  By  the  methods  in  (4120).  Otherwise  by  (4678);  let  a^y 
be  on  the  carve ;  then  ^  (a,  /3,  y)  —  0.  Next  let  the  point  where  the  line  oati 
the  oanre  moTe  up  to  a/3y.  Then  the  line  becomee  ft  imoffoX  and  tliA 
ratio  n :  n'  ▼anishes ;  the  oonditioii  for  this  gif  es  equation  (46^). 

CoH. — The  polars  of  the  vertices  of  the  triangle  of  refer- 
ence are 

4660  iw+A^+«y  =  0,  Aa+6/8+/y  =  0,  |f.+/i8+cy  =  0. 

4661  i'lic*  conrlition  that  ii  may  break  up  into  two  linear 
factors  representing  two  right  lines  is,  by  (4469),  A  =  0, 
where 

4668  A  =  «6c+%^A-a/*-Ag»-cfc^  (4454) 


4668  The  geoeral  tangential  equation 
of  the  conic  (4656)  expresses  the  oondi* 
tion  that  the  line  Xo+/*|3+«7  msj  tonch 
the  curve  and  is  the  determinant  eonation 
annexed.   The  same  written  in  foil  is 

4664  (6c-/0  XH(ca-g^)  H^Mah-h^) 

4665  or  ilX'+B/4'+C^»'+2Ffftir+2GvX+2HX|i  =  0; 

writing,  as  in  (1642), 

A  =  bc-f^,       B  =  ca-^,       C  =  ab-h\ 

F  =  grA-a/      G  =  A/-ftgr,      H  =  A-efc. 

The  tangential  equation  will  be  denoted  bj  <l>  (A,  ^,  y)  =  0  or 
27  =  0,  to  correspond  with  (4650). 

Phoof.  —  The  determinant  is  the  dominant  of  the  equation  of  the  liiM 
Xa+/i/3  +  »'>  =  0.  und  the  three  eqnatknt  obtained  by  eqaatiag X, /i,  v  to  tba 
coefficients  of  a,  |3,  y  in  (4tjo9). 

Otherunse, — Assume  Xa-^ fip  +  yy  =  0  for  the  tangent.  Subetitate  the 
valne  of  the  ratio  /3  :  y  obtaiiied  from  it  in  the  equation  of  the  cure,  and 
expresa  the  oondition  for  equal  roots  (4119). 


4666  Conversely,  if  the  line  Xa  +/i/3 
«f  vy  has  the  coefficients  X,  /k,  v  con- 
nected hy  the  equation  of  the  second 
degree  1/ =  0  (4664),  then  the  enve- 
lope of  the  line  is  tiie  conic  in  the 


a  h  g 

h  b  f 

^  f  ^ 

X  It  V 


X 


A  H  G  • 

H  B  ¥  p 

G  F  C  y 

a  fi  y 


=  0. 
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determiDant  form  annexed  correBponding  to  (4663),  or  in  full 

4667  (BC-F')  a'+iCA-'G')  fi'-{-{An-'IP)'f 

+2  (GH-^AF)  ^)r+2  (HF-^BG)  ra+2  {FG^CH)  0. 

4668  or  A  (aa*+6i8*+c/+2/33y+2^a+2Ao^)  =  0. 

Proof. — Eliminate  v  from  U  =  0  and  tho  given  liiio.  The  result  is  of 
the  form  jLX'  +  2iiA/z +  lf^*  =  0,  and  therefore  the  envobpo  i.s  LM  =  Ji^,  hy 
(4792).  This  produces  equation  (4t)U7).  The  coefficients  are  tlio  first 
minoTB  of  the  reeiprooal  detonnuiaat  of  A  (1643),  and  therefore,  by  (585), 
aie  eqnal  to  a^,  ftA,  ^ 

4669  The  condition  that  U  may  consist  of  two  linear  factors 
is,  as  in  (4661),  />  =  0,  where 

4670  D  =  ABC+iFGH-AF'-BG'-CW  =  (1643) 

In  tbis  case  17  becomes  the  equation  of  two  points,  since  tbe 
line  Xa+/ij3+v7  must  pass  tbrongh  one  or  other  of  two  fixed 
points.   See  (4913). 

4671  The  coordinates  of  the  pole  of  Xa+ft^-|-vy  &re  as 
467S  or  UkiU^iU,. 

Proof.— Bj  (4659)  we  have  the  equations  in  the    Tl^rlV  I  i'^ 
rgin,  the  eolation  of  whioh  givee  the  latioa  of  a  :  i3  :  y.   ^a+/^+cy  =  ftC 


margin, 

4673 


Hence  the  tangential  eqnation  of  the  pole  of  X'a -h ;//3 -|- i-'y, 
{.e.j  the  condition  that  Xa -f- /tj3 -f- vy  may  pass  throngh  the 
pole ;  or,  in  other  words,  that  the  two  lines  may  be  mutually 
conjugate,  is 

4674   Xl/v+^l4^+»l//=:0  or  V(7x+/^/^+w'K=0, 

the  two  forms  being  equivalent,  and  each 

4676  =  ^xxH-iJ^'-f  Cvv' 

+FOn/+t^'v)+G  (vV+v'X)+tf  (V'+XV). 

The  coordinates  of  the  centre  oo,  /3,„  yo  are  in  the  ratios 

4677  AA-^Hb+Gt :  m+Bb+Ft  :  Un+Fb-^Ct, 
where  a»  ht  (  are  the  sides  of  the  trigon. 
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Pnonp  — By  (4071),  since  the  centre  is  the  pole  of  the  line  nt  infinity 

oa-J-6/3-t-cy  =  0  (4612). 

The  quadratic  for  the  ratio  n:n'  of  the  segments  into 
which  the  line  joining  two  given  points  o^y,  o'^^y  is  divided 
hy  the  conic  is,  with  the  notation  of  (4656-7), 

4678 

*  (a ,  ^,  y)         (^.a  )  nn'^t^^  (a,    y)  n,  "  =  0. 

Pioor.— By  the  method  of  (4131). 


The  equation  of  the  pair  of  tanj^ts  at  the  points  whero  y 
meets  the  general  conic  u  (4656),  is 

4679  atti+2Atf.t<^+K  =  0. 

Pboov. — ^The  point         where  y  meete  the  enrve,  is  Ibnnd  from 

aa''+2/io'/3'  +  &/3''  =  0  [y  =  0  in  (4056)1.  The  tangent  it  snoh  a  point  is 
«.a'+«^i3'  B  0  (4658).   Eliminate  a',  ff. 

The  equation  of  a  pair  of  tangents  from  afi'y  is 

4680  *  (a'/Ty  )  ♦  (a^y)  =  (*..'+*ii8'+*,y')'. 

Proof. — By  the  condition  for  equal  roots  of  (40/6). 
By  actual  expansion  the  equation  becomes 

C?/5»-21f/3>  )  a-*  +  (CV  -h  J    -  2Qya)      +  {AfP-i-Bu*  - 2£r«^)  y'» 
+  2  (  -  J/3y  +  Hya  +  Gufi-Fa*)  il'y 

4681  +2  {E(iy-Bya-\-Fa^-GiV)  y'a' 

+2  (GffJy +^'ya-Coi3-ffy«)  a'/3'  =  0. 

Li  which  either  a',  y'  or  a,  /3,  y  may  he  the  variables,  for  the  forms  are 
oonrertible. 

Otherwise  the  ciiuation  of  the  two  tangents  is 

4682  *08y'-i8'y,  ya'-yo,  o^'-a'iS)  =  0.  (466S) 

Pboof. — By  substituting  /3y'— f"""  H,  *'  (46C^)i  the  condition 
that  the  line  joining  "  /)  y'  to  any  point  u/>y  on  cither  tangent  (see  4-t'lC) 
should  touch  the  conic  is  fulfilled.  The  ezpaoaioa  prodacea  the  preceding 
equation  (4681). 

The  equation  of  the  asymptotes  is 

4683  *  (a,  )8,  y)  =  ^  (a,,  A,      =  A'^    (1), 

where  o^,  |3o>  yt      the  coordiiiatea  of  the  centre. 
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Otherwise  the  equation,  in  a  form  homogeneous  in 
ft  7»  is 

4684  (aov+ljA+Cr*)  *  (a,  fi>y)  =  k  (aa+hyS+Cy)'  (2), 

where  a>     t  are  the  sides  of  the  trigon. 

And,  finally,  if  the  tangential  equation  (4664)  be  denoted 
by  <t>  v)  =  0,  the  equation  of  the  asymptotes  maj  be 
presented  in  the  form 

4685  *  (a,  b,  t)  ^  («,  ft  y)  =  (Ha+bfi+tyY^  (3). 

FR00r.^(i.)  The  asymptotee  tan  idantlol  with  »  pair  of  tangenta  from 
the  oentre ;  uiereforo,  pot  o^ji^Y^fm  a\        hi  (4680) ;  thos 

f  («,  A  y)  f  («..  A.  y.)  = (<ui+«^+cy)«  =   (4), 

nnoe  Ifie  polar  beoomes  the  line  at  infinity. 

Now,  nmltipljing  the  three  equations  in  (4672)  hy  a,  /3,  y  respeotiTely, 
and  adding,  we  obtain  ^  (a,  ft,  y)  =  k  (Xa  +  /i/3  +  vy),  and  therefore 

^  (ao,  /^o.      =    («"  +  f'/^  +  cy)  =  a  (5). 

aincc  the  line  at  in6nity  (4G12)  is  the  polo  of  the  centre. 

From  f  1)  and  (5),  by  eliminating      equation  (1}  is  produced ;  and  by 

dividing  (4)  by  (5),  we  get  cqaatiou  (2). 

Again,  taking  the  values  of  a,  ft,  y  from  (467;{),  we  have 

Xa-f^/3  +  .y  ^  »(A,/i.  y)         therefore  '^"•t.Ht-^yo  =  li^Af}. 
&  /\  ft  A 

By  tho  last  equation,  (2)  is  converted  into  (3).    See  also  (4960). 

Cob. — Since  the  centre  (ao}ft»7e)  is  on  the  asymptotes, 
we  have 

4686  *  (a,,  A.  7.)  =  :^  .A  -  *  (a,  b,  c). 

4687  The  semi-axes  of  the  general  conic  (4656)  are  the 
values  of  r  obtained  from  the  quadratic 

\         f*    r  /.  .  bj  cosJBX         n  b 
A,        \         ^    n  .  f^cosC\  , 

^,       /.     v+ ^ 

a,  b,  r, 

where  a,  b,  (  are  the  sides  of  the  trigon,  and 

«=:abtA^^(abt). 


=  0, 


Digiiizeu  by  Google 


632 


TRILINEAB  ANALYTICAL  C0NIC8. 


Pboop. — ^Tbe  oentra  being  %fi^y^  pub  a— a»s  a,  /J— ^3,  =  y,  y^y^  =  «. 
n/1y  Ix'ing  a  point  OD  the  oonio,  and  r  the  ndiu  to  it  fima  the  oentrei  we 
have,  by  (4602), 

f>=~i9*aemA-^y*beoBB'^^ocmO)   (1). 

Also  (4656),        <l>(a,(3,y)  =<l>(a,  +  x,  /3„-f y^-^z)  =0. 

Expand  and  write  I,  m,  h  for  a<i^  +  /i/J«+^y«t  ^+t/>o+/>'t»  Sf''a+//3«+C7r 

TliO  terms  in     y,  s  become 

7.i-  +  i*  y+n2=  Z(a-a,)-}- Ac.  =  2-2  =  0  (4007)  (2), 

and  w(  ul-tuin  9  (r,  y,  z)  =  -0  (q„,  /3.„  y,)  =  £»A-4-*  (a,  b,  c)  (4686)  (3). 

The  maximum  and  miuimum  values  of  r'  and  therefore  of 

as'a  COB  A  +  y'b  cos  JJ  +  «'c  cos  0   (4) 

are  required,  subject  to  the  equations  (2)  and  (3).  By  the  method  of  unde- 
termined multipliers  (1862),  the  quadratic  above  is  found. — Ferrens  TriL 
Coord.,  Ch.  4,  Art  18. 


4688  The  area  of  the  conic  =  ""^^^^^ 


Proof. — If  the  roots  of  the  quadratic  ^4687)  are  ±rr\  skr;',  the  area 

will  bo  irr,rj.  Tlie  coeffioient  of /•"*  reduces  by  trif:fO!iometry  to  —^^s*,  and 
the  absolute  term  is  —  ^(a,  Hence  the  product  of  the  roots  is  found. 

4689  The  conic  will  be  an  ellipse,  hyperbola,  or  parabola, 
according  as  ^  (9,6,  t)  (46G4)  is  positive,  negative,  or  zero. 

Pit'WiF. — The  M[nares  ot"  tlie  setni-axes  liave  opposite  .signs  in  the  liyper- 
bola.  ihereruro  the  product  of  the  roots  of  the  quadratic  (4687)  must  for 
an  hyperbola  be  negative,  and  therefore  ^  negative  in  (4688). 

<1>  (a,  c)  =  0  makes  the  curve  tonoh  the  line  at  infinity  (4664),  a  pro- 
perty which  distingnishes  the  parabola. 

The  condition  that  the  general  conic  (4656)  may  be  a 
rectangular  hyperbola  is 

4690  a+b+c  ==  :^cos^+%  cos  B+2h  coa  C. 

PBOor.^Let  the  asymptotes  be 

Forming  the  produot,  equating  coeffioieatt  with  (4665),  and  denoting 
f        0  ^    we  get  the  proportions 

of— tt*A     bf^ft^^     ef-*c*A      2(y^— tcA) 

nl'  +  n'l  Im'  +  l'm 

2  (^f - ca A)  2(Af-oiA)' 
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We  may  fiierpforo  substitate  these  denomioators  in  (4C20)  for  the  condition 
of  perpeudicuiarity  of  tbc  asymptotes.  The  result  reduces  to  the  equation 
•bm,  by  (887). 

For  anoilMr  mefthod,  aae  (5002). 

4691  The  general  conic  (4656)  will  become  a  circle  when 
the  following  relation  exists  between  the  ooefiiGients : 

=  a  8in*jB+6  sin*^— 2/*  sin^. 

Proof. —  Equate  coeflBoienis  of  the  equatum  of  (be  4xmio  (4656)  wHb 
fthooe  of  the  airoU  in  (4751). 

4692  The  eq|uation  of  the  pair  of  lines  drawn  from  a  point 
a'P'y  to  the  points  of  interBeotion  of  the  oonio  ^  and  the  line 
2/sXoH-/ii/3-f-vy  =:  0  is,  writing  L'  for  Xo'-t-^/B'-f-vy ,  with  the 
notation  of  (4656-7), 

L'^ik  (a,  A  y)  -  2i.L'(^.a'+ + i.**  (« ,  fi,  y)  =  0. 
Fkoor.— By  the  method  of  (4133). 

4693  The  Director-Circle  of  the  conic,  that  is,  the  locus 
of  intersection  of  tangents  at  right  angles^  is«  in  Cartesians, 

C  (^+3^)  -20<r-2F{/ + A  +  B  =  0, 
PMor.-^Let  the  eqnatioa  of  a  tangent  through  ay  be 

Therafove  In  the  tan^tial  eqnation  (4665)  pat  Xam,  /i  ss  —1,  y  ma, 
and  apply  the  oondition,  Promtet  tfrooU  cf  gvadraUo  in  m  s  —  1  (4078). 

The  eqnattoB  of  the  same  eirda  in  triluiean  ia 

4694  (£+C+2Fcos^)a'-|-(C+-4  +  2G'co8i^)^»  +  (^  +  i?4-2i£cosC'jy« 

+2  (A  COB  A -E  cos  B-0  cos  G-  F)  fty 

+2(-ir  cosil-f  J5  cos  2?- cos  (7-^7)  ya 

+2  (-0  COB  A-F  cos^+C  cos  C'-if)  a;3  =  0; 

or,  in  the  form  of  (4751), 

4695 

4  M 
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Proof. — ^The  equation  of  a  pair  of  tangents  (4081)  tb  rough  a  point  afiy 
in  trilinears,  when  the  tangents  arc  at  right  angles,  represents  the  limiting 
case  of  a  xectangnlar  hyperbola.    Therefore  the  equation  referred  to  mast 

have  the  coefficients  of  a",  fS'^,  Ac.  connected  by  the  relation  in  (4690), 
which  thu.s  becomes  the  equation  of  the  locus  of  the  point  afiy;  i.e,,  the 
director-circle. 

4696  When  the  general  conic  is  a  parabola,  C  =  0  in  (4G93) 
and  ^  {a,  6,  c)  =  0  in  (4695),  by  (4430)  and  (4689)»  and  these 
equations  tiien  represent  the  directrix. 


PASTICULAB  CONIOS. 


4697  A  conic  circumscribing  the  quadrilateral,  the  equa- 
tions of  whose  sides  are  asO,  P=0,  7  =  0,  S=0,    (Fig.  38) 

ay  =  kPB. 

Proof. — This  is  a  curve  of  the  second  det^ree,  and  it  passes  tbrongh  the 
points  where  a  nwcts  ft  aud  c,  and  also  wliero  y  meets  /3  and  S. 

4698  The  circumscribing  circle  is  ays=±/8S;  +  or  — ,  as 
the  origin  of  coordinates  Hes  without  or  within  the  quadri- 
lateral. 

Proof.— Tisosfonii  r4697)  into  Carlettana  (4009) ;  equate  coeflfoieiite  of 
0  and  y  uid  put  the  ooeffioients  of  my  eqnal  to  lero. 

4699  A  conic  having  a  and  y  for  tangents  and  /3  for  the 
chord  of  contact :  (Fig.  3d) 

ay  =  kfi\ 

PBOOr.— Make  i  ooinoide  with  ^  in  (4696). 


4700  A  conic  having  two  common  chords  a  and  j3  with  a 
given  oonio  8 :  (Fig.  40) 

4701  A  conic  having  a  common  chord  of  contact  a  with  a 
given  conic  8 ;  (Fig.  41) 

S^kaK 

4702  CoK. — If  RPQ  bo  drawn  always  parallel  to  a  given 
line,  FN' a:  EF.FQ,  by  (4317). 
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4703  A  conic  having  a  common  tangent  T  at  a  point  aJ'y' 
and  a  common  chord  with  the  conic  8 :  (Fig.  42) 

Sz=:  T(la;+mi/+nz). 

47M  A  oonio  osonlating  8  at  the  point  sif^  where  T  touches 
at  one  extremity  of  the  common  chord  I  («— a^)+m  (y—y') : 

(Kg.  4a) 

4705  A  conic  ha^^ng  common  tangents  T,  at  common 
points  with  the. conic  8 ;  (Kg.  44) 

4706  A  conic  having  four  coincident  points  with  the  conic 
8  at  the  point  where  T  touches :  (Fig.  4&) 


4707   The  conies  S+L*^0,  S+JTsO,  S^IP^O, 

(Fig  46)  having  respectively  L,  3f,  K  for  common  chords  of 
contact  ^vith  the  conic  8,  will  have  the  six  chords  of  inter- 
section 

L±M=zO,      M±N=0,  N±L=0, 
passing  three  and  three  through  the  same  points. 

PaooF.— Prom  (S+JI«)-(flf+2^)  =  (M-\-N)(M^N),  4o. 

Bj  snpposin^  one  or  more  of  the  conioa  to  heoome  right  linee,  Tarione  (heorenui 
may  m  obtained. 


4709  I'lit'  diagonals  of  the  inscribed  and  circumscribed 
quadrilaterals  of  a  conic  all  pass  through  the  same  point  and 
form  a  harmonic  pencil. 

Proof.— (Fig.  47.)  By  (4707),  or  by  taking  LM:=B?  and  X'A£'  =  JB'« 
for  the  equations  of  the  conic  bj  (4784). 

4710  three  conies  have  a  chord  common  to  all,  the  other 
three  chords  common  to  paii^s  pass  through  the  same  point. 

Proof.— (Fig.  48. )  Take  5,  S + LM,  S + LI^  for  the  eonics,  L  being  the 
chord  common  to  all ;  then  If,  if,  M-^N  are  the  other  common  ohords. 
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4711   The  hyperbola  ay  »  (a«+%+J»)* 

is  of  the  form  (4699),  and  has  for  a  chord  of  contact  at  infinitj 
Oaj-fOy-fj?  =  0,  x,y  being  the  tangents  from  the  centre. 

4718   The  parabola     s  (Ov+O^+p)  4? 

has  the  tangent  at  in&uitj  Ox-^Oy-^jp  =  0« 

4713  So  the  general  equation  of  a  parabola  may  be  put  in 
the  form  of  (4699).  Thns 

(«*+i9^)«+(%4r+^+c)((W+C!8f+l)  =  0. 

Here  ax+/3t/  is  the  chord  of  contact,  that  is,  a  diameter;  2gx  +  2fy-^e  is 
the  finite  tangent  at  Hs  extremity,  and  0ls+0y4>l  tbe  tengeot  aft  the  otiber 
entnuutyy  wypoeod  at  infiiiiiy, 

4714  The  general  conic  may  be  written 
For  this  is  of  the  foi-m  ay-j-ik/i3,  c  being  at  infinily. 

4715  The  conies  S  and  iS-ik  (Or+Oy+l)' 
haye  double  contacfc  at  mfiiiity»  aod  are  similar. 

4716  The  parabolas    S  and  S-k^ 
hare  a  contact  of  the  third  order  at  infinitj. 

Proof. — For  S  and  S—(0.r.-^Oij-\-ky  have  the  line  at  infinity  for  a  chor.l 
of  contact ;  and,  by  (4712),  this  chord  of  contact  is  also  a  tangent  to  both 
isurvea. 


4717  AH  circles  are  said  to  pass  through  the  same  two 
imaginary  points  at  infinity  (see  4918)  and  through  two  real 
or  imaginary  finite  points. 

PlOOP.— The  general  equation  of  the  circle  (414-i)  may  be  written 

(» + ly )  (a  -  ty )  +  ( 2^3! + 2/y + c)  ((to -f  Oy  + 1 )  =  0 ; 

and  this  is  of  the  form  (4^»97).  Here  the  lines  a±  ly  intersect  Oj-  +  0*/-}-1 
in  two  iniatrinary  points  which  have  been  called  the  cirrular  j.nhi.fa  at  infinity, 
and  2gx-^  2jy-i-c  in  two  finite  points  P,  and  these  points  are  ail  Situated 
on  the  loOQB  t^-^-y*  +  2gx  +  2/y +o  =  0. 

4718  Concentric  circles  touch  in  four  imagix^ary  points  at 
infinity. 
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Proop.  —  The  centre  being  the  origin,  eqnatioii  (4186)  may  be  written 

+  iy)(-r  —  iy)  ~  (Oj;  +  Oy  +  r)',  which,  by  (4699),  shows  that  the  lines  x  ±  iy 
have  each  doable  contact  with  the  {xyipplpmontnrrj)  cnrve  at  iafioity,  and  the 
variation  of  r  does  not  affecL  this  result.    Comyiaro  (4711). 

4719   The  equation  of  any  conic  may  be  put  in  the  fom 

Here  0=0,  ^  =  0  are  two  sides  of  the  trigon  intersecting  at 
right  angles  in  the  focus ;  y  =  0,  the  third  side,  is  the  directrix, 
and  6  is  the  eccentricity. 

The  conic  becomes  a  circle  when  e  =  0  and  y  =  oo ,  bo  that 
ey  =  r»  the  radius,  (4718). 

4780  Two  imaginary  tangents  drawn  through  the  focus 
are,  by  (4699), 

These  tangents  are  identical  with  the  lines  drawn  through 
the  two  circular  points  at  infinity  (see  4717).  Hence,  if  two 
tangents  be  drawn  to  the  conic  from  each  of  the  circular 
points  at  infinity,  they  will  intersect  in  two  imaginary  points, 
and  also  in  two  real  points  whit;h  are  the  foci  of  the  conic. 

All  confocal  conies,  therefore,  have  four  imaginary  com- 
mon tangents,  and  two  opposite  vertices  of  the  quadrilateral 
formed  by  the  tangents  are  the  foci  of  the  conies. 

4781  If  the  axes  are  oblique,  this  universal  form  of  the 
equation  of  the  conic  becomes 

The  two  imaginary  tangents  through  the  focus  must  now 
be  written 

{a7+^  (cosfitf+t  siuoi)}  {jc-\-y  (cos  «D—i  siua>)}  =  0. 


4788  Any  two  lines  including  an  angle  B  form,  with  the 
lines  drawn  from  the  two  circular  points  at  infinity  to  their 
point  of  intersection,  a  pencil  of  which  the  anharmonic  ratio 
is  e<t'-»»>. 

Proof. — Take  the  two  lines  for  sides  /),  y  of  the  trigon.  The  equation 
of  Ibe  oChAT  pftir  of  Imes  to  tbe  oiroiilar  pointa  will  be  obtained  I17  elimin* 
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•ting  a  beiween  the  tqoMtiatm  of  the  Una  tX  iafinify  Mid  the  droaai-ciiele^ 

T».,  a«+l^+ey«0  and  -1  +  1  +  1=0.  (4788) 

a      ft  y 

The  result  is  +  2py  cos  0  +  y»  =  0  ; 

or,  in  factors,  (ft  +  e**y )  (/3  +  e'^'y )  =  0. 

The  anharmonic  ratio  of  tlie  pencil  fonned  by  the  four  linee  fi,  ^+e^yt 

y,/5  +  e-"y  ia,  by  (4048,  i.), 

4783  Cob. — If  9 = the  lines  are  at  right  angles,  and  the 
four  lines  form  a  harmonic  pencil.  iFemn'  2Va.  Coordt.,  Cb.  Yllt 


THE  CLBCUMSCRIBING  CONIC  OF  THE  TRIGON. 

4784   The  equation  of  this  conic  (Fig.  49)  is 

Ifiy+mya+nafi  =z  0   or   1  +  ^  +  ^  =  0. 

Proof. — The  ccjaation  is  of  the  spcond  degree,  and  it  is  satisfied  by 
a  =  0,  ft  =  0  BimultaueuuHly.  It  then;fore  passes  through  the  point  op. 
Similarly  through  fty  and  ya. 

The  tangents  at  A,     and  G  are 
4786    5  +  ^=0.    ^+1  =  0.    1+5  =  0. 

Pboof.— By  writing  (4724)  in  tbe  f  onn 

mya+/3(ly+iMi)sO, 

ly+fui  =  0  is  seen,  by  (4697),  to  be  the  tangent  at  ay ;  for  the  inteneetioika 
of  a  and  y,  with  the  curve,  now  coincide,  and  h  (now  Zy+an)  penes  through 

tbe  two  coincident  pointa. 

4729   The  tangent,  or  polar,  of  the  point  n'ft'y  is,  by  (4059), 

4780  The  tangonts  at  A,  B,  C  (Fig.  49)  meet  the  opposite 
sides  respectivelj  in  P,  Q»  R  on  the  right  line 

i  +  A^-X-O.  By  (4604). 

a  3 

4731  The  line  ^ —  passes  through  (Z>),  the  intersection 
of  the  tangents  at  A  and  B, 
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4732  The  diameter  tbrougli  the  interseoidon  of  the  tan- 
gents at  A  and  B  is 

naa— nI)^+(/a— mb)  y  =  0. 

Proof. — The  coordinntcs  of  the  point  of  iiitoi-section  arc  I  :  m  :  by 
(472t>-7),  and  the  coordinates  of  the  centre  of  AB  are  b  :  a  :  0.  The 
diameter  passes  through  these  points,  and  its  equation  is  given  by  (4616). 

4733  The  coordinates  of  the  centre  of  the  conic  are  as 
l(^UL+mb+nt)  :  m(te— wA+nt)  :  n(ia+m&— n(). 

Proof. — By  (4610),  the  point  being  the  intersection  of  two  diameters 
like  (4732).  Otberwiae,  by  (4677). 

4734  The  secant  through  (ai/3iyi),  {a.2p.,y^),  any  two  points 
on  the  conic,  and  the  tangent  ut  the  first  point  are  respectively, 

AA   yiyi  ^    K  y{ 

Proof. — The  first  is  a  right  line,  and  it  is  satiMfiod  by  a=u^,  6^c.,  and 
also  b7  asog,  Ae.,  by  (4725).  The  ssoond  equation  is  what  the  first  be- 
oomes  when  fls^^u  ^>        the  tangential  equation,  see  (4893). 

4736   The  conic  is  a  parabola  when 

/^a^+w%*+n^r»-2mn6c— 2fi/ca-2/mab  =  0, 
4736   or  y/W+y/{mb)+y/{nt)=^0. 

Pboof.— Sobstitiite  the  coordinates  of  the  centre  (4788)  inaa+li3+€yasO, 

the  equation  of  the  line  at  infinity  (4612). 

Otherwise,  the  conic  most  touch  the  line  at  infinity ;  therefore  pat  a,  i>,  c 
forX,/«,>'  in  (4893). 

4787     The  conic  is  a  rectangular  hyperbola  when 

/  cos  ^+wt  COS  B-{-n  cos  C  =  0, 

and  in  this  case  it  passes  through  the  orthocentre  of  the 
triangle. 

Pfioor.— By  (4690),  and  the  coordinates  of  the  orthooentro  (4634). 

THE  CIRGUH8GBIBIRG  OIRGLB  OF  THE  TBIGOK. 
4738  ^  8inil+7a  sini^+«^  sin  C  =  0, 

or   — g-H  =  0. 
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Proof. — The  values  of  the  ratios  I  :  in  :  n,  in  (4724),  ma^  be  found  geo- 
motricallv  from  tbc  equuLion^  of  the  tangeots  (4r2(>-d). 
For  the  ooordinatM  of  the  eentreb  see  (4642). 

THE  INSCRIBED  OONIO  OF  THE  TBI60N. 

4739  i^a^-^m'fi+ny"2mnfiy-2nlya-2lmafi  =  0. 

4740  or         y(/a)  +  y(mi8)  +  y(n7)=0. 
Fboof. — (Fig.  50.)    The  first  eqnation  may  be  written 

By  (4699)  this  represents  a  conic  of  which  the  lines  y  and  uy— 2ia  — in/3  are 
the  tangents  at  F  and  /,  and  la—m^  the  chord  of  contact.  Similarly,  it  may 
be  written  so  aa  to  shew  that  a  and    tonoh  the  oonie. 

4741  Tke  three  pairs  of  tangents  at  F^J\  &c.,  are 

and  a       ^ '  and  /8      J '  and  7       i ' 

and  they  have  their  three  points  of  interfleotion  F^Q^B  on 
the  right  line  ^+fn0+^7*  By  (4604). 

4742  The  coordinates  of  the  centre  of  the  conic  are  as 

nb  +  mr  :  Zc+na  :  wia+Zh. 

PnooF.— By  putting  a  niul  />  =  zero  alternate^  in  (47dd),  we  find,  fat 
the  coordinates  of  the  points  of  contact, 

at2),/3  =  -|^;  aiidat^,a=  ^Ah 


therefore  the  eqnation  of  the  diameter  through  C  bisecting  DJr  is,  by  (4603), 


a 


Similarly  the  diam^r  bisecting  DF  is  — ^^—zr  —  -r-^^ — . 

Therefine  the  point  of  interaeotion,  or  oentre,  is  d^ned  by  the  ratioe  giTOQ 
abore. 

Otherwise,  by  (4077),  and  the  values  in  (4665),  writing  £or  a,  6^  c^/,  h 

the  coefficients  in  (4739). 

4743  The  secant  through  afiiy^  o^^t  aoj  two  points  on 
the  curve. 
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Psoor.— 'Pol  «|j3|yt  fat  a/9y»  and  iliew  thai  the  eiptMsiflii  vmuabm  fay 

(4740). 

4741  ^0  tangent  at  the  point  oiPiji ; 

Proof. — Put  a,=  Qj,  tfcc,  in  (  l!743),  aiid  divide  by  2  y {a^j3^y^) , 

4745  The  equation  of  the  polar  must  be  obtained  from 
(4739)  by  means  of  (4659). 

4746  The  conic  is  a  parabola  when 

a     b  e 

Proof. — Similar  to  that  of  (4736). 

TH£  INSCRIBED  CIBCLE  OF  THE  T&IGON. 

4747  a*  COS'  cos*  |.+  r»  COS*  J 

008*:^co8'^        eos*^oos*4  -2o^  gos'4cos'^. 

MM  MM  MM 

4748  or  cos-g-  v/a+cos-^  v'^+cos-^  V^y  =  0. 

4749  The  a-escribed  circle  :  (4629) 

coe|  v/3j;+ain|  ^y. 

Proof. — At  the  point  of  contact  where  yasO,  we  have^  in  (4740)»  geo* 
metrically,  r  being  the  radius  of  the  circle, 

+  for  ihe  ioflcribed;  —  for  the  eaeribed  cirde  and      B  inatoad  of  B, 

4750  The  tangent  at  a'/3'y,  by  (4744),  is 

The  polar  is  obtained  as  in  (4745). 

GENERAL  EQUATION  OP  THE  CIRCLE. 
4761       (la+mfi-^-ny)  (a  aiu  J+y8  sin  B+y  sin  C) 

-i-kifiyam  A+ya  siu  B+afi  sin  C)  =  0. 

4  N 
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Pboof. — The  second  terra  is  the  circumscribing  circle  (4738),  and  the 
first  ia  linear  bj  (46UJ)  ;  therefore  the  whole  repreeento  a  circle.  By  varying 
k,  a  svstem  of  otrolefl  is .  obtained  whose  radical  axis  (4161)  is  the  lins 
2a+inp+ny«  (he  ctroninaoHliiiig  drele  being  one  of  the  aystem. 

4768   If    + m'/3 + n'y  be  the  radical  axis  of  a  second  sjBtem 
of  circles  represented  by  a  similar  equation,  the  radical  aads 
of  any  two  oiroles  of  the  two  systems  defined  by  k  and 
will  be 

k  {la+mp+ny)^k  (ta+m'fi+n'y)  =  0. 

Pkoof. — By  eliminating  the  t«rm 

/3y  sin  ^  +  ya  sin  J5  +  a/3  sin  G. 


4753  To  find  the  coefficient  of  a^-\-y*  in  the  circle  when 
only  the  trilinear  equation  is  given. 

Rule. — Mal-c  a,  /3,  y  the  coordinates  of  a  point  from  which 
the  length  of  the  tangent  is  /•??o?rw,  and  divide  by  the  square  of 
that  length;  or,  if  the  point  he  within  the  circle,  substitute 
**half  the  shortest  rhord  through  the  2^oint**  for  **the  tangent** 

Paoof. — It'  S  =  0  he  the  equation  of  the  circle,  and  m  the  r^aired  co- 
effieisnt ;  then,  for  a  point  not  on  the  onrre,  square  of  tangeut  or 

semi-ohotd,  by  (4160;. 


THE  NINB-POINT  CIBGIiB. 


4754   a*8in2^-fi8*wii2l*-!-y  wm2C 

-2  (/8y  siiU  -f  ya  sin  B-\-afi  sin  C)  =  0. 
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Proof. — ^The  eqiiAtion  rcpronoBU  ft  oirole  beoaiue  U  may  be  Bxpamwd  i& 

the  form 

(aooB  J,+i3cos£+y  COBO)(a  sin^  +  p  sinB  +  y  sin  0)\ 

-2  (/3y  sin  A  -f  ya  sin  B  +  a/3  sin  C)  =  0. 

See  Proof  of  (4?51).    Now,  wben  a  =  0,  the  equation  becomes 

(/3  sin  iB-y  sin  C)((i  cmB-y  cos C)  =  0, 

which  shews,  by  (4631,  '3),  that  the  circle  bisecta  BC  and  passes  through  D, 
the  foot  of  the  perpendicolar  from  A, 

4754^  The  equation  of  the  nine-point  circle  in  Cartesian 
coordinates,  with  the  side  BC  and  perpendicular  on  it  from  A 
for  9  and  y  axes  respectively,  is 

^-^f-B  sin  (-S-Q        cos  {B-C)  y  =  0, 

where  B  is  the  radius  of  the  circnm-oircle. 


THE  T&lPLICAT£-aATIO  CIRCLE. 

47516  *Let  the  point  8  (Fig.  165)  be  chosen,  so  that  its 
trilinear  coordinates  are  proportional  to  the  sides  of  the  trigon. 
Draw  lines  through  8  (mrallel  to  the  sides,  then  the  circle  in 
question  passes  througli  the  six  points  of  intersection,  and  the 
intercepted  chords  are  in  the  tripltcate'ratio  of  the  sides. 

[The  following  abbreviations  are  used,  a,  h,  c,  and  not  0,  6,  C,  being  in 
this  article  written  for  tliu  sides  of  the  trigon  AlJC] 

i:=o«  +  6'  +  c*;     X=  y(6V  +  cV-|-a'6>);     A  =  ABC; 

By  hypotheei.,    i «|^X  =  (4007)  =f  (1). 

c     y  BB* 
thevefofe  BF.BF'  =  SD,BB^,  therefore     F't  A  !>'  ftve  conoyolio. 


It  AS,  BS,  CS  prodvoed  meet  the  opposite  eidee  in  /,  m,  n, 

^  =  BJinI^  =     ^  ^  by  (1)  (2). 

An      bnnACn     6/3     6*'''^'  ^  ' 

•  The  theorcmti  of  (1  to  36)  arc  for  the  most  part  due  to  Mr.  R.  Tucker,  M.A. 
The  original  Hrtiden  will  \Hi  found  in  T/ie  (iuarffrli/ J«mm»ltfAiri§midAfpli«dMmtA$matkt, 
Vol.  XIX.,  Ko.  76,  and  Vol.  xx.,  Nos.  77  and  78. 

Othar  and  dnular  inveatigatioai  have  been  made  If  Mil.  Leoioiiie  and  Taylor  and 
M.  Nmbery,  JKMImw,  1881,  188S,  1884. 
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Br^BD^-:^  =  (1)  SimilariyBJ^=^.Ac...(8). 

DiT  =  BpSj!!^  =  ^ .  «.  =  ^.  4a   (4). 

BinC      A    c  JSC 

W/sOT+Dl/s  ii^^,  Ae.  ..(5). 

FB  =  ^iBD'-^BF^^2BD.BFooaB)  =  ^,  by  (2)  and  (5)  (6). 

Heoos  DBF  and  IfEtV  are  triuglM  nmilar  to  JP{7»  and  ihej  are  eqaal 
ioeaohotberbeoaiue  JSPsf'SFaJTHF',  Ao.  (Eiie.L37.) 

=  y/iBB'-^BF''-2BD.BF'  cos  J5)   (7). 

Henoo  DF' FB' ^  BIT. 

B'F  =  ^BB'=z  iisl+J^  Ao.  (8). 

"••^  ^  (5*6)--  (9). 

aia-=^(l-^)=^(708)  (10). 

ooae  =  ooeU— ).  Ac  =  +    (11). 

AFE-^BBr+OEB^  =  +  Ac  =  /*"A  =  D^J?;  by  (6) ...  (12). 

Or,  geometrically,  by  Euclid  I.  37. 


Badins  ol  T.  R.  oiiole,    p  s  iaR,  by  (6)  (£  =  ciroiiiD.imdiiia)  (13). 

•  •    •  • 

The  trilniear  equation  of  the  T.  B.  cirde  ia 

abc  (a'+/P  +  /)  =  ^  (oa  +  6/3+cy)'+aVy+i'V+c*«^  C^^). 

or    (i»'+c')a'+(c»+a»)/?  +  (aHt^)r  =  {(a»+6')  (a'+c^)  +6Vi  ^ 

+  [(6'+c')(6»4-a')  +  c'a'}  ^  +  {(c'  +  a«)(c»+lr>)+«^'j  ^ ...  (15). 

ObtAined  by  snbstitnting  the  trilinoar  coordinates  ot  D,  B^  JP,  throngb 
which  pointa  the  circle  passes,  iti  (4761), to detennine the imtioa  l:m:» 
and  h>    The  coordinates  ot  D  are 

A   a(a'+6*)si]iC  oc'un.B 

— *  ~r"" 

Similarly  iliose  of  E  and  F. 


Digitized  by  Google 


TAMTIOVLAE  00NI08, 


645 


THE  SBVBN-POINT  CIRCLE .• 

4754c  Let  lines  be  drawn  ttrougli  A,  B,  G  (Fig.  165) 
parallel  to  the  sides  of  the  triangles  DEF,  UE'F,  as  in  the 
figoret  inierseotlng  each  other  in  P,  F,  L,  M,  N.  Let  Q  be 
the  circum-centre ;  then  the  seven  points  P,  L,  M,  N,  Q,  8 
all  lie  on  the  drcamferenoe  of  a  circle  concentric  with  the 
T.  B.  circle.  (16) 

The  proof  depends  on  Euclid  III.  21,  and  the  similar  triangles  JDEFf 


The  radios    of  the  seven-point  circle  is 

p  l-3tau^a»  1(18), 

olitained  from       p**  =  p*+aill''~2p8D  coa  {B-TDD). 

Expand  and  substituto  cos  TDD'  =        =  (3)  and  (-5), 

3p+p'  =      by  (17)  and  (13)  ;    ^  =  yj'^,  by  (17)aiid  (9)  ...  [  g^j' 


Thtt  trQmear  equation  of  tho  leveo-poiiit  circle  ia 

a6c(a«+/9'+y»)  s  oF/Jy+l^a+i^-/^  (21). 

or  a/3y + 6ya +ca/3  =  i  (6ca +ca^ +a6y)(aa  +  6/3  +  cy)  (22). 

If  the  oocnrdiiiatee  of  P  sre     /3i,  yi,  and  those  of    ai,  /3(,  yt ;  then 

«X  =  /5./3i'  =  y»n  (23). 

The  equation  of  STQ  is,  by  (4Glo), 

a  Bin  (2?-0)  +/3  sin  (C--4)  +  y  sin  (-!-£)  (24). 

And  the  eqnatum  of  PP'  is 

JL(a*^W)  +  A       cV)  +  ^ (c^-<^60  s  0  (25). 

a  o  6 

The  point  /S^  has  been  called  the  Symmedian  point  of  the 
triangle.  It  has  also  this  property.  The  line  joining  the  mid' 

•  This cbdie  WM diwovered  by  M.  Tf.  Brocard,  an  I  h  is  bi'on  ( all.  <1  "TheBrocanlCSrclBk** 
the  pomts  i*,  i'  boing  called  thu  Brucard  points. 
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point  of  any  side  to  the  mid-point  of  the  peipendicular  an  iJiat 
side  passes  through  S. 

Proof.— Let  X,  T,  Z  (Kg.  IOC)  \>o  the  feet  of  the  perpendiculars ;  a-,  y, « 
the  mid-points  nf  the  same,  and  X\  Y\  Z'  the  mi^l-points  of  the  sides.  Now 
the  tiiliaeftr  coordinates  of  iC',     and  x  in  order  arc  proportioual  to 

0,  0^  6  This  determinant  vanishes ; 
a,     5,       c      .    therefore  the  three  poinUs  are  on 

1,  cos  C',  cosB       ihe  eame  i^ht  line,  by  (4t>ld). 

That  the  three  lines  X'x,  1  y,  Z'l  are  concurrent  appears  at  once  bj  (970), 
0moe  OX  ss  21^0,  Ao. 

The  Syramedian  point  may  also  be  defined  as  the  intersec- 
tion of  the  three  linos  drawn  from  A,  B,C  to  the  corresponding 
vertices  of  the  triangle  formed  by  tangents  to  the  circom- 
circle  at  A,  By  G, 

Let  i?a,  (7/3,  Ay  be  taken  =  OX,  AY^  BZ  respectively. 
Then  jla,  i//3,  Cy  meet  in  a  point  2,  by  (976),  and  this  point 
by  similarity  of  figure  is  the  Symmedian  point  of  the  triangle 
formed  by  lines  through  A^  B,  C  parallel  to  the  sides  BC, 
CA,AB, 

If  the  sides  of  X'Y'Z'  be  bisected,  similar  reasoning  sliews 
that  <r,  the  Symmedian  point  of  the  triangle  X'Y*Z\  hes 
on-S2. 

It  can  also  be  shewn  that,  if  A'B'C  be  any  triangle  having 
its  sides  parallel  to  those  of  ABC  and  its  vertices  on  ISB, 
SC,  the  sides  of  the  two  triangles  intersect  in  six  points  on  a 
circle  whose  centre  lies  midway  between  the  circum-centres 
of  the  same  triangles.  When  A'B'C  shrinks  to  the  point  S, 
the  drcle  becomes  the  T.  B.  drele. 


A  more  general  theorem  respecting  the  triangle  and  circle 
is  the  following- 
Take  ABn  any  triangle,  and  let  DJ/BS'FF'  be  the  pointa  in  order,  in 

which  any  circle  cuts  the  sides. 

Let  BD  =  pc,     CE  -  qa,     AF  =  rb  ) 

CD'  =  pb,    AE'=q'c,    BF'=ra)  ^ 

From  BB.BT)'  =  BF.  BF\  <fcc.,  Euclid  UL  3d,  we  can  write  three  eqaationa 
which  are  batisfied  by  the  values 

J)  =  /  =  tec,      g  =    =  iaib,      rxq'ssthe  (27), 

and  from  these  equations  it  appears  that 

nF=zrrc;    B'F'  =  tra,  ttc,  where  <t  =  y(<'X'--tK+ 1)  (28), 

BO  that  DBF  and  D  E  F  are  both  similar  to  ABO. 
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Also  DF' «  teftfl,  Oierafbn  J)F  a  JPB' s  Jjr  (29). 

From  siu  JJFl)  =  ^   Qg^^  obtain 

ootjBjra)=oot^=sF^:^  (ao). 

The  radins  of  the  circle  =  ,.  (31), 

and  the  coordiDates  of  its  centre  are 


a 


=  2J  |oo.il+  ^-^^ii^^=^=:^^|.   Similarlj /3  and  7  (82). 

The  equation  of  the  circle  is 

ai^Z  +  bya-^cap  =  «  (aa  +  i/3  +  cy)  {  aic  + Ac. }   (33), 

=  iii3y{(l-.*J«)(l-<«?)+<"ft^«»}  +^  (84). 

When  I  s  0,  9  =  1  and  ibe  drole  is  the  oireimi-oircle   (35). 

When  <£s  1,    s  ^  s-^  and  the  ciida is  the  T.  JEC.  circle  (36). 


OONIG  AND  SELF-GONJUGATE  TBIANGLE. 

When  the  sides  of  the  trigon  are  the  polars  of  the  opposite 
vertices,  the  general  equation  of  the  couic  takes  the  form 

4755  /*a^+m*/8*-ny  =  0. 

Paoor.— (Fig.  61.)  The  eqvatkm  may  be  written  in  any  one  of  the 
three  waye, 

Pa*  =  (lty+wi3)(ny-m/?),        m*(?  =  (ny +  2a)(«y-2a), 

nV  =  (?«  +  i"m/8)(Z«-im/3). 

Hence,  by  (4r)90),  a  or  BC  is  the  chord  of  contact  of  the  tangents 
ny±m/3(yl(^  A6)  drawn  from  A^  and  /3  is  the  chord  of  contact  of  the 
tengentt  ny^la(BB,BP)  drawn  from B.  Hence  a,fi  are  the  polaraof  il,  B 
reepectivcly  ;  and  therefore  y  or  ^i?  is  the  polar  of  0  (4130).  Also  y  may 
be  considered  to  be  the  chord  of  contact  of  the  imaginary  tangents  UL:Lim0 
drawn  from  C. 

4756  If  the  points  of  iDtersection  of  a  and  /3  with  the  conio 
be  joined,  the  equations  of  the  sides  of  the  quadrilateral  so 
formed  are 

QR,      /a-f  w)8-i-My  =  0,        5P,  la-|-wi)8-«y  =  0, 

PQ,  -^/a+i«^4-i»y  =  0,       US,  la-mB+ny  =  0. 

Hence  QB,  8P  and  PQ,  B8  intersect  on  the  line  y  in 
and  B*, 
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4757  Each  pencil  of  four  lines  in  the  diagram  ia  a  harmome 
pencil,  bj  the  test  in  (4649). 


4768  The  triangle  A'B'C  is  also  self-conjugate  with  regard 
to  the  conic. 

pBOOr. — The  eqnatioDB  of  its  sides  CP',  OA',  A'B'  are 
la—mfi  =  0,      la+fn/S  =  0,     y  =  0. 
Denote  these  by  a',     y,  and  put  a,  ^  in  (4755)  in  terms  of  a',  fi^.  The 
eqoation referred  to  A'BfO  thus  becomes  a*+fi^^^*^ s 0.  whiob  k  ol  the 
same  fbnn  as  (4756). 

4759  It  is  clear  that  the  triangles  AQ8  and  BPB^  formed 
by  a  pair  of  tangents  and  the  chord  of  contact  in  each  case, 
are  also  self-conjugate. 


4780  Taking  A'B'G  for  the  trigon,  and  denoting  the  sides 
by  a,  /3,  -y,  the  equations  of  the  sides  RS,  PQ,  QB^  SP  of  the 
quadrilateral  become  respectively 

ny±ia  =  0,  mfi±ny=:0* 

Ex. — As  an  example  of  (4611),  we  maj  find  the  coordinatea  of  P  from 
the  eqoations 

fla+  t')3+ Cy  =  2"\  =  2Z»-5-(am«  +  ^Z  +  dm) 

0  +  m)3— ny  =  0/  from  which    <fi  =  :^mn-i-(amn-^-bnl-\-clm) 
—  7a+  0  +ny  =  o)  (y=  2«Z-f-(amn +  bnZ-f  c/m). 

To  obtain  the  coordioates  at  Q,M,  and  S,  change  the  signs  of  m,  a,  and  I 

respectively. 


ON  LINES  PASSING  THROUGH  IMAGINARX  POINTS. 

4761    Lemma  I. — The  right  line  passing  through  two  con- 
jugate imaginary  points  is  real,  and  is  identical  with  the  line 
passing  through  the  points  obtained  by  substituting  unity  for 
in  the  given  coordinates. 

Proof. — Let  {a-^ia,  b  +  ib')  be  one  of  the  imaginary  points,  and  therefore 
(a—ia\  6— >t6')  the  oonjngate  point.  The  equation  of  the  line  passing  through 
tbem  is,  by  (40S3)  and  rednciog,  b'j'  —  a'y-^a'b  —  ab'  =  0,  which  is  real. 

But  this  is  also  the  line  obtained  by  taldng  for  the  coordinates  of  the 
points  (o-t-a',  6  +  6')  and  (a— a",  6—6'). 


TjEmma  it. — If  P,  S  and  (?,  R  are  two  pairs  of  conjugate 
imaginary  points,  the  lines  PS'  and  QR  are  real,  as  has  just 
been  shown,  and,  therefore,  also  their  point  of  intersection  is 
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real.  Tlie  other  pairs  of  lines  PQ,  7?*^  nnd  PR,  QS  arc 
imaginary.  But  the  points  of  intersection  of  cacli  pair  are 
real,  and  are  identical  with  the  points  which,  are  obtained  by 
substituting  unity  for  \/ — 1  in  the  given  coordinates,  and 
drawing  the  six  lines  accordingly. 

Peoof. — Let  the  coordinates  of  the  four  iioiuts  be  as  under— 

P  a  +  ta',    h^ib\  Q  o  +  ia', 

S  a—ia',    h  —  ih\  R  «— tV,  ft—ifV. 

The  equations  of  PR  «nd  Q8,  bj  (4088),  are  L+iM  and      Of,  where 

£s((^/3)  a»-(a— o)  y+a/3-a( -fa'/}'— aT, 

Jf  =  (6'+i3')«-(aW)y+a'/3-«'6-a/3'  +a6'. 

Now  the  lines  L±%M=0  intersect  in  the  same  real  point  as  the  Knee 
L±M=:Ot  because  the  valaeB  Xr s 0,  Jf  s 0  satiety  both  eqaations 
simnltaneoiisly.  Hence,  to  determine  this  poiot^  we  have  only  to  toke  t  as 
unitj  in  the  given  coordinates. 


Lbhma  III. — ^If  Pf  8  are  real  points,  and  Q,  i2  a  pair  of 
conjugate  imaginary  points,  the  lines  .P8  and  QB  are  both 
real,  by  Lemma  I.,  and  consequently  their  point  of  intersec- 
tion is  real.  The  remaining  pairs  of  lines  PQ,  B8  and  PMt  Q8 
and  their  points  of  intersection  are  all  imaginary.  But  the 
line  joining  these  two  imaginary  points  of  intersection  is  real, 
and  is  identical  with  the  liae  obtained  by  substituting  unity 
for  \/— I  in  the  given  coordinates  and  drawing  the  six  lines 
accordingly.  .  .  . 

Paoof. — Let  the  coordinates  of  the  four  points  be  as  under — 

.  .  P  m^n  Q  )8  +  .73', 

8  «yya,  E  a— »o',  fi'-ifi^ . 

Since  the  coordinates  of  JB  are  obtained  from  those  of  Q  bv  merely  changing 
the  sign  of  s  the  eqnationa  of  the  lonr  imaginairy  lines  will  take  the  forms 

 Pa  -i-<B,  BQ  0-*P, 

PB  A+iB,  8B  0+<D. 

Kow  let  the  coordinates  of  the  point  of  intersection  of  PQ  and  BE  be 
Xr+ L'-{-iM',  then  will  L— «Jf,  jL'— »if'  be  the  coordinates  the  intersec- 
tion of  I'R  atul  SQ,  for  the  equations  of  this  pair  of  lines  are  got  from  those 
of  and  Sh'  by  inei-ely  chan'ring  ihv  sigri  of  t.  The  points  of  intersection 
are  therefore  conjugate  imaginary  points,  and  the  hue  jinning  them  is  real, 
by  Lemma  I.  iLiso,  sinee  that  line  is  obtained  writing  1  for  » in  the  co- 
<mlinates  of  those  points,  it  will  also  lu  obtained  by  writing  1  for  tin  the 
original  ooordinates  of  Q  and  B  and  oonstmctiDg  the  fignre  as  before. 

4  0 
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4768   To  find  a  common  pole  and  polar  of  two  given  coniea : 

(i.)  If  the  conies  intersect  in  four  real  points  P,  Q,  89 
construct  the  complete  quadrilateral  (4652).    Then  A'RC 

SFig.  51)  is  a  eeft-oonjugate  triangle  for  each  conic,  by 
4758),  and  therefore  each  vertex  and  the  opposite  side  form 
a  common  pole  and  polar  to  the  conies. 

(ii.)  If  tlie  conies  do  not  intersect  at  all  in  real  points,  the 
triangle  .17/(7  is  still  real,  by  Lemma  II.  (470 1),  and  can  bo 
constructed  in  the  manner  shown. 

(iii.)  If  two  of  the  point??  (P,  S)  are  real,  and  two  ((?,  R) 
imaginary,  then,  by  Lemma  III.,  the  vertex  A'  and  the  side 

are  real,  and  may  be  constructed,  and  they  form  a  common 
pole  and  polar  of  the  given  conies. 

Returning  to  the  triangle  of  reference  ABCp 

4763  Let  /a  =  7iycos^,  mfi^nymikfi  then  the  chord 
joining  two  points     ft  is 

ittCOsi  (<^i-f  <^8)+w^  sinj  (<^i+«^)  =  ny  cos^  (<^— 

and  therefore  the  tangent  at  the  point  f '  is 

4764  iftCOS^'+t/i/Ssinf  =  fiy. 

4766  Pntting  P^L,m^  =  M,  n^^--N,  the  conic  (4755) 
becomes 

La*+3/)9«+2V  =  0  (1). 

4766  The  tangent  or  polar  of  a^'y  is 

Laa'+MfiP^-^Nyy'  =  0  (2). 

4767  Hence  the  pole  of  Xa+Mi3+vy  =  0 

(x'^-i)  (^)- 

4768  The  tangential  eqnalion  is 

X"  »« 

r+^+F=«  

and  this  is  the  condition  that  the  conic  (1)  may  be  touched 
by  the  four  lines 


Digitized  by  Google 


8ELF-00NJUQATE  TBIANQLE. 


651 


4769  In  Hke  manner, 

La''+Mfi:'+Ny'  =  0  (5) 

is  tiie  condition  that  (1)  may  pass  through  the  four  points 

(a,  i^,  ±y). 

4770  The  locus  of  the  pole  of  the  line  Xa+^+vy  with 
respect  to  such  conios  is 

«  ^  /8  ^  y 

Proof. — By  (3),  if  (a,  /3,  y)  be  the  pole,  "  =  ^        •*•     ~  ^*^^» 

the  equation  of  condition. 

4771  The  locus  of  the  pole  of  the  line  la-\-m$+ny,  with 
respect  to  the  conios  which  touch  the  four  lines  Xadb|i^±i7 

IS  — H — ^  =  0. 

Pboop— By  (3),  if  (a, /3,  y)  be  the  pole^    "  i"  *°*»        ~  „ ' 
(4),  the  equation  of  oondition.  " 

4772  The  locus  of  the  centre  of  the  conic  is  given  in  each 
case  (4770,  '1)  by  taking  the  line  at  infinity 

osin^+j3  sini?-i-'y  sin  G 

for  the  fixed  linci  since  its  pole  is  the  centre. 

4773  Thus  the  locus  of  the  centre  of  the  conic  passing 
through  the  four  points  (a±^±y)  is 

tt^slnii  ,  fi^' sin  B  ,  y^am6  _ft 

-T-+-fi—^r  ^'  

4774  The  coordinates  of  the  centre  of  the  conic  (1)  are 

.    „  ,  La    Mfi  Ny 

given  by 


Pkoof. — Let  tho  conic  cut  the  side  a  iu  the  points  (O^iy,),  (O^^y.^).  The 
right  line  from  A  bisectine  the  chord  will  pass  thiuugh  the  centre  of  the 
oonio^  and  ita  equation  will  be  )3  :  y  =  jS, +/3,  :  y,-|-y,-  Now  A  ia  the 
sum  of  the  roots  of  tho  quadratic  in  obtained  bj  eliminating  y  and  a  from 
the  equations  Lti^  +  yf(?-\-Ny*  =  0,  a  =  0,  and  aa  +  O^-f-cy  =  2.  Similarly 
for  yi  +  yt  eiiminate  a  and  /3.  Tho  equation  of  the  diameter  through  A  beiug 
found,  those  through  B  and  0  are  symmetrioal  with  it. 
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477&   Tl^o  condition  that  the  conic  (1)  may  be  a  parabola  ia 

PIOOF.— Thw  u,  by  (4),  tha  oonditum  of  toooliing  the  fine  at  ufinitj 

4776  The  condition  that  (1)  may  be  a  rectangular  hyperbola 
is  fj-\-  M-\-N  =  0,  and  in  this  case  the  curve  passes  tliroin^h 
the  centres  of  the  inscribed  and  escribed  circles  of  the  tngon. 

Fftoop.— Bj  (4690),  (a,  6,  e  Mre  now  £,  M,  N),  (1)  is  now  utAM  hf 
a  s  ^fi  s  :fey,  the  four  oent^fe■  in  qneetion. 

4777  Circle  referred  to  a  self-con jugate  triangle : 

a*  sin  2ii ain  2^+/         =  0. 

pBOOP.~The  line  joining  A  to  the  oentre  is  ^  =  ^  (4774).  Therefoie 
If          iV  PC 
I  ~  =  the  coudition  of  perpendicalaritj  to  a  by  (4622).  Similarl? 

^  „  =  — therefore  (1)  takee  the  form  abom 
cooeC  acoeil 


DiPOBTANT  THBOBEMS. 


OABNOT'S  THEOREM. 

4778  If  -"^^  C  (Fig.  52)  are  tlie  aTiglcs  of  a  triangle,  and 
if  the  opposite  sides  intersect  a  conic  in  the  pairs  of  points 
a,  a! ;  6,  6' ;  c,  c  ;  then 

Ae.Ai^.Ba.Bi^.Cb.Cb'  =  Ab.Ab',Be.Be\Ca.Ci^. 

Proof. — Let  a,  /3,  y  be  the  semi-diameters  parallel  to  BC,  CA,  AB ;  then, 
by  (4317),  Ab.Ab'  :  Ac  :  Ac  =i ^  :  y^,  Compoand  thia  with  two  similar 
ratios. 

4779  — the  oonio  tonohes  the  sides  in  a,  b,  c,  then 

At^.Bi^.  Cl^  =  A^.  Be.  Co*. 
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4780  The  reciprocal  of  Carnot's  theorem  is:  If  A,  By  G 
(Fiir.  52)  are  the  sides  of  a  triangle,  and  if  pairs  of  tangents 
from  the  opposite  angles  ai'e  a,  a' ;  b,b';  c,  c' ;  then 

sin  (Ac)  sin  (Ac)  sin  (Ba)  sin  {Ba)  sin  (Cb)  sin  {Cb') 

=  am  (Ab)  ain  (Ab')  em  (Be)  sin  {Be  )  sin  (Ca)  sin  (Ca% 

where  {Ac)  signifies  the  angle  between  the  lines  A  and  c. 

PitOOF.—Rcciprocating  the  fonner  figure  with  respect  to  any  origin  0, 
let  A,  B,  C  (i.e.,  BQ,  QP,  PR)  bo  the  polars  of  the  vertices  A,B,C.  Then, 

by  (4130),       U  will  be  the  poles  of  .1//,  AC-  and  h,  ?/,  the  polars  of  the 
points  h,  b',  will  intersect  in  li  and  toucli  the  i  (  (^iproeal  conic.    Similarly,  c,  c 
will  intersect  in  Q.        h'  are  perpendicular  tu  OA^  Ob',  und  therefore 
Z,Ah'  ss  zAOh\  tnd  80  of  the  lett 


PABCAIi'S  THBOBEH. 

4781  The  opposite  sides  of  a  hexagon  inscribed  to  a  conic 
meet  in  three  points  on  the  same  right  line. 

PbOOV. — (Fig.  53.)  Let  a,  /3,  y,  y\  /3',  a'  be  the  consecntivo  sides  of  the 
hexapon,  and  let  u  be  the  diagonal  joining  the  points  aa'  and  yy'.  The 
equation  of  the  conic  is  either  ay—kpu  =  0  or  a  y'—k'(i'u  =  0,  and,  since 
these  expressions  vanish  for  all  points  on  the  curve,  we  mnat  have  ay—k^ 

ay' — k'fi'u  for  any  values  of  the  coordinates.  Therefore  ay  — a'y' 
=  M  (/c/3— 173').  Therefore  the  lines  a,  a'  and  aleo  y,y'  meet  OH  the  line 
Jlc/3  — Aj'/B';  and  /3,  /3'  evidently  meet  on  that  line. 

Otherwise,  by  projecting  a  hexagon  inscribed  in  a  circle  with  ita  opposite 
eidee  paralld  npon  any  plane  not  parallel  to  that  of  the  eirole.  The  line  at 
infinity,  in  whkui  the  pairs  of  parallel  sides  meet^  beoomee  a  line  in  which 
the  corresponding  sidos  of  a  hexagon  inaoribed  in  a  oonio  meet  at  a  finite 
distance  (1075  et  seq.). 

4788  With  the  same  yertioes  there  are  sixty  different 
hexagons  inscribable  in  any  conic,  and  therefore  sixty  dif- 
f  erent  Pascal  lines  corresponding  to  any  six  points  on  a  conic. 

Peoop. — Half  the  number  of  ways  of  taking  in  order  five  vertioefl  B,  0, 
J),  E,  F  after  A  is  the  number  of  different  hexagons  that  can  be  drawn,  and 
tbe  demonetiation  in  (4781)  appties  eqnally  to  ail. 


BKKANCHON'S  THEOBEM. 

4783  The  three  diagonals  of  a  hexagon  circumscribed  to  a 
conic  pass  through  the  same  point  (fig.  64). 
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Proof.— Let  the  three  conies  S  +  I?,  8  +  N\  in  (4707),  become 

three  pairs  of  right  liaes,  then  the  three  lines  L—M,  M—N,  N—L  become 
the  diagmialfl  of  a  ciTtmmscribing  hexagon. 

Pascal's  and  Brianchon's  theorsiiis  may  be  obtaiiied,  the  one  fiom  tiie 
otiier,  1^  redprooation  (4840). 


THE  CONIC  REFP]RRRD  TO  TWO  TANGENTS  AND 
THE  GHOBD  OF  CONTACT. 


Let  £  =  0,  M=  0,  B=:0  (Fig.  55)  be  tbe  sides  of  tbe 
trigon ;  L,  3f  being  tangents  and  B  tbe  obord  of  contact. 

4781   The  equation  of  the  conic  is  LM  =  R*.  (4699) 

4785   Tbe  lines  AP,  BP,  and  OP  are  respectiTelj 

IlL  =  R,        fLR=  =  M.      [By  (4604). 

Since  tbe  point  P  on  the  curve  is  determined  by  tbe  yalne 
of    it  is  oonvenient  to  call  it  tbe  point 

4788  The  points  ^  and  —  (P  and  Q)  are  both  on  the  line 
ft-L  =  M  drawn  through  (7. 


4789  The  secant  through  the  points  /i,  /i'  (P,  F)  is 

/tftX—  (ft+fi')  A+Jtf^  =  0. 

Proof, —Write  it  ^  (u' L- R)- (^I'B- M),  and,  by  (4604),  it  passes 
through  the  point  /x'.  ^Similarly  through  fi.  Otherwise,  determine  tbe  CO* 
ordUnatei  of  tiie  inteneotion  of  /tL—B  and  /tB^M,  and  of  ft'£— JS  and 
/£-K  hj  (4610),  and  the  equation  of  tbe  secant  bj  (4616). 

4790  Cob. — The  tangents  at  the  points  fi  and  — /*  (P,  Q) 
are  therefore 

/4.*L=F^il+if  =0. 

4791  These  tangents  intersect  on  B,      [Proof  by  sobtnctioQ. 

4793  Thi'orem. — If  the  equation  of  a  right  line  coutams  an 
indeterminate  /u  in  the  second  degree,  it  may  be  written  as 
above,  and  the  hue  must  therefore  touch  the  conic  LM^  iP. 


4793    The  polar  of  the  point  (L\  M\  W)  is 
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Proof. — For  and  h/a',  in  (4789),  pnt  the  valuer  of  the  som  and 

prodnoft  of  the  roots  of  /*'L'— 2/iE'  + Jf'  =  0  (4rL»u). 

4794  Similarly  the  polar  of  ihe  point  of  .interseotiion  of 
aL—E  and  bB—M  Ib 


4795  The  line  CE  joining  the  vertex  G  to  the  intersection 
of  two  tangents  at  fi.  and  fi\  or  at  —/a  and  — fi',  is 

Otherwise,  if  two  tangents  meet  on  any  line  oJi— if,  drawn 
through  Cf  the  product  of  their  ^'s  is  equal  to  a. 

Pioor. — Bltminito  B  from  the  equations  of  the  two  tangente  (4790). 

4796  The  chords  PQ;,  FQ  and  the  line  ail  intersect  in 
the  same  point  on  E, 

Pboof.— The  eqnaiioiis  of  PQ^,  P'Q  axe,  by  (4789), 

and,  hf  addition  and  snbtraetion,  we  oUain  fifi'L^Mss  0  (4795),  or  BsO. 

4797  The  lines  n^'L-\-M  (CD)  and  R  intersect  on  the  cliord 
PI^  which  joins  the  points  /i,  ft';  or — The  extremities  of  any 
chord  passing  through  the  intersection  of  aL-^M  andE  have 
the  product  of  their  fiB  equal  to  a. 


4798  The  chord  joining  the  points  ju  tan  ^,  fi  cot  ^  touches  a 
conic  having  the  same  tangents  Xr,  M  and  chord  of  contact  E. 

PboOF. — The  equation  of  the  chord  is,  by  (4789), 

fi*L— fiU  (tan  (p  +  coi(f>)+M=  0, 

and  this  toucbea  the  oonic  LM  sin^  2^  =  li^  at  the  point  /i,  bjr  (471^2). 

4799  The  tangents  at  the  points  /ttan^,  fiootf  intersect 
on  the  conic  LM  =     sin'  2^. 

Proof. — Write  the  eqaations  of  the  two  tangents,  by  (4790),  and  then 
eliminate  fi. 


4800  £x.  1. — To  find  the  locus  of  the  vertex  of  a  triaugle  circumscribing 
a  fixed  oonic  and  having  its  other  ▼ertioes  on  two  fixed  right  lines. 

Take  LM  =  i2»  for  the  conic  (Fig.  56),  aL  +  3f,  bL+M  for  the  lines  CD, 
OM,  I«t  one  tangent*  LM,  toadb  at  the  point  fi ;  then,  bj  (4795),  the  othen^ 
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PD,  PB,  will  touoli  at  the  points  — ,  and  therefore,  by  (4790),  tbeir 
eqnatiooB  will  be  h 

Eliminate  /<,  and  the  loons  of  P  is  fonnd  to  be  {ai-hyLM  s  4enbB^. 

[Salmon,  Art.  272. 

4801  £x.  2. — To  find  the  envelope  of  the  base  of  a  triangle  inscribed  in 
a  oonio,  and  whose  sides  pass  throng^  fixed  points  P,  Q. 

(Fijr.57.)  Take  the  line  through  P,  Q  for  JZ;  i3f-i2»  for  the  conic;  aL— if, 
hL  —  M  for  the  lines  joining  P  and  Q  to  the  vertex  C.  Let  the  sides  throngh  P 
and  Q  meet  in  the  point  ^  on  the  conic ;  then,  bj  (4797),  the  other  extremi- 
ties will  be  at  the  paints  --^aad  and  therefore,  faj  (4789)»  the 

«ination  of  the  base  will  be  a&L-f  (a  +  ft)  Ai;?  +  /x\¥  =  0.  By  (4792),  this 
line  always  tonohes  the  conic  4a6 LM  =s  (a -1-6)'  i^.  [IbidL, 


4802     Ex  1-  To  inscribe  a  triangle  in  a  coatC  SO  that  its  sides  mij  psSB 

thronf^h  thteo  tixed  points.    (See  also  4H23.) 

We  have  to  make  the  base  ahL-{-{a-\-b)  fiB+fi^M  (4801)  pass  through 
a  third  fixed  point.  Let  this  pcrint  be  given  hy  eL^  S,  dBss  M.  Elimi- 
nating L,  M,  R,  we  get  ab+  (a +  6)  fic-\-fi*cd  =  0,  and  since,  at  the  point  ^, 
ftL  =  R,  fi*L  =  M,  that  point  must  be  on  the  line  a6L+ -f- ^0  rR-\-cdM. 
The  int^rseciious  of  this  line  with  the  conic  give  two  solutions  bj  two  posi- 
tions of  the  Tsirtex.  \jhid» 


BELATED  CONICS. 

4803  A  conic  having  double  contact  with  the  conies  8  and 
S'  (Fig.  58)  is 

li^E'-2ii.  {8+8')+^  =  0, 

where  E,  F  are  common  chords  of  8  and  8^^  bo  that 
8-8'  =  ER 

Proof. — The  equation  may  be  written  in  either  of  the  ways 

ifiE+Py  =  4fiS    or    (fiE-Fy=  4fzS\ 

showing  that  fiE  ±  F  are  the  chords  of  cnntact  AB,  CD.  There  are  three 
such  systems,  since  there  are  three  pairs  ot  common  chords. 

4804  Cob.  1. — A  conic  touching  four  given  lines  A,B,  6',  D, 
the  diagonals  being  E,  F  (Fig.  59) : 

Here  S  =  AC  and  S'  =  BD,  two  pairs  of  right  lines. 
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Otherwise^  if  Jlf«  ^  be  the  diagonals  and  L±M±N  the 
aides,  the  oonio  becomes 

4805  ii'U-iL{U+3P^N')+M'  =  0. 

For  this  always  toucbfls 
(I?+ir-^V-4EPJf*  or  (L+Jf+2?)(lf+2ir-ii)(N+L-10(L+lf-HO. 

ISafyncn,  Art.  287.] 


4806  Cos.  2. — A  conio  baying  double  contact  with  two 
ciicles  Of(XiB 

f*«-2fi  (c+  c) + (c-  ay = 0. 

4807  The  chords  of  contact  become 

/i+C-C  =  0   and  /a-C+C '  =  0. 

4808  The  equation  may  also  be  written 

which  signifies  that  the  sum  or  difference  of  the  tangents 
drawn  from  any  point  on  the  conic  to  the  circles  is  constant. 


ANHAEMONIG  PENCILS  OF  GONICS. 


4809  Tlie  anharmonic  ratio  of  the  pencil  drawn  from  any 
point  on  a  conic  through  four  fb^ed  points  upon  it  is  constant. 

Pboov. — Let  the  verfcioes  of  the  quadrilateral  in  Fig.  (38)  be  denoted  by 
A,  Bf  (\  D,  and  let  P  bo  the  fifth  point.  Multiplyiug  the  equation  of  the 
oonio  (4697)  by  the  oonatante  AU,  OD,  BC,  DA,  we  have 

J  An.  CD  _  ABu . gPy  _PA.PB  sin  APB.PC.PD sin  CPD 
BO.DA  *  BOfi.DAi  PB.FOuinBPO.FD.FAwiDFA 


_  sin  AFB^tm  CPD 

Compare  (1056). 


nnBPO.nnDF^ 


4810  If  the  fifth  point  be  taken  for  origin  in  the  syBtem 
(4784,  Fig.  55),  and  if  the  four  Hnes  through  it  be 

L-^fkiR,   L'-HiR,   L^gh^,  L—ikJi, 

4  p 


Digitized  by  Google 


658 


TBILJNBAM  ANALYTICAL  OONICS. 


the  anharmomc  ratio  of  the  pencil  is,  by  (4650), 

4811  Cob.  1. — If  four  liiu  s  through  any  point,  taken  for 
the  vertex  L}f,  meet  the  conic  in  tlie  points  /i,,  ^a,  ^3,  /t^,  the 
aiihLu  monic  ratio  of  these  points,  with  any  fifth  point  on  tlie 
conic,  is  equal  to  that  of  the  puiitts  — mi,  — — m»» 

which  the  same  lines  again  meet  the  conic. 

4812  CoE,  2. —  The  reciprocal  theorem  is — If  from  four 
points  upon  any  right  line  four  tangents  be  drawn  to  a  conic, 
the  anharmonic  ratio  of  the  points  of  section  with  any  fifth 
tangent  is  equal  to  the  corresponding  ratio  for  the  other  four 
tangents  from  the  same  points. 

4813  The  anharmonic  ratio  of  the  segments  of  any  tangent 
to  a  conic  made  by  four  fixed  tangents  is  constant. 

Pboof. — Let  fi,  /i„  /i,,  /i^  fi^  (^''g-  60)  be  the  pointe  of  contact.  The 
anbarmonio  ratio  of  the  segments  is  the  same  as  that  of  the  pencil  of  four 
lines  from  LM  to  the  points  of  section  ;  that  is,  of  fifi^L  —  M,  n^^L—'M, 
fifAjL-^M,  ftfi^—M,  a  pencil  homographic  (4651)  with  that  in  (4810). 

4814  If  i\  ^'  are  the  polars  of  a  point  with  respect  to  the 
conies  8i  8\  then  F-^kF  will  be  the  polar  of  the  same  point 
with  respect  to  the  conic  S-^-kS'. 

4815  Hence  the  polar  of  a  given  point  with  regard  to  a 
conic  passing  through  four  given  points  (the  intersections  of 
8  and  8*)  always  passes  tiirough  a  fixed  point,  by  (4101). 

If  Q,  Q  are  the  polars  of  another  point  with  respect  to 
the  same  conies,  Q-\-lcQ!  is  the  polar  with  respect  to  S+lcS'. 

4816  Hence  the  polars  of  two  points  witii  regard  to  a 
system  of  conies  through  four  points  form  two  homographic 

pencils  (4651). 

4817  The  locus  of  intersections  of  corresponding  lines  of 
two  homofrraphic  pencils  ha^'rifj  fixed  vertices  (Fig.  61)  is  a 
conic  passing  through  the  vertices;  and,  conversely,  if  the 
conic  be  given,  the  pencils  will  be  homographic. 

Pboop.— Per  elininaiing  h  from  P+feP'as  0,  Q-^kQk',  wegot  P^«P'(^ 
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4818  Cob. — ^The  Iocob  of  tiie  pole  of  tiie  line  joining  the  two 
points  in  (4816)  is  a  oonio. 

Psoop. — For  the  pole  is  the  iotenootion  of  P+kP'  and  Q-\-kQ', 

4819  The  right  lines  joining  corresponding  points  AA\  &o, 
(Fig.  62)  of  two  homographic  systems  of  points  lying  on  two 
right  lines,  envelope  a  conio. 

Pboof. — This  is  the  reciprocal  theorem  to  (4817) ;  or  it  follows  from 
(4818). 


4820  If  two  conies  have  double  contact  (Fig.  03),  the  an- 
linrTiionic  ratio  of  the  points  of  contact  A,  G,  D  of  any 
four  taiigeTits  to  the  inner  conic  is  the  same  as  that  of  each 
set  of  four  points  (<f,  h,  c,  d)  or  (a\  b\  c\  d!)  in  which  the 
tangents  meet  the  other  conic. 

Proof. — By  (4798).  The  /**s  for  the  points  on  the  latter  oooic  "will  be 
eqnal  to  the  ^'s  of  the  points  of  contnict  multiplied  by  tan  ^  for  nnc  set,  and 
bj  cot^  for  the  other,  and  therefore  the  ratio  (4810)  will  be  unaltered. 

4821  Conversely,  if  three  chords  of  a  conic  aa\  hh\  cc'  be 

fixed,  and  a  fourth  dd'  moves  so  that  {abed]  —  {ab'cd'},  then 
dd'  envelopes  a  conic  having  double  contact  with  the  given 
one. 

For  iheoreins  on  a  right  line  cnt  in  involution  by  a  oonio,  see  (4824-8). 


CONSTRUCTION  OF  CONICS. 


TH£OILEMS  AND  PROBLEMS. 

4822  If  a  polygon  inscribed  to  a  conic  (Fig.  64)  has  all  its 
sides  but  one  passing  through  fixed  points  B,  ...  Y,  the 
remaining  side  az  wifl.  envelope  a  conic  having  double  contact 
with  the  given  one. 

Proof. — Let  n,h,  ...  r.  ho  the  vcrticog  of  the  polygon,  and  a,  a',  a",  a'" 
fonr  Bnocessive  positions  of  a.    Then,  by  (4811), 

{  fl,  a\      a'"  }  =  {  6,  b\  h'\  6  "  }  =  Ac  =  {  s, } . 

Tiwnlore,  by  (4821),  the  side  at  enrelopeB  a  oomO|  Ao. 
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4823  Poncelet's  construction  for  inscribing  in  a  conic  a 
polygon  having  its  n  sides  passing  through  n  given  points. 

Inscribe  three  polygons,  each  of  n+1  sides,  so  that  n  of 
each  may  pass  through  the  fixed  points,  and  let  the  remaining 
sidrs  hi'  'A /' ,  a"z",  a'"z'",  denoted  in  figure  (65)  hy  AD,  CF,  EB. 
Lei  MLiNy  the  line  ji^'mniq  fin'  intersections  of  oj>i,ns(fc  sidt'.s  of 
the  hexagon  ABCDEF  (4781),  vicet  the  conic  in  then  K 
will  be  a  vertex  of  the  required  polygon. 

Proof. —  ^D.KACE^  =  ^A.KDFB  ^ ,  each  pencil  passing  through 

JTyP,  a;     therefore  iheanhannonio  ratio  ^KAOE^  =  ^KDFB]  for  any 

vertex  on  the  oonio,  by  (4609) ; «.«.,  {JSTaVV} »  {jT/iV"}.  Bnt^if  of 
be  the  remainiiig  side  of  a  fourth  polygon  inacribed  like  the  oihen,  we  have 
hj  (4811),  aa  in  (4822),  (  aa W }  =  { «•  VV"  } .  Henoe  JT  ia  the  poiafc 
where  a  and  «  ooineide. 


4824  Lenrnia, — ^A  system  of  conies  passing  through  four 
fixed  points  meets  any  transversal  in  a  system  of  points  in 

involution  (1066). 

Proof. — Lot  u,  u  bo  two  conies  passing  through  the  four  points  ;  then 
u-k-ku,'  will  bo  anj  other.  Take  the  transversal  for  x  axis,  and  put  y  =s  0  in 
each  oonie,  and  let  their  eqnationa  thna  heoome  cub'+29«+«ss  0  and 
oV+2<7'a}+c'  =  0.  These  determine  the  points  whore  the  transversal 
meets  u  and  u'.  It  will  then  meet  u  +  kn,'  in  two  points  given  by 
a«*-i-2^a+c-f-^  (aV-f-2^'aj  +  c')  =  0,  and  these  points  are  in  involution  with 
thef<»mer,  by  (1065). 

Qeometrically  (Fig.  66), 

[a.AdbA']  =  [c.AdhA']  (4809), 
therofore  {  AOBA'  \  =  {  AB'O'A'  ]  =  {  A' OB  A  ] ,  therefore  by  (1069). 

4825  Cor.  1. — One  of  the  conies  of  the  system  resolves 
itself  into  the  two  diagonals  ac,  bd.  Hencu  the  points  B,  R, 
G,  C  are  in  involution  with  D,  27,  where  the  transversal  cuts 
the  diagonals. 

48S6  OoB.  2. — ^A  transversal  meets  a  conio  and  two  tan- 
gents in  four  points  in  involution,  so  as  to  meet  the  chord  of 
contact  in  one  of  the  foci  of  the  system. 

For,  in  (Fig.  66),  if  b  coincides  with  c,  and  a  with  d,  the 
transversal  meets  the  tangents  in  C,  C\  while  B,  B' ,  D,  V,  all 
coincide  in  F  (Fig.  67)^  one  of  the  foci  on  the  chord  of 
contact. 
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4827  The  reciprocal  theorem  to  (4824)  is — Pairs  of  tangents 
from  any  point  to  a  system  of  conies  touching  four  fixed  liaes» 
form  a  Bjstem  in  involution  (4850). 


4828  The  condition  that  \K-\-tJiy-\-vz  may  be  out  in  involu- 
tion bj  three  conies  is  the  vanishing  of  the  determinant 


A. 


«1 

h 

^1 

2/, 

2h, 

2./; 

<h 

h 

2/. 

2A, 

X 

0 

0 

0 

V 

0 

0 

V 

0 

X 

0 

0 

V 

X 

0 

where  A^,  Hi,  Bi  belong  to  the  first  conic  and  have  the  values 
in  (4988). 

Proof.— The  qnadratie  A^x^  +  "IHxy+By^^  0,  obtained  in  (4987),  deter- 
mines the  pair  of  points  of  intersection  with  the  first  conic.  The  similar 
equation  for  the  third  conic  will  have  —  .Ij  +  X.l  ,,  <.l'c.,  if  the  points  are 
all  in  involution  (10^5).  The  third  equation  is  therefore  derived  from  the 
other  two;  therefore  the  determinant  vanishes,  by  (583). 

By  expanding  and  dividing  by  v*,  the  aeoond  detonmnant  above  of  the 
sixth  oidm  is  obtained. 


Newton* 8  Method  of  Qemrating  a  Conic, 

4829  Two  constant  angles  aPb,  aQb  (Fig.  G8)  move  about 
fixed  vertices  P,  (}.  If  a  moves  on  a  fixed  right  line,  b  de- 
scribes a  conic  which  passes  throngh  P  and  Q. 

Pkoof, — Taking  four  positions  of  a,  we  have  (see  1054), 

{P.bb'b"b'"}  =  {P.aa'a'a"}  =  {Q.aaVV"}  =  {QMb'b'"}  . 
Therefore,  by  (4817),  the  locofl  of  6  is  a  oonio. 


Maclaurin's  Metii^d  of  Generating  a  Conic, 

4830  The  vertex  Voi  a  triangle  (Fig.  69),  whose  sides  pass 
through  fixed  points  A,  B,  and  whose  base  angles  move  on 
fixed  Hues  Oa,  06,  describes  a  conic  passing  through  A  and  B, 

Proof. — The  pencils  of  lines  through  A  and  B  in  the  figure  are  both 
homographio  with  the  pencil  throngh  0,  and  are  therefon  homugraphic  with 
«aoh  other.  Therefore  the  loons     F  is  a  oonio,  by  (4817). 
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Otherwise,  let  o,  /3,  y  be  the  sidee  of  ABC  j  io  +  »»^  +  »y,  Z'o  +  m'/3  +  n'y 
the  fixed  lines  Oa,  Ob ;  and  a  s  /i^  the  moving  base  ab. 
Then  the  eqnations  of  the  sides  will  be 

(Ift + m)  /3 +ny  8B  0,   (r^i +m)  a +n>y  =  0. 

Eliminate/*;  then  Imfa^ss  (mfi-^ny){Va+n'y),  theoonio  in  qnestion,  bj 
(4697). 


4831  Given  five  points,  to  find  geometrically  any  number  of 
points  on  the  drcnmscribing  conic,  and  to  find  tHe  centre. 

Lei  A,  B,  C,  D,  E  (Fig.  70)  be  the  five  points.  Draw  any 
Ime  through  A  meeting  CD  in  P.  Draw  PQ  through  the  inter- 
section  ofAB  and  DE  meeting  BC  in  Q;  then  QE  will  meet 
PA  in  F,  a  sixth  point  on  the  eurve^  as  ia  evident  from  PaseaVs 
theorem  (4781). 

To  find  the  centre^  choose  AP  in  the  above  eonstrtietion 
parallel  to  CD,  and  find  tvm  diameterSf  as  in  (1252). 

4832  To  find  the  points  of  contact  of  a  conic  with,  five  right 
lines. 

Let  ABCDE  (Fig.  71)  the  pentagon.  Join  D  to  the 
intersection  of  AC  (ind  BE.  This  line  will  pass  through  the 
point  of  contact  of  AB,  and  so  oti. 

PROop.^By  (4788),  supposing  two  aides  of  the  hexagon  to  beoome  one 
straight  line. 


4838  To  describe  a  conic,  given  four  points  upon  it  and  a 
tangent. 

Let  %  a',  b,  V  (exterior  letter's  in  Fig.  52)  be  the  four 
points.  Then,  if  AB  is  a  tangent,  c,  c'  coincide,  and  Oamot*8 
theorem  (4778)  gives  the  ratio  Ac" :  Be*.  Then  by  (4831). 
Since  there  are  two  values  of  this  ratio,  ±  (Ac  :  Be),  two 
conies  may  he  drawn  as  required, 

4834    To  describe  a  conic,  given  four  tangents  and  a  point. 

Let  a,  a',  b,  V  {interior  letters  in  Fig.  52)  be  the  four 
fangenffi.  Then^  if  Q  be  the  given  point  on  the  curvCy  the  lines 
c,  c  m^tfit  coincide  in  direction,  and  (4780)  gives  the  ratio 
sin- (Ac)  :  siu*  (Be),  hg  which  the  direction  of  a  fifth  tangent 
through  Q  is  drfrrrniried .  Then  hg  (4832).  Tht  two  values 
i  (sin  Ac  ;  sinBc)  fa r)iish  Ilvo  solutions. 

Otherwise  by  (4804),  determining  fi  by  the  coordinates  of 
the  given  point. 
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4835  To  describe  a  conic,  given  three  points  and  two 
tangents. 

Let  A,  A',  A"  he  the  points  (Fig.  67,  supplying  ohviotis 
letters).  Let  the  two  tangents  meet  AA'  in  the  points  C,  C\ 
Find  i\  F,  the  foci  of  the  system  AA',  CC  in  involution  (100(3) 
determvning  the  centre  hy  (985).  Similarhj,  jhnl  G,  G',  the 
fod  of  a  sysfom  on  the  line  A  A".  Then^  hy  (4820),  the  chord 
of  contact  of  the  tangents  may  he  any  of  the  lines  FG,  FG', 
F'G,  F'G'.  There  are  accordingly  four  aolutionSf  and  tiie 
eomtrtiction  of  (4831)  determines  the  conic. 

4836  To  describe  a  conic,  given  two  points  and  three 

tangents. 

Let  AB,  BC,  CA  {Fig.  167)  be  the  tangents,  and  1\  V  the 
points.  Draw  a  transversal  through  PP'  meeting  the  three 
tangents  in  Q,  Q',  Q".  Find  F,  a  foctts  of  the  sifstem  PP',  QQ' 
in  involution  (106C,  985) ;  G  a  focus  for  PP',  QQ",  and  H/ar 
Q'Q''>  Construct  a  triangle  with  its  sides  passing  through 
F,  G,  II,  and  with  its  vertices  L,  M,  N  on  BO,  CA,  AB, 
by  the  method  of  (4823),  which  is  equally  applicable  to  a  recti' 
lineal  figure  as  to  a  conic.  L,  M,  N  will  be  the  points  of 
contact  The  reason  for  the  construction  is  contained  in 
(4826).    There  wHl^  in  general^  be  four  solutions. 


H  tbe  conic  be  a  parabola,  the  foregoing  constructions 
can  be  adapted  by  considering  one  tangent  at  infinity  always 
to  be  given. 

4837    To  draw  a  parabola  through  four  iri  ven  points  a,  a ,  b,  b'. 

Tliis  is  problem  4833  with  the  tann;ciit  at.  intiuity. 

In  figure  (52),  suppose  cc  to  coincido  and  AB  to  remove  to  infinity  so  as 
to  become  tiie  tangent  at the  opposite  vertex  at  inOnity  of  a  parabola,  and 
therefore  to  be  perpendicular  to  Uie  axi.s.  Cc  thou  beoomefl  a  diameter  of 
the  parabola,  and  Caruot's  theorem  (4778)  shows  that 

Ca.Ca  ^Ai^B^^  si^ACc 
Cb.Ch'      Ab^'Uc'      sin' nCc 

since  the  points  C\  a,  a,  6,  b'  are  all  on  the  axis  of  the  parabola  relatively  to 
the  infinite  distance  of  AcB.  This  result,  however,  is  at  once  obtained  from 
equation  (4221),  Ca,Oa' :  Oh.  Oh'  being  the  ratio  of  the  prodnote  of  the  roots 
of  two  similar  quadratics.  Thus  a  diameter  of  the  pnrn1)ola  can  be  drawn 
through  C  by  the  known  ratio  of  the  sines  of  ACc  niid  /.Tr. 

Next,  describe  a  circle  round  three  of  the  given  j)oiuts  a,  a,  h.  By  the 
property  (1203)  and  tbe  known  direction  of  the  axis,  the  other  point  in 
wbidi  the  circle  cats  the  parabola  can  be  fonnd. 

TiTO  pdnts  being  known,  tra  can,  by  Fkkscal's  theorem,  as  in  (4831), 
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obtain  two  parallel  chords,  and  tlien  find  P,  tbe  extremity  of  tbeir  diameter, 

by  the  proportion,  square  of  ordinate  cc  abscissa  (1239). 

Lastly,  draw  tlie  diameter  and  tangent  at  P,  and  then,  by  equality  of 
angles  (1224),  draw  a  line  from  P  which  passes  through  the  focus.  By 
obtaining  in  the  same  way  another  pair  of  parallel  chords,  a  seooud  line 
ibrongb  tbe  foeiu  is  found,  tbus  determimng  its  poeitioii. 


4838  To  draw  a  parabola  when  four  tangents  are  given. 

This  is  effected  by  the  constraction  of  (4832,  Fig.  71).  Let  AB,  BC^  AE, 
ED  be  tbe  fonr  tangents,  and  CD  tbe  tangent  at  infinity.  Tben  any  line 
drawn  to  0  will  be  parallel  to  BO,  and  any  line  to  D  will  be  parallel  to  ED. 

4839  To  draw  a  parabola,  given  three  points  and  one 
tangent. 

This  is  effected  by  the  construction  of  (4835,  Fig,  67).  Let  bC  be  the 
tangent  at  oo  ;  then  the  centre  of  in  volution  0  must  be  at  C,  so  that 
CO.  CO'  =  0.00  =  OA.CA'=  OF*y  determining  F.  F\  another  point  on 
the  chord  of  contact,  being  found  hy  joining  AA"  or  A' A",  FF*  will  be  tlie 
diameter  throngh  a«  ainoe  the  other  point  of  contaot  &  ia  at  infinity. 


4840  To  draw  a  parabola^  .given  one  point  and  three 
tangents. 

This  is  the  case  of  (4834),  in  which  one  of  the  given  tangents  h'  is  at 
irifiTiity.  It  must  therefore  be  at  infinity,  and  QI^,  PR  and  the  tangent  b, 
since  they  all  join  li  to  tinito  points,  must  be  parallel.  Tbe  ratio  found 
determines  another  tangent,  and  the  case  is  rednoed  te  that  of  (4838). 

4841  To  draw  a  parabola,  given  two  points  and  two 

tangents. 

This  is  pro})lcra  (483(5).  Suppose  AC  in  that  construction  to  be  the 
tangent  at  intinity.  i'',  II  will  be  determined  as  in  (4839)  by  mean 
proportionals.  The  ohords  Zlf,  NM  will  beoome  parallel,  sinoe  M  is  at 
infinite;  and  we  have  to  draw  ZlAT and  the  parallel  lines  from  L  and  jN"*  to 
pass  through  F,  (7,  if  in  their  new  positiona,  so  that  the  vertioes  L,  N  may 
lie  on  BO  &nd  AB. 

Otherwise  by  (4509),  the  intercepts  4-  and  i  can  readily  be  found  from  the 
two  equations  famished  by  the  given  points. 


4842  To  describe  a  conic  touching  three  right  lines  and 
touching  a  given  conic  twice. 

Let  AD,  CF,  EB  (Fl,].  65)  he  the  Hirer  lines  as  they  cut 
the  ni  I'Cti  conic.  Join  AB,  AF,  BC,  BE,  and  detr rniine  K  Jnf 
the  Pascal  line  MLN.  K  vill  he  one  ]>oiitt  of  contact  of  the 
two  conks,  hfj  (•1-822)  and  the  i>rnof  in  (4823), '.smcf'  AD,' CF, 
EB,  and  the  tnmjent  at  K  are  four  i>osit  ions  of  the  "  remaining 
aide  "  in  that  jpro^oaitioti.    The  jjroblem  is  thus  reduced  to 
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(4834),  since  fow  tangenU  and  K  the  point  of  contact  of  one  of 
them  are  now  known. 

4843  To  describe  a  conic  touching  eacli  of  two  given  conies 
twice,  and  passing  through  a  given  point  or  toncmng  a  given 
line. 

Proceed  by  (4803),  determining  jn  by  the  last  condition. 

To  describe  a  conic  touching  the  conicB  8+L\  S-^M^, 
8 -i-N*  (4707)  and  touching  8  twice.  [Salmon,  Art.  387. 


THE  METHOD  OF  BEdPBOGAL  POLABS. 


Bef. — The  polar  reciprocal  of  a  curve  is  the  envelope  of 
ihe  polars  of  all  the  points  on  the  curve,  or  it  is  the  locus  of 
the  poles  of  all  tangents  to  the  curve,  taken  in  each  case 
with  respect  to  an  arbitrary  fixed  origin  and  circle  of  recipro- 
cation. 

4844  Thus,  in  figure  (72),  to  the  points  P,  B  aa  one 
curve  correspond  the  tangents  qr,  rp,  and  chord  of  contact  j^g 
on  the  reciprocal  curve ;  and  to  the  points  ^,  r  correspond 
the  tangents  QJB,  BP,  and  chord  PQ. 

The  angle  between  the  tangents  at  P  and  Q  is  evidently 
equal  to  the  angle  j^Oq,  since  Op,  Oq,  Or  are  respectively  per- 
pendicular to  QB,  BP,  PQ. 


4845  TiiEoKEiM. — The  distance  of  a  point  from  a  line  is  to  its 
distance  from  the  origin  as  the  distance  of  the  pole  of  the  line 
from  the  polar  of  the  point  is  to  its  distance  from  the  origin. 

PboOF.— (Fig.  73.)  Take  0  for  origin  and  centre  of  nnxiliary  circle,  FT 
the  polar  of  c,  pt  the  polar  of  6',  OF  perpendicular  on  polar  of  c,  cp  perpen- 
dicular on  polar  of  C.  Then 

i*^OG.Ot  =Oc.OT  ^  Therefore,  by  subtraction,  OC.mt  =  OcMT, 
and       00.0ms:  OcOM)  or  OC.cp  =Oc.CFi 

tint  if,  CF  •.CO::ep  :  cO.  Q.  £.  D. 

Cob. — By  making  CP  constant,  we  see  that  the  reciprocal 
of  a  circle  is  a  conic  having  its  focus  at  the  origin  and  its 
directrix  the  polar  of  the  circle's  centre. 

4  Q 
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GENERAL  EULES  FOE  RECIPROCATING. 

4846  point  becomes  the  polar  of  the  painty  and  a  right  line 
becomes  the  pole  of  the  line.*  ' 

4847  ^  Une  through  a  fixed  point  becomes  a  point  on  a  fixed 
line. 

4848  The  intersection  of  two  lines  becomes  the  line  which 
jo  ills  their  poles. 

4849  Lines  passing  fli rough  a  fixed  point  become  the  same 
number  of  points  on  a  fi^xed  line^  the  polar  of  the  point, 

4850  ^  right  line  intersecting  a  curve  in  n  points  becomes  n 
tangents  to  the  reciprocal  cwrve  passing  through  a  fixed  point, 

4861  Two  lines  intersecting  on  a  curve  become  two  points 
whose  joining  line  touches  the  reciprocal  curve. 

4852  Two  taTigenis  and  the  chord  of  contact  become  two 
points  on  the  reciprocal  curve  and  the  intersection  of  the  tan^ 
gents  at  those  points. 

4853  ^  pole  and  polar  of  any  curve  become  i  tspectively  a 
2)olar  and  pole  of  the  reciprocal  cvrre;  and  a  point  of  contact  and 
tangent  become  respectirely  a  tangent  and  its  point  of  contact, 

4854  The  locus  of  a  point  becomes  the  envelope  of  a  line, 

4855  -^n  inscribed  fi>gure  becomes  a  drctmscribed  fi>gure, 

4856  Fom  points  connected  by^  six  lines  or  a  mtadrangle 
become  fowr  lines  intersecting  in  six  points  or  a  quadrilateral. 

4857  The  angle  between  two  lines  is  equal  to  the  angle  sub- 
tended at  the  origin  by  the  corresiwnding  points.  (4844) 

4858  The  origin  becomes  a  line  at  infinity,  the  polar  of  the 

origin. 

4859  Tivo  lines  through  the  origin  become  two  points  at 

infinity  on  the  polar  of  the  origin. 

4860  Two  tangents  through  the  origin  to  a  curve  become  two 
points  at  infinity  on  the  reciprocal  curve, 

4861  The  points  of  contact  of  such  tangents  become  asymptotes 
of  the  reciprocal  curve, 

4862  The  angle  between  the  same  tangents  is  e<i\ial  to  the 
angle  between  the  asynLptotes.  (4857) 

*  That  is,  with  iMpeot  to  tliedidA  of  xwteocKtkn.  aoid  ao  fhrmiBhoiit  villi  Am aio»* 

taon  of  (4863).  ~v 
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4863  According  as  the  tangents  from  the  origin  to  a  conic  are 
real  or  imaginaryt  ike  reciprocal  cwrve  is  an  hyperbola  or 
ellipse. 

48M  V  origin  he  taken  on  the  conict  the  redprooal  curve 
is  a  parabola. 

For,  by  (4860,  '1),  the  asymptotes  are  paraUel  and  at  infiitity. 

4865  ^  frilineai'  equation  is  converted  by  reciprocation  into 
a  tangential  equation. 

Thas  ay  =  k^d  is  a  conic  passing  tbrongh  four  of  the  intersections  of 
the  lines  a,  ft,  y,  S.  Beoiprooatiug,  we  get  a  tangential  eqnation  of  the  same 
form  AC  =  kBD,  and  this  is  a  conio  tonohing  four  of  the  lines  which  join 
the  points  whose  tangential  equations  are  As^O,  £  =  0,  0  =  0,  D  s  0. 
See  (490?). 

4866  The  equation  of  the  reciprooal  of  the  conio  a^y^^W 
=5  €W  with  the  same  origin  and  axes  is 

where  k  is  the  radius  of  the  auxiliary  circle  whose  centre  is 
the  centre  of  the  conic. 

Proof. — ^Let  p  be  the  perpendicular  on  the  tangent,  9  its  indination ; 
then  A^r-«=|)»  =  tt"coe*a+6*ain>fl  (4782). 

4867  "^he  same  when  the  origin  of  reciprooation  is  the 
point  afi/f 

Pboop:    jfc«r-»  =    =  </a*  cos' 0  +  6'  sin' y - cos 0 + y '  sin fl) . 

4868  The  reciprooal  curve  of  the  general  conic  (4656),  the 
auxiliary  .circle  being  a^-^+y*  =  jfc?  or  jB*-t-y"-h»*  =  0  in  tri- 
linears,  will  be  symmetricsdly 

replacing  I  by  —k*. 

Proof. — Let  £»j  be  a  point  on  the  reciprocal  curve,  then  the  polar  of  iiy, 
namely,  xE  +  ytj  —  k*=0,  must  touch  the  conic,  by  (1-86:}).  Thonjfore,  by 
(4665),  we  most  substitute  —At'  for  A,  ^,  v  in  the  tangential  eq^aatiou 
ilX*+Ac.  =  0. 

4869  From  the  reciprocal  of  a  curve  with  respect  to  the 
origin  of  coordinates,  to  deduce  the  reciprocal  with  respect  to 
an  origin  x'y\  substitute  in  the  given  reciprocal  equation 
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Proof. — Lot  P  ]ye  the  perpendicular  from  the  origin  on  the  tangent  and 
PjB  =  k^.    TLf  perpendicular  from  x'y'  is  r—x'  cos  0—  v'  sin  0, 

p      li  Bp 


n        a  COS  6 

£oob6  =  — 7f— TT-a- 


TANGENTIAL  COORDINATES. 


4870  By  employing  these  coordinates,  theorems  which  are 
merely  the  reciprocals  of  those  already  deduced  in  trilinears 
may  be  proved  independcDtly.  See  (4019)  for  a  description 
of  this  system. 

The  following  proposition  ser\^es  to  transform  by  recipro- 
cation the  whole  system  of  trilinear  coordinates  of  points  and 
equations  of  right  lines  and  curves,  into  tangential  coordinates 
of  right  lines  and  equations  of  points  and  curves. 


THEOREM  OF  TRAKSFORMATION. 

4871  Given  the  trilinear  equation  of  a  conic  (4656),  the 
tangential  equation  of  tiie  leciprocal  conic  in  terms  of  X,  ^,  r, 
the  perpendiculars  from  three  fixed  points  A\  C  upon  the 
tangent  (Fig.  74)  will  be  as  follows,  0  being  the  origin  of 
reciprocation  and  0A\  0B\  OG'  =p,     r ; — 

4872  2V+^+^+^+^^  +  ?^  =  0. 

Proof. — Let  a  =  0,  /3  =  0,  y  =  u  be  the  sides  of  the  original  trigon  .1 BC. 
The  poles  of  these  lines  will  be  A\  B\  C\  the  vertices  of  the  trigon  for  the 
reciprocal  curve.   Let  J2i9  be  the  polkr  of  a  point  P  on  the  given  conio; 

a,  /3,  y  theperperulioiilars  from  P  apott  BC,  CA,  AB  ;  i.e.,  the  trilinear  co- 
ordinntcR  of  P.  Lt  t  \.  ft,  »  bu  the  perpendiculars  from  -1',  B',  C  upon  RS', 
i.e.,  the  tanjL'cutial  coordinates  of  the  p<^lar  of  P  referred  to  A\  B\  C.  Then, 

by  (4tAb),  —  =  — ^       =  =  Subetitnte  these  valaee 

of  a,  /3,  y  in  (4656)  and  divide  by  Of*. 

4873  The  angular  relation  between  the  trigons  ABC  and 
A'JJ'C  is 
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4874  n  ABC  be  self-conjugate  with  regard  to  the  drcle  of 
reciprocation,  it  will  coincide  with  A'B'C. 

4875  Now  let  0  be  the  circum-centre  (4029)  of  A'B'C 
(Fig.  74)»  then  it  will  be  the  in-centre  o£  ABO,  and,  by  (4873)» 

2A*=w-A,  2ir=ir-JSr,  2(r=»-c. 

Also  ^  =  ^  =  ?•  in  (4872),  which  becomes  ^  (X,  ^,  v)  =  0,  so 
that  the  conic  and  its  reciprocal  are  represented  by  the  same 
equation.  Consequently  any  relation  in  trilinear  coordinates 
has  its  interpretation  in  tangential  coordinates.  We  have 
then  the  following  rule : — 

4876  Bulb. — To  convert  any  expression  in  iriUnears  into 
tangentialSf  consider  the  origin  of  the  former  as  the  in^eentre  of 
the  trigon,  change  a,  j3,  y  into  X,  /i,  v,  and  interpret  the  remit 
by  U^e  rules  for  reei^roeatiny  (4846-66).  If  the  angles  of  the 
original  trigon  are  %nvohed,  change  these  hy  (4875)  into  the 
angles  of  the  reciproeal  trigon,  of  tohich  the  origin  will  now  be 
the  drmm^centre, 

4877  Keforring  trilinears  and  tangentials  to  the  same  trigon 
ABC,  the  equation  of  a  point,  as  shown  in  (4021),  becomes 

Pi       Ih  Ps 

4878  or,  by  multiplying  by  iS, 

BOC\+  COA11+ A  OB^  =  0.  (Fig.  3) 

The  equation  of  a  point  can  generally  be  obtained  directly 
from  the  figure  by  means  of  this  formula. 


EQUATIONS  IN  TANGENTIAL  COORDINATES. 

For  direct  domoiistrations  of  the  following  theorems,  the  reader  may 
coDsnlt  Ferrers'  Trilinear  Coordinates,  Chap.  vii. 

4879  The  point  dividing  AB  in  the  ratio  a  :  i\  that  is,  the 
intersection  with  the  internal  or  external  bisector  of  C,  is 

aX  ±  bft  =  0.      Centre  of  AB  X+/a  =  0. 

The  pcnnt  0  in  (4878)  ib  oiow  on  the  aide  AB. 

4881  Mass-centre,    X+fi+rs=0.    [Vw  BOO=^OOA^aob. 
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4888  In^sentre,  aX+i^+(y=0. 
4883    «  ex-centre,  — aX+bft+tr  =  0. 


By  (4878),  for 
±D00  _COA__AOB 
a         h  t 


4884   Circum-centre  X  sin  2A  +fA  siu     +y  sin  2C  =  0. 

Proof.— For  BOG  =  kJl*  ein  2 A,  Ae.  in  (4878).  Otherwise.— Bj  recipro- 
cation ri^7()),  a  sin  .1  +  1  sin      ynnO  s  0  u  the  line  ai  infioi^  refioned 


X  sin  -4  +  /i  sin  J5  +  K  sin  C  =  0 
is  the  equation  of  the  pole  of  tiuA  line  referred  to  A'UQ'  j  that  is, 
A8in2il'+/itiii2B'+i'nn2Cr,  hj  (4875). 


4885  Foot  of  pcrpendiciilar  from  G  upon  AB^ 

Xtanii+fbian^  =  0. 

4886  Ortibooentre  Xtaii^+/^tiuiB+viaiiC  =  0. 


JL|ir+ii^X+^X^  =  0. 

4888  Point  of  contact  with  .17?, 

4889  In^le(4629), 

(s{-a)  fu^+(i)~b)  vX+(£{-f)  Xft  =  0. 

4890  Point  of  contoot  with  AB^  X+(0-a)  ^  0. 

4891  a  ex-circle,  (0-h)  Xf*+ {fi-t)  vX—^  =  0. 


Proof. — Since  the  coordinates  of  AB  of  the  trigon  are  0,  0,  y,  the  equa- 
tion of  the  inscribed  cnnic  must  bo  s!lti^<fled  when  any  two  of  the  conrilinntos 
X,  /i,  y  vanish,  tlierefore  it  must  be  of  the  form  (4887).  Otherwise  hj 
reciprocating  (4724). 

If  the  cirole  Umohee  AB  in  D  (Fig.  8),  X  :  — /t  ss  ^  :  SB  s  f^a  :  ( 
(Kg.  of  709),  which  proves  (4890). 

(4888)  is  the  equation  of  the  point  of  contact,  becanee  the  line  (0,  0,  p) 

passes  thronit^h  it  and  also  toucht's  the  conic  (4887). 

(4b8U)  is  the  in-circle  by  (4b87)  and  (4890)  and  what  precedes. 


4892    Circumscribed  conic,       [By  (487G)  applied  to  (4739,  '40). 

x#'v+i^y+^v-2i^^^-2^£yx-2iLi^X|fcso,  (474o> 


4887    Inscribed  conic  of  ABC, 


[Proof  below. 


• 


Digitized  by  GoOgle 


TANGENTIAL  COORDINATES, 


671 


4898  OP       -v/(LX)+v/^fi+y^r  =  0. 
4891   Tangent  at  il,    ifffr  =  ^y. 

4895  Oironm-cirole 

4896  or  i^y/\+hy/ll+ty/v=0. 

Pkk)F.— By  (4876)  applied  to  (4747,  *8),  and  by  co84  =  "m-^'  (4875) 

4897  Belation  between  the  coordinates  of  any  right  line : 

4898  Coordinates  of  the  line  at  infinity : 

PnoOF.— The  trilinear  coordinates  of  tlie  origin  and  centre  of  fhe  re- 
ciprocal oonte  axe  a  —  fi^Y,  (4876).   It  ie  also  self-eTident. 

4899  The  point  ZX-f  m/i-H«v  =  0  will  be  at  infinity  when 
l-\-m-{-7i  =  0. 

Proof.— By  (487G),  for  the  line  la  ^mfl+ny  =  0  will  pass  throngfa  the 
origin  a=/3  =  y  when  l  +  m+n  =i  {). 


4900  A  cnrve  will  be  touched  by  the  line  at  infinity  when 
the  sum  of  the  coefficients  vanishes. 

Pboof.— By  (4876),  for  this  is  the  condition  that  the  origin  in  trilinearSi 
a  s  /3  s  7  shiul  be  on  the  onrve. 


4901  The  equation  of  the  centre  of  the  conic  f  (X^  ft,  v)  is 

4902  or  (a+A+fir)X+(A+6+/)fA+(g+/+c)ir  =  0. 

Proof. — The  coordinates  of  the  in-centre  of  ABC  (4876)  are  a'=/8'=  y', 
theiefOTe  the  polar  of  this  point  with  regard  to  the  OOnic  f  (a,  /3,  y)  ia 
f +    =  0  (4658).    Thia  point  and  polar  reciprocate  into  a  polar  and 

point,  of  which  the  former,  being  the  reciprocal  of  the  in-centre,  or  origin,  is 
the  line  at  infinity,  and  therefore  the  latter  is  the  centre  of  ^  (X,  /i,  k),  while 
its  eqnation  is  as  stated. 
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4903  The  cquatioiL  of  the  two  points  in  which  the  line 
(X",     v')  cuts  the  conic  is 

<^  (V,  ii\  v')  <f>  (X,  /t,  v)  =  ((^.X'-f  (^,/i'-f  <^.0'.  (4^) 

4904  The  coordinates  of  the  asymptotes  are  found  from  the 
equations 

^(X,|*,r)=0  and  ^x+*.+*.=  0. 

Proof.— These  are  the  conditions  that  the  line  (A,  /i,  v)  should  touch  the 
onrye  and  also  pass  through  the  centre  (4901). 

4905  The  equation  of  the  two  circular  points  at  infinity  is 

a*  (X-/.)(X-F)+h^  (ft-v;(ft--X)+c^  =  0. 

PBOor.— Put  A'=  =  V  in  (4908)  to  make  the  line  at  infinify,  and  fiv 
the  oonio  take  the  is-oiiole  (4S89). 


4906    The  general  equation  of  a  circle  is 
a*  (X-,»)(X-f)+6«  0*-r)(,i-X)+C«  (r-X)(r-^) 

^{l\^-nnL^nvY  (1). 

where  ^X+m^+nv  =  0  is  the  equation  of  the  centre. 

Proof. — The  general  equation  of  a  conic  in  trilinears  may,  bj  (4G01),  be 
pat  in  the  form 

a(/3-/3o)(r-y,)-f-b(y-yo)(«-a«)+c(a-flo)(/3-/3„)  =  (Za  +  r7>/3  +  ny)«, 

where  ^  +  77i^  +  »y  =  0  is  the  directrix,  and  a^/ioyg  the  focus.  Now  let  the 
focus  be  the  in-centre  of  the  trigon,  and  therefore  a,  s  /l^ssy^s  129"*  (709). 
By  Uiis  lelation  and  aa+^iS+Cy  s  2,  the  eq[Qatiott  ia  expreaaed  aa 

a(«-a)(tt-/8)(a-y)+4o.  =  (r«+w73+»y)\ 

or  (a-i3)(a-r)  coa>       &0.  s  (ra+m'/d+nV)*. 

Bedprooating  by  (4876),  this  becomes 

(X-/u)(X-i')  BinM'  +  Ac.  =s(IX+t»fi+ni')«, 

the  constant  factor  introduced  on  the  right  being  involved  in  m,  » ;  and 
sin  A'  =  oos^J,  by  (4675).  And  we  know  that  this  ia  a  cirde  by  (4845 
Cor.),  and  that  the  directrix  of  the  conio  reciprocates  into  the  centre  of  the 

circle. 

Othenvise. — The  left  side  of  (1)  represents  the  two  circular  points  at 
infinity  (4905),  and,  if  for  the  right  we  take  the  equation  of  a  point,  the 
whole  represents  a  conic,  as  in  (4Uo9),  of  the  form  AC  =  B'.  In  thia  case, 
A,  0,  the  pointa  of  contact  of  tanffents  from  B,  being  the  dzeolar  points,  the 
conic  most  be  a  circle  with  B^O  fot  its  centre. 
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Abridged  Notation^ 

4907  Let  A  =  0,  B  =  0,  0  =  0,  D  =  0  (Fig.  75)  be  the 
tangential  equations  of  the  four  points  of  a  quadrangle,  where 
A  =  al\'^blfA+e^Vf  B  =  a,X+5,it+<^v,  and  bo  on.  Then 
the  equation  of  the  inscribed  conic  will  be  AO  =  hBD. 

Proof. — The  equatiou  is  oi'  the  second  degree  in  A,  ^,  v ;  therefore  the 
line  (\,  ft,  p)  toneheg  a  oonio.  The  ooordinates  of  one  line  tbat  tonclies  this 
conic  are  determined  by  the  equations  ^^0,  J?  =  0.  That  is,  tihe  line 
joining  the  two  points  J,  li  touches  the  oonio,  and  so  of  the  rest. 

4908  If  the  points  D  coincide  (Fig.  7G),  the  equation 
becomes  AG^hB^;  and  il  =  0,  0  =  0  are  the  points  of 
contact  of  tangents  from  the  point  B  = 


4909  Referring  the  conic  to  the  trigon  Alii^  (l^'ig-  7^^),  ^'^^ 
teking  AG  =  for  its  equation,  let  a  tangent  cf  be  drawn, 
and  let  Ae  :  eB^k  :  m.  The  equations  of  the  points  e  and 
/wfllbe 

mA+kB  =  0,      mkB^G  =  0. 

Proof. — The  first  equation  corresponds  to  (487U).  For  the  equation  of /« 
eliuaiuate  A  from  mA  +kB  =  0  and  AC  =  k^B^. 

4910  Ijet  /(  (Fig.  77)  be  two  points  on  AB  whose  equa- 
tions are  mA-{-kl}  =  0,  m'A-\-kB  =  0.  The  equation  of  the 
point     in  which  tangents  from  e  and  h  intersect,  is 

mm' A  +  (m+ m')  kB-\-C=z  0. 

Pboof. — Tlie  equation  may  be  put  in  the  form 

(n>A+l-n)(7n'A+ir>)  =  0, 

hccauso  k'  ]',■=  AC  if  the  line  touches  the  conic.  The  equation  being  of  the  first 
degree  in  ..1,  iV,  C,  must  represent  some  point.  That  is,  the  relation  between 
A,  #1,  V  inToWed  in  it  makes  the  stroignt  line  Xa+M/^+'^y  pass  throogh  a 
certain  point.  But  the  equation  is  satisfied  when  mA  +  /./>  =  0,  a  relation 
which  makes  the  straight  lino  pass  through  e.  Hence  a  tangent  through  e 
pa^ises  through  a  certain  iixed  point.  Similarly,  by  inA-^kB  =  0,  another 
tangent  passes  through  h  and  the  same  fixed  point. 

4911  CJoE. — Let  ir\' =  m,  then  the  equation  of  the  point  of 
contact  of  the  taiif^'(Mit  joining  the  points  ma-\-/cB  and  mkB-\-G 
(4U09)  (e  and/,  iJig.  7a)  will  be 

4912  If     ^^ig*  trihnoar  coordinates  of  the  points 

4  R 
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are  x^,  i/u      ^'a  Va  '-a  ^'a  i/a*  ~3>  ^^^c  coordinates  of  tli6 
point  of  contact  p  of  tlie  tangent  defined  by  vi  will  be 

mVi+2m^+fl^f   wi*yiH-2wityt+yii  m*2i-i-2«»feii+J%, 

and  the  tangent  at  p  di^ideB  tlie  two  fixed  tangents  in  the 
ratios  k  :  m  and  mk  :  1,  by  (4909). 

4913  Note.— The  equation  U  or  *  (X,  fi.  v)  =  0  (4(165)  expi-cssos  the 
condition  that  \a+/n/j-j-vy  shall  touch  a  certain  conic.  When  U  is  about 
to  break  np  into  two  laotora,  the  minor  axis  of  the  oonic  diminishes  (Fig.  79). 
Every  tangent  that  can  now  be  drawn  to  tho  conic  passes  very  nearly 
tliroHLrh  ono  end  or  other  of  the  ninjor  axis.  Ultimately,  when  the  minor 
axis  vanishes,  the  condition  of  the  lino  touching  the  conic  becomes  the  con- 
dition of  its  passing  through  one  or  other  of  two  fixed  points  A,  B.  In  tiiis 
case,  U  consists  of  two  factors,  which,  put  eqnal  to  aero,  are  the  equations 
of  til' st>  points.  Tho  conic  has  become  a  ateaight  line,  and  this  line  is 
touched  at  evexy  point  by  a  single  tangent. 

4914  U  U  md  U'  (Fig.  SO)  be  two  conios  in  tangential 
coordinates,  kU+V  is  then  a  conic  haying  for  a  tangent 
eyeij  tangent  common  to  17  and  TT;  and  ku-^AB  is  a  conic 
having  in  common  with  U  the  two  pairs  of  tcingi  nts  drawn 
from  the  points  B, 

The  conic  U'  in  this  case  merges  into  the  line  AB,  or, 
more  strictly,  the  two  points  A,  J9,  as  explained  in  (4913). 

4915  If  either  Z-fZ+F'  or  kU-^AB  breaks  up  into  two 
factors,  it  represents  two  points  which  are  the  opposite  ver- 
tices of  the  quadrilateral  formed  by  the  four  tangents. 


ON  THE  INTERSECTION  OF  TWO  CONICS. 

INTBODUCTORT  THEOBBM. 
Geometrical  meaning  of  v^(— 1).* 

4916  In  a  system  of  rectangular  or  oblique  plane  coordinates,  let  the 
operator  \^—\  prefixed  to  an  ordinate  y  denote  the  turtiiug  of  the  ordinate 
about  its  foot  as  a  centre  throntrli  a  rig'ht  angle  in  a  plane  {HM-peiuliculnr  to 
the  plane  of  .cy.    Tho  repetition  of  this  operation  will  turn  the  ordinate 

•  [Thn  fiction  of  inmg-inary  line.s  and  points  is  not  ineradicable  from  Geometry.  The 
thoMry  of  Quati  niiooa  removes  idl  imuginarineM  from  the  symbol  —  1,  and,  as  it  appoMS 
that  a  partial  application  of  that  theory  preoukte  Che  •ubject  of  Ftojedicni  in  a  miMii  onanr 
light,  I  h:ive  here  intvodnced  the  notioii  of  the  midtiplioatioa  of  veeton  at  right  aai^  to 

each  other.] 
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throngh  another  right  angle  in  the  same  plane  so  as  to  bring  it  again  into 
the  plane  of  zy.   The  double  operation  has  convertej  y  into  —y.  _Bnt  tho  two 

operations  are  indicated  algebraically  bj  V'— 1 .  \/ —1  .y  or  (V^ —l)"]/  ==~~y» 
which  justifies  the  definition. 

It  may  be  remarked,  in  passing,  that  any  operaium  which,  being  per^ 
formed  twice  in  snccession  upon  a  quantity,  changes  its  sig^,  offers  a  con- 
sistent interpretation  of  the  nmltiplier  v'— 1. 

4:917  With  this  additional  operator,  borrowed  from  tho  Theory  of 
QoatMnioiis,  eqaations  of  plane  corves  may  be  made  to  represent  more 
extended  loci  than  fonnerly .  ^'onsider  the  equation  + 1/'  =  d\  For  values 
of  a; < we  have  y  =  vo*— a?*,  and  a  circle  is  traced  out.  For  values  of 
x>a,  we  may  write  y  —  :izi  s/ a;'— a',  where  x~\^~~\.  Tho  onlinato 
— a*  is  turned  throngh  a  right  ang-le  by  tlio  vector  <,  and  this  part  of  tho 
locus  is  consequently  an  equilateral  hyperbola  having  a  common  axis  with 
the  circle  and  a  common  parameter,  tint  having  its  ])lane  at  right  angles  to 
that  of  the  circle.  Since  the  foot  of  each  ordinate  remains  unaltered  in  posi- 
tion, we  may,  for  convenience,  leave  the  operation  indicated  by  x  unperformed 
and  draw  the  hyperbola  iu  the  original  plane.  In  such  a  case,  the  circle  may 
be  called  the  principal,  and  the  nyperoola  the  tupplementary,  carve,  after 
Poncelet.  When  the  coordinate  axes  are  rectangular,  the  supplementary 
curve  is  not  altered  in  any  other  respect  than  in  that  of  position  by  the 
transformation  of  all  its  ordinates  through  a  right  angle  ;  but,  if  the  coordi- 
nate axes  are  obliquu,  theru  is  likewise  a  change  of  figure  precisely  the  same 
as  that  which  wonid  be  produced  by  setting  each  ordmate  at  right  angles  to 
its  abscissa  in  the  xy  plane. 

In  the  diagrams,  the  supplementary  curve  will  bo  shown  by  a  dotted  line, 
and  the  nnperformed  operation  indicated  by  i  must  always  be  borne  in  mind. 
For,  on  account  of  it,  there  can  be  no  geomefrioal  relations  between  the 
principal  and  supplementary  curves  excepting  those  which  arise  from  the 
possession  of  one  common  axis  of  coordinates.  Thi.s  law  is  in  agreement 
with  the  algebraic  one  which  applies  to  the  real  and  imaginary  parts  of  the 
equation  a;'— (it/)'  =  a'.    When  y  vanishes,  a;  =  a  in  both  carves. 

If  either  the  ellipse  Wt^+o^"  =  or  the  hyperbola  b^^-^aS^  =s  o'ft* 
be  taken  for  the  principal  curve,  the  other  will  l)o  tho  supplementary  curve. 

It  is  evident  that,  by  taking  ditferent  (■onjnLr;ito  diameters  for  coordinate 
axes,  the  same  conic  will  have  corrcBpoudiug  ditlerent  supplemoutary  curves. 
The  phrase,  **  supplementary  conic  on  the  diameter  DD,  for  example,  will 
Xffyae  to  that  diameter  which  forma  the  common  axis  <^  the  principal  and 
aupplemeiitaiy  conic  in  question. 

4918  lict  us  now  take  the  circle  s'+y' s  a*  and  the  right  line  a  s  ft. 
When  5  is  >  a,  the  line  intersects  the  supplementary  right  hyperbola  in  two 
pointe  whose  otdinates  are  ^t*— a*.  By  increasing  b  without  limit,  we 
get  a  pair  of,  so-called,  xmaginnru  points  at  injinity.  These  lie  on  the 
asymptotes  of  the  hyperbola,  and  the  equation  of  the  asymptotes  is 

We  can  now  give  a  geometrical  interpretation  to  the  statements  in  (4720). 
The  two  lines  drawn  from  the  focus  of  the  conic  hKr irif  —  a"'})'  to  the 
"  circular  points  at  infinity  "  make  angles  of  45"  witii  the  major  axis,  and 
they  touch  the  conic  iu  its  supplementary  hyperbola  6V  — (ly)"  =  aV. 
An  independent  proof  of  this  is  as  fbllows. 
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Draw  a  tangent  from  S  (Fig.  81)  to  the  supplementary  hyperbola,  and 
let  a;,  ^  be  tlie  coordinates  of  the  point  of  contact  P.  Then 

by  tli0  Talne  of  a.  Abo 


Therefofe  ff=s8N,  therefim  APmakMui  aagleof  45'*  wiih  (ZY. 


The  fonowinij  results  are  required  in  the  theory  of  projec- 
tion, and  are  illiistruted  in  fiufiires  (82)  to  (8()).  Two  ellipses 
are  taken  in  each  case  for  ])rincipal  curves,  and  the  supple- 
mentary hyperbolas  arc  sliown  by  dotted  lines.  As  the  planes 
of  the  principal  and  sup})lunientarv  curves  arc  really  at  right 
angles,  the  intersections  of  the  solid  lines  with  the  dotted  are 
only  apparent.  The  intersections  of  the  solid  lines  are  o  iil 
points,  while  the  intersections  of  the  dotted  lines  represent 
the  imaginarij  points. 

4919   Two  oonios  may  interBect — 

(i.)  in  four  real  points  (Fig.  82)  ; 

(ii.)  in  two  real  and  two  imaginary  points  (Fig.  S3) ; 

(iii.)  in  four  imaginary  points  (Fig.  84). 

[When  the  two  hyperbolas  in  figures  (83)  and  (84)  are  similar  and 
Bimuarly  sitnaied,  two  of  their  points  of  inteneotion  recede  to  infinity  (Figs. 
85  and  86).  Henoe,  and  by  tiudng  the  dotted  lines  for  principal,  and  the 
■olid  for  enpplementaiy,  onrres,  we  also  have  the  oaaes] 

(iv.)  in  two  real  finite  points  and  two  inuiyinary  points  at 
infinity  ; 

(v.)  in  two  imaginary  fhiite  points  and  two  imaginary 
points  at  infinity  ; 

(vi.)  m  two  imaginary  finite  poinis  and  two  real  points  at 
infinity; 

(vii.)  in  two  real  finite  points  and  two  real  points  at 
infinity. 


4920  Given  two  couics  not  intersecting,  or  intersecting  in 
but  two  points,  to  driiw  the  two  su])]i1cnientary  curves  which 
have  a  conamon  chord  of  intersection  conjugate  to  the 


Digitized  by  Google 


THE  UETEOB  OF  PEOJBOTION. 


677 


diameters  upon  which  they  are  described,  or  in  other  words, 
to  End  the  imaginary  common  chord  of  the  conies. 

Poncelet  has  shewn  by  geometrioal  reasoning  (Proprietes  des  Projectioeif 
p.  31)  that  such  a  chord  most  exist.  The  followiog  is  a  method  of  deter- 
mining its  position — 

Let  (abc/ijh'^xi/\y  =  0    and    (ah'c'fg'h"^xijiy=zO  (i.) 

be  the  equations  of  the  conies  (7,  C  (Fig.  89),  the  coordinate  axes  being 
rectangular.  Suppose  PQ  to  be  the  common  chord  sought.  Then  the 
diameters  AB^  A  W  oonjngate  to  PQ  biseet  it  in  A  ^x^d  the  supplementary 

curves  on  those  diameters  intersect  in  the  points  P,  Q.    Now,  let  the  ooor- 

dinatc  axes  bo  tunud  throurrh  an  anj^le  ft,  so  that  the  y  axis  may  become 
parallel  to  PQ,  and  therefore  also  to  the  tangents  at  A,  Ji,  A',  B'.  This  is 
accomplished  by  substituting  for  x  and  y,  in  equations  (i.),  the  values 

aj  cos  ^— J/ sin  ft    and    ?/ cos  ft  +  «  sin  6. 

Ijet  the  transformed  equations  bo  denoted  by  {ABCFGH'^xyiy  =  0  and 
iA'B'CF'O'Hllaeyiy  as  0,  in  which  the  coefficients  are  all  fanotions  of  0, 
excepting  c,  which  is  unaltered.  Solving  eadi  of  these  equations  as  a  qnad« 
ratio  in     the  solutions  take  the  forms 

y  =  a.r-|-/3±  vV  (-f^— 2iw+j)i  y  =  a 'a;  + /3 '  ±  v//x'(aj*—2p'x +  <?')  •••("•)» 
with  the  values  of  a,  a,  j\  q  given  in  (Itll^-.'o),  if  for  small  letters  we 
substitute  capitals.  Thus,  a,  /i,|>,  q  are  obtained  in  terms  of  0  and  the 
original  coctiicieuts  a,  /«,  6,/,  y,  h. 

Sow,  the  coordinates  of  D  besag  {  =  ON,  n  =  DN,  we  ha?e  n  = 

and  9  =  a         therefore  s  a  4+^'   (iii  ). 

The  snrd  in  equations  (ii.)  represents  the  ordinate  of  the  conio  conjugate 

to  the  diameter  AB  or _A!ff,  For  values  of  a;  in  the  diagram  >  OM  and 
<0i?,  the  factor  appears  in  this  surd,  indicating  an  ordinate  of  the 

supplementary  curve  on  AU  or  A!B\  Hence»  equating  the  valaes  of  the 
common  ordinate  P-D,  we  have 

/i  (42-2p|-f  ^)  =     (r-2/^+g')  (iv.). 

Eliminating  4  between  equations  (iii.)  and  (iv.),  we  obtain  an  equation  for 
determining  0;  which  angle  being  fowid,  we  can  at  onoe  draw  the  diameters 


THE  METHOD  OF  PROJECTION. 


4981  Pbobleh. — Given  any  conic  and  a  right  line  in  its 
plane  and  any  plane  of  projection,  to  find  a  vei  tex  of  projeo- 
tion  such  that  the  line  maj  pass  to  infinity  while  the  conic  is 
projected  into  a  hyperbola  or  ellipse  according  as  the  right 
Hne  does  or  does  not  intersect  the  given  come ;  and  at  the 
same  time  to  give  any  assigned  proportion  and  direction  to 
the  axes  of  the  projected  conic. 
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Anahj<;is. — het  HCKD  be  the  given  conic,  and  BB  tho  right  line,  in 
Fig.  (H7)  not  intcrsocting,  and  in  Fig.  (88)  intersecting  tho  conic.  Draw 
HK  the  diameter  oi'  the  conic  conjugate  to  BB.  Suppose  0  to  be  the 
leqvired  Tertez  of  projeotioa.  Draw  any  plane  JBOGD  ptnillel  to  OBB, 
intersecting  the  given  conio  in  CD  and  the  line  HK  in  F,  and  draw  the 
plane  OTIK  cutting  the  former  plane  in  F,  0  and  the  line  BB  in  A ;  and 
let  the  curve  ECQD  be  the  conical  projection  of  HCKD  on  tho  plane  parallel 
to  OBJ}. 

By  Bunilar  triangleB, 

Let  a,  /S  be  the  semi-diamctcrs  of  the  given  conic  parallel  to  HK  and  CD  ; 

Now,  since  parallel  sections  of  the  cone  are  similar,  if  the  plane  of  JICKD 
moves  parallel  to  itself,  the  ratio  on  the  right  remains  constant ;  therefore,  by 
(1193),  the  section  BOOK  U  an  ellipse  in  Fig.  (87)  and  «n  hyperbola  in 

}  cllipae 

panOlel  to  EO  and  CD,  that  is,  to  Oil  and  .BP  $  then,  by  (2), 


Fig.  (88).    Let  a,  h  be  the  semi-diameters  t)f  this  ellipse  or  hyperbola 
~     nd  CD,  that  is,  to  Oil  and  BBi  then,  by  (2), 

Bnt  ^  nA.AK=  AB\  where  AB  in  Fig.  (88)  is  the  ordinate  at  A  of  the 

given  conic,  but  in  Fig.  (87)  the  ordinate  of  the  conic  supplementary  to  the 
given  ouu  on  the  diameter  conjugate  to  BB.  Therefore 

AO'^^Aff   (4). 

Hence  AO^  AB  are  parallel  and  proportional  to  a  and  b.  And,  since  AB 
is  given  in  magnitude  and  direction,  we  haye  two  oonstants  at  onr  disposal, 

namely,  the  ratio  of  tho  semi-conjugate  diameters  a  and  h  and  the  angle 
between  them,  or,  which  is  t  he  same  thing,  the  ecci'ntricity  rmd  the  direction 
of  the  axes  of  the  ellipse  or  hyperbola  on  the  plane  of  projection. 

4888   The  oonstruction  wiU  be  as  follows : — 

Determine  the  point  A  as  the  mterfiecfion  of  BB  with  the 
diameter  HK  conjugate  to  it.  Choose  any  plane  o  f  project iouy 
and  in  a  plane  through  BB,  parallel  to  it,  measure  AO  of  the 
length  given  h)/  equation  (3)  or  (4),  niaking  the  angle  BAO 
equal  to  the  required  angle  bettoeen  a  and  b.  0  icili  he  the 
vertex  of  projrrtion,  and  any  plane  hMN  parallel  to  OBB  will 
serve  for  the  plane  of  projection. 


4923  Cob.  L-^If  AO  =  AB,  the  projected  ounre  in  Fig.  (88) 
will  in  every  case  be  a  right  hyperbola. 
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4924  CoK.  2. — If  BAO  is  a  v\ght  angle,  the  axes  of  tlie  pro- 
jected ellipse  or  hyperbola  are  parallel  and  proportioual  to 
AO  and  AB,  Hence,  in  this  case,  the  eccentricity  of  the 
hyperbola  will  be  e  =  OB  :  OA. 

4925  Cor.  3.  — If  AO  =  AB  and  BAO  =  a  right  angle, 
the  ellipse  becomes  a  circle  and  the  right  hyperbola  in  Cor.  1 
has  its  axes  parallel  to  AO  and  AB, 


4986  To  project  a  conic  so  that  a  given  point  in  its  plane 
may  become  the  centre  of  the  projected  curve. 

Take  for  the  line  BB  the  polar  of  the  given  j^oint,  and  eon^ 
struct  as  in  (4922).  For,  if  P  be  the  given  pointy  and  BB  its 
polar  (Fig,  87  or  88),  p  the  projection  ofV  will  have  its  polar 
at  infinity  f  and  wiU  therefore  be  the  centre  of  the  projected 
ellipse  or  h^erbola^  according  asF  is  tdthin  or  without  the 
original  contc. 


4927  To  project  two  intersecting  conies  into  two  similar 
and  similarly  situated  hyperbolas  of  given  eccentricity. 

Take  tin'  common  chord  of  the  conies  for  the  line  BB  (Fii/- 
88),  a7id  j}roject  each  conic  as  in  (4922),  employing  the  same 
Vertex  and  plane  of  projection.  Then,  since  the  point  A  and 
the  lines  AB  and  AO  are  the  same  for  each  projection,  cor  res- 
jwnding  conjugate  diameters  of  the  hyperbolas  are  parallel  and 
proportional  to  AO  and  AB;  therefore,  ^c. 


4928  To  project  two  non-intersecting  conies  into  similar 
and  similarly  situated  ellipses  of  given  eccentricity. 

Take  the  common  chord  of  a  certain  two  of  the  supple- 
mentary ewrves  of  the  conies  (4920)»  in  other  words,  the 
imaginary  common  chord  of  the  conies^  for  the  line  BB,  and 
proceed  as  in  (4927). 


4989  To  project  two  conies  having  a  common  chord  of 
contact  into  two  concentric,  similar  and  similarly  situated 
hyperbolas. 

l^ake  the  common  chord  for  the  //;ieBB,  and  construct  as  in 
(4922).  The  common  pole  of  the  conies  projects  into  a  common 
centre  and  the  carmwn  tangents  into  common  asymptotes. 
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4830   To  project  any  two  oonics  into  concentric  conies. 

Find  the  common  pole  and  polar  of  the  given  conies  hy 
(4762),  and  take  the  common  polar  for  the  line  BB  vn  the 
construction  of  (4922).  The  eomMn  pole  jprojects  into  a 
eomnon  centre. 


4931    Ex.  1.— Given  two  oonioB  bavin?  double  contact  witb  each  oiber, 

any  clionl  of  one  which  touches  the  other  is  cut  liarmonically  at  tlie  point  of 
ooatact  and  where  it  meets  the  oommon  clmrcl  of  contact  of  tbo  couics. 

\_Sahiu)nii  Conic  Sectums,  Art.  3-'4. 

Let  AB  bo  the  common  chord  of  contact,  FQ  the  other  chord  touching 
the  inner  conic  at  C  and  meeting  Alt  produced  in  D.  By  (4929),  project 
and  therefore  the  point  D,  to  infinity.  The  conies  become  similar  and 
similarly  situated  h^-pt-rlx 'las,  an»l  V  becomes  tlie  middle  point  of  Pit  HlSi'). 
The  tlii'orem  is  tlicretore  true  in  this  case.  Hence,  by  a  converse  projection, 
the  more  general  theorem  is  inferred. 


4932  2. — Given  four  points  on  a  conic,  the  locus  of  the  pole  of  any 

fised  line  is  a  conio  passing  through  the  fourth  barmonie  to  the  point  in 
which  this  line  meets  each  side  of  the  given  qnadrilateral.    [IhH^  ibrt.  354. 

Let  till'  fixed  line  meet  a  side  AB  the  qaadrihtteral  in  D,  and  let 
ACBD  he  in  harmonic  ratio.  Projoot  the  fixed  line,  and  therefore  the  point 
i>,  to  iutinity.  C  becomes  the  middle  point  of  .^i^  (105o),and  the  pole  of 
the  fixed  line  becomes  the  centre  of  the  projected  oonic.  Mow,  it  is  Icnown 
that  the  locus  of  the  centre  is  a  conio  passing  through  the  middle  points  of 
the  sides  of  the  quadrilatert^.  Henoe,  projecting  back  again,  the  more 
general  theorem  is  infcrrcd. 


4933  I'A.  .'^!.  —  If  a  vai-ial)lo  elli])se  be  described  louchiiic^  two  ^iven 
ellipse!*,  while  the  8np[denieiilary  hyjiurholas  of  all  three  have  u  common 
chord  AB  conjugate  to  the  diameters  upon  which  they  are  described ;  the 
locus  of  the  pole  of  AB  with  respect  to  the  variable  ellipse  is  an  hyperbola 
wboHe  supplementary  ellipse  touches  the  four  lines  CA,  CB^  C (TB,  where 
Cf  0'  are  the  poles  of  AB  with  respect  to  the  fixed  ellipses. 

(Sal/, ton,  Art.  355.) 

Proof. — Project  .1/-  to  intinity  and  the  three  ellipses  into  circles.  The 
poles  P,  G,  C  become  the  centi-es  /i,  c,  c  of  the  circles.  Tho  locus  oi  p  is  a 
hyperbola  whose  foci  are  e,  c.  Bnt  the  lines  Acy  Be  now  touch  the  supple- 
mentary ellipse  of  this  hyperbola  (4918).  Therefore,  projecting  back  again, 
we  pet  ylC,  BC  touching  the  supplementary  ellipse  of  the  oonic  which  is  the 
locus  of  P.    Similarly,  A.0\  BG'  touch  the  same  ellipse. 


4934  Any  two  lines  at  rio^lit  ano:les  [)rojcct  into  lines  which 
cut  harmonically  the  line  joiniiiu;  the  two  fixed  points  wbich 
are  the  projections  of  the  circular  points  at  infinity. 

Pboop.— This  follows  from  (4728). 
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4935  The  couverso  of  the  above  proposition  C  {-0:^1),  wlilch  is  the  tlicorcin 
in  Art.  35G  of  i>alnion,  is  not  uuiversally  true  in  any  real  sense.  If  the  lines 
drawn  throngh  a  giren  point  to  the  two  oironlar  pointa  at  infinity  form  a 
harmonic  pencil  witli  two  otlicr  lines  through  that  pointy  the  latter  two  are 
not  necessarily  at  ripht  an<;le.s,  ns  tlie  theorem  nssnmes. 

The  follow iug  example  from  the  same  article  is  an  illustration  of  this — 

Ex. — Any  chord  BB  (Fig.  88)  of  a  conic  HCKD  is  cut  harmonically  by 
any  line  PA'^/f  through  P,  the  polo  of  the  chord,  and  the  tangent  at  K. 

The  ellipse  BKB  here  projects  into  a  rifrht  hyperbola  ;  />',  i>  project  to 
iiiliiiity.  The  harmonic  ]iciicil  formed  by  I'K  and  (lie  taiif^entut  Jv,  Kli  and 
KB  projects  into  a  harmonic  pencil  formed  by  i)k  and  the  tangent  at  k,  kb 
and  kb,  whtm  b,  b  are  the  eiranlar  points  at  infinity :  hut  pk  is  not  at  right 
angles  to  the  tangent  at  ft  of  the  right  hyperbola.  The  harmonic  mtlo  of  the 
hitter  pencil  can,  however,  be  independently  demonstrated,  and  that  of  the 
former  can  then  bo  inferred,    (^ote  that  k  ia  G  in  fignre  88.) 

If  we  may  aappoee  the  ellipae  to  project  into  an  imaginary  ohrole  having 
points  at  infinity,  the  imaginary  vadiiia  of  that  circle  may  be  supposed  to  be 
at  right  angles  to  tlio  imaginary  tangent.  The  riu:ht  }i  \  ])crbola,  however,  is 
the  real  projeetion  which  takes  the  place  of  the  circle  in  this  and  all  similar 
instances;  and  it  is  only  in  the  case  of  principal  axes  that  the  radius  is  at 
right  angles  to  the  tangent. 


INVARIANTS  AND  COVAEIANTS. 

4936  Let  u  ={ah  cff)  hjx  y  zy,    u  =  {ah'c'  fg'h'\xyzY 
be  two  conies  as  in  (4401)  witli  the  notation  of  (1G2U). 

The  three  values  of  /%  for  wliieli  kn  +  n'  =  0  represents  two 
right  lines,  are  the  roots  of  the  cubic  equation 

4937  Aft»+e*«+e'A + A' = 0, 

4938  where  A^a6e+2/^A-a/'-6^-c/i% 

4939  0  =  Aa'-^Bb'-^Cc^tF/^lG^^mh^ 

and  ^=6c— F=gh^af^  &o.  (46«;5) 

For  the  yalues  of  ^  and  8'  interchange  a  with  a',  b  with  h\ 
Ac. 

Proop.— The  disoriminant  of  whioh     ha-^a*,  hh-^h\  hg-^g' 

must  vankh  (4661),  is  evidently  the  detcrmi-      kh+h\  lA-^b't  M'¥f 
nnnt  here  writteOi  and  it  is  equivalent  to  the 
cubic  in  question. 


¥+/'.  ^+«' 


4940    ^»  8,  0\  and  A'  are  invariants  of  the  conic  ku-^-u, 

4  8 
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That  is,  if  the  axes  of  coordinates  be  transformed  in  any 
manner,  the  ratios  of  the  four  coefficients  in  (4937)  are 
unaltered. 

Proof.— The  iransrormatioii  is  effeoted  hj  a  Knew  tnlietiiatioD,  m  in 
(1794).  Let  «,  «  thus  become  v,  o'.  Then  ku+u  becomes  lv-^v\  and 
k  is  nnaltcrcd.  If  the  cqnation  A-u  +  u'  =  0  represents  two  right  lines,  it  will 
continue  to  do  so  after  transformation ;  but  the  condition  for  this  is  the 
vanishing  of  the  cubic  in  k ;  and  k  being  constant,  the  rutios  of  the  coeffi- 
oients  most  be  unalterable. 


4941  ^^^^  cMjuation  of  the  six  lines  which  join  the  four 
points  of  intersection  of  the  conies  u  and  u  is 

PfiOOF. — Elimiuate  k  from  (4937)  by  ku-^u  =  0. 

4942  The  condition  that  the  conies  u  and  «'  may  touch  is 

4943  or  4Ae^+4A'e^+27A«A'«-i8AA'ee'-e^. 

Pkoof. — Two  of  the  four  points  in  (39-il)  must  coincide.  Hence  two  out 
of  the  three  pairs  of  lines  mu.st  cuiucide.  The  cubic  (4937)  most  therefore 
have  two  equal  roots.  Let  a,  a,  /3  be  the  roots ;  then  the  ooodition  is  the 
reeolt  of  eliminating  a  and    tfeom  the  aqnations 

A  (2a  +  /3)  =  -0,    A  (a'  +  2a/3)  =  O',    A«'/8  =  -  A'  (406). 

4944  The  expression  (4943)  is  the  last  term  of  the  equation 
whose  roots  are  the  stjuares  of  the  difFereucos  of  the  roots  of 
the  cubic  in  and  when  it  is  ])ositivo,  the  cubic  in  k  has  two 
imaginary  roots ;  when  it  is  negative,  three  real  roots ;  and 
when  it  vanishes,  two  equal  roots. 

Pboot.— By  (543)  or  (579).  The  last  term  of  /(«)  in  (543)  Is  now 
=  27 F  (a)  FQi),  a,  /3  being  the  roots  of  3A2*+2ea!  +  e'  =  0.   When  this 

terra  is  positive,  / (x)  has  a  real  negative  root  (409),  and  therefore  F(x)  has 
then  two  imagiuarvroots ;  for,  if  {a  —  b)'  =  —c,  a  — 6  =  ic,  and  a  and  b  are 
both  imag^nar^.  When  the  last  term  of  /  {x)  is  negative,  all  the  roots  of 
/(«)  are  positive,  and  therefore  the  roote  of  F(m)  are  all  real. 

INVARIANTS  OF  PAfiTICULAB  CX)NICa 

4945  When  u  =  a^-^-hy^-^c^  and  u  =  aj^+y^-i-z*. 
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4M6   When  u=:{ahefghXxyzy  and  fli»+y*+aj», 

4947  When  «  =  «»+y»-r*  and  u'  =  +(y-j3)»-«>, 

4948  The  cubic  for  /e  reduces  to 

{k+1)  {«»ik*+(r»+«*-a«-i8^)  ^+r»}  =  0. 

4949  When 

«  =  W+ay-aV   and   tt' =  («-«)« 4-(y-j3)«- r-, 

4950  When  i^  =  /-4»wj  and  it' =  («-o)*+(^-/3)'^-r^, 
4fii*,  e  =  -4m(a+m),  e' =  jS*— 4ma-r»,  A'=-r*. 

4951  When       {abc/ghX^yzy  and    =  ii^+22fy  cos 

A,    A'=0,    0  =  c(a+6)-/»-g*+2C/s— cA)cosa), 

SBC  8in'«i. 

Hence  the  following  are  invariants  of  the  general  couic, 
the  inclination  of  the  coordinate  axes  being  w. 

—  «8h;>«  "w 

4953      c(a+6)-/^-ir-+2(/g-eA)eo8«  ^  e  .g), 

4964     ^'......{3).     and     "i-*--^"-"^"  (4). 

For  these  are  what  (1)  and  (2)  become  when  the  axes  are 
traDsformed  so  as  to  remove  /  and  g. 
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If  the  origin  be  unaltered,  c  is  invariable,  and  transformap 
tion  of  the  axes  ¥nll  then  leave  invariable 


as  appears  by  snbtractmg  (3)  from  (1)  and  (2)  from  (4). 


-   4958    Ex.  (i.)— To  find  the  evolute  of  the  conic  W+ay 
=:a'6'.   See  also  (4547). 

Pnoof. — Denote  the  cx>mc  by  «,  and  bv  u  the  hjperbola  c^xy  +  h^x^'x—a'x'y 
(4335),  which  intersecte  » in  the  feet  of  the  nomialB  drawn  from  x'y .  Two  of 
these  normak  moat  always  coincide  if  0 V  i*  io  be  on  the  eTolnte.  «  and  u 


A  =  -oV,   e  =  0,   e'a-i^fr*(oV+JV-<^),  A'=:-2«»4Ws>y. 
Bnbetitate  in  (4942),  and  the  equation  of  the  cTolnte  is  fonnd  to  be 

4959  Kz«  (ii  ) — Similarly  the  evolute  of  the  parabola  is 
obtained  from 


A  =  —Ami*,    e  =  0,    O'  =  -4  (2m ~z),    A'  =  -^my, 
prodacing  the  equation  27mj^  =:  4       2m)'.   See  also  (4549). 


4960  Ex.  (iii.) — The  locus  of  the  centre  of  a  circle  of  radius 
JK,  touching  the  conic  ftV+a^— is  called  SLjparallel  to 
the  conic.   Its  equation  is 

+B«  {d»  (a*+4aV+6*)-2c»  (o^-oV+SM)  sf-^W  (8o*-aV+ h*)  ^ 

+  (a«-6aV+ 66*)  x* + (6tt*-6aW + **)  y*+  (6a«-  10<W+ 6fc«)  jry  } 

{  - 2a'6V  (a-  +     -f  2c'  (3a*-  a'f-  +  6')  a-^ -  2c'  (a«- «'6'  +  3?/)  y- 

+  2  (a' --26')  6V-I-2  (fc»-2a')  aV-2  (»*-a«6'  +  36*)  j;y 
-2(3c*-o*6«+6*)xy} 

+(iV+ay~aV)«{(aj-c)'+y'}  {(«+c)»+y*)  =  0, 

PBOOr. — If  the  cnrvea  in  (4949)  be  made  to  tonch,  a/3  will  be  a  point  on 
the  curve  parallel  to  u  at  a  distanoe  r.   Therefore  put  the  values  of  A,  6,  6', 


siu'tt  sm^oi 


and  A'  in  equation  (4942). 
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4961  When  fb'  of  (4936)  represents  two  right  lines,  A' 
vanishes,  and 

4962  =  0  is  the  condition  that  the  two  lines  should 

intersect  on  u ; 

^  4963   O  =  0  is  the  condition  that  the  two  lines  should  be 
conjugate  with  regard  to  u, 

Pboof.— Tnnaform     s  0  into  SSa^  s  0,  so  tbat  ibe  ues    y  ave  the 
right  finca.  This  will  not  affeot  tho  inTsriaoEts  (4940).   We  now  hftve^  hj 

(4937),  A'=0,  e«2(/|7-(A), 

c  =  0  makes  u  pass  through  the  ori^  tBy\  fg  =  ch  makes  »  and  y  conjagate. 

For  ill  (4071),  if  \x fiy -\- y  becomes  y  =  0,  then  \  =  v  =  0,  and  the  pole 
is  givcQ  by  H  :  B  I  F.     Bat  a;  =  a  =  0  at  the  pole,   therefore  H  = 
fg-ch  =  0. 


4964  The  condition  that  either  of  the  lines  in  u  should 
touch  u  is,  by  (4943), 

e>  =  4Ae'   or  AB^O, 

with  the  above  values  of  9  and  9'. 

4965  The  equation  of  the  two  tangents  to  M,  when  \X'\-fiy-{-v 
is  the  chord  of  contact,  is,  with  the  notation  of  (4GGo}, 

tt*  (X,  ft,  1^)  =  ikv+iMf+p»y  A. 

PbOOF.— The  oonio  of  double  contact  with  u,  hi  +  (Xx  +  //y  +  k)'  (4C00), 
must  now  become  two  riglit  lines.  In  (  t9o7)  ^'=0  aad  6's:0,  therefore 
fcA-|-9  =  0.    But  e  =  <I>  (X,  /i,  1').    Hence  eliminate  k. 

4966  OoB. — Taking  the  line  at  infinity  ax+hy+Ce^  we  obtain 
the  equation  of  the  asymptotes  (4685). 


The  inyariant  O  of  the  conio  hu+u'  vanishes^ 

4967  (i-)  Whenever  an  inscribed  triangle  of  u'  is  self-con* 
jugate  to  u, 

4968  (ii*)  Wheneyer  a  circuniscribed  triangle  of  tt  is  self* 
conjugate  to  i^. 

4969  9'  vanishes  under  similar  conditions,  transposing  u 
and  u  in  (i.)  and  (ii.) 

Pkoof. — (i.)  u  becomes  cus'-j-by'  +  '  ^4765),  and  f  =  g  =  h  =  0.  There- 
fore O  in  (4987)  vanishes  if  a'=6'=c'=0j  i.e.,  if  u'  is  of  the  turin 
f'yu +g'sx-^  hxy  (4724) . 
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(ii.)  In  this  oase,  /'=  g'^  Vex  0  and  6  TMiiahM  if  be  szf,       tA.  if 

the  line  2  =  0  toaches  u,  i^e. 

4970  ^i'  bo  two  conies,  and  if  B'  =  4^8',  any  triAngle 

inscribed  in  u'  will  circumsoribe  u,  and  conversely. 

PROOP.—Let  u  :stf+y*-\-z^-2yz-2zx-2xy  and  u  =  2/yx+29«i+2»J^, 
both  rafmred  to  the  same  tnangle,  (4739)  and  (4724).  Then 

A  =  -4,  e  =  4(/+i7+;i),  e'=-(/+i7+?!)V  y=2fgh; 

therefore     =  4A6\  a  relation  independent  of  the  axes  of  reference  (4L>40). 


4971  Ex.  (i.) — The  locus  of  the  centre  of  a  circle  of  radius  r,  circom- 
scribing  a  triangle  which  circumscribes  the  conic  Vx*  -\-a}y'  =  a*6*,  is 

(««+y'-a'"6*+H)»  +  4[6V  +  aV-aV-r»(a*  +  6»)}  =  0, 

from  e*  s        and  the  Talnee  in  (4949). 

4978    Ex.  (ii.)— The  distance  between  the  oentne  of  the  inscribed  aad 

circumscribed  circles  of  a  triangle  IS  thns  found,  by  employing  the  ▼alnes  of 
e,  e',  and  A  in  (4947),  to  be  D  s  v^(r'':k  2fr'),  as  in  (936). 

4973  The  tangential  equation  of  the  four  points  of  interaeo* 
tion  of  the  two  oonics  ie  =  0,  u'  =  0  is 

with  the  meanings 

4974  Us{ABCFGHX\iipy;  (4664) 

{A'BxroHXkiLwy. 

4976  V  s  {A"BrU'F'&'H"X\ii.y)\ 

4977  A^bc-f,  &c.;  A^b'c-^f\  &c., 
as  in  (4665),  and 

4978  ^"  =  6c'+6'c-2^,        F"  =  ^h'+g'h-^af--a'f, 

4979  ^  =ca'+c'a-2te^,  G'^hr+hf-^hff^l/g, 

4980  C"  =  iiy-|-ii'6-2**',  H"=:fy'-^fg^dit^^h, 

Proof. — Tlic  tant^cntial  equation  is  the  condition  that  Xa  + /i/5 -|- »'y  may 
pass  through  one  of  tho  four  points  of  intersection  of  u  and  u.  Tho  tan- 
sential  equation  of  the  conic  a+Xw'  is  obtained  by  patting  a-^ha'  for  a,  Ae. 
in  V  (4665),  and  is  l7+JtV+if  =  0.  The  tangential  equation  of  tho 
envelope  of  the  system  is  V  =  47711'  (4911 )    This  is  the  condition  that  the 


line  (X,  ft,  v)  may  pass  through  the  consecutive  intersections  of  the  conies 
obtained  br  Taiying  k,  Bnt  ttiese  conies  always  interasct  in  the  same  fimr 
pointi.  l%e  alwfe  is  there^m  the  tangential  epilation  of  the  four  pouiti. 
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4981  The  equation  of  the  four  oommon  tangents  of  two 
conies  tty  u*  is 

where  P  =  {c^Vcf'f^'W  Xapy)\ 

and  a"  =  BC'\'BC'^%FF',  &o., 

f  ^GH'+G'H-AF'-AF,  &c., 

as  in  (4978-81). 

Prook  —TIiIs  is  the  reciprocal  of  the  last  theorem.  rr+ A  T' is  a  conic 
ioaching  the  four  common  tangents  of  the  conies  U  and  U'.  The  trilincar 
equation  formed  from  this  will,  by  (4GG7),  be  uA  +  lcF+A^tt'A' =  0.  The 
enYelope  of  this  syatem  of  oonios  is  the  eqnEtioa  aboTe^  which  mxui  tiierefore 

represent  the  four  common  tanj^ents. 

The  curve  F  passes  through  the  points  of  coatoct  of  tt  and  u  with  the 
locos  i-oprcsented  by  (4981), 

4982  Hence  the  eight  points  of  contact  of  the  two  oonics 
with  their  common  tangents  lie  on  the  curve  F. 

4983  The  reciprocal  theorem  from  equation  (4973)  is — 
The  eight  tangents  at  the  intersections  of  the  conies  envelope 
the  conic  V. 


4984  F  =  0  is  the  locus  of  a  point  from  which  the  tangents 
to  the  two  given  conies    u'  form  a  harmonic  pencil. 

Proof.  —  Putting  y  =  0  in  f  iGHl),  we  get  a  quadratic  of  the  form 
a«^-\-'2hufi  +  bfil'  —  0,  which  determines  the  two  points  in  which  the  line  y  is 
eat  faj  tangents  from  a%  fi\  y\  Let  the  similar  qnadratio  for  the  second  conio 
be  aV  +  2fc  o/J+t'^S"  =  0.  Then,  by  (1064),  oft'+o'fe  =  "Ihh'  is  the  condition 
that  the  four  points  may  be  in  harmonic  vefaiUon,  This  eqoation  will  be 
found  to  prodaoe  F  =  0. 

4886  'rhe  actual  values  of  a,  5,  suppressing  the  accents 
on  o',  /3',  y',  are 

and  similarly  for  a\  h\  b\  with  A'  written  for  A,  &c. 

4986  If  the  anharmojilr  ratio  of  the  pencil  of  four  tangents 
be  given,  the  loeus  of  tlie  vertex  will  be  F*  =  hiu'.  If  the 
given  ratio  be  infinity  or  zero,  the  locus  becomes  the  four 
commuii  tangents  in  (4981). 
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4987  V  =  0  is  the  envelope  of  a  conic  every  tangent  of 
Avluck  is  cut  harmonically  bv  the  two  conies  u,  ii  ;  i.e.,  the 
equation  is  the  condition  that  \a-\-ixfi-\-v^  should  be  cut  har- 
inouically  by  the  two  conies. 

Proof. — Eliminate  y  between  the  line  (\,  fi,  v),  and  tlie  conies  v  and  v' 
heparately,  and  let  .la'  +  2i/a/3  +  £/3'  =  0  and  ^'a*  +  2H  'a/i  +  /J'/5'  =  U  htand 
for  the  reeoltiug  equations.  Then,  by  (10G4),  AB'-^A*B  s  ^HE'  prodnoM 
tbe  equation  T  s  0,  whieh,  by  (4666),  b  the  enTelope  of  a  conic 

4988  actual  values  of         B  are  respectively 

and  similarly  for  A,  E\  B\  with  a  for  a,  &c. 

4989  F*  =  Aitk^'uu'  is  a  covariant  (1629)  of  the  oonics  n, 

For  the  four  common  tangents  are  independent  of  the  axes  of  reference. 

4990  U=0  and  V=:0  (4978)  are  both  eontravariants 
(1814)  of  «  and  u\ 

Proof, — For  U  =  0  is  the  condition  that  Xa  +  /u/S  +  i  y  =  0  ghall  toncTitTie 
conic  u ;  and  V  =  0  is  the  condition  that  the  same  line  shall  be  cut  liar> 
monicully  by  u  and  and  if  aU  the  eqoatiooB  be  transfonned  by  a  radpio- 
cal  snbstitntion  (1813,  '14),  the  f^nt  line  and  the  conditions  remain 
unaltered.  ^ 

4991  Any  conic  covariant  with  w  and  n'  can  be  expressed  in 
terms  of  zt,  u\  and  F ;  and  the  tangential  equation  can  be 
expressed  in  terms  of  U,  U'  and  V. 


4992  (1)* — The  polar  reciprocal  of  u  with  respect  to  u' 
is  etc'  =  F. 

PBOOr.^Beferring     u  to  their  common  self -conjugate  triangle, 

P  =  a(6+c)«»+6  (c+a)y»+c(o+i)  z\ 

The  polar  of  s,  n,  C  with  respect  to  n'  is  + /jy-f-^z,  nvid  the  condition  that 
this  may  ton fh  ii  is  be cu  r}- +  ab i,^  =  0  f  i064),  or,  wluch  is  the  same 
thing,  (i>c  +  ca  +  a6;(a:*+y"+2-)  =  P  or  Ui*  =  P  (4945). 


4993  Ex.  (2). — The  enveloping  conic  V  in  (4987)  may  also 
be  written 

eif'+e'if  =  p. 
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Proof. — With  thv  ^ame  assumptions  as  in  Ex.  (1),  V  in  (4l>78)  iH-coineg 
(6+r)X'  +  (o+a)^'-f(a+&)*^=  0.    The  trilinw  eqaaUon  is,  therafora, 

(c+a)(a  +  6)  *»  +  (a+6)(6  +  c)  y'  + (6  +  c)(c  +  a)     =  0, 
or  (io+ca  +  u6)(.(;--Hy*  +  r*)  +  (a+6  +  c)(a«*  +  6</Hc»*)  =  P. 

49M  Ex.  (3). — The  condition  that  F  may  become  two  right 
lines  is  AA  (08 -AA)  =  0. 

Proof.— Referring  to  Ex.  (1),  A  =  be,  B^ca,  C  =  ab,  F=:Q=H  =  0, 
A'^B'^  C'=  1 ;  therefore,  iu  (4981),  a"  =2B-\-C  =  a  (6+c),  do.  Henoe 

(be  diflorimioant  A  of  F  a  a6c  (6+0)(e+a)(a+6), 
or       afte  I  (a+ft+6)(&e+ea+ai)— a2>c  |  =  the  above,  bj  (4945). 

4995  To  reduce  the  two  conies  te,  u*  to  the  forms 

Bj  (4945)|  a,  /3,  y  will  be  the  roots  of  the  cubic 

Aik»-.eifc*+e'A;-A'  =:  0  (1), 

and  a;*,  //,  ^  will  be  found  in  terms  of  n  and  F,  by  solving 
the  three  equations    -\- if    7^  =     a.7^-\-f^)/-^y^  =  u'  and  (by 

4994),     «(^+y)«'+^(7+«)y'+7(«+/3)2*=F   (2). 

4996  Ex.  (1):  Given  .'  +  y'+2»/  +  2.i +  3  =  0;  a»»+2y»+4y+2«+6=s 0} 
to  be  rednoed  as  above.   To  oompute  the  invariants,  wcf  take 

a  b  c     f     y  h 

s:  1  1  3     1     1  0  in  the  first  equation. 

•  and   =  1  2  6    2    1  u  in  the  second. 

thecefoM  A  H  C    F    G  H 

=  2  2  1—1—1  1  in  t!ic  first  c(jaation. 

and    =  8  5  2  —2  —2  2  in  the  second. 

Therefore  (4938,  '9)  A=  1,  0  =  0,  0'=  11.  A'=  r,.  The  roots  of  eqnn- 
tion  (1)  are  now  1,  2.  3.  Therefore  (2)  becomes  5A'--f  8i''  +  9Z' =  P. 
Computing  F  also  bj  (4981)  with  the  above  values  of  A^  JS,  &c.,  we  get  the 
three  eqnimons  at  under,  introdneing  •  for  the  sake  of  sjmmetiy, 

J!C*+  r«+  ^«  fli"-!.  9*4-  8f«+  2y»+  2m, 

JC«+2y  +  3Z'=^  J5»  +  2y'+  r>r+  4>jz+  2zx, 
6Z»+8Y-'+y^'  =  5a!»  +  8yH22z^  +  l%z  +  10z«, 

The  solution  p^ives  X=T-fl,  F^y  +  l,  Z  =  I,  and  the  eqnf\tioTis  in  the 
forms  r©4uired  are  («  + +  U  +  =  0,  (»+l/  +  2  (y  +  l)*+3  =  0. 

4997  Ex.  (2).-T  o  Hnd  the  envi>lo])c  of  the  base  of  a  triangle  inscribed 
in  a  conic  u  so  that  two  of  its  sidets  touuh  u. 

4  T 
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and  n'  =  2fyz-i-2>jzjr -^2hxi/, 

X  and  ij  being  the  sides  touched  by  «.  Then  u  +  ku'  will  be  a  conic  tonched 
by  the  third  side  z.  By  finding  the  invariants,  it  appears  thai  0*— 4^0' 
ss  4AA'I(,  wbeaea  k  u  detenriiied,  sod  the  eavdope  b<ooHW> 

Compare  (4970). 


4998  The  tangential  equation  of  the  two  oirciihr  points  at 
infinity  (4717)  is 

Pboof. — This  is  the  condition  that  Xz+fy+v  should  pass  throogfa  either 
of  tbon  potntt,  siiiGO  m^kiff^  e  it  the  geaml  fbni  of  each  e  Une. 

4999  77  =  0  being  the  tangential  equation  of  a  conic,  the 
discriminant  of  lcU-{-  U' 

PB00r.-.The  diwrimiiumt  of  kU-^U'  u  identkel  in  fona  with  (4987), 
but  the  capitals  aod^smaU  letters  mnat  be  interdiaBged.  Let  then  tiie  die- 

oriminaatbe  2jfc*+6&*+e'&+A'sO.  We  have 

SsA*(4670xes(BC-^il'+Ae.sii'aA+Ao.(46e8)  sAe'. 
Similftrir  e'  =       A' s  A^ 


5000  If  O,  be  the  invariants  of  any  conic  U  and  the  pair 
of  circular  points  X*-\-fi*  (4998) ;  then  8  =  0  makes  the  conic 
a  parabola,  and  &=0  makes  it  an  equilateral  hyperbola. 

Pkook.—  TIic  discriminant  of  kU-^-X^-^-f**  is  k'^^ k  {a-^bj  A-^ab  —  h*. 

For,  us  above,  ii  =  A»;  G  =  ^'aA  +  iTtA  =  (0  +  6)  A  since  A' =z  B' =  I, 

(TdcsO;  e's(ii'^-fl*)Cs(7sa(-&*;  and  A'sa  The  not  Ibl- 
lows  from  the  conditions  (4471)  and  (4i74). 

5001  'I'he  tangential  ecjuatioii  of  the  circular  points  is,  in 
triliuuur  notation  (see  the  note  at  5030), 

X'+fi'+i^-^  cos  A  -2yX  cosB-2V  oosC. 

PBOOr ;  X*-!-/!*  =  0,  in  Cartesiftns,  shows  that  the  perpeodioakr  let  CiU 
from  any  point  whatever  upon  any  Une  frenning  thiongn  one  of  the  pQintB  ie 
infinite..  Tberefore,  by  (4<>24). 


500S  '  The  conditions  in  (4689)  and  (4690),  which  make  the 
general  conic  a  parabola  or  equilatei-al  hjperbolay  may  be 
obtained  by  forming  9  and  6'  for  the  conic  and  equatioii 
(5001)  and  applying  (5000). 
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5003  n  9''==46,  the  oonio  passeB  through  one  of  the 
circular  points. 

6004  When  ?/  iu  (4984)  reduces  to  X«+^«,  that  is,  to  tlie 
circular  points  at  infinity,  F  becomes  the  locus  of  intersec- 
tion of  tangents  to  v  at  right  angles,  and  produces  the  equa- 
tions of  the  director-circle  (4693)  and  (4G94). 

6005  The  tangential  equation  of  a  conic  confocal  with  U  is 

5006  And  if  the  left  side,  by  varying  A',  be  resolved  into 
two  factors,  it  becomes  the  equation  of  the  foci  of  the  system. 

Proof.— Since  X'+^*  represents  the  two  circular  points  at  infinity  (4998), 
hU-j-\*  +  fi^  =  0,  by  (4914),  is  the  tangentiul  equation  of  a  conic  touched  by 
the  four  imaginary  tangents  of  U  from  those  points.  But  these  tangents 
iotersect  ia  two  pairs  iu  the  foci  of  U  (4i720)  ;  and,  for  the  same  reason,  iu 
the  fotA  of  kU-\-\*-\'fi\  whiob  rnvai  therefore  have  the  same  foot 

If  A;I7+X'+^'  consists  of  two  factors,  it  represents  two  points  which,  by 
(4913),  are  the  interaeotiona  of  the  pairs  of  tangents  jast  named,  and  are 
therefore  the  foci. 

5007  The  general  Cartesian  equation  *of  a  conic  confocal 
with  «  =  0  (4656)  is 

Proof. — (5005)  must  be  transformed.  Written  in  full,  by  (4GG4),  it 
becomes  {kA  +  l)  K^-t(^kB-\-l)  fi'-^kOy\  Hence,  bj  (4t?G7),  the  trilinear 
equation  will  be 

{  {kB+ 1)  kO- le'F'l       Ac.  =  ^-^  ( BC-F')  a' + kCa' + &o. 

=  k'a  Aa-  +  kCa'  +  &c.,  (4668) 
and  ao  on,  finally  writing  x,     1  for  a,  /3,  y. 


TO  FUm  THE  VOOI  OF  THB  OENBOAL  OONIO  (4t>5G). 

(First  Method.) 

5008  Suh-Htitu(e  in  kU-|-X*-f-/i*  eifhrr  root  of  its  discriminant 
k*A*-f  k  (a  +  b)  A  +  ab— h*  =  0  (5000),  and  it  becomes  re- 
solvable  into  two  factors  (Xxi-|-fiy',4-»')(Xx,  +  ^iy2  +  v).  The 
foci  are  x^yi  and  x^j^  raal  for  one  value  ofk  and  imaginary 
for  the  other. 

PBOOF.-^By  (5006)  the  two  factors  represent  the  two  foci,  conseqnentlj 
the  fftordlniitftt  of  the  fooi  are  the  ooeffioienta  ol  X,/i,  y  in  thoee  fiuitore. 
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(Seeimd  Melhod,) 

5009  a  focus  ;  theiiy  by  (4720),  tJie  equation  of  an 

iinaijiua nj  truKjent  through  that  point  is  {E  —  x)-\-i  (»?  — v)  =0 
or  — (x -|-iy)  =  0.    Therefore  substitute^  in  the  tangential 

equation  (4G65),  the  coefficients  X  =  1,  ^  =  i,  v  =  — (x-f  iy), 
and  equate  real  and  imaginary  parts  to  zero.  The  resulting 
equations  for  jiiiding  x  and  y  are^  with  the  notation  of  (4665), 

6010    2  (Gr-  C)*  =  A  [fl-6-l-  y/  { 4A«+(a-6)» }  ]. 

5011  2{Cy-Fy  =  A  [6-a+^|4A*+(a-6)*}]. 

5012  If  tlie  conic  is  a  parabola,  (7  =  0,  and  the  coordinates 

of  the  focus  are  given  by 

(F*+G*)  if  =  GH-i(i4-B)F. 

5013  EhL^To  find  the  fod  of  22^+29  s  0.  Bj  ike  iini 
melhod,  we  hsve 

a,     .5,     e,    /,     (7,     h^    from  which  A  =  — 2.    The  qned- 

=  2,      2,     0,     0,     1,     1       ^-atic  for  k  ia 
and     .1.     i?,    C\    F,     a,    h:    ^•^AH4fcA+3  =  (2^-3X2* -1)  =  0, 

«0,  —1,     3,     1,-2,     oJ    therefore    =»  or  i 
Taking  f,   *17'+X'-|-/**  =  f  (-/+3.''  +  2/i»'-4»'\)  +  X»+/*'  =  0, 
or  2\'-l'2v\-^*  +  9)''  +  6^iy  =  0, 

Solving  for  X,  this  is  thrown  into  the  factors 

{  2X^.^^2-3 (2+  v^2)  r  }  {  2X-/i%/2-3 (2-  ^2)  r  } . 
Therefore  the  coorditt»teB  of  the  foci,  aftw  ratioDelunng  the  fireetiooa,  am 


— 8"'  — 8-  — 8-'  -r- 

5014  Otherwise,  by  the  second  method,  equations  (6010,  '1)  become,  in 
this  instanoB,  (3j;  +  2)' =  ±  2,  (3y— 1)' =  :i:2,  the  aolatioii  of  which  priK 
dnoes  the  same  values  of  a  and  y. 

5015  When  the  aaes  are  Mique,  the  coordinates  x,  j  of  a 
focus  a/re  found  from  the  equations 

{C(a?+y  008«)-Fco8ei-O}*  =  iA  (V/*-4iJ+2a-/) 
where  I  and  J  are  ike  invariants  (4955)  and  (4954)  respee^ 


Digitized  by  Google 


INVABTANT8  AND  00VABTJNT8. 


693 


UveUf,  The  equations  ma/y  he  solved  for  x'  =  x  -f  y  cob  w  and 
y  ^jmn^t  which  are  the  rectangular  eoorddnatea  of  the  focus 
with  the  same  origin  and  x  aads, 

PaoOF.— Following  the  method  of  (5009),  the  I'maginanr  tangent  tliroagh 
tbe  foont  is,  by  (4721),  I— Ji+(i|-y)(o«»*»+»8iii«).  The  two  eqoations 
obtained  from  the  tengential  eqiution  we,  writing  Aa  for  BO-F*, 

(4668), 

y»— Y'=— A  (a4-l!)-2;icos«— 2a8in'w),  XY  =  A  (/i  sinw  — a  siuw  cos  «)  ; 
where  i=  0(«+yooB«) -i*' cos «-Gf  and  Y ^Oy-F)  aintt. 

5016   If     equation  of  the  conie  to  chlique  axes  he 

the  equations  for  determining  thefod  reduce  to 

y  cos  ft»)  a;(y+xcosoii)   e 

aco8«— A         6cos«— A  ~  aft— A* 


6017  The  condition  tliat  the  line  Aa!+^^+i«  may  touch  the 
oonio  u+{X'x+fiy+vzY  is 

[y^'-llfp,  vX'-v X,  X/i'-X»  =  0.       (4656, 4936,  74) 

5018  OP  {A+i/')i/=ns  (4938) 

where  20  =  V  U^.  (4674) 

Pboof— Put  tt-j-X"  for  a,  <fec.  in  U  of  (4664).  The  second  form  follows 
from  the  first  through  the  identity 

A^  (jiy'-^i'y,  &c.)  =  I7F'-n*. 

6019  OihepwiBe,  let  F  =  w,,a;+iv  +    2;,  the  polar  of 
?•    (4669),  then  the  condition  that  F  may  touch  u+F 

beoomes,  in  terms  of  the  coordinates  of  the  poles. 

6020  (i+O  u  =  t^^a"+</»v'/+<^-«"-     <^  ^^>* 

PaOOf.— If  we  put  u^,  «^.,  from  (4659),  for  X,  /i,  v  in  f/  to  obtain  the 
OOndition  of  touching,  the  result  is  Au' ;  and  similar  snbstitutions  made  m 
n^Je  A(f^»"+&c.),  therefore  (5018)  beeomee  (l+Oti^  =  (^^"+Ac.). 

6001    The  condition  that  the  conies 

may  touch  each  other  is 

(A+  t/")  =  (A  ±  n)«.  (4M8-74) 
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Pboof. — Make  oue  of  the  common  chords 

tOQoh  either  conic  by  sabstitating  X'  ±  X"  for  X,  &c.  in  (5018).  Thp  ro-^uU 
is  (^+  U")iU'±m-^  U")  =  {JJ'±  ny,  which  redaces  to  the  form  above. 

5022  The  condition,  in  terms  of  the  coordinates  of  the  poles 
of  the  two  lines,  is  found  from  the  last,  as  in  (5019),  and  is 


5023  The  Jacobian,  /,  of  three  conies  r,  is  the  locus 
of  a  point  whose  polars  with  respect  to  the  conies  all  meet  in 
a  point.    Its  equation  is 


aia?+A,.v+^i«,   a,a?+A,y+i?f«,  «8«+*sy+^s« 

^t*+/iy+<?i«»  «'i«+>ty+^«. 


=  0. 


Proof. — The  equation  is  the  eliminant  of  the  equations  of  the  thre6 
polars  passing  through  a  point  ^ij^,  viz.,  uj,  -k-  +  «,C=  0,  vj,  +  v^n  +  r,C  =  0, 
y>Mw,ri-^wJ^  s  0.   Soe  (4657)  and  (l^)- 


d'  B'  f  fir  y*  <^fi 
a?  01  rl  fiiYi  yx«i  «iA 
<4  ^  r«  Ays  y««* 
a-i  Ai  Ara  y^oy  cl-A 
^  yl  fi*y^  yiO*  a*A 
a|  ^  yi  Ays  ysOs  «»A 


=  0. 


5024  The  equation  of  a 
conic  passing  through  five 

points  aijSiyi,  Oj/Sj-yo,  &C.  is 

the  determinant  equation 
annexed ;  and  the  equation 
of  a  conic  touching  five 
right  lines  Aj/tiv,,  \i^v^,  &c. 
is  the  same  in  form,  A,  /i,  v 
taking  the  place  of  a,  /3,  y. 

Proof. — The  determinant  is  the  elimlnaDt  of  six  equations  of  the  type 
(4656)  io  the  one  oeie  and  (4665)  in  the  other.   Bj  (583). 

5025  three  conies  have  a  common  self -conjugate  triangle, 
their  Jacobian  is  three  right  lines. 

Proof.— The  Jaoobien  of  a,fl^+^y*+o,«*«  (V>*+&iy*+c^,  a^-^^f-^tj? 
18,  by  (5033),  «ys  =  0. 

For  the  condition  that  three  eoniee  may  have  a  common  point,  see 
Sahnons  Conic*y  (Uh  edit.,  Art.  889a,  and  IVoci  Loni.  Matk,  Soc*,  YcA.  iv., 
p.  404^  /.  /.  Walker,  MJL,  * 
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5026  A  system  of  two  conies  has  four  covariant  forms 
M,      F,  J,  connected  by  the  equation 

J>  =  P»-r'  (0M'-e'u)H-F(A'0»<*+A0'M.'*) 

-{■Fun  (0e'-3AA')-AA'V-A  A-u'^ 

+AVu  (2Ae'-e*)+Ai»'«tt(2A  e-e'»). 

Pboof. — Fonn  the  Jacobian  of    u\  and  F.  This  will  be  tbe  eqnatkm  of 

the  sides  of  the  common  self  •conjugate  triangle  (4992,  5025).  Compare  the 
result  with  that  obtained  by  the  method  of  (4995). 

5027  By  parity  of  reasoning,  there  are  four  contravariant 
forms  Uy  U'  V,  1*  where  F  is  the  tangential  equivalent  of  #/, 

and  represents  the  vertices  of  the  self-conjugate  triangle.  Its 
square  is  expressed  in  terms  of  U\  V  fwad  the  inyanants 
precisely  as     is  expressed  in  (5026). 

5028  The  locus  of  the  centre  of  a  conic  which  always 
touches  four  given  lines  is  a  right  line. 

Proof. — Let  IT  =0,  U'  =  0  be  tbe  tangential  equations  of  two  fixed 
conies,  each  touching  the  four  lines  \  then,  (4914),  U+kU'  =  0  is  another 
eonio  alao  tonching^  the  four  linea.   The  coordinates  of  ita  oentre  will  be 

^±M!  and  by  (4402).    Tbe  point  is  thus  seen,  by  (4032),  to  lie 

on  tbe  line  joining  the  oentrea  oi  the  two  fixed  conies  and  to  divide  that  line 

in  the  ratio  kC'  G. 

5029  To  find  the  locus  of  the  focus  of  a  conic  touching  four 
given  hues. 

In  the  equations  (5010,  '1)  for  determining  the  coordinates  of  tbe  focus, 
write  A  +  kA'  for  ^4,  &c,,  and  eliminate  k.  The  result  in  gonoral  is  a  cubic 
curve.  If  ^  X  be  parabolas,  Z-\-k^'  is  a  parabola  baviug  three  tangents  in 
common  with  %  and  %\  It  Os=  C  =  0  the  locus  bcoomea  ajnnde.  If  tbe 
eonfM  be  concentric,  they  iodoElonr  akbM  of  a  parallelograni,  and  tlie  locua 
b  azeotangalar  hyperbola. 

Note  on  Tanqential  Coordinates. 

6080  It  most  be  borne  in  mind  that  a  tangential  €^quatioIl  in  trilinear 
notation  (that  is,  when  the  Tariablea  are  the  ooefflcientB  of  o,  /3,  y  in  tbe 
tangent  line  Za  -f  tn)3+  ^y)  will  not  agree  with  tbe  equation  of  the  same  loons 

expressed  in  the  tangential  coordinates  X,  fi,  v  of  (1019).  Thnai  to  oonTert 
equation  (5001),  which,  for  distinctness,  will  now  be  written 

in'  +  n'^  —  2mn  cos  A—'2nl  coBB—2lm  cos  (7=0 

into  tangential  coordinates,  we  must  substitate,  by  (4023),  a\,  b/i,  cv  for 
Iftn^H.  The  equation  then  beoomea 

a*X*+ feV'+(^^-^  ooa  Aftr  -2ea  ooa  Bi^X        coa  (7A/i  b  0. 
Pat  2bcoQBAss  (^^.(S— a*,  Ac*,  and  the  xeanlt  is  the  equation  aa  praaented 
in  (4905).  

Ckrh^^iNrils.— In  (4678)  and  (4692)  erase  the  coefficient  2 ;  and  m  (4680)  aad  (4901)  wt^ffy 

the  factor  4  on  the  kft  of  tha  Aquation. 
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TANGENT  AND  NOKMAL. 


6100  Let  P  (Fig.  90)  be  a  point  on  the  curve  AP ;  PjT,  PN, 
FG,  the  tangent,  ordinate,  and  normal  intercepted  by  the  x 
axis  of  coordinates.    See  definitions  in  (1160).   Let  Z,FTX 

5101   tan  +  =  ^,  by  (1403) ;    sin V'  =         cos*  =  ^ 

510i  Suh'tangent  NT=:t/a',t   Svlhnarmal  NG  ^  t^y,, 
5106     PT^yv/fTf^),  FT=zay/{iW^), 

5108    PG^9^/{i+^),     PG'  =  j?v'(iq:^). 

Let  OP=r  (Fig.  HI),  n  =  r-\  AOP^B,^  OPT^fl 
Are  AP  =  «•    Then,  by  infinitesimalsi 

6110         =         ~»*=£.  ^• 

6113  (.dxy-\-  {dyf  =  (d#)^ 

6114  to,^^nmntf+rco,tf 

cos  ii—r  »mu 

5115   Intercepts  of  Nonnai  OG  =  r^,  0^'=  r~.  (Fig.90) 
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nnPON     ma  NFT      m,  dm 

6116         *.  =  v^(f«+r;),     #,=  v^(l+r*^,). 
PBOor.— By  f0,  s  rinf  and  teaf  s  (5110). 

EQUATIONS  OF  THE  TANGENT  AND  NORMAL. 

The  equation  of  the  curve  being  y  =/(«)  or  tt  s  f  (a^i  y) 
=  0,  the  equation  of  the  tangent  at  is 

6118  ^-y  =  ^(e-^h  (^20) 

6119  or  fer— 1|  =  y» 

5120  or  fw,+i?My  =  a?WxH-i^M,-  i^^) 

5121  If  ^  (a*,  y)  —  +  +  ...  +  i'ri,  where  v„  is  a  horaogoncous  function 
of  X  and  y  of  the  n"*  degree,  the  constant  part  forming  the  right  member  of 
equtKm  (5120)  takw  uie  valoe 

2iv.i— .. . — (i*-^  1)   — rtt?,, 
Bj  Enlor'a  th«or«m  (1621)  and  f  (0,  y)  as  0. 

The  equation  of  the  normal  at  xy  is 

5122  = 

5123  or  =^^y+^^, 

5124  or  iu,^7ju^  =  aUy—!/u^.  (1708) 

POLAB  EQUATIONS  OF  THB  TANGENT  AND  NORMAL. 

Let  r,  0  be  the  coordinates  of  F  (Fig.  91),  and  i?,  9  those 
of  8,  any  point  on  the  tangent  at  P ;  and  let  it  =  U= 
t  =  0—0;  the  polar  equation  of  the  tangent  at  P  will  be 

5185  ^=j-7 — i — v>   or   Us  «G08r+tf»siiir. 
Of    Bin  r) 

The  polar  equation  of  the  normal  is 

6127  R^-rr^ — r»   or   (7=  «eosr-ti*tf,si]ir. 
at(r  cost) 

r^r.^,^„  OP     sin  05P      8in(A  — r)        1  r        ,  „ 

Pboof.— From  -  =  7^0  =  - =  -  ^^^»  and  from  tau*  =  rO^ 

08     sin  OPS  sinf 

(6112).  Similarij  for  the  nonnal. 

4  V 
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Let  OY=p  be  the  perpendicular  from  the  pole  upon  the 
tangent)  then 

5129  p  S5  r  sin  <^  =  (u«+uJ)-».  (5112) 

OF),  drawn  at  right  angles  to  r  to  meet  the  tangent,  is 
called  the  polar  suh-langent. 

5133   Polar  sub-tangent  =1^^,.  (5112) 


BADIUS  OF  CUEVATURE  AND  EVOLUTE. 


Let  S,  q  be  the  centre  of  curvature  for  a  point  wy  on  the 
curve,  and  p  the  radiuB  of  curvature ;  then 

5134  =  />'  (1). 

5135  + -,,)  y,  =  0  (2). 

i+j^.+(y-ij)i^=o  (8). 

Proof. — (8)  ud  (3)  ue  obtainad  from  (1)  b;  diflbnatrntiiiR  for  x,  con. 
nderiog^  «  oontsitliL 

The  following  are  different  values  of  p  : 

5137      P  =  =  W+^v)^ 


_  (>y!-f-///)'  __  t 


5139 


6141        =  ^       =  il  =  


5141 


5146  =s^=  p+pt^,  =  rTp. 

Phoofs.— For  (5137),  eliminate      £  and         between  eqoationa  (1), 

(2),  and  (3). 

(5138)  18  olvUuned  from  (he  pieoeding  value  hj  sabelilafting  for  and 
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ft*  ^fie  valaeB  (1708,  '9).   The  equation  of  the  ooire  ia  liere  soppceed  to  be 

of  the  form  <(>  (x,  y)  =  0. 

For  (5139)  ;  change  the  variahle  to  /.    For  (5140)  ;  make  t  =  s. 

Tor  (5141-3) ;  let  PQ  =  QB  =  ds  (Fig.  92)  be  equal  consecativo  elements 
of  the  carve.  Draw  the  normals  at  P,  and  the  tan^eats  at  F  and  Q  to 
meet  the  normals  et  Q  and  BinT  and  B.   Then,  if  PN  be  drawn  parallel 

and  equal  to  QS,  the  point  N  will  ultimately  fall  on  the  normal  QO.  Now 
the  difference  of  the  projections  of  PT  and  PN  upon  OX  is  equal  to  the  pro- 
jection of  TN.  Projection  of  PT  =  d.-r, ;  that  of  FN  or  QS  =  cU  (x,-i-x^ds) 
(1500);  therefore  the  difierence  —  dsx^fds  =  TN  cos  a.  But  TN  :  ds  ss 
d§  :  |»,  ther^ne psou ss ooea.   Similarly  py^  =  sine. 

For  (5144) ;  change  (5137)  to  r  and  0,  by  (1768,  *9y 

(5145)  is  obtained  from  p  rr^  =  -  ^  and  (5129) ;  or  change  (5144) 
from  r  to  «  by  r  =  u'\  ** 

(5146.)    In  Fig.  (93),  PQ  =  p,  PP' -  d«,  and  PQP'  =  di//. 

(5147.)  In  Fig.  (93),  let  PQ,  P'Q  be  consecutive  normals;  PT,  P'T' 
dooseontiTe  tangents;  OT,  0T\  ON,  ON'  porpendioalars  (rom  the  origin 
mon  the  tangents  and  normals.  Then,  putting  p  for  OT^PN,  q  for 
FTs:  0^,  and     for  ^TPT'siPQF,  dECwehaTe 

(5148.)   dp  :3  r cosf  d4>  and  cos f  ss  r,.   Eliminate  cos f . 


5149  Dbf. — The  evolute  of  a  onrve  is  the  locoB  of  its  centre 
of  currature.  Bearding  the  evolute  as  the  principal  curve, 
the  original  curve  is  called  its  imoluie. 

5150  The  normal  of  any  curve  is  a  tangent  to  its  evolute. 

PiioOF. — By  differentiating  equation  (5135)  on  the  hypothesis  that  I  and 
TI  are  variables  dependent  upon  and  combining  the  result  with  (3),  we 
obtain  y*»?i  =  •— 1. 

In  (Fig.  d4),  the  normal  at  P  of  the  cnrre  AP  toncbos  the  erolnte  at  Q, 
Otherwise  the  evolute  is  the  envelope  of  the  normals  of  the  given  curve. 

If  xy  and     are  the  points  P,     we  have  the  relations 

5151  izfdf+^rfi,  =  (//>,   ^  =  -*L==:^. 

Proof. — Take  Qti  =  d^  and  jw  =  dtj,  then  Q$  =  dp.  The  projection  of 
Qn^  ns  gives  dp  in  (5151)  and  proportion  gives  (5152). 

5153  The  evolute  and  involute  are  connected  by  the  for- 
mulae below,  in  which  r\p\  a'  in  the  evolute  correspond  to 
r,  J?,  «  in  the  involute. 

5154  /)±«  =  constant;    |>'*  =  r*-|>*;   r'^ss  r*+p^— 2/?p. 
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Pboof. — From  Fig.  (y4),  dp  =  ±ci«',  &c.,  s  being  uie  arc  BQ  measured 
from  a  fixed  poiot  £.  Aenoe>  if  «  striog  ia  wrapped  apon  a  givea  earre^  the 
free  end  deecribes  an  inTolnte  of  the  oarve.   (315j»,  '6)  from  Fig.  (93). 


5157  To  obtain  the  equation  of  the  evolute;  ehminate  .r  and 
y  from  equations  (5135,  '6)  and  the  et|uation  of  the  curve. 

5158  To  obtain  the  polar  equation  of  the  evolute ;  eliminate 
r  and  p  from  (5156)  and  (5157)  and  the  given  eqoadon  of  tlie 
earve  r  =  F(p). 


5159    Ex.— To  find  the  OTolnte  of  the  cateneiy  y  s  j (e«  +  e  Hera 

y,=  J(e^-e"^)  =  i^^iCzIllj  =  i  (e  ^  +  e  ^  )  =  ^  j  so  that  e<iuations 
(6185,  '6)  become 

(»"-0+(y-'>)^^^~^^=0  and  l+3^=^  +  (f-.i)^  =  0. 

Fram  tfaeie  we  find  y  =  x  =  i^^^iif-4nf).  Snfaefeitatmg  in  the 
equation  of  ihemim^  we  obtain  tiia  leqnired  equation  in  I  and  «. 


INVEBSE  PEOBLEM  AND  INTELNSIC  EQUATION. 


An  inverse  question  occurs  when  the  arc  is  a  given  func- 
tion of  the  abscissa,  say  8  =  (p  (x) ;  the  equation  of  the  curve 
in  rectangular  coordinates  will  then  be 

5160  y.  =  J  \/(^l- 1)  djP.  [From  (51X3). 


5161  The  intrinsic  equation  of  a  curve  is  an  equation  inde- 
pendent of  coordinate  axes.  Let  y  =  <t>  (.<  )  be  the  ordinary 
equation,  taking  for  origin  a  point  0  on  the  curve  (Fig.  95), 
and  the  tangent  at  0  for  x  axis.  Let  s  =  arc  OP,  and  \P  the 
inclination  of  the  tangent  at  P;  then  the  intrinsic  equation  of 
the  curve  is 

5162  #  =  j8ee^«^il^; 

where     is  found  from  tan  ^  =  f'{x). 
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.  To  obtain  tbe  OartoBian  equation  from  tHe  intrinaic  eqna* 
tion: 

5163  Lot «  =  F(^)  be  the  intrinsic  equation.  Eliminate  ^ 
between  this  and  tne  equations 

^sjcos^dti  y^Jsin^£29. 


5165  ^he  intrinsic  equation  of  the  e volute  obtained  from 
the  intrinsic  equation  of  the  curve,  «  =s  is 

4r+«'=^»    a  constant.  (5lM) 

5166  The  intrinsic  equation  of  the  involute  obtained  from 
8*  s=  i^(^),  the  equation  of  the  curve,  is 

For  34  is  the  same  for  both  curves  (Fig.  94),  ^  only  differing 
by  -j^r,  and  «  = 


ASYMPTOTES. 


5167  I^EF. — An  asyinptotc  of  a  curve  is  a  straight  line  or 
curve  which  the  former  continually  approaches  but  never 
reaches.    (FiJe  1185). 


GBNE&AL  RULES  FOB  EECTIUNEAB  ASYMPTOTES. 

5168  Bulb  I. — Ascertain  if  has  a  limiting  value  when 
X  =:  00 .  If  it  hae,  fi^id  the  intercept  anthexarj  am,  that 
«,  X— yx,  or  y-xy,  (5104). 

There  mil  be  an  aa^ptote  ]farallel  to  the  y  axis  when  y^  is 
infinite^  and  the  z  intercept  finite^  or  one  parallel  to  the  ^  aais 
when  y,  is  zero  and  the  y  intercept  finite. 

5169  Rule  II. —  When  the  equation  of  the  curve  consists  of 
homogeneous  functions  of  x  and  y,  of  the  m***,  n'**,  ^c.  degrees^ 
80  thai  it  may  be  m^itten 

*"^(i)+*"x(-j)+&<=-  =  0  (1); 
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p>i.t         for  J  and  expand  ^^/»H-       Ac.,  hy  (1500).  DiMt 

(1)  hy       and  make  x  infinite  ;  then  ^  (^)  =  0  determines  /t. 

Next,  put  this  value  of  ^  in  (1),  divide  by  x"~^  and  muke  x 
infinite;  thus  /3^' (/i)  +  x 6»)  =  ^  determinet  Should  the 
last  equation  be  indeterminate^  then 

gives  tico  values  for  /3,  and  ,so  on. 

When  n  is  <m— 1,  /3  =  0,  and  when  n  is  >m— 1,  P  =  qo. 

5170  RuLB  III. — If  f  (x,  y)  =  0  &e  a  ra^umoZ  tnt^rol  e^uo- 
^UHiy  to  discover  asymptotes  parallel  to  the  axes^  equate  to  zero 
the  coefficients  of  the  highest  powers  of  z  and  y,  if  those  eo* 
efficients  contain  j  or  T  respectively. 

To  find  other  asymptotes — SubstiUUe  for  j  in  the 

original  equation^  and  arrange  according  to  powers  of  x.  To 
find  /i,  cquaie  to  zero  the  roffficient  of  the  highest  power  of  J.* 
Tofindfif  equate  to  zero  thp  coefficient  of  the  next  power  of  Zf 
OTf  if  that  equation  be  indetemwnate^  take  the  next  coefficient  in 
order,  and  so  on. 

5171  Rule  IV. — If  the  polar  equation  of  the  curv^'  he  v  =  t  (0) 
and  if  r=  oo  mal-e^  the  polar  suhtangent  1^^^  =  c,  a  finite  quun- 
iity,  fJirrc  is  an  asymptote  whose  eqnaiion  is  rcos(d— a)  =  c; 
where  a  ±^jr  =  f"*  (oo  )  =  the  value  of  Q  of  the  curve  when  r  is 
infinite. 

5178  Asymptotic  curves. — ^In  thecie  the  difference  of  corres- 
ponding ordinates  continually  diminisheB  as  x  increases. 

Ab  an  example,  the  corves  y  =  f{»)  and  jf  =  ^  are  asjrmptoUc. 


5173    £i*  1> — ^To  find  the  asymptotes  of  the  carra 

(a  +3»)(»«+Jf»)«4«^    (1). 

The  coefficient  of  t/,  =  0,  gives  an  aay'inptole  parallel  to  ibe  jf  axu. 

P&tiing  y  =  f«+/3,  (1)  becomes 

(a  +  3x)(aj»-|-/iV  +  2/i/5^+/?)-4i'  =  0  (2). 

The  ooaffioiaat  of  «>,  8  (1         ^  =  0  gives  |a  s    ~.   Sabetitaliiig  tliis 

vmlae  of  ft  in  (2),  the  coefficient  of*'  becomes  ±  — 7^;  and  this,  equated 
to  aaro,  (pvea  ^  s  7  7-75*  Henoe  the  equatioiia  of  tiwo  man  ujmgMm 
Sire  8y     s  dk  (a^— 2a). 
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Ex.  2.— To  find  n  Mjmptofte  of  «be 

 g* COB 20  

dr     a  cos 20  anO— 2afliD20  oobO 
When  r  =  00 ,  6  =       and  i*9^  as  — o.  Heooo  (he  equation  of  (he  asymp- 
tote is  r  cos  0  =  —a. 


SINGULARITIES  OF  CURVES. 


5174  Concavity  and  Convexity. — A  ouire  is  reckoned  convex 
or  concave  towards  the  axis  of  9  according  as  ffy^  is  positive 
or  negative. 


POINTS  OF  INFLEXION. 

5175  ^  point  of  inflexion  (Fig.  96)  exists  where  the  tangent 
has  a  limitii^  position,  and  therefore  where  y^  takes  a  maxi- 
mum or  mimmum  value. 

5176  Hence      must  vanish  and  change  sign,  as  in  (1832). 

5177  Or,  more  generally,  an  even  number  of  consecutive 
derivatives  of  y  =  ^  (.r)  must  vanish,  and  the  curve  will  pass 
from  positive  to  negative,  or  from  negative  to  positive,  with 
respect  to  the  axis  of  according  as  the  next  derivative  is 
negative  or  positive.  [See  (iS33). 


MULTIPLE  POINTS. 

5178  ^  multlplp  point f  known  also  as  a  node  or  crunode^ 
exists  when  y^.  has  more  than  one  value,  as  at  B  (Fig.  98).  If 
0  (a;,  y)  =  0  be  the  curve,  ^j.  and  must  both  vanish,  by 
(1713).  Then,  by  (1704),  two  values  of  determining  a 
double  j3oint,  will  be  given  by  the  quadratic 

<Kyl+^r,y.+<ku-o  (1). 

5179  If  •/>irj  <p2y)  <Pxv  ^^^^  vauisli  J  tlieu,  by  (1705),  three 
values  of  v/^,  determining  a  trij^le  pointy  will  be  obtained  from 
the  cubic 

^j»i+a^»J+3**,y.+^  =0  (2). 

5180  Generally,  when  all  the  derivatives  of  ^  of  an  order 
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less  than  n  vanish,  the  equation  for  determiDing  (put  =  z) 
may  be  written 

Pioor.^Lei  afr  be  tlM  moltipla  poini  Then,  I17  (1518), 

n  I 

+  terms  of  higher  order  which  Teiueh  when  h  mod  k  are  tmalL 
And|>»-^  =  ^  in  the  limit 


CUSPS. 

5181  When  two  branches  of  a  carve  have  a  common  tan- 
gent at  a  point,  bat  do  not  pass  through  the  point,  Uiej  form 
a  etispi  termed  also  a  9pinode  or  stationary  potnl. 

5182  In  the  first  species,  or  ceratoid  cusp  (Fig.  100),  the 
two  values  of     have  opposite  signs. 

♦ 

5188  In  the  second  speetes^  or  rwmphoid  cusp  (Fig.  101), 
they  have  the  same  sign. 


CO^JJUGATE  POmTS. 

5184  A  conjuga  te  pointy  or  acnode,  is  an  isolated  point  whose 

coordinates  satisfy  the  equation  of  the  curve.    A  necessary 
condition  for  the  existence  of  a  conjugate  point  is  that  and. 
must  both  vanish. 

Pboop. — ^Pov  the  tengent  nt  endi  a  point  may  hnve  eaj  diiMlicn,  there* 
l<Mre  ^*  » indeterminato  (1713). 

5185  There  arc  four  species  of  the  triple  point  according  as 
it  is  formed  by  the  onion  of 

(i.)  three  crunodes,  as  in  (Fig.  102) ; 
,■  (ii.)  two  crunodes  and  a  cusp,  as  in  (Fig.  103) ; 
(iii.)  a  crunode  and  two  cusps,  as  in  (Fig.  104) ;  . 
(iv.)  when  only  one  reel  tangent  exists  at  the  point. 

5186  Ex.  —  The  equation  =  (e — a) {x —b)(x— c)*  when 
a  <  6  <  c  represents  a  carve,  such  as  that  drawn  in  (Fig.  97). 

-   .  *  SilBun'iififikrlVM#ChrPit,  Aiti.f9,.40. 
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When  h  =  c  the  curve  takes  the  form  in  (Fig.  98).  But 
if,  instead,  b  =  a,  the  oval  shrinks  into  a  point  A  (Fig.  99). 
If  a  =  6  =  c  the  point  A  becomes  a  cusp,  as  in  (Fig.  100).  . 


A  geometrical  method  of  investigating  singular  points. 

5187  Describe  an  elementary  circle  of  radius  r  round  the 
point  ,r,  y  on  the  curve  ^  (a*,  y)  =  0,  intersecting  the  curve  in 
the  point  x-\-hj  i/-\-h.  Let  h  =  r  cos0,  =  r  sin  B,  Expand 
f  i^A-Ky-i-Jc)  =  0  by  (1512),  and  put  ^,  =  iL8in7,  ^,  = 
K  cos  y.   We  thus  obtain 

Bin  (y + d)  +  ^  (^^  cos*  e  4-  2^,„  sin  e  006 0  -i-     sin*  e)-^—=zO 

A  T 

B,  being  put  for  the  rest  of  the  eiqiansion   (0' 

Aocording  as  the  quadratic  in  tan(>, 

^tx  +  2^x»  tan  0  +  <^,^  tan'  0  =  0, 
has  real,  equal,  or  imaginary  roots ;  t.e.,  according  as 
^^—^2,^2^,  is  positive,  zero,  or  negative,  xy  will  be  a  crunode, 
a  cusp,  or  an  acnode.  By  examining  the  sign  of  ii',  the 
species  of  cusp  and  character  of  the  curvature  may  be  deter- 
mined. 

Figures  (105)  and  (106),  according  as  U  and  have 
opposite  or  like  signs,  show  the  nature  of  a  crunode;  and 
figures  (107)  and  (108)  show  a  cusp. 

Proof. — At  an  ordinary  point  the  circle  cuts  the  curve  nt  the  two  points 
^ven  by  0  = — y,  Q  —  ir  —  y.  But,  if  ninl  t^,,  both  vanish,  there  is  a 
singular  point.    Writing  A,  J9,  C  for        <^ryi  9ivy  equation  (1)  now  b<Miomcs 

(7oo«'tf[tan»a+^taiie+^|  +^=0  (2), 

(i.)  H     >A0^  this  may  be  put  in  tiie  form 

97? 

Oco8'0(tane-tana)(tanO-tan/8)-l-  "J  =  0, 

r 

and  the  points  of  intersection  wiUi  the  circle  are  given  by  0  s  a,  /3,  v+a, 

and  »  +       (Figs.  105  and  106.) 

(ii.)  When  £^  =  AC,  we  may  write  equation  (1) 
0  oofl'  (tan  fl  -  tan  a)»  +  ^  =  0. 

If  jR  and  0  haTC  oppoeite  signs,  there  is  a  cosp  with  a  for  the  inclination  of 
the  tangent  (Fig.  107).  So  also,  if  JR  and  C  have  the  same  sign,  the  iuclina- 
tion  and  direction  being  w+a  (Fig.  108).  The  cu.sps  exist  in  thi.s  case 
because  Ii  changes  its  sign  when  w  is  added  to  0,  li  being  a  homogeneous 
fnnctioii  of  the  &ird  degree  in  aan9  and  coe9. 

(iii.)  If  I^<A0,^t9  are  no  real  points  of  interaeotion,  sad  thersfote  «y 
iaaa  aenode. 

4  X 
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CONTACT  OF  CURVES. 


5188  A  contact  of  the  order  exists  between  two  curves 
when  71  successive  derivatives,  7/^,  ...  v„j.  or  r^,  ...  r„«,  corres- 
pond. The  curves  cross  at  the  point  if  n  be  even.  No  curve 
can  pass  between  them  which  has  a  contact  of  a  lower  order 
with  either. 

Ex.— >The  curve  y  s  ^  (a)  hat  a  ooniact  of  ihe  n*"  order,  at  the  point 
when  «  s  0,  with  tbe  onrve  y  s  f  (a) + (»*a)  f '(<0  +    +  ^^~f^*f*(a). 

5189  CoE. — If  the  curve  y  =  f(x)  has  n  pamneters,  they 
may  be  determined  so  that  the  curve  shall  have  a  contact  oi 

the  {71  — ly^  order  with  y  =  ^  (a;). 

A  contact  of  the  first  order  between  two  curves  implies  a 
common  tangent,  and  a  contact  of  the  second  order  a  common 
radius  of  curvature. 


Conic  of  cloieH  eoniad  wM  a  given  ewrve. 

5190  Lemma. — ^In  a  central  conic  (Fig.  of  1195)» 

tan  CPG  =4- 

Peoof.— Potting  PCT^e,  CFTsf$  OFsr,  ODsB^  wa  have,  by 

(1211),  t'+JP  s  /.  fr,  =  -El^i   iiy 

▲Uo        i2r  au  f  a      bj  (1194),  .\  iSr'a.  ^ab,hj  (5110)  (iL). 

Now   tan  CFQ  =  -oot^  =  -  !i  (6112)  =       =         by  (i.)  and  (u.). 

But  p=      (4538),  -1-  *  =  ^  =  tanC/Pa 

oo  o  at  CO 

5191  To  find  the  oonic  having  a  contact  of  the  fourth  order 
mith  a  given  curve  at  a  giyen  point  P. 

If  O  be  the  conio^s  centre,  the  radios  r  =  0P»  and  the 
angle  v  between  r  and  the  normal  are  found  from  the  equationB 

3  ds*        r       p  ds* 
and  these  determine  the  conic. 
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Faoor.-— In  Tig.  93,  let  0  be  ilw  oentre  of  ihe  oonio  ancl  P  tbe  pcSnt  of 
contact.  The  five  disposable  constants  of  the  general  eqnation  of  a  oonio 
will  be  determined  by  the  following  five  data:  two  coordinates  of  0,  a  com- 
mon point  P,  a  common  tangent  at  P,  and  the  same  radius  of  cnrvature  FQ. 

Sinoe  rsPOT,  dB^POP',  d4,=iT0r,  and  <2t  =  PP',  ire  have,  in 
pwaing  from  P  to  P',  d*'  =  P'Or-POT^d4>^i0.  Now  rdOa  dfcoer, 

tiMnfoieS2Lr=^!/^s:Li^;  and  tear  lias  been  fovnd  in  tiie 

The  squares  of  the  semi-azes  of  the  same  conic  are  the 
roots  of  the  equation 

(9+6^-3ac)^^'-9o-  (18+26«-3ac)(9+6'-3ac)  ^+729a* 

=  0. 

a,     c  being  written  for     p,,  p^,    Tbe  eccentricity  is  found 

from  9  0--2)^__(18+26«-3ac)' 

l-e»    -    9+^.8ao  ' 

Also  the  equation  of  the  conio  referred  to  the  tangent  and 
normal  at  the  point  is 

where  4-^.  i^-    8p*  ^  "  P  ^  9p  8' 

J?J.  Tini^,  3faf^.  Reprint,  Vol.  xxx.,  p.  87,  where  the  demonatvtttions  by 
Prof.  Wolstenholme  will  be  foond. 


ENVELOPES. 


5192  An  envelope  of  a  curve  is  the  locus  of  the  ultimate 
intersections  of  the  different  curves  of  the  same  species,  got 
bj  varying  continuously  a  parameter  of  the  curve ;  and  the 
envelope  touches  bJI  the  intersecting  curves  so  obtained. 

5193  Rule. — If  F  (x,  y,  a)  =  0  h$a  curve  having  the  para- 
meter  a,  the  emelope  is  tihe  ewrve  obtained  by  elimvmting  a 
between  the  eguationa 

F  (jc,     a)  =  0   and    daF  (a,',  ^,  a)  =  0. 
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Proof. — Let  a  change  to  a-f  A.  The  coordinates  of  the  point  of  interaec- 
tion  of         V,  a)  s  0  tnd  F(x,  y,  a  +  ^)  =  0  Mtiafy  the  eqnalioii 

F(x,y,a-hh)-F(x,  y.  a)  _  dF (x. y.  a)  _  ^  ^^^^ 


5194  If  ^('^j  ?/)  ^>  ^,  ^,  ...)  =  0  ^  equation  of  a  curve 
having  ?i  ])nr;imetcrs  Kfb,c,,..  connected  by  —  1  equations, 
then,  by  varying  the  parameters,  a  series  of  intersecting 
curves  may  be  obtained.  The  envelope  of  these  curves  will 
be  found  by  differentiating  all  the  equations  with  respect  to 
a,       &c.|  and  eliminating  da^db, ...  and  a,  6, ... 

5195  Ex< — In  (2)  of  (5135),  we  have  the  eqaatioa  of  the  normal  of  a 
enxre  ftl  *  giYen  point  xy ;  I,  v  being  the  Tamble  ooodUnttet,  and  a;,  y  the 

parameters  connected  by  the  equation  of  the  curve  F(Xf  y)  =  0.  By  differ- 
entiating for  X  and  y,  (5136)  is  found,  and  the  elimination  as  directed  in 
(515?)  produces  the  equation  of  the  evolnte  which,  by  (ol^j,  is  the  envelope 
of  the  cnrve. 


INTEaBALS  OF  OUBVES  AND  AREAS. 


FOEMULi£  FOA  THfi  LENGTH  OF  AN  ABC 

6196  *  =  J</*=Jv'a+i^i)<^*=jVl+^i^ 

5800  =Jv/K+yJ)rf<=jV(»^+t1)i<^  (5116) 

5801  =  J^(H«:+l)  dr  =  J-^^^.  (5111) 

5203   Legendr6*8  formula^  s  =  p^-^-^pd^t, 

5801   l^l^e  whole  contour  of  a  closed  cnrve  s  J  jhI^. 

Proof.— In  figure  (93),  let  P,  P'  be  an  element  ils  of  the  curve ;  FT,  VT 
tangents,  and  OT,  OT  the  perpendiculars  upon  them  from  the  origin ;  OT=p, 
FTsq.  Then  ilt+PT'—M STL,  i.e.,  dt-^dq  =  pdrl,;  therefore  «  +  ^ 
=  lpd4f.  Bat  ^  as  ^dpi  therefore  #  =  i?^ + J Also,  m  integnlng 
all  round  the  onrre,  F'T—FT  tekeu  for  ereiy  point  ▼aniabas  in  the  mmmi^ 

tios,  or  1  eij  ss  0.   Therefore  I  <Zt  =  1  ^dxl^. 
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FOBICUlLfl  iOB  PLiLETB  ASEA8. 

5205  y  ~  'P  {^)  be  the  equation  of  a  curve,  the  area 
bounded  by  the  curve,  two  ordiiiates  (j;  =  a,  aj  =  b),  and  the  x 
axis,  is,  as  in  (1902), 

r* 

il  =  J  ^  (^)  ds. 

5206  With  polar  coordinates  the  area  included  betnireen  two 
radii  (d=o,  ^=P)       the  curve  is 

Proof. — From  figure  (91)  and  the  elemental  area  OPP'. 

5209  The  area  bounded  by  two  circles  of  radii  a,  and  the 
two  curves  «  =  ^  (r),  6  =  ^  (r)  (Fig.  109). 

A  =£j^%rfrrf^  =  JV  {*(r)-*(r)}  rfr. 

Here  r  {xl>[r)~(p{r)}  dr  is  the  elemental  area  between  the 
dotted  circumferences. 

5211  The  area  bounded  by  two  radii  of  oiirvature»  the  curvOj 
and  its  evolute  (Fig.  110). 

p£Oor. — From  figure  (93)  and  the  elemental  area  QPF*, 


INYEESE  CURVES. 


The  foUowing  xesnlte  may  be  added  to  thoee  given  in  Acta.  (1000-15). 

5212   Let     /  be  corresponding  radii  of  a  curve  and  its 
inverse,  so  that  ini^  =  k^;  s,/  corresponding  arcs,  and  ^, 
the  angles  between  ^e  radius  and  tangents,  then 

Pboof.— Let  PQ  be  the  element  of  aco  df,  P'Q'  the  element  d/,  and  0 
tiie  origin. 

Then  OP. OP'  =  OQ.OQ',  therefore  OPQ,  OQ'P'  are  similar  triangles; 
therefor© ;  P'i^'  ;:  OF  :  OQ'  =  r  :  r' i  also  aOFQ  =  OQ'F'. 
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6814  If  f>i  p  be  the  radii  of  ourvature» 

P  P 

Pboof. — ^From  p  =  r >mf,  p'  =  /  ainf ,  we  have 
*^        r*  or  f* 

Alao  '  ~  7*  =   

Wow  |i' s  /     (5148),  tlMmfore  1  =  1  '^f  |^  =     -  il  hy  (L)  ""d  fit). 

1^'  ^       '  p       r    dr  dr      rr  pr 

Th«nlbre  4  +  -  =  ^  =  2nnf. 

fT       p  T 


5215  To  find  tlie  equation  of  the  inverse  of  a  curve  in 
rectangular  coordinates^  substitute 

^  '^^  ^ 

for  SB  and  y  in  the  equation  of  the  given  curve. 

5816  The  inTerse  of  the  algebraic  eonre 

where  «« is  a  homogeneoas  funotion  of  the     degree,  will  be 

5817  The  inverse  of  the  oonio  «i+tfj+Uo  =  0  is 

5818  If      origin  be  on  the  carve,  this  eqoation  becomes 

*^u,+th  (^+/)  =  0. 

^  ,  ^  ^^^^^^^^^^^^^^^^^^^^^^^^^^^^^ 

5819  The  angle  f  will  also  be  unaltered  in  any  curve, 
r  if  the  inversion  be  effected  by  putting 

r  =  kr'*   and  B^nff. 

Peoop. — 

tanf  =  r'o;  (5112)  =  t%rr  =  r'!c  W"*  =  itr'"d,  =  rO,  =  tanf. 
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PEDAL  CUEVES. 


5280  The  loGUS  of  tHe  foot  of  the  perpendioular  from  the 
origin  upon  the  tangent  is  called  a  pedal  ewrve.  The  pedal  of 
the  pedal  curre  is  called  the  second  pedal»  and  so  on.  Be- 
Tersmg  the  order,  the  envelope  of  the  right  lines  drawn  from 
each  point  of  a  curve  at  right  angles  to  the  radius  vector  is 
called  ihd  first  negative  pedal^  and  so  on. 

5221  The  pedal  and  the  reciprooal  polar  are  inverse  curves 

(1000,  4844.) 

ABBA  OF  A  PEDAL  CUBYE. 

5222  Let  (7,  P,  Q  be  the  respective  areas  of  a  closed  curve, 
the  pedal  of  the  curve,  and  the  pedal  of  the  evolute ;  then 

Proof.— With  figure  (93)  and  the  notation  of  (5204),  we  have,  by  (6206), 

P  =  \ip'd*lf,    Q=iJgVi//;  therefor©  P  +  Q  =  i  f  (j)*  +  g')  #  =  i  J 
Also,  taking  two  consecative  positions  of  the  triangle  OPT  =      W6  get 
OFT-  OP'T  =      =  50 + -3P.   Therefore,  integrating  all  round, 

^dA  =  0  =  0+Q-P. 

5225  Steiner^s  Theorem. — If  P  be  the  area  of  the  pedal  of  a 
closed  curve  when  the  pole  is  the  origin,  and  the  area  o£ 
the  pedal  when  the  pole  is  the  point  xy^ 

wbere      a=npooB0(i0  and  pwoi^dfii 

Jo  J« 

0  being  the  inclination  of  jp. 

PbOOV* — (Fig*  111.)  Let  LM  bo  a  tangent,  S  the  point  xy^  perpendioubM 
OiT sp  and  Sn         Draw  SN  perpendioolM  to  OM^  and  lei  OJf  s  . 

than     «  i  j =  i I  (i> -i>,)' d4,  =  i^p'd4,+k^p\d4'-^m<i^ 

as  P+  |.  Off-^p  (»  ooi  tf+y  «n  e)  cW,  by  (4094),  and  d9  as  4^ 
i  I  j^i^ssiwioatliaamof  (he  oiidlowluwe  diameter  k  05. 
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6226  Cob.  1. — If  F  be  given,  the  locus  of  a;^  is  a  circle 
whose  equation  is  (5225),  and  the  centre  of  this  circle  is  the 
same  for  all  values  of  Ft  the  coordinates  of  the  centre  being 

^andi. 
ir  » 

5227  COE.  2. — Lot  Q  be  the  fixed  centre  referred  to,  and 
let  QS  —  c.    ijet  F'  be  the  area  of  the  pedal  whose  origin  is 

C;  ihon  i>'-P"  =  frc«. 

For  a  and  h  mnst  vanish  in  (5225)  when  the  origin  is  at  the 
centre  Q.  and  7^-\-  }f  then  =  c\ 

6228   v!oB.  3. — ^Henoe  F'  is  the  minimum  value  of  P'.* 


BOULETTES. 


5229  Dbf. — A  Roulette  is  the  locus  of  a  point  rigidly  con- 
nected with  a  curve  which  rolls  upon  a  fixed  right  fine  or 
curve. 


ABBA  OF  A  BOULETTB. 

5230  When  a  closed  curve  rolls  upon  a  right  line,  the  area 
generated  in  one  revolution  bj  the  normal  to  the  roulette  at 
tiie  generating  point  is  twice  the  area  of  the  pedal  of  tiie 
rolling  curve  with  respect  to  the  generating  point. 

Proof. — (Fifir.  112.)  Let  P  be  the  point  of  contact  of  the  rolling  carvo 
and  fixed  stra^ht  line,  Q  the  point  which  gvneratefi  the  renleite.  Let  B  be 

a  consecatiye  point,  and  when  R  comes  into  oontact  with  the  straight  line, 
let  P'Q'  be  the  position  of  RQ.  Then  FQ  is  a  normal  to  the  roulette  at 
and  P  is  the  inBtantaueooB  centre  of  rotation.  Draw  (^X^  QS  perpendicalars 
on  the  tangents  at  P  and  B,  The  elemental  area  PQ,Q,'P\  incladed  between 
the  two  normals  QP,  Q'P\  is  ultimately  equal  to  PQB^  QRQ'.  Bat  PQB 
=  dCf  an  clement  of  the  area  of  the  curve  swept  over  by  the  radius  vector 
QP  or  r  round  tho  pole  Q  ;  and  QRQ'  =  ^di^ }  therefore,  whole  area  of 

toalette  =  Cf+i  jVii^  ^^fhj  (5224). 


5231  Hence,  bj  (5228),  there  is  one  point  in  any  closed 
curve  for  which  the  area  of  the  corresponding  roulette  is  a 

*  For  a  diBcuMion  of  the  pedal  cunrei  of  an  elUpte  the  Editor  of  the  JBWwc.  Timet  and 
ottMMi  ses  Stjfrint,  Vol.  x.,  p.  23 ;  Vol.  XTi.,  p.  77 ;  Yd.  xm.,  p.  92 ;  sad  ToL  xx.,  p.  106. 
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minimtim.  Also  the  area  of  the  roulette  described  by  any 
other  point,  distant  c  from  the  origin  of  the  minimum  roulette, 
ezoeeds  the  area  of  the  latter  by  ire*. 


5232  When  the  line  rolled  upon  is  a  curve,  the  whole  area 
generated  in  one  revolution  of  the  rolling  curve  becomes 

where  p,  p  are  the  radii  of  curvature  of  the  rolling  and  fixed 
curves,  and  Q  is  the  area  of  the  former. 

f 

Proof. — (Fig.  113.)  InBtead  of  the  angle  d^,  wo  now  bavd<*41ic  snui  of 
the  angles  of  contingence  at  P  of  the  roiling  carve  and  fixed  curve,  viz., 

=  #  (l  +  ^)  =  #  (l+ 
riDoe  fNi^  B  cb  s  p'«{^^  by  (5146). 


LENGTH  OF  THE  ARC  OF  A  ROULETTE. 

5233  I{  ^  and  t  be  corresponding  arcs  of  the  roulette  and 
the  pedal  whose  origin  is  the  generating  point ;  then,  when 
the  fixed  line  is  straight,  <r  =  ^ ;  and  when  it  is  a  curve, 

5234  J'^'  =  J(^+^)^^ 

Pnnop. — (Fig.  112.)  Let  U  be  the  point  which  has  just  left  the  straight 
line,  the  generating  point,  6'  consecutive  points  on  the  pedal  curve. 
Draw  the  drcle  oiroumBcribing  BQNS,  of  whidi  BQ  =  r  is  a  diametor,  and 

let  the  diameter  which  bisects  NS  meet  the  ciroleiniir.  Thon,  wlien  the 
points  1\  U,  P'  coincide,  KN  and  IlQ  are  diameters,  and  SKN  —  SI'N  =  dij/ 
=  QBQ,'  i  therefore  SN  or     —  rd^p  =  QQ'  or  dtr.    VV^hea  the  fixed  lino  is  a 

oatre,     ss  rtb^  ^l-i- m  in  (6232). 


RADIUS  OF  CURVATURE  OF  A  ROULETTE. 

5236  Let  a  (i*ig.  113)  be  the  angle  between  the  generating 
line  r  and  the  normal  at  the  point  of  contaot;  p,  p'  the  radii 
of  curvature  of  the  fixed  and  rolling  curves,  and  E  the  radius 
of  curvature  of  the  roulette;  then, 

R  ^J^. 

-^-1  cos  ft— r 

4  T 
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Pi:ooF. —  Let  consccative  nonaak  o£  Uie  rooleUe  msed  in  0»  them 

li—r     PM     ds  cos  a        J    J  .  I  ds  .  d»\ 

from  whioh  R  is  obUiiwd.  If  the  eiir?»laie  of  tiie  vooletto  k  oosTez  io> 
wards  P  (Fig.  114)»  we  moet  write  It+r  iniieed  of      r  ebom 


5236  The  curratoe  is  oonvez  towards  P  wben  B  is  |K)m* 
tive,  tbat  is,  when  the  carried  point  Q  falls  within  the  circle 
whose  diameter  measured  on  the  normal  of  the  rolling  cunre 

=  -^^/.   When  Q  falls  without  this  circle,  the  curvature  is 

concave ;  and  when  Q  falls  upon  the  circumference,  the  point 
is  one  of  inflexion.  The  drde  has  for  this  reason  been  called 

the  circle  of  injiemons. 

5237  In  figure  (1G3)  let  FA  =  p,  PB  =  p\  PQ  =  r,  OQ  -R, 
as  in  (5235).   Draw  POi>,  the  circle  of  inflezionB,  with  its 

diameter  PO  =  -^P-;,  and  therefore  PD  =  -£^cob«.  Prom 

these  values  and  proportion  it  follows  that  BC  :  BP  :  BA  and 
QD  :  QP  :  QO.  Also,  if  the  circle  on  diameter  FE  =  PC  be 
drawn,       :  ^P  :       and  OJf' :  OF  :  OQ. 

5288  A  simple  constraction  for  the  centre  d  corystare  of 
the  roulette  is  the  following.  (Fig.  164,  with  letters  as  in 
5237.)  At  P  draw  a  perpendicular  to  PQ  to  meet  QB  biN. 
Join  NAf  which  will  meet  QP  produced  in  0,  the  required 
point. 

PaooF. — From  equation  (6235),  assnmiiig  0  to  bo  the  centre  of  corratare, 
we  can  deduce  the  relation  (BA  :  AF){PO :  OQXQN :  NB)  =  1,  tbenfora^ 
by  {968),  A,  0,    are  ooUinear  poinla. 


THE  ENVELOPE  OF  A  CAiiillED  CUiiVE. 

5239  When  a  curve  is  rigidly  connected  with  a  rolling 
curve,  it  will  have  an  envelope.  The  path  of  its  point  of 
contact  with  the  envelope  is  a  tangent  to  both  curve?,  and 
therefore  the  normal,  common  to  the  carried  curve  and  its 
envelope,  passes  through  the  point  of  contact  P  of  the  rolling 
and  fixed  curve. 

5840  The  centre  of  curvature  of  the  envelope  is  obtained  as 
foUowB. 
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In  Fig.  (163),  from  P  draw  a  normal  to  the  carried  curve  meeting  it  in 
Of  and  let  8  on  £Q  be  the  centre  of  carratnre  of  the  envelope  for  the  point 
Q :  and  0  Hhait  of  the  oanied  curve.  Then  P8  la  ^nd  trcm 

5241  When  the  envelope  is  a  right  line,  the  centre  of  curva- 
ture lies  on  the  circle  of  inflexions  (523r)).  When  the  carried 
curve  is  a  right  line,  tho  saTTio  point  lies  on  the  circle  PEF 
(Fig*.  ir)3),  and  if  the  riglit  line  ahvays  passes  through  a  fixed 
pointy  that  point  lies  on  the  circle  FJ^JF. 

BSaSi  lip  he  the  perpendicular  from  a  fixed  point  upon  a 
carried  rignt  line  whose  inolination  to  a  fixed  line  is  ^ ;  the 
radius  of  curvature  of  the  enyelope  is  p  =]p-^p^9  by  (5147). 


INSTANTANEOUS  CENTRE. 

684S  When  a  plane  figure  moves  in  any  manner  in  its  own 
plane,  the  instantaneous  centre  of  rotation  is  the  intersection 
of  the  perpendiculars  at  two  points  to  the  directions  in  which 
the  points  are  moving;  and  a  line  from  the  instant^aneous 
centre  to  any  point  of  the  figure  is  the  normal  to  the  path  of 
that  point. 

Ex. — Let  a  triangle  AIW  slulo  with  its  vertices  A,  />  always  upon 
the  right  lines  OA,  OB.  Tho  perpendiculars  at  .1,  II  to  OA,  OB  meet  in  Q, 
the  mfitautaueoos  centre,  and  QC  is  the  normal  ut  C  to  the  locus  of  U. 

Since  AB  aad  the  angle  AOB  are  of  constant  magnitndie,  OQ,  the 
diameter  of  the  circle  circamsoribing  OAQB,  is  of  oonatant  magnitude. 
Hence  the  locos  of  the  inBtantancoM  centre  Q  is  a  ctrole  of  centre  0  and 
radios  OQ. 


5241  Holdiieh's  Theorem. — li  a  chord  of  a  given  length  LM 
moves  oompletely  round  a  closed  curve,  the  area  enclosed 
between  the  curve  and  the  locus  of  a  point  P  on  the  chord  is 
equal  to  wei/  where  e  =  LK^  f!  =  KK. 

5245  If  the  ends  of  JM  move  on  different  closed  curves 
whose  areas  are  A,  /aj  while  the  area  described  by  K  is  then 

Proof. — (5244).  Let  the  innermost  oval  in  fignre  (l«i4)  he  the  envelope 
of  IM^  <  ito  area,  and  J?  the  point  of  contact.  Let  aL=  2,  flfHm, 
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T':K=k,  l-j-m  =  a  =  c+c';  0,  the  melmailAnn  of  LM.  Thfliit  tntegntng 
in  every  caae  from  0  to  2ir, 

i  jVdd  =  /i-«  j  Also  ^  iid  =  »a'^ 

/.  a^m  =  wc^-\-\-fx           (i.).    Similarly  cJwe  =  »<?+X-r  (ii.), 

tlie  last  being  obtained  from  ^  ^  (P—h')  dd  =  K—k.  k  is  then  foand  by 
eliminating  the  integral  between  (i)  and  (ii.)' 

(52i$.>   If  the  earvee  X,  /»  ooindde,  X  s  /•  ud  thenforo  X^c  s  c«e'. 


TRAJEU  TORIES. 

5246  Dkf. — A  trajectory  is  a  curve  which  cuts  according  to 
a  given  law  ii  system  of  curves  obtained  by  varying  a  single 
parameter. 

The  differential  equation  of  the  trajector}^  which  cuts  at  a 
constant  angle  /3  the  system  of  curves  represented  by 
^  (x,  y,  r)  =  0  is  obtained  by  eliminating  c  between  the 
equations 

*(^,i/,e)=0  and  taniS  =  *5±Je&, 

the  derivatives  of  ^  being  partial,  and      referring  to  the 

trajectory.* 

Proof.  —  At  a  point  of  intersection  wc  have  for  the  given  carve 
m  =  —  and  for  the  trajectory  w'  =  y^    Employ  (4070). 

If  the  trajectory  is  to  be  orthogonal,  tan  /3  =  oo ,  and  the 
second  equation  becomes 

Ex. — To  find  the  enrve  which  cuts  at  a  constant  angle  all  right  lines 
passing  throagh  the  origin. 

Let  y  B  CSS  represent  these  lines  bj  ▼arying  0;  then,  writing » Ibr  tmi/S^ 
the  two  equations  become  y  —  r.r  —  0  and  n  (l+cy^)  —  yx—c-  VHimSn^wx^ 
0,  ffya— y  =  n  (yy«+«).   -Divide  by  fl^+y'  and  intflgrate;  thos 

which  is  equivalent  to  r  =  o^,  the  eqnntion  of  the  legarithmie  tpivml  (5289). 


•  For  a  vory  full  investigation  of  this  problem,  8©e  Eokr,  iHM  Cm.  Mnp^  YoLsiv.^ 
p.  46,  \Yii.,  p.  205 ;  and  Nova  Acta  I'tirop.,  Vol.     p.  3. 
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CURVES  OF  PUESUIT. 

5247  Def. — A  curve  of  pursuit  is  the  locuB  of  a  point  which 
moves  with  uniform  velocity  towards  another  point  while  the 
latter  describes  a  known  curve  also  with  uniform  velocity. 

Let  /(a?,  y)  =  0  he  tlie  known  curve,  rr?/  the  moving  point 
upon  it,  in  the  pursuing  point,  and  n :  1  the  ratio  of  their 
velocities.  The  differential  equation  of  the  path  of  is 
obtained  by  ehminating  x  and  y  between  the  equations 

y)  =  0  (i.),  =  i?i  {x-S)  (ii), 

^/(4+3r;)  =  »^(i+^P  (iii.). 

Peoof. — (ii.)  expresses  the  fact  that  xy  is  always  in  the  tangent  of  the 
patli  of  ^9. 

(iii.)  IbUows  from  1 :  »s  ^W+dii^  :  ^idi^+dy*)  i  the  elements  of 
avo  desoribed  being  proportional  to  like  veloeities. 


Ex. — The  simplest  case,  bciug^  the  problem  usually  presented,  is  that  in 
which  the  point  xy  moves  in  a  right  line.  Let  x  =  a  be  this  line,  and  let 
the  point  {9  atert  hem  the  origin  when  the  point  «y  ia  on  the  «  azia.  The 
equations  (i.),  (ii),  (iii.)  now  Moome,  ainoe  «|  =  0, 

«=:a,  sf  =  fy+i»i(a— 0,  y,  =»y^(l+ii{). 

From  the  second  y,  =  iju  (o— 0,    therefore  (a— i)  ihi  =  «  V(l  +  >?J)' 

Integrating  by  (1928),  we  find 


log       vT+p)  as  — » log  (a— 4) + n  log  a, 
BO  tfaat|»  and  {  vanish  together  at  the  origin; 

therefore      +p'+p  =  {^^**  and  therefore  ^/l+p-p  ^  i^^^Y', 


the  equation  of  the  required  locas,  the  coustant  being  taken  so  that  ^  =  i|  =  0 
together.    If,  however,  n=l,  the  integral  is 

n  ss  -  -5-  log  • 
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CAUSTICS. 

5S48  Dbf* — ^If  rigHt  lines  radiating  from  a  point  be  reflected 
^  from  a  given  plane  curve»tiie  envelope  of  tbe  reflected  rays  ia 
'  called  the  eaustie  hy  reflation  of  the  curve. 

Let  ^  (Xf  y)  =  0,  \p  {x,  ^)  =  0  be  the  equations  of  the 
tangent  and  normal  of  the  curve,  and  let  Mb  be  the  radiant 
point;  then  the  equation  of  the  reflected  ray  will  be 

*     k)  if  (a;,  y)  -f  +  (A,  k)  <t>     y)  =  0, 

and  the  envelope  obtained  by  varying  the  coordinates  of  the 
point  of  incidence,  as  explained  in  (5194),  will  be  the  caustic 
of  the  curve. 


Ex. — To  find  the  oanstio  hy  reflerion  of  (he  circle  a^+y*  ss  r*,  the  ndimi 

point  bcin^  hk. 

Taking  fur  the  tann-ent  and  normal,  as  in  (414^),  a>COBa+y  sin  a  s  r, 
aud  X  bitxa—y  cos  a  =  U,  tbe  reflected  ray  is 

(h  cosa-^kaina  —  rji^x  s\ua  —  y  cos  a) 
+  (Aaina— JbcoBa)(aooao+y  una— r)  =  0. 

BedBcbg  ihls  to  tiie  fbrm 

^  ooe2a+B  am  2a+ (7  nn  a— Dooe  a  s  0, 

and  difSnentiating  fiir  a, 

-2il  Bin 2a+2B COS 2a+ (7 ooBa+jDsm a  s  0. 

The  result  of  eliminating  a  is 

{4(A'+*")(»'+y')-r'(a5+A)«-r»(y+ip)»}»  =  27(*»-ily)«(a^+y»-fc«-i;»)\ 
tiie  envelope  and  caoetic  reqaiied. 


6849  QneteleVs  Theorem. — The  caustic  of  a  curve  is  the 
evolute  of  the  locus  of  tbe  image  of  the  radiant  point  with 
respect  to  the  tangent  of  the  curve. 

Thus,  in  the  Fig.  of  (1178),  if  S  be  the  radiant  point,  IF  is  the  image  in 
tbe  tangent  at  P.  The  locns  of  W  is,  in  this  caee,  a  dnde^  and  the  erditte 
and  oanstio  rednce  to  the  single  point  8^* 

Since  the  distance  of  the  image  from  the  radiant  point  is 
twice  the  perpendicular  on  the  tangent,  it  follows  that  the 
locus  of  the  image  will  always  be  got  by  substituting  2r  for  r 

in  the  polar  equation  of  the  pedal,  or  ^  for  r  in  the  polar 

equation  of  the  reciprocal  of  the  given  curve  with  respect  to 
the  radiant  point  and  a  circle  of  radius  h. 
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TRANSCENDENTAL  AND  OTHER  CURVES. 


THE  CYCLOID (Fig.  115) 

5250  Dep. — A  cycloid  is  the  roulette  generated  by  a  circle 
rolling  upon  a  right  line,  the  carried  point  being  on  the  cir- 
cumference. Wlion  the  carried  point  is  without  the  circum- 
ference, tlie  roulette  is  called  Skjprolate  cycloid;  said,  when  it  is 
within,  a  curtate  cycloid. 

5251  The  equations  of  tlie  cjcloid  are 

,vsza{$+am$)s      y  =  a(l— cos^), 

where  B  is  the  angle  rolled  through,  and  a  the  radius  of  the 
generating  circle. 

Proof. — (Fig.  115.)  Let  the  circle  KPT  roll  upon  the  lino  DE,  the 
point  P  meeting  the  line  at  D  and  again  at  j^.  Arc  KF  =  KD  ;  tborcforo 
aro  Pr  =E  AK  as  021  Also  d  ss  POT,  the  angle  roiled  through  from  il,  the 
centre  of  the  heee  ED.  Then 

5253   n  «  be  the  arc  OP  and  p  the  radius  of  curratiire  at  P, 

*  =  2P  T  =  -v/(8«//) ,      p  =  2PK. 

Proof.— (i.)  The  element  Pp  =  nh  =  2  (OB -Ob)  ultimately  ;  therefore, 
bj  Bummation,  s  =  20J5.    Also  OB  =  FT  =  ^/{TK. TR)  =  ^^{'lay). 

(ii.)  Let  two  consecutive  normals  at  P  and  intcrRcct  in  L.  Then  PL, 
pi  are  parallel  to  BA^  bA ;  therefore  FI^  is  similar  to  BAi.  But  Fp  =  2Bi ; 
therefore  p  or  PL  =  2SA  ss  2PX. 

5255  Cob. — The  locus  of  i,  that  is  the  evolute  of  the 
cycloid,  consists  of  two  half -cycloids  as  shown  in  the  diagram. 


6856  The  area  of  a  cycloid  is  equal  to  three  times  the  area 
of  the  generating  circle,  and  the  curve  length  is  four  times 
the  diameter  of  the  same  circle. 

Pkoof.  —  (i.)  Area  PpiiN  =  FprB  =  BbqQ  ultimately.  Therefore,  by 
■nmmation,  DB.AO-^ejMd  =  waf.  Bat  DJ3,A0  =  2ira.2a  =  4r(^;  there- 
lore  cydoid  s  Sin^. 

(ii.)  Total  ourre  length  s  8a»  hj  (5258}. 


*  The  earliest  notice  of  this  cunro  ii  to  be  ioiad  in  a  M8S»  bj  Oirdinal  de  Gvm,  1464 
Sfle  LtibmiMf  OptrUf  Vol.  m.,  p.  96. 
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5257  mtrinsio  equation  of  the  cycloid  is 

PeoOF:    «=  2PT  =  4asiaPA'T,  and  I'KT  =  FTN  =  t^* 

THE  COMPANION  TO  THB  GTCLOID. 

5258  This  curve  is  the  locus  of  the  point  R  in  Fig.  (Ho). 

Its  equation  is 

S,=  «(l-oo8^). 

Pjioop. — Fioni  0sa9  and  y  =  a(l— cobO). 

5259  The  locus  of  fif,  the  intersection  of  the  tangents  at  F 
and  By  is  the  involute  of  the  circle  ABO. 

Pfioor :  B8  =i  BF  =1  axo  OB, 


PBOLATB  AND  CURTATE  CTCXiOIDS.  (5250) 
5260    The  equations  in  every  case  are 

The  cjcloid  is  prolate  when  m  is  >  1  (Fig.  11 G),  and  curtate 
when  m  is  <1  (Fig.  117),  m  being  the  ratio  of  CP  to  the 
radios  a. 


EPITROCHOIDS  AND  HXPOXBOCHOIDS.    (fig.  118) 

5S68  These  cunres  are  the  roulettes  formed  by  a  drcle 
rolling  upon  the  convex  or  concave  ciroumferenoe  respectiveljr 
of  a  fixed  circle,  and  carrying  a  generating  point  either  within 
or  without  the  rolling  circle. 

The  equations  of  the  epitrochoid  are 

5263  (a+b)  Q4M$^mbeoB^0, 

52M  ^  =  (a+b)  sm  e-mb  sin^  ^, 


•  For  other  properties,  see  Pa?<  al.  Utsf  .ire  de  la  RouUtle  ;  Carlo  Dati,  History  of  th* 
Cychid;  Wallis,  TraititU  Ct/eUndt ;  Groningiiu,  Mittori*  CycUndu^  BibUotkeeti  Umv. ;  and 
LbIou^  OMHutria  prm^  m  atpUm  d$  C^Mii  UMi;  BoBOaDL  Op,,  ToL  zr.,  p.  98; 
Sator,  0mm.  AT.,  1766 ;  and  Legsndn^  XttnUt    CUtuf.  £i$^  Tom,  ^49U 
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where  a,  b  are  tlie  radii  of  the  fixed  and  rolling  circle 
(Fig.  118),  B  is  the  angle  OCX,  Q  is  the  generating  point 
inil^j  in  contact  with  the  0  axis,  and  m  is  the  ratio  0(2  :  b. 
The  dotted  line  shows  the  cearve  described.  For  the  hypo- 
trochoid  change  the  sign  of  h. 

Proof  :  x=  CN+  MQ  ;    CN=(a  +  b)  cos  0 ; 

MQ  =  OQ  cos  OQM  z=  —OQ  coa  {f  -f  0),  where  f  —  POLi  and  t<«>  =  ai). 

5265   The  length  of  the  arc  of  an  epitrochoid  is 

which  is  expressed  as  an  elliptic  integral  E  ^)  by  substi- 
tuting oM  =  25^. 

l;'or  the  arc  of  a  hypotrochoid,  change  the  sign  of  6. 

Pboop:  «s  Jfl^dO  s  Jy(a^+y*)d»  (5113).  Fmda^aiid  £roni(526^). 


EPICYCLOIDS  AND  HYPOCYCLOIDS.       (Pig.  118) 

5266  For  the  equations  of  these  curves  make  m  =  in 
(5263»  *4).  P  is  then  the  generating  point,  and  the  curve  is 
shown  by  a  solid  line  in  Figure  (118).* 

5267  If  ^  be  the  inclination  of  the  tangent  at  a  point  P  on 
any  of  these  curves, 

eos^— m  008^^^ 

taa^rr  ^  =  tan^^^,  if 

sm#-m8ln«+^tf 


5268  Hence,  in  the  epicycloid,  ^  = 

and  the  equation  of  the  tangent  is 

*  8in^i^ cos fi^*  =  (a+26)  siu  ±  ft 

5269  The  eqiiatiou  of  the  normal  will  be 

^cosit4^(?+^8in4^^  =  aco8« 
26      ^        26  26 


*  Fkof .  Wolrteahokiie  Iim  invcatigKted  iheae  ovrves  coniUand  as  fhe  enTelop«  of  ft 

chord  whose  extremities  move  on  a  fixed  circle  with  miifolm  vdocHiM  IB  the  ntio  minw 
m  ;  (-«).— iVoc.  ixmrf.  Math.  Soe.,  Vol.  iv.,  p.  321. 

4  z 
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5270  The  length  of  tiie  arc  of  an  epicydoid  or  hypocydoid 
included  between  two  successive  ousps  is 

^(a±b),  and  the  included  area  is  —{3a±2h). 
a  a 


Paoor.— Patting  m  =  1  into  (5265)  and  oO  =  %  the  length 

?^  («  ±  6)  Tsm  4  <«f  «  ^  («  ±  6). 

a  }o       ^  a 

OtYiorwite  bj  (5234)  j  the  pedal  being  the  cardioid  whoae  perimeter  =  8m 

(ii.)  The  area,  by  (5232),  is  j^46'ain'-|>  (l+  |)  df ;  mnoB,  in 

Fig.  (118),  #  of  (5232)  =  dPOE  =  df  and  r  =  PE  =  26  sin  |-. 

5871   The  eyolnte  of  an  epicycloid  is  a  similar  epicycloid. 

Proof. — The  eqaatioa  of  the  tangent  referred  to  an  x  axis  drawn  through 
the  iummit  of  the  curve  will  be  (by  toning  axes  thnmgh  an  auglc  hur^a), 

.«o.2±|i  «+,«ni^*e=  {«+2i)  00.  ^a. 

Comparing  this  with  (5270),  which  is  the  equation  of  the  tangent  of  the 
evolute,  we  see  that  the  epicycloid  and  its  erolate  are  similar  cures  haying 
their  parameters  in  the  ratio  a-^2b  :  a;  and  that  the  radius  drawn  through 
a  cusp  of  either  of  the  carves  passes  throogh  a  summit  of  the  other. 

5272  When  bss-^^a,  the  hypocycloid  becomes  a  sfcraiglit 
line,  namely,  a  diameter  of  the  ficxed  circle. 


THE  OATBNABY.  (Fig.  119) 

5273  Clnrrarterhtic. — The  perpendicular  TP  from  the  foot 
of  the  ordiniite  upon  the  tangent  is  of  a  constant  length  r,  and 
therefore  equal  to  OA,  the  perpendicular  from  the  origin  on 
the  tangent  at  the  vertex,  c  is  the  parameter  of  the  curre. 
The  equation  is 

6874  y  =  -5-(^^+«*"')« 

as  ^ 

PKOOi  :  tan FOT  =  '~=  yyL^^y  •  •  *  =  «  {log(y+- 
(1928),  since  «  s  0  when  y  =  e.  Therefi>re 

sfsai  [y-^^iy'-c')}     therefore  e"^=  jly-^{}^'-c')}. 
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6275  If«sarcilO,    s  =z  ±(e^ ^e"^)  ^  CP. 

Proof:  «  =  daj  (5197) 

6876  The  area  OAOT  =  es.  (5205) 

6877  ^he  radius  of  ourvature  at  0  =      and  is  therefore 

c 

equal  to  the  tangent  intercepted  by  the  axis  of  op. 

6878  The  catenary  deriyes  its  name  from  a  cham»  which, 
irhen  suspended  from  its  eztremities,  takes  the  form  of  this 
cmre. 

For  the  equation  of  the  CTolute  of  the  catenary,  see  (5159), 


5279  Chararteristic. — The  length  of  the  tancfcnt  intercepted 
by  the  x  axis  is  constant.  This  curve  is  the  involute  of  the 
catenary,  being  the  locus  of  P  in  Figiire  (119). 

The  equation  of  the  tractri^  is 

5280  0?  =  c  log  {c+^/(c«-y)}  -clogy- v/(e*~j^). 

Proof. — Let  the  tangent  FT  =  c,  then  the  differential  equation  of  the 
curve  is  thoreforo  yXg  =  —  \/ c^  — w*.    Substitute  z  =  •/ c'—y^  and  integrato 
•   by  (1937). 

5881   ^he  area  included  by  the  four  branches  =  irc^. 

Peoof.— Area  =  4  f  yd*  =  -4  (Vc'-i/'dy  =  ire',  by  (1933). 


THE  STNTRACTRIX. 

5282  This  curve  is  the  locus  of  a  point  Q  on  the  tangent  of 
the  tractrix  in  Fig.  (11 9),  Let  QT  be  equal  to  a  fpYen  con- 
stant length  di  then  the  equation  of  the  syntractnz  will  be 

6283  0?  =  c  log  {d+  v/(d»-/)}  -c  losy-y/id'-y"). 
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THE  LOQA&ITHMIC  CUE.Y£  •  (Fig.  120) 

5284   Cfharaeteristie.'^ThB  sabtangent  is  constant. 
Tbe  eqnatioii  of  the  earve  is  either 

6885  y  =  ««^,  or  ^^nlog^, 

a 

where  n  =  NT,  the  oonstaat  subtaogent,  and  a  is  the  intero^ 
on  the  y  axis. 

5287  If  «  be  an  even  integer,  y  may  take  negative  values. 
The  most  general  form  of  the  equation  may  perhaps  be 
assmned  to  be 

±/      2nr  .  .  .   2nr\  . 
y  =z  6»<C0S  — -|-tSm  — j.f 


TfiS  EQUIANOULAB  SPIRAL.  (Fig.  121) 

5288  Ohmracteristie, — The  angle  OPS  between  the  tangent 
and  radius  is  constant.   The  equation  of  the  curve  is  either 

5289  r  =  ae»    or  $==n\og-^. 

5291  tan  ^  =  11,  «=:r8ec^ 

measuring  s  from  the  pole. 
Pboof.— By  (5112)  and  (5200). 

5293  Hence  the  length  of  the  spiral  measured  from  the  pde 
0  to  a  point  P  (Fis.  121)  is  equal  to  P8,  the  intercept  on  the 
tangent  made  by  the  polar  subtangent  08. 


5294  The  locus  of  iS^  is  a  similar  spiral,  and  is  also  an  invo- 
lute of  the  original  curve. 

5295  The  pedal  curve,  which  is  the  locus  of  F,  is  also  a 
similar  equiangfular  spiral. 

Proof. — ^The  oonstanoy  of  the  angle  ip  makM  tiie  figure  OPTS  alwmye 
nnular  to  itsolf.  Therefore  P,  Y,  and  8  describe  similar  curves.  Hence,  if 
ST  is  the  tangent  to  the  locus  of  S,  OST  =  0  =  OPS;  therefore  PST  is  a 
right  angle ;  therefore  the  locos  of  ;S  is  an  involate  of  the  original  spiraL  X 

•  Originated  by  Jnmos  Oregon-,  Geometria  Par$  Cnirersalis,  1668. 
t  Soo  Ettler,  Anal.  I^fiit.t  Vol.'  n.,  p.  290 ;  Vincent,  Ann.  de  Otrfmnt,  VoL  xv.,  p.  I ; 
Ofcgory,  Omi.  Mgth.  Jtmml,  VoL  i.,  pp.  231,  264 ;  Salmon,  Sifhtr  Ham  Ctow,  p.  274. 
X  For  additiowd  pcoportiei^  sm  Ber^nUi,  Cjpiiw,  p.  497. 
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THE  SPIRAL  OF  AECHIMEDES.*          (Fig.  122) 

5896  Oha/r€Uiteri8tic. — The  distance  from  the  pole  is  propor- 
tional  to  the  angle  described.   Hence  the  equation  is 

5297  r  =  ad.     Also  tau  <^  =  ^.  By  (5112). 

5290  The  intercept,  PQy  on  any  radius  between  two  succes* 
aiye  convolutionB  of  tiie  spiral,  is  constant  and  =  2aw, 

5300  The  area  swept  over  by  any  radiuR  is  one  third  of  the 
corresponding  circulai'  sector  of  that  radius. 

5301  This  curve  is  one  of  the  class  the  general  equation  of 
which  is 

r  =  a^,   with  tan  ^  s 


THE  HYPERBOLIC  OR  RECIPROCAL  SPIRAL.  (Pig.  123) 

5302  The  equation  is  r 

5303  An  asymptote  is  the  lino  y  =  a.  (5171) 
5801   The  spiral  is  also  an  asymptote  to  itself.  y 

For  when  the  radios  is  of  the  first  order  of  smallness,  the  distanoe 
between  two  snccessiye  convolations  is  of  tho  second  order.  Henoe  the 
distamoe  to  the  pole  mewnred  along  the  enr^e  is  infinite. 

The  area  between  the  radiants  r^,  ?g  is  =  \a  (rj— r^). 
5305    The  equation  of  the  Lit  uus  is  r  s 

THE  INVOLUTE  OF  THE  CIRCLE.         (Fig.  124) 

5806  The  equation  is 

Paoor;  f  =  0Pr=co8-'^  and  -/(r'-a^')  =i?P  =  arcilB  =  a (0+^). 
5307    The  pedal  of  the  involute  is  the  spiral  of  Archimedes. 

'^Invented  by  Conon,  b.c.  260, 
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Proof. — Let  /,  9'  bo  the  coordinates  of  F  on  the  pedal  corre.  Then 

r'  =  HP  =  arc  AH  =  a  (0'  +  ^t).    (See  5297). 

6308   The  reciprocal  of  the  inyoluto  is  the  hyperbolic  spiraL 

PBOOr.— (Fig.  124.)    Let  P'  on  07  oon^spond  to  P,  and  let  r',  9'  be  tlie 

polar  coordinates  of  P*.    Then  r  =  OP' 

But         07=:J?P=:aroilJ?  =  a(a'+i»),   /.  r'  =  ~^.  See(5aOS>. 


THB  CISSOID (Fig.  125) 

5309  Characteri.stic.  —  A  line  drawn  from  the  end,  0,  of 
a  fixed  dianieU  r  of  a  circle  to  the  end,  Q,  of  any  perpcTulicular 
ordinate  iutiTsicts  the  parallel  ordinate  equidistant  from  the 
centre  in  a  point,  P,  whoso  locus  is  the  cissoid.  The  equation 
of  the  curve  ia 

6310      v'(2a-*)  =  «»   and  ^  ^  (6a-ar)  ^.v 

Proof. — By  similar  triancrif'-'',  y  '.  x  =  \^(2a.T —  ./•*)  :  2a— r.  Two  mean 
proportionals  between  the  radins  a  and  CS  are  given  by  t_hc  carTe,  for  it 
appears  that  a» :  OP  ::  CT  :  C8,  and  therefore  a  i  OT  :  VCS.OT  :  CS, 

5811  The  tangent  of  the  circle  at  the  other  end  of  the 
diameter,  is  an  asymptote  to  both  branches  of  the  cissoid. 

5312  The  area  between  the  curve  and  its  asymptote  is  equal 
to  three  times  the  area  of  the  circle. 

Pboot:   In  I  ydaf  snliBtitate  0  =  2a  sin*  6. 


THE  OASSmiAN  OB  OVAL  OF  CASSIKL     (Fig.  126) 

5313  Chararfrrisflr. — The  product  PA.PB  of  the  distances 
of  any  point  on  the  curve  from  two  fixed  points  B  ia  con- 
stant ;  the  equation  is  consequently 

or  (cf^+^+a^)-— 4jaV  =  m\ 

where  2a  =  AB,   The  equation  in  polar  coordinates  is 

r*— 2aV  cos  26-^  a' -m*  =  U. 

•  PiO€lM»  A.O.  MO. 
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5314  If  a  be  >  m,  there  are  two  orals,  as  Bhown  in  the 
figure*  In  that  case,  the  last  equation  shows  that  if  OFF* 
meets  the  curre  in  P  and  P*,  we  have  OP, OF  =  v^(a*— m*) ; 
and  therefore  the  curve  is  its  own  inverse  with  respect  to  a 
oirole  of  radius  =  v^(a^— m*). 


5315  0  being  the  centre,  the  normal  PG  makes  the  same 
angle  with  PB  that  OP  does  with  PA, 

Proof. — From  (r-^ilr)(r'  —  d/)  =  ?«'  and  n-' =  ;  therefore  nTr'  =  r'dr 
or  r  :  /  =  dr  ;  dr'  =  sin  0  :  ain  0',  if  0,  0'  be  tho  angles  between  tbo  normal 
and  r,  r'.   Bni  OP  divides  APB  in  a  aimilar  way  in  rpverae  order. 

5316  Let  OP  =  then  the  normal  PG,  and  the  radius  of 
curvature  at  P,  are  respectively  equal  to 


THE  LEAINISCATE.t  (Fig.  126) 

5317  Charticteriaiic. — This  curve  is  what  a  Gassiniui  be- 
comes when  m  =  a.   The  above  equations  then  reduce  to 

(.r^+.V*)'  =  2o«(^-y*)    and   r*  =  So*  cos  2^. 

5318  The  lemniscate  is  the  pedal  of  the  rectangular  hyper- 
bola, the  centre  being  the  pole. 

5319  The  area  of  each  loop  =  a^,  (5206) 


THE  CONCHOID,  t  (Fig.  127) 

5320  Characterhtic. — If  a  radiant  from  a  fixed  point  0  in- 
tersects a  fixed  right  hne,  the  directrix,  in  J^,  and  a  constant 
length,  RP  =  be  measured  in  either  direction  aloii*^  the 
radiant,  the  locus  of  P  is  a  conchoid.  If  OB  =  a,  be  the  per- 
pendicular from  0  upon  the  directrix,  the  equation  of  the 
curve  with  B  for  the  origin  or  0  for  the  pole  is 

5881    «y  =  (a+y)"(i^-5*^)   or  r  =  a8ec0±6. 


•  fi.  WilliamMm,  M.A.,  Edue.  21mm  Math.,  Vol.  xvr.,  p.  81. 
t  Bernoulli,  Optra,  p.  609. 
X  NioomedM,  about  a4>.  100. 
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5323  When  a<6,  there  is  a  loop;  when  a  =  5»  a  cusp; 
and  when  a  >  6,  l^ere  are  two  points  of  inflexion. 

53S4  To  draw  the  normal  at  any  point  of  the  carve,  erect 
per[)eadiculars,  at  £  to  the  directrix,  and  at  0  to  OP*  They 
will  meet  in  8  the  instantaneous  centre,  and  8P  wiU  be  the 
normal  at  P  (5242). 

5325  To  trisect  a  given  angle  BON  hy  moans  of  this  curve, 
make  AB  =  20 and  draw  the  conchoid,  thus  determining 
Q ;  then  AON  =  3A0Q. 

Proof.— Bisect  QT  in  5;  Qr=  ^i?  =  20N,  theroforo  8N^8Q  =  0Ni 
therefore  N08  =  N80  =  2NQ0  =  2A0Q, 

5326  The  total  area  of  the  oooohoid  between  two  radiantB  each  making 

an  angle  d  with  OA  is 

o«tanO+26'fl  +  3av^(6*-a*)    or  a'tane-^2b% 
aoooiding  as  &  is  or  is  not  >a. 

The  area  aW  the  directrix  |  ^  2a61ogtan       +  ^) 
between  the  same  radiants  )  ^       \  4      2  / 

The  area  ol  the  loop  which  exists  when  &  is  >  a  is 

i»o«i-'|—2rfiog«±<['';-«!>  +»✓(*•-.«). 


THE  LIMAgON*  (Fig.  128) 

5327  Characteristic, — ^As  in  the  conchoid,  if,  instead  of  the 
fixed  line  for  directrix,  we  take  a  fixed  circle  upon  OB  as 
diameter.  This  curve  is  also  the  inverse  of  a  conic  \Wth 
respect  to  the  focus.  The  equation,  with  OB  for  the  initial 
line  and  axis  of  as  is 

5388   r  =  aco8^±6   or   (a^+^-oj?)*  =  6* 

where  a  =  OB,  h  =  PQ, 

5330  With  6  >  a,  0  is  a  conjugate  point. 

With  6  <  a ,  0  is  a  node.  [For       a,  see  (5882). 

5331  The  area  =  V 

When  a =26,  the  limayou  has  been  oaUed  the  iriseeinab* 

•  BlunBueal,  IMS. 
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THE  VBRSIERA .•  (Fig.  130) 

(Or  Witch  of  Agnesi.) 

5335  Characteristic. — Tf  \i\)on  a  diameter  OA  of  a  circle  as 
base  a  rectangle  of  variable  altitude  be  drawn  whose  diai^foiial 
cuts  the  circle  in  the  locus  of  P,  the  point  in  which  the 
perpendicular  from  B  meets  the  side  parallel  to  OA,  is  the 
curve  in  question.    Its  equation  is 

S886  afy=i2a  ^{2aaf^a^, 

where  a  =  00  the  radius. 

5337    There  are  points  of  inflexion  where  x  =  f  rt. 
The  total  area  is  four  times  the  area  of  the  circle. 


THE  QUADBATRlX.t  (Fig.  131) 

5388  Characteristic. — The  curve  is  the  locus  of  the  inter- 
section, P,  of  the  radius  OD  and  the  ordinate  QN,  when  these 
move  uniformly,  so  that  xi  a  ::  B  :  where  x  =  ON, 
a  =  OA,  and  $  =  BOD,   The  equation  is 

y  =  *ton(— 

5339  The  curye  effects  the  quadrature  of  the  drcle>  for 
00:  OB  ::  OB  :  &ro  ADB. 

Proof :  00  :  OB  ::  CP  :  BB.  Bat  C7P  =  «  in  tiio  limit  wkun  it  ia  small, 
therefore  OP  :       ::  a  :  ADB. 

5840   The  area  enclosed  above  the  m  axis  =  4a'«>~^  log  2. 

Pfioor. — In  the  integral  |2  tan  ^]  ^  sabatitato  «-  (a— ;c)  =  2aj/, 

aadlntegtate  ^y^ask^dy  by  parts,  usiu^^  (1940).  Tho  integrated  terms 
prodaoe  logoos^^'— log  cos  |t  at  tho  limit  |t,  whioh  vanisbos  thoagh  of 
the  form  00—00 .  The  remaining  integral  is  i  1<^  cosydyi  and  will  be  found 
at  (2635). 

THE  CABTBSIAN  OYAL.  (Fig.  134) 

5341  CharactcriMic. — Tlic  sum  or  ditTcrence  of  certain  fixed 
multiples  of  the  distances  of  a  point  ii*  on  the  curve  from  two 

•  Oomia  Uatia  Agnesi,  /MiliteiMMt  AMtUUtiu,  1748,  Art  S88.  f  Dbuwtinttu,  870  b.o. 

5  A 


Digitized  by  Google 


780 


THBOBT  OF  PLANS  OUEVBS. 


fixed  points  A,  B,  called  the  fod*  is  constant*  The  equations 
of  the  inner  and  outer  ovaJs  are  respeotLvely 

5342  mr^+^ra  =  itCs»    mr^—lr.,  =  «c,, 
where  Ti^AP^  r^^BP^  e^^AB,  and  n>m>l 

5343  the<nixTe,pai ^ss^  and  ^  —-a;  tbenfoie r|:fc/tr,s=a, 

wfaeve  a  IB  >      and  ft<l  (1).  Detoribe  tho  oiiele  oentn  A^  and  radiva 
=  a.  Draw  any  radiant  AQ,  and     P,  Q  be  tlie  pointa  in  which  ift  onta 
the  ovale,  then,  hy,  (1), 

5344  PSs/a>B  and  QB^fiQB  (2). 

Henoe,  by  (032),  we  oaa  draw  the  drole  whioh  wiU  cat  AB  m  the  reqoifed 
points  Thus  anjnnmber  of  pointo  on  the  oval  may  be  found. 

5345  By  (2)  and  £ac.  Ti.  3,  it  follows  that  tho  chord  BBr  bisects  the 

angle  PBQ. 

Draw  Ap  throo^h  r,  and  let  PB,  QB  prodnced  meet  Ariap  and  q.  The 

triauglos  rj]R,  qlir  are  similar,  therefore  9»*=  therefore  q  is  on  the 

inner  oval.  Similarly  p  is  on  the  outer  oval.  By  Euc.  Ti.  B.,  FB.QB 
=  FR.  (^U+nW  i  therefore,  by  (2),  (!->»*)  FB .  QB  =  BE\  Combining 
this  with  PB  :  Bq  =  BB  :  j9r,  from  rimilar  triangles,  we  get 

5346   ^»>- 


6347    Draw  QG  to  make  Z  BQG  =  Bil^;  therefore,  il,  0,  (7, 
being  concyclic»  we  have,  by  (3)» 

i>V.%  =  AB.BC  =  ^^  (4). 

Hence  C  can  be  found  if  a,  and  the  points  A,  B  are 
given.  (J  is  the  third  focus  of  the  ovals,  and  the  equation  of 
either  oval  may  be  referred  to  any  two  of  the  three  foci. 

Putdng  BC  =  ei,  AO^tift  AB  —  r,,  the  equation  between  2,  m,  a  is 
obtained  firom  (4)  thns :  c^c^  (1  — =  a'— ej;  therefore  €||(<ib+^t)  —  ^'^f^^A' 

Bat  Cm+ei  =  €w,  a    — ,  /i  =  — ,  and  the  resnlt  is 

mm 

5348   i'ci+nV,  =  m*e^  or  ^BC+m'Cil+n*il^- 0...(5), 

where  CA  =  — JO. 

Putting  7*1,  r,  for  Pil,  PC,  the  equations  of  the 
curves  are  as  follows — 
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Iimer  OraL 

5849  mrt+hr^  =  tuk  ...  (6), 

5351    wri +^r,  =  mc,  ...  (8), 

5353  mr,— ftr.  = /ct  **.(10), 


Outer  OvaL 
ffifi— Irt  =ni%  ...  (7), 

nri— /rj  =mc^...  (9), 
nrg— mr8=tei  ...(II). 


That  (6)  and  (7)  are  eqnatioos  of  the  oarre  haa  been  shown.  To  dednoe 

the  other  fonr,  we  have  Z  APB  =^  AqB  =  ACQ  (5347)  ;  therefore  ACQ, 
APB  are  similar  triangles.  But,  by  (G),  mAP-\-lBr  =  nAB^  therefore 
fnAO-^lO(i=^nAQ  or  n^Q— iCQ  =  m^C,  which  is  equatiou  (9).  Again, 
ABQ,  APO  are  similar.  But,  by  (7),  m^(2-Zi^(^  =  n^lB;  therefor© 
«n^O-ZOP  =  nAP  or  n^P  +  IOPs  m^C,  which  is  eouation  (8). 

Equations  (10)  and  (11)  are  obtained  by  taking  (6)  from  (8)  and  (7) 
from  (9),  and  employing  (5). 


5355  AP.AQ  =  AB.AC  =  constant. 

Proof. — Since  AtQ,  Oj  q  are  concyclic,  Z  QOA  as  QqA  =  iiUJ? ;  tliore- 
fore  F,Q,OfBM  oonoyolio;  therefore  AP,AQ  ss  AB.AO  =  oonstaut  (12). 

5866  crop's  Cil.CB  =  constant. 

Peoof  :  /.  POB  =  PQii  =  J5pg  =  SCg.  Hence,  if  GP  meeta  the  inner 
oyal  again  in  P',  OBg,  OBP'  are  smitlar  triwgles.    Again,  beeanse  Z  SPO 

=  I?QC  =  BAfj  =  BAP',  the  points  A,  B,  P  are  oonojdio ;  therefore 
OF, OF' ss  OA»OB  =  constftiit  Q.  E.  D. 

Henoe^  1^  nakbg  P,  F"  ooinoide,  we  have  the  theorem 

5357  The  tangent  from  the  external  foouB  to  a  series  of  tri- 
oonfocal  Cartesians  is  of  constant  length,  and  =  ^{OB.OA). 


5358    To  draw  the  tangents  to  the  ovals  at  P  and  Q.  De- 
scribe the  circle  round  PQCBy  and  produce  BR  to  meet  the 
circumference  in  T;   then  TP,  TQ  are  the  normals  at 
and  Q. 

The  proof  is  obtained  from  the  similar  triangles  T(jR,  TBQ,  which  show 
that  ^\n.T(lA  ',  sin  TQB  =  2  :  m,  by  (2),  and  from  difierentiating  equation  (7), 

which  prodopes      :  §j  =  2 :  in.* 


5359  The  Semi-cubical  parabola  =  aa.^  is  the  evolute  of  a 
parabola  (4549).    The  length  of  its  arc  measured  from  the 

origin  is  '=^K^"*"l"'')"^i- 

•  For  the  length  of  an  arc  of  a  Cartesian  oval  expressed  by  Elliptic  FunctiooB,  MO  %  papMT 
by  S.  liobortfl,  M.A.,  in  I'roc.  Loud.  Math.  Soc.f  Vol.  v.,  p.  6. 
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5360  The  Folium  of  Descartes^  3aa?y +^  =  0,  has  two 
infinite  branohes,  and  the  asymptote  x-i-p+a  =  0. 

For  the  lengths  of  arcs  and  for  areas  of  conies,  see  (6015),  et  seq. 


LINKAGES  AND  LINKWORK. 


5400  A  plane  linkage,  in  its  extended  sense,  consists  of  a 
series  of  triangles  in  the  same  plane  connected  hj  hinges,  so 
as  to  haye  bat  one  degree  of  freedom  of  motion ;  that  is,  if 
any  two  points  of  the  figure  be  fixed,  and  a  third  point  be 
made  to  move  in  some  path,  evenr  other  point  of  the  figure 
will,  in  genereX,  also  describe  a  de&aite  path.  With  two  points 
actually  fixed,  the  linkage  is  commoidy  called  a  piece'Vorh, 
and  if  straight  bars  take  the  place  of  the  triangles,  it  is  called 


THE  FI7E.BAB  LINKAGE. 

5401  Mr.  Kempe's  fundamental  five-bar  linkage  is  shown 
in  Figure  (135).  J.,  B,  U  are  fixed  pivots  indicated  by  small 
circles.  C,  D,  W ,  C\  in  the  same  plane,  are  moveable  pivots 
indicated  by  dots.  The  lengths  of  the  bars  BC,  CD,  DA 
arc  denoted  by  a,  h,  r,  <1.  The  lengths  of  ATi\  irO\  (JU,  IT  A 
are  proportional  to  the  former,  and  are  equal  to  ka^  kh,  lie,  k>!, 
respectively.  Hence  ABCD,  AP/C'D'  are  similar  quadri- 
laterals, and  Z_  AUC'  =  ADC.  P  being  any  assigned  point 
on  BO  and  UP  =  X,  1^  must  be  taken  on  1/(7  so  that 

I/£'  =  X'£.   Draw  PJ^,  PW' perpendiculars  to  AB.  Then. 

throughout  the  motion  of  the  linkage  in  one  plane,  .^JV'  is  a 
constant  length. 

Pboof:  NN'=  Biy-iBN-^-N'Ty).  But  BI/s  a-M,  and 
BN-^N'JX  =  X  COS        ^  oo«  D  =  ^  (2a6  ooBB-2cd  oonD) 

fiAO 


Digitized  by  Google 


ZINKA0E8  AND  LINKWOBK. 


5402         NN'  =  a-M-  ^{a'+b'^c'-(P) 


733 


then 


JS'N'  =  ;  consequently,  if  the  bars  PO  =  BB  and  FO  = 
F'ly  be  added,  the  point  0  will  move  in  the  line  AB, 

If,  in  this  case,  d  =  ha  and  h  —  c,  then  \  =  h  and  P  coin- 
cides with  C\  F  with  (7,  and  with  i>,  0  as  before  moving 
in  the  line  AB, 


5404  Cask  11.-^ (Fig.  137.)  If,  in  Case  L,  M^a  and 
a'+5^  =  c'+d',  X  is  indeterminate;  that  is,  F  may  then  be 
taken  anywhere  on  BQ,   If  coincides  with  B^  and  JyJV'  =  0. 

BF  18  now  always  perpendicular  to  AB,  If  the  bars  PO, 
FO  be  added,  of  lengths  such  that  FO^-FC^  =  FB'^FB', 
0  will  move  in  the  line  AB,  If,  on  the  other  side  of  PF,  bars 
P0'=  FB  and  F(y  =  PB  be  attached,  then  will  move  in  a 
perpendicular  to  AB  through  B. 


5405  Case  III.— (Fig.  138.)  If,  in  Case  I.,  kd  =  a,h  =  d, 
and  6 = —  a,  the  figure  ABGl)  is  termed  a  contra-parallelogram. 

J?P  =  X  is  indeterminate,  BC^hc^---,  and  BF=— X. 

Hence  BG'  and  i^P'  are  measured  in  a  reversed  direetion; 
PF  is  always  perpendicular  to  AB^  and  if  any  two  equal  bars 
PO,  FO  are  added,  0  vrill  move  in  the  line  AB, 

5406  If  three  or  more  siniilar  coutra-parallclograms  be 
added  to  the  linkage  in  this  way,  as  in  Figure  (l'^l>),  having 
the  common  pivot  B  and  the  bars  Rl,  BC,  BEy  BG  in  geo- 
metrical progression;  then,  if  the  bars  />M,  B(t  arc  set  to  any 
angle,  the  other  bars  will  divide  that  angle  into  three  or  more 
equal  parts. 

5407  H,  in  ilgure  (138),  AD  be  fixed  and  DO  describe  an 
angle  ADO,  then  FC  describes  an  equal  angle  in  the  opposite 
direction.  Mr.  Kemye  terms  such  an  arrangement  a  reveraor^ 
and  tiie  linkage  in  Figure  (139)  a  malHplicator,  With  the  aid 
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of  these,  and  with  a  translator  (Fig.  140),  for  moving  a  bar 
AB  anywhero  parallel  to  itsolf,  he  shows  that  any  plane  curve 
of  the  n^^  degree  may,  theoretically,  be  constructed  by  link- 
work.* 


5408  Case  IV. -(Fig.  141.)  If,  in  the  original  linkage 
(Fig.  135)  I'd  =  a,  D'  coincides  with  B.  Then,  if  the  bars 
ItPO,  PiFO'  be  added  by  pivots  at  P,  and  B;  and  if 
OP=iFM  =  BP'  and  aP'  =  P'R  =  BP  ;  the  points  (9,  (7 
will  move  in  perpendiculars  to  A  B.  For  by  projecting  the 
equal  lines  upon  AB,  we  get  NL  =  BN'  and  BN  =  iTZr', 
therefore  BL  =  BL'  =  NN'  =  a  oouBtant,  by  (5402). 


6409  Case  v.— (Fig.  142.)  Make  l-a  =  d  and  \  =  h.  Tben 
B'  coincides  with  D,  P  with  and  F  with  6".  Replace  U (T, 
CD  by  the  l):irs  A7/  ec^ual  and  parallel  to  the  former. 
Also  add  the  b.us  CO  =  DK  and  OK  =  CD.  Draw  the  per- 
pendiculars from  0,  G  and  C  to  AB.  Then  by  projection, 
NL  =  N'ly ;  therefore  BL  =  BX-^NL  =  BN-^N'iy  =  BIT 
^NN'  =  constant.  Hence  the  point  0  will  move  perpendi- 
cularly to  AB. 

5410  Case  VT.— (Fi-  143.)  In  the  last  case  take  =  1. 
Therefore  d  =  a,iy  coincides  with  B,  BK  =  BG,  and  ODKO 
is  a  rhombus.   This  is  Peaucellier*s  linkage. 


5411  Case  VII.— (Firr.  M  i.)  Tii  the  fnndnmental  linkage 
(Fii(.  135),  transfer  the  tixed  pivots  from  .1,  B  to  P,  S,  adding 
the  bar  SA,  so  thnt  I'BSA  sliall  be  a  paralielograni.  Then, 
since  is  constant  (•"■)  1<^2),  the  point  F  will  move  perpen* 
dicularly  to  the  Exed  line 

5412  'loin  AG  cutting  PS  in  Uj  and  draw  UV  paralk  l  to  AD, 
Then  UV  :  AD  =  PU  :  AB  =  CP  :  CB  =  constant  ;  there- 
fore  PC7and  L^Kare  constant  lengths.  Hence  it  follows  that 
the  parallelism  of  AB  to  itself  may  be  secured  by  a  fixed  pivot 
at  U  and  a  bar  UF  instead  of  the  pivot  8  and  bar  SA. 

5418  In  Case  VII.  (Fig.  144),  with  fixed  pivots  P  and  iS 


•  Aw.  ^gh$  XofNf.  JTolA.  Am.,  VoL  tu.,  p.  219. 


Digitized  by  Google 


LJNKAaBS  AHm  LINEWO&K. 


735 


and  bar  >S^/1,  make  h  =  d  =  Jca  =  (t,  \=b.  Then  7/  coin- 
cirlos  with  />,  with  .V,  P  with  C  and />,  and  7^  with  C ; 
and  we  \mvc  Figure  145.  DC,  DC  are  equal,  ;md  they  are 
equally  inclined  to  y\Ii  or  CS;  because,  in  similar  quadri- 
laterals, it  is  obvious  that  AB  and  CD  and  the  homoloi^'-ous 
sides  DC  and  AD'  include  equal  angles.  Therefore  CC  is 
perpendicular  to  C8,  and  C  moTes  in  that  perpendicular  oulj. 


5414  If  two  equal  linkages  like  that  in  (5113),  Figure  (M5), 
but  with  the  bars  AS^  CS  removed,  be  joined  at  D  (Fig.  146) 
and  constructed  so  that  CDy\  yDC  form  two  rigid  bars,  then 
AB,  afi  will  always  be  in  one  straight  line.  Let  ii,  if  be  made 
fixed  pivots,  then»  wbile  G  describes  a  circle,  the  motion  of 
the  bar  a/3  will  be  that  of  a  carpenter's  plane. 

5416  On  the  other  hand,  if  the  linkage  of  Figure  (145),  with 
AS  and  C^'  removed  as  before,  be  united  to  a  similar  inverted 
linkage  (Fig.  147),  with  DC^  DC  common,  then,  with  fixed 
pivots  A,  B,  ly,  the  motion  of  the  bar  afi  will  be  that  of  a  lift, 
directly  to  and  from  AB. 

5416  The  crossing  of  the  links  may  be  obviated  by  the 
arrangement  in  Figure  (148).  Here  the  bars  C"/3,  CD,  CD' 
are  removed,  and  the  bars  i''i>,  FE,  FG  added  in  parallel  ruler 
fashion. 


6417  Case  VIII.— (Fig.  149.)  In  Case  VII.,  substitute  the 
piTOt  U  and  the  bar  TJV  for  8  and  8 A.  Make  d  =  a,  and 
therefore  k^\.  Then  5  and  =  making  .ffCDC^  a 
oontra-porallelogram ;  2X  coincides  with  B,  and  B^  with  D. 
The  bars  AB,  AD  are  now  superfluous.   Take  BP  =  X ;  then 

BF  =  ^  |;  therefore  FF  is  parallel  to  GC,  therefore  to  BD^ 

therefore  to  PV  (5412) ;  therefore  F,  P,  P^  are  always  in  one 
right  line.  P',  as  in  UMe  VII.,  moves  perpendicularly  U}BV 
and  AB,    This  arrangement  is  Hart's  five'har  linkage. 


5418  When  a  point  P  (Fig.  152)  moves  in  a  right  line  TS, 
it  is  easy  to  connect  to  a  linkage  which  will  make  another 
point  more  in  any  other  given  bne  we  please  in  the  same 
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piano.  Let  QB  bo  such  a  line  cnttiiiG:  PS  in  (J.  Make  Q  a 
fixed  pivot,  and  let  Of  J,  OP,  OR  be  equal  bars  on  a  free  ])ivot 
0.  Then,  if  the  angle  POll  be  kept  constant  by  the  tie-bar 
PR,  PQB,  being  one  half  of  POR  (Euc.  ill.  21),  will  also  be 
constant,  and  therefore,  while  P  describes  one  line,  Ji  describes 
the  other. 

If  the  bar  PO  carries  a  plane  along  with  it,  every  point  in 
that  plane  on  the  circumference  of  the  circle  PQR  will  move 
in  a  right  line  passing  through  Q. 


THE  SIX-BAB  INVBBTOB.* 

6419  If  in  the  linkwork  (5410,  Fig.  143)  the  bar  AD  be 
removed,  and  D  be  made  to  describe  any  curve,-  0  will  describe 
the  inverse  curve,  just  as,  when  D  described  a  circle,  0  moved 
in  a  right  line  which  is  the  inverse  of  a  circle. 

Psoor.—Let  BOJ)  and  OK  interaeot  in  E.  Then  BO.Ol)^  — OW 
=  BCf^OC^  s  a  oonatent  called  the  modnlm  of  the  eell. 


THE  EIGHT-BAR  DOUBLE  mVERTOB. 

6420  Two  jointed  rhombi  (Fig.  150)  having  a  common 
diameter  AB  form  a  double  Peaucellier  cell  termed  positive 
or  negative  according  as  P  or  Q  is  made  the  fulcrum.  We 
have  PQ.PB  ==  FQ,Q8  =  AF*-A(^,  the  constant  modulus 
of  the  cell. 


THE  FOURrBAfi  DOUBLE  INVEBTOR. 

5421  If)  on  the  bars  of  a  contra -parallelogram  A  BCD 
(Fig.  151)  four  points  q,  r,  s  be  taken  in  a  line  parallel  to 
AC  or  BD^  then  in  every  deformation  of  the  linkage,  the 
points  J?,  q,  r,  8  will  lie  in  a  right  line  parallel  to  AC ;  and 
pq,pr  =spq,q8^  a  constant  modulus.  Thus,  if  ^  be  a  ful- 
crum and  r  describes  a  curve,  q  will  describe  the  inverse 
curve.  If  ^  be  the  fulcrum,  p  will  describe  the  inverse  curve. 

Proof. — Let  Ap=:mABy  therefore  pq  =  mBD,  and  pr  =  {I  — in)  AC, 
therefore  jjg'P'*  =     (1— »0  AC.BD  =  m  (1 — m){Aiy—AU-)  =  oonstaut. 


*  Sinoe  (he  curve  deMiibed  u  tho  inverse  and  not  tho  polar  reciprocal  of  the  giudisg  curve, 
tt  Meni  better  to  oiU  tiiu  linkiige  u  MMr<0r  11^^ 
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THB  QUADBUFL^NE*  OB  YBBSOB  DrVEBTOB. 

5122  Let  the  bore  of  the  contara-i^Tallelograin  invertor 
(5421,  Fig.  151)  carrj^  planes,  and  let  Q,  8  be  points  in 
the  planes  similarlj  situated  with  respect  to  the  bars  which 
contain  ^,  q,  r,  s  respeotiyelj,  so  that  /.PA^p  =  QAq  and 
AP :  Ap  =  AQ  :  Aq ;  and  siimlarlj  at  0.  Then,  if  P  be  the 
fulcmm  and  B  traces  a  carre,  Q  will  trace  the  inverse  curve 
and  the  angle  QPB  will  be  constant. 

Proof. — Let  FA  =  nA£  and  PB  =  n'AB,  therefore,  by  similar  triangles, 

PAQ,  BAD,  PQ  s  «BD.   Also,  by  the  triangles  PBB,  ABO,  PB  =  vTaOi 

"PA  P  7i' 

therefore  PQ.PR  =  nuAC  IW  =  "p,    (AD'-AB'),  a  constant. 

Again,  the  inclination  of  PQ  to  BD  =  that  of  J.P  to  AB,  which  is  con- 
stant.   Similarly,  by  the  triangles  PBB,  ADO,  the  inclination  of  PR  to  AO 
=s  that  of  BB  to  BOt  which  ja  alao  oonataati  theteforo  QPB,  the  sum  of 
theae  tiro  mdUnationfl,  u  a  ooliBtant  angle. 


THE  PENTOGRAPH,  OR  PROPORTIONATOR. 

5423  i-et  ABCD  (Fig.  153)  be  a  jointed  parallelogram,  B 
fixed  pivots,  q  a  tracer  placed  at  any  assigned  point  in  JJO 
produced;  then  a  pencil  at  p  will  evidently  reproduce  any 
figure  traced  by  q  diminished  in  linear  proportions  in  the  ratio 
of  Bq  to  BG. 


THB  PLAaiOOBAFH,  OB  YBBSOB  PBOPOBTIONATOB. 

5424  In  the  same  figure,  make  an  angle  qBQ  =•  ^^Z)P, 
J?Q  =  Bq,  and  DP  =  Dp,  and  let  a  tracer  Q  and  pencil  F  be 
rigidly  connected  to  the  arms  BC  and  DC.  Then  P  will  pro- 
duce a  similar  reduced  figure  as  before,  but  no  longer  similarly 
situated.  It  will  be  turned  round  through  an  angle  QBq. 
This  is  Prof.  Sylvester's  Plagiograph. 

Proof.— Let  BC  =  k.Bq',  therefore  AD  =  kBQ,  T)P  =  MB,  and  Z  ABQ 
=  PDA  ;  therefore  (Euc.  vi.  0)  AP  =  'kAQ.  Also  PAQ,  is  a  constant  angle, 
for  PAQ,  =  BAD-BAQ-PAB  =  BAD-BAQ-JiUA  =  BAD-(w-ABQ) 
B  BAD^v-^-ABO-^OBq  s  Q^j. 

THE  ISOKLINOSTAT,*  OR  ANGLE-DIVIDER. 

54fl5  1*^8  linkage  (Fig.  154)  acoomplisbes  the  division  of 
an  angle  into  any  desired  nmnber  of  equal  parts.   The  dia- 

*  lavented  and  so  immod  by  Prof.  Sylvestex. 
6  B 
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gram  shows  the  trisection  of  an  angle  by  it.  A  number  of 
equal  bars  are  hinged  together  end  to  end,  and  also  pivoted 
on  their  centres  to  the  same  number  of  equal  biirs  which 
radiate,  fan-like,  from  a  common  pivot.  The  alternate  radial 
bars  make  equal  angles  with  each  other. 

The  same  thing  is  accomplished  in  a  different  way  bj 
Kempe's  Multiplicator  (5406,  Fig.  139). 


A  LINKAGB  VOR  DBAWDTO  AK  BLLIP8B. 

5426  In  the  arrangement  of  (5418,  Fig.  145)  the  locufl  o! 
any  point  P,  on        excepting  D  and  0\  is  an  ellipse. 

Peoof.— Tako  CS,  CC  for  as  and  y  axoc;  P  the  point  ;  SCD  =  B, 
mad  tharefora  CD0'  =  2$i  PDsA.    Thm  we  have  «s(c~A)om«, 

«  =         «n6,  therdbre  - — r-r«  +  .     .    =  1  is  the  equation  of  the  loom. 

(c—hy  (c+A/ 

AnT  point  on  a  plane  earned  by  D(T  alio  desoribea  an  ellipee  nmnd  0;  hot 
if  the  point  lies  on  a  circle  whoee  centre  ie  D  and  ladins  DO,  the  cQipie  he- 
oomea  a  right  line  paaaing  through  0,  ae  appears  fimn 


A  LINKAGE  FOR  DRAWING  A  LIMAQON,  ANB  ALSO  A 

BICIRCULAR  QUARTIC* 

6427  (Fig.  155.)  Let  four  bars  AF,  ACt,  BG,  CD  be 
pivoted  at  A,  B,  C,  D,  and  let  AB  =  BG  =  BQ:  =  a;  AD 
=  DG  =  DF  =  b.  Take  n  fulcrum  F  on  BG,  a  tracer  at  P, 
and  a  follower  at  so  that  r(J  is  parallel  to  BD.  Let  FP  =  p, 
FQ  =  r ;  then,  if  P  traces  out  a  circle  passing  through  F,  Q 
will  describe  a  lima90n. 

Proof— Let  i:Q  =  nni,  tluTuforc  77)  =  mh  ;  r  ^^m.BN,  p  =  (m  +  l).DN 
+  (1  -m)  BX.  Also  BN'-DN*  =  a'-6*.  filiminate  BN  and  i^i/,  and  ths 
eqoation  between  r  and  p  is 

r»+(l-m)rp-mp'  =  fn(m+iy(a'-6')  =  k*. 

If  P  desoribea  the  circle  p  =  c  cos  0,  Q  describes  the  locos 
1^+  (1  — 7h)  cr  cos  0—  r>(<r  cos"  d  =  Ic^^ 
which  is  the  inrerse  of  a  conic,  that  is,  a  lima9on  (5327). 

If  C  be  made  the  fulcram,  the  equation  reduces  to  r*— =  4  (a'  — fc*). 

5428  With  the  same  fulcrum  F,  drawing  FH  parallel  to 
AG,  if  a  tracer  at  H  describes  the  circle,  then  a  foUoww  at  K 
on  OD  will  trace  out  a  bicircular  quartic. 


•  W.  Woo]Mj  Johami,  Mm,  ^MMtk^  YoL     jp.  U9, 
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Proof. —  Draw  FL,LK  parallel  to  LA,  AD,  Let  PH^p,  FKssr, 
OKs^fi,  CF^a^ nFB,  and  therefore  OL  =s  np.  Now 

Therefore*  if  if  moves  on  tlic  circle  p  =  r  cos  B.  K  will  describe  the  curve 

r*+  /iVV  cos- 61 -2  (a-  +  f3";  r  +  (ir-/3-)'  =  0, 


A  LINKAGE  FOB  SOLVING  A  CUBIC  EQUATION 

5429    Let  the  three-bar  liiikwork  (Fig.  156)  have  the  bai*s 
JB,  DO  produced  to  cross  each  other.    Let  AB  —  AD  =  a, 
BC  =  h,  CD  =  c ;  and  let  b  and  c  be  adjustable  lengths. 
Suppose  ar*— ^a^H-  r  =  0  a  given  cubic  equation. 

Make  c  =  ^  ^^(7 + bss\  ;  then  deform  tlie 

quadrilateral  until  EG  =  GD ;  DE  will  then  be  equal  to  a  real 
root  of  the  cubic. 

Proof  :  cos  i:.  =  —  =  ' — .  L   , 

from  which  »»-2  (c'+6')  a)  +  2a  (c'-i**)  =  0. 

Equate  ooefficieotB  with  the  given  onlncf 


ON  THHEE-BAR  MOTION  IN  A  PLANE. 

5430  H  a  triangle  ABO  (Fig.  157)  be  connected  by  tbe 
bars  AO^  BO  to  the  fulcra  0,  the  locus  of  Q  is  cimed  a 
three-bar  curve. 

OA^  OB  meet  in  the  instantaneous  centre  of  rotation  of 
the  triangle,  since  Q,A^  QB  are  perpendicular  to  the  movements 
of  J  and  B  respectiyely.  Therefore  CQ  is  the  normal  to  the 
locus  of  0. 

5431  M  a  triangle  similar  to  ABC  be  placed  upon  OO 
(homologous  to  AB),  the  circura-circle  of  the  triangle  will 
pass  through  the  node,  and  the  vertices  of  the  triangle  are 
called  the  foci  of  the  curve. 


*  K.  Saint  Loup,  Comptn  Rmdtu,  1874. 

t  The  foregoing  uncount  of  linknges  is  taken  chiefly  from  ft  paper  by  A.  B.  Kcmpc, 
F.R.S.,  in  the  Froc.  of  the  Royal  Soc.  for  IH?'),  Viil.  xxiif.  Other  rosults  by  thr  >«ime  author 
will  be  found  in  the  J'roe.of  the  Loud.  Math.  Soc,  Vol.  ix.,  y.  133  ;  and  by  H.  Hart,  M.A., 
aid,.  Vol.  ft.,  p.  1S7,  ud  Vol.  Tm.,  p.  286.  Bee  alio  gVJCwwiyw  ^M0th$m«tm,  Yd.  t. 
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Figures  (158)  and  (159)  exhibit  different  varieties  of  the 
curve  accordiiig  to  the  relative  proportions  between  the  lengths 
of  tlio  bars.* 


MECHANICAL  CALCULATORS. 


The  Mechanical  Integratar.i 

5450  This  instnimeiit  computes  not  only  the  area  of  any 
closed  plane  curve,  but  the  moment  and  also  the  moment  of 
inertia  of  tiie  area  about  a  fixed  line.  The  principle  of  its 
action  is  shown  in  Figure  (160).  OP  is  a  bar  oarryinff  a 
tracer  at  P,  and  a  roller  J  at  some  point  of  its  length.  The 
end  0  is  constrained  to  move  in  the  fixed  line  ON.  When 
the  tracer  P  moves  round  a  closed  curve,  the  length  OP  muU 
tiplied  by  the  entire  advance  recorded  5y  the  roller  is  equal  to 
the  area  of  the  curve. 

Pkook.— Let  the  motion  of  the  tracer  from  P  to  a  cousecutive  point  Q  be 
deoompO0«d  into  PP' Mid  FQ  parallel  and  perpendiomlar  to  CfN.  Let 

OP  =  a  and  PON  =  0.  When  the  pointer  moves  from  P  to  P',  the  roU 
accomplished  is  PP'  sin  fi.  Thv  roll  doe  to  the  motion  from  P'  to  Q  will  be 
neutralized  bj  the  exactlj  equal  and  opposite  roll  in  the  motion  of  the  pointer 
from  q  to  p',  sinoe  tbe  bar  will  there  bare  i^;aia  tbe  same  indination.  Con- 
sequently the  product  of  the  entire  roll  and  the  length  •  ta  equal  to  the  sum 
of  such  terms  as  alT'  sin  d.  But  this  is  the  area  OPP'O'  —  NPP'N'.  The 
algebraic  addition  of  such  rictaugles  ^^vo8  the  entire  area,  and  the  instru- 
ment effects  this,  for  the  area  SN  is  subtracted,  by  the  motion  of  the  roller, 
from  the  area  QN  which  ia  added. 


5451  The  instrument  itself  is  shown  in  Figure  (161).  A 
firame  moving  parallel  to  OX  by  means  of  the  guide  JBB 
carries  two  equal  horizontal  wheels  geared  to  a  central  wheel 
which  has  two  ciroumferences,  such  that  its  rate  of  angular 
motion  is  half  that  of  the  lower  wheel  and  one  third  of  that  of 
the  upper.  The  latter  wheels  carry  two  rollers,  M  and  /,  on 
horizontal  axles ;  and  the  middle  wheel  carries  an  arm  OP,  a 
pointer  at  P,  and  a  roller  J.   In  the  initial  position,  l^e 

*  The  curve  is  a  tricircular  trinodal  aextic,  and  is  completely  discoased  by  S.  Boberto, 
F.R.8.,  and  Prof.  Cayley,  in  fhe  iVw.  ^tAs  ZoimI.  Mtah.  Soc.,  Vol.  Tn.,  pp.  14,  136. 

t  Invented  and  manufactured  by  Mr.  J.  Amalor-Laffon,  of  Schafniau8<'n.  Tiic  domon- 
itistioDS  (which  in  clearness  and  elegance  cannot  be  •urpaased)  of  the  action  of  this  instra- 
Hunt,  and  of  the  FUoimeter  whkli  fbllows,  irera  OQnmimieimd  to  fhe  enihar  bf  lb.  ^, 
Ifficfiittoae  Qnj,  of  the  Boeid  of  IMe, 
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rollers  J  and  /  are  parallel,  while  M  is  at  right  angles  to  A. 
The  frame  is  thus  supported  above  the  paper  on  the  three 
rollers ;  and  if  the  arm  OP  be  moved  through  an  angle  AOA\ 
the  axles  of  tlic  rollei  ^^  3f  and  I  will  describe  t^vice  and  three 
times  that  angle  resj)ectively.  Putting  OP  — a  as  above,  and 
A,  M,  and  I  for  the  linear  circumferential  advances  recorded 
by  the  three  equal  rollers  respectively,  we  have  the  following 
results — 

■ 

l.—TKe  area  iraeed  out  by  the  pointer  V  =  Aa, 
II. — The  moment  of  the  area  about  OX     =  if4** 

m.— TAa  moment  of  inertia  about  OX      =  {BA +1)  ^. 

I« 

Pboop.— I.  Since  0  mOTes  in  the  line  OXf  while  the  pointer  P  moves  roTind 

a  curve,  the  roller  A  will,  as  shown  above,  make  the  rolling  2/i  kIti  9,  where 
A  as  Pi^  in  Figure  (ICO),  and  the  area  of  the  curve  =aXhan0  or  a  X  roll. 

II.  The  moment  of  the  area  about  OX 

s  S  {ah  8m0X  =  ^  (2Uk-SlooB2^. 

Now  vanishes  when  P  returns  to  the  starting  pnint,  and  —  cos  20  is  the 
roil  recorded  by  M.  For,  when  01'  makes  an  angle  0  with  OX^  the  azis  of 
If  will  make  en  tngle  — (9(r+80)  with  OX  In  this  position,  while  Pmskesa 
panlle]  movement  a,  the  roll  produced  thevehj  in  M  will  be      sin  (90^+20) 

ss— AoosSO.   Therefore  ^  X  roll  of  If  s  moment  of  srea. 

4 

III.  I«stlj,  the  mmnent  of  inertia  of  the  area  about  OX 

^^^ahBmBx—^)  =  y^S(8*iin6-Jk8in8«). 

Now,  when  OP  makes  an  angle  6  with  OX,  the  axis  of  /  makes  —30 ;  there- 
fore —2^  sin  3d  ia  the  entire  roll  of  /.    Hence  the  moment  of  inertia 

s  ^  XroU  of  il+  ^  xroll  of  I. 


The  Plammeter.  (Fig.  162) 

5452  This  uiBtnimeiit  *  is  a  simplfiir  form  of  area  computer. 
0  is  a  fixed  piyot ;  OA^  AP  are  two  rods  haying  a  free  pivot 
at  ^ ;  0  is  the  roller,  and  P  the  pointer.  The  area  of  a  closed 
curve  traced  by  the  pointer  is  equal  to  the  total  roll  multiplied 
by  the  length  AP. 
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Proof. —  Decompose  the  clementarv  motion  PQ  of  the  pointer  into  PP*, 
oUucted  with  a  constant  radias  01\  and  I  'Q  alon^  the  radiu:i  01' \  aud  so  all 
roand  (he  enrre.  The  roll  of  0  accomplished  iniOe  P  moves  from  FUiQ 
will  be  neutralised  by  the  equal  contrary  roll  when  P  moves  from  j  to on 
the  radius  Op'  =  OP.  Thus  the  total  roll  leoorded  will  be  the  aom  of  the 
rolls  due  to  the  movements  PP',  (iQ,'t 

Draw  OB  perpendioolar  to  AP,  anci,  when  P  comes 
altered  p..siri<.ii  of  B.  The  area  P'  iSn  =  \  {OP*-OR-)u,  where  «  =  POQ. 
But  01''=  OA'  +  PA'-2PA.AC-2PA.BC  (Euc.  u.  13);  therefore,  since 
PC  is  the  only  varying  length  on  the  rirrlit,  we  have  PQSP  —  PA  ( BC^BC')^^ 
But  BCv  is  the  roll  of  C  dae  to  the  angular  motion  w  of  the  rigid  frame  OAP% 
aod  the  anbtracHon  of  (be  area  08R  m/m  OPQ  ia  effected  by  (he  inatnuneat^ 
since  when  the  pointer  moves  from  5  to  22  the  direction  of  the  roll  must  be 
reversed.   Henoe  the  total  area  =  FA  x  the  total  recorded  roll. 


APPENDIX  ON  BIANGULAB  COOBDINAT£S.* 

5453  In  the  figure  of  (1178),  the  biang-ular  coordinates  of  a 
point  P  are  defined  to  be  ^  =  F88'  and  ^  =  FS'S,  or 
«  =  cot  0  and  /3  =  cot  ^. 

5454  The  equation  of  a  right  line  7T'  is 

am+bfi  =  1, 

where  a  =  cot  SYS'  and  b  =  cot  SY'S'. 

Proof. — Supplying  the  ordinate  PN  in  the  figure  and  dcnotiog  the  ao^ 

S'SY  by  \p,  tlic  equation  is  obtained  from  CA'cos^//-f /*A  sin^  =  p  the  ji^ 
pendicular  on  the  tangent,  SS'  sin  ^  s  YY'  and  SS'  cos  4"  =  SY—S'Y . 

5455  cot^  =  a^b. 

5456  Equation  of  a  line  through  C :     a^fi  =  consi. 

5457  Equation  of  the  line  at  infiuitj  :   a-\-fi  =  0. 

5458  Let  8l^  =  ef  then  the  distance  between  twopomts 
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M59   The  equation  of  a  line  through  the  two  points  is 

tt~"<ll           tti  —  CLj 

5460  The  length  of  the  perpendicular  from  o'P'  upon  the 
line  aa+6p  =  1  is 

5461  Cob. — ^The  perpendiculars  from  the  poles  8,  «ce 
therefore 


6468   When  the  point  a    is  on  iS^^S"  at  a  distance  h  from  i8F» 

With  two  lines  =  1,  =  1,  the  condition 

5464  of  paralleHsm  is      a—h  =  a—h'y 

5465  of  papendicularity  (a-6)(a'-60+l  =  0. 

5466  The  equation  of  the  line  bisecting  the  angle  between 
the  same  lines  is 

5467  The  equation  of  the  tangent  at  a  point  on  the 
curve  F{a^     =  0  is 

(a-a')F^+(/8^i8')F,,  =  0. 

5468  And  the  equation  of  the  normal  is 

a-a!  fi-P  

(a-jy-l)Fy+(l+a-*)F^  -  (>-/y->l)F,+(lH-/y>)  F^' 

5469  The  equation  of  a  circle  through  8^  &  is 

0)5-1  =  m  (a+i8), 
where  m  s  ootififPiS'  the  angle  of  the  segment. 
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64tJ0   If  C  be  the  centre,  the  equatiou  becomes 

5471  And,  in  this  case,  the  equations  of  the  tangent  and 
normal  at  afi'  are  respectively 

^+^  =  2   and   tt-i8  =  a'-i8'. 

547S  The  equation  of  the  radical  axis  of  two  circles  whose 
centres  are     8',  and  radii  a,  b,  is 

Pboof. —  By  equating  the  Umgenta  from  a/>  to  the  two  circles,  their 
Ivngths  beiug  rospectivelj 


5473  To  find  the  equation  of  the  asymptotes  of  a  curve 
when  they  exist, — 

Eliminate  a  and  /3  between  the  equations  of  the  line  at 

infinity  a+/3  =  0» 

the  curve  /3j  =  0, 

and  the  tangent  (a— a')  F^+ifi-^fi)     =  0. 

Ex. — The  liypcrboia  a^-J-p"  =  m'  has,  for  the  equation  of  its  asjinpiotcB, 
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SYSTEMS  OF  COORDINATES. 


OAB.T£SIAN  OR  THAE£  .PLANE  COOADINATES. 

5601  The  position  of  a  point  P  in  tlus  system  (Fig.  168)  is 
deteipmined  by  its  di8tanoeB»  x  =  PA^  y  =  PB^  z^PO,  from 
three  fixed  planes  YOZ,  ZOX^  XOY,  the  distances  being 
measured  parallel  to  the  mutual  intersections  OX^  OY^  OZ  of 
the  planes,  which  intersections  constitute  the  axes  of  coordi- 
nates. The  point  P  is  referred  to  as  the  point  xj/z,  and  in 
the  drawing  aj,  z  are  all  reckoned  positive,  ZOX  being  the 
plane  of  the  paper  and  P  being  situated  in  front  of  it,  to  the 
right  of  YOZ  and  above  XOY,  If  P  be  taken  on  the  other 
side  of  any  of  these  planes,  its  ooordinate  distance  from  that 
plane  is  reckoned  negative. 


FOUB-PLANE  COORDINATES. 

5508  III  this  system  the  position  of  a  point  is  determined 
by  four  coordinates  a,  /3,  y,  3,  which  are  its  perpendicular 
distances  from  four  fixed  planes  constituting  a  tetrahedron  of 
reference.  The  system  is  in  Solid  Geometry  precisely  what 
trilinear  coordinates  are  in  Plane.  The  relation  between  the 
coordinates  of  a  point  corresponding  to  (4007)  in  trilinears  is 

5503  Aa-\-Bfi-^Cy-{-BB  =  3K, 

where  A^B^  0,  D  are  the  areas  of  the  faces  of  the  tetrahedron 
of  referenoot  and  K  is  its  volume. 


TETRAHEDRAL  COORDINATES. 

5504  ^^iB  system  the  coordinates  of  a  point  are  the 
vdnmeB  of  the  pyramids  of  which  the  point  is  the  vertex  and 

6  0 


Digitized  by  Google 


746 


aOUD  QMOMBTRT. 


the  faces  of  the  tetrahedron  of  refereoce  the  bases :  viz., 
iBfi,  ^Cyf  ^DS,    The  relation  between  them  is 

5505  a'+i8'H-/+y=F. 


POLAR  COORDINATES. 

5606  Let  0  be  the  origm  (Fig.  168),  XOZ  the  plane  of 
reference  in  rectangular  coord^ates,  then  the  polar  coordi- 
nates of  a  point  P  are  r,  0,  f ,  such  that  r  =  OP,  B  =  £FOZ^ 
and  f  =  Z  aOO  between  the  planea  6t  XOZ  and  POZ. 


THE  EIGHT  LINE. 


5507  The  coordinatea  of  the  point  dividing  in  a  given  ratio 
the  distance  between  two  given  points  are  as  in  (4032)»  with  a 
similar  valne  for  ihe  third  coordinate  t» 

5508  The  distance  P,  Q  between  the  two  points  xyz^  xyz  is 

PQ=V^{(a?-4<)«+(y-y)*+(«-«7}.  (Bao.i.4r). 

5509  The  same  with  oblique  axes,  the  angles  between  the 
axes  being  X,  /i,  v. 

pq  =  v^{(a?-*7+(y-y)«+(»-i0*+2(y-y  coaX 

4-2  {z^z){d!-a!')  co8/*+2 {a:-jL')(y-y)  cos i'} .  (Bj702). 

5510  The  same  in  polar  coordinates,  the  given  points  being 
r^,  rd'<p', 

PQ    v'[r*+f^-2fy  {cos  GOB  ^+Bin  ^  sin  ^  008  (^-^0  }  ]. 

Proof. — Let  P,  Q  be  the  points,  0  the  origin.  Describe  a  sphere  catting 
OP,  OQ,  ixL  B,C  and  the  it  axis  in  J;  then,  by  (702),  PQ*  =  0F*  +  0(} 
— 20P. OQ  COS POQ  and  cmPOQ,  or  oosa  ia  the  apharioal  tritoglA  ABO,  is 
gim bjr ^<»ni»ila  (882),  anoe  6  —  0,  OSS',  and 


DIRECTION  RATIOS. 

5511  Through  any  point  Q  on  a  right  line  QF  (Fig.  169), 
draw  lines  QL,  QAf,  QN  parallel  to  the  axes,  and  througli  any 
other  point  jP  on  the  line  draw  planes  parallel  to  the  coordi- 
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note  planes  cutting  the  lines  just  dravm  in  Jf,  N;  then  the 
direotion  ratios  of  the  line  OF  are 

6618  i-^^-p,   ^-QP'  *-0P- 

The  angles  PC*L,  rQM,  PQN&re  denoted  by  a,ft -y;  and  the 
angles  xOZ^  ZOX^  XOY  between  the  axes  by  X,  /»,  v. 

5513  When  X,  ^,  v  are  right  angles,  the  axes  arc  ciiUod 
rectangular,  and  the  direction -ratios  are  called  direction- 
cosines,  being  in  that  case  severally  equal  to  cos  a,  co8/3, 
cosy. 

5514  Wlicn  L,  M,  N  are  the  direction-ratios  (or  numbers 
proportional  to  tlicm)  of  a  line  Avhich  passes  through  a  point 
abc,  the  lino  may  be  referred  to  as  tlie  line  (LMN,  abc)^  or,  if 
direction  only  is  concerned,  merely  the  line  LMN. 


EQUATIOKS  BETWEIEN  THB  CONSTANTS  OF  A  LDiE. 

5515  The  relation  between  the  constants  of  a  line  with 
rectangular  axes  is 

and  witih  obHqne  axes,  it  is 

5516  i  cos  a+m  cos  fi+n  cos  y  =  1. 

Proof. — The  first  by  (Euc.  i.  47).  The  second  by  projecting  the  bent 
line  QLGF  (Fig.  100)  upon  PQ,  thus  PQ^  QLooaa+LOoMfi+CFcoBYf 
and  QL==FQ.l,  dc,  by  (5512). 

5517  Also,  when  the  axes  are  oblique, 

cos  a  =  l-\-m  cos  v+  n  cosfiy 
ooafi  ==  t»+  n  cos  X-|-  /  cos  v, 
cosys  11+  ^oo8|i+m€OBX. 

Pioor.— By  projecting  QP  in  figure  (169)  and  the  bent  line  QLOP  upon 
each  asm  in  turn,  and  eqnating  resolta;  tboi  PQooias  QL-^LOcoBfi 
+  Of  ooe  y,  appljiag  (6512). 

6618   ^he  relation  between  I,  m,  n  and  X,  /t,  v  is 

P-{-m^-{-n^-{-2mn  cos  X+2n/  cos  ii+2lm  cos  v  =  1. 
Fboov. — Bjr  eliminating  ooeo,  oob/3,  ooay  between  (5516)  and  (5517). 
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6519  The  relation  between  oob«,  coe^,  0007  and  X,  ^  v  is 

cos*  a  sin*  X+cos*    sin'  i^+fsos*  y  sin*  r 
+2COS/8  eoay  (oosfb  eosv^eoaX) 
+2  cosy  006  «  (oca  Fees  X—oosfi) 
+2  cos  a  cos  ^  (cos  X  cos |&~cos  y) 
=  l^ooB^X— coiPfi— eo^r+2eoaXoo6|ieoa9. 

Pboop. — By  eliminating  m,  n  between  the  four  eqoationfi  in  (5olt>)  and 
(5517). 


5520  The  angle  0  between  two  right  lines  Imn,  l'm'n\  the 
axes  being  i-ectangular : 

Ftoow. — ^In  Figure  (1C9),  let  QP  be  a  segment  of  the  Kne  Imn,  The 
projeolion  of  QP  upon  the  Une  TmV  will  be  QP  cos  0.  And  this  will  aleo 
be  equal  to  the  projection  of  the  bent  line  QLCP,  upon  Tr/i'jj',   for.  if 

f lanes  hf.  drawn  throaf,'h  Q,  L,  C,  and  P,  at  right  angl^  to  the  second  line 
vi'n\  the  Bogoieat  ou  that  line  intercepted  between  the  first  and  last  plane 
wHl  he  s  QPoos9,  and  the  three  aegmenta  which  oompoee  thla  will  be 
aererally  equal  to  QL.l\  LC.m',  0F,%\  the  pngeetiona  of  <^»£(?,0P. 
Than,  hj  (5512),  (^L^qP.l,  &o. 

5521  sin"  ^  =  (mii'-m'n)«+ (n/'-  n'tf+ilm'^tmf. 

Peoof, — From 

l-ooa'a=  Cr  +  m»+n')(r+TO'»+»'»)-(W'  +  «m>»»7  (5ol5,'20). 

6582   With  obliqne  azea, 

cos^  =  U''^mm'-\-nn''\'{pin''\-mn)  cosX 

+(fir+»'0  eoa^+(lm'+rm)  ooav. 

Pfioor.— As  in  (5520),  sabatitating  from  (5517)  the  valoea  of  oca  a,  Ac. 


BQUATIONS  OF  THE  BIGHT  LINB. 

6623  £=:?  =  2^  =  5=f  or  £rf=23*  =  5=f. 
It        M       a  Imn 

Here  ahc  is  a  datum  point  on  the  line,  and  if  r  be  put  for  the 
value  of  each  of  the  fractions,  r  is  the  distance  to  a  variable 
point  xyt.       if,  N  are  proportional  to  the  direction  ratios  of 
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the  line,  which  ratios  miiBt  therefore  have  the  values 

55M  1=        ^  -  ^ 


5525  Note. — Instead  of  a,  6,  c  in  the  equation  we  may  use 
hL-^-a^  hl-^c^  where  ilf  is  an  arbitrary  constant* 


5526  The  equations  of  a  Hne  may  also  be  written  in  the 
forms  X  s  X«+tt,      y  = 

5527  These  are  the  equations  of  the  traces  on  the  planes  of 
xz  and  yz^  and  are  equivalent  to 

6528  If  the  line  is  determined  as  the  intersection  of  the  two 
planes  Ax+By^i^Ck  ^  D  and  A'mi'B'y'\'(fess  jy,  we  may 
write  equations  (5523)  by  taking 

Lz^BC^BC,  M=CA'-'CA,  N^ABf-^A'B, 
 2?  '   17  *    c  =  u. 

Proof.  —  Eliminate  z  between  tho  equations  of  the  planm,  then  the 
noiprooala  of  the  ooeffidents  of  9  and  y  wiU  be  L  and  If. 

5529  The  projection  of  the  line  joining  the  points  and 
abc  npon  the  line  Vim  is 

(  (a?— a)+m  (y— 5)+ii  (»-^c). 

5530  Hence,  when  the  line  passes  through  abc^  the  square 
of  the  perpendicular  from  tb^  upon  it  is  equal  to 

5531  Condition  of  parallelism  of  two  lines  LMN^  L'M'N* : 
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5532  Condition  of  perpendicularity : 

LL'+MBt+NN'  =  0.  (5520) 

5533  Condition  of  tbe  intersection  of  the  lines  {LMN^  a6c) 
and  {L'M'N\  a!b'c')  (5614) : 

(a-  a')  {3m'-  M'N) + (6  -  b')  (NL'-^N'L) 

+  (c-c')(Li/'-L'i/)  =  0. 

Pooor. — Bllminato    y,  t  between  the  eqaations 

L        M       N  L'        AC       N'  ' 

hj  ■nbtnmting  in  pain,  and  then  eliminate  r  and  r'. 


5534    'J-^t^©  shortest  distance  between  the  same  lines  is 
^  [  {MN'-MNy-^ {NL'^N'Ly-\-{LM  - L'if)'] 

Proof. — Assume  X,  ft,  v  for  the  dir-cos.  of  the  shortest  distance.  Then, 
by  projecting  the  line  joining  ahc,  a'h'r'  npon  the  shortest  distance,  we  get 
l>=  (a-tt')\  +  (6-6')/i-f  (c-c')»'.    Also,  by  (5520),  L\  +  Mfi-^Nv  =  U  an-1 
L'X-^M'fA+N'y  =  0,  giving  the  ratios  \  :  ^  :  v  =  MN'-M'N :  xVL'-AX 
:  jJt^L'M ;  and  (55l4i)  ^len  gim  the  Talnes  of  A,  r. 


5535  The  equation  of  the  line  of  shortest  distance  between 
the  lines  (hnuy  abc)  and  (I'm'u,  a'b'c)  ia  given  by  the  inter- 
section of  the  two  planes 

I  (*-«)+«  (»-r)  =   (i.). 

/'  (*-«')+».'  (y-6')+~'  («-y')  =  "'"^^^  ^  ...  (ii.). 

where         u  ^  I  (a'— a)+wi  {h'—b)-\-n  (c'  — c), 
«'=  i'(a--a')+m'(6-0+n'(<j-.cO, 

and  c OS  0  =  Z /'  +  ??2 -|-  nn'. 

PBOf  »F. — (Fig.  170.)  Let  0  be  the  point  xijz  on  the  line  of  shortest  dis- 
tance AJJ  i  P,  Q  the  points  abc^  a'b'c'  on  the  given  lines  AP,  BQ.  Draw  BM 
and  PR  parallel  to  ilP  and  AB ;  B7  porpendienlar  to      ;  and  QN,  TM  pefw 

pendicular  to  BR.  Then  lRBQ=  BN  =  u,  QT-u,  therefore  NM 
—  ii'co^B  n^^(\  TiM  =  RX+ NM  =  n  +  u' cos  6,  and  in  the  ricrht-angled  tri- 
ftugie  i^ri^,  i^M  Gosec'  0  =        tbe  projection  of  OB  upon  AP,  that  is,  the 
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left  member  of  equation  (i.).  Similarly  for  equation  (ii  ).  It  should  bo 
observed  that  (i.)  ami  (ii.)  represent  planes  through  AD  respectively  per- 
pendionlar  to  (he  given  lines  AP  and  BQ. 

5536  Otherwise,  the  line  of  shortest  distance  is  the  inter- 
section of  the  two  planes  whose  equations  are 

r  {.r-a)^ut'  (;i-h)-Yn  (z-c)  ^^^^ 
I  (a?— a)-|-m  (y— 6)-f-n  {z—c) 

  l{.v—a)-\-m  {y^jj  )-\-n  jz  —  c') 

"  I'  (a?-a         Cy-6  )-i-n  (is-c)' 

For  tbeM  eqnations  state  tbat  cosO  is  the  ratio  of  the  projections  of  OP 
or  of  OQ  upon  the  given  lines,  and  tiiis  &Gt  is  apparent  from  the  figure. 

5537  Equations  of  the  line  passing  through  the  two  points 
dbc^  alh'c'  i 

W'-a  _  y—h  _  «— £ 

5538  A  line  pjissing  through  the  point  abc  and  intersecting 
at  right  angles  the  Hne  Imn : 

J? — a     y—h  z—c 


L  "  M  ^  N  ' 

where    L  =  Im  (6 — h')  •\-nl{c— d)  —  (m*+ (a — o'), 
and  symmetrica]  values  exist  for  M  and  N. 

P&OOF. — The  condition  of  perpendicularity  to  Imn  is 

U-^-Mm-^-m  =  0 ;  (5520) 
and  tbe  oonditton  of  intersecting  the  line  is 

These eqoations  determine  the  ratios  LlMlN* 

5539  Equations  of  the  line  passing  through  the  point  ahc, 
parallel  to  the  plane  Lx'\-My-\-N»  =  and  intersecting  the 
fine  (rmV,  aW) : 

^— a        ft     «— c 


m  n 

where  /«     n  are  found,  as  in  the  last,  from 

Ll-j-Mm+Nn  =  0,  and 
(a-aO(mn -m'ii)+(6-i»')(iir-ii'0+(c~c')(/OT -rm)  =  U. 
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5540  Equations  of  the  bisector  of  the  angle  between  the 
two  lines  ^mini,  l^m^ : 

_     y    _  g 

^  Pboof. — Taking  the  intoneolicni  of  tiie  fines  for  origin,  let  Zxyx^y  z^t^t  be 
pmote  on  the  given  lines  eqaidustant  from  the  origin ;  uien,  if  eys  be  a  point 
on  the  bisector  midway  between  the  former  points,  ar  =  J(x,  +  x,),  ^c. 
(4033) ;  and  the  directioQoOoeinee  of  a  line  through  the  origin  are  propor> 
tional  to  the  coordinates. 


6641  The  equations  of  a  right  line  in  four  plane  coordinates 
are  2L_l'    ,.  v 

where  a/S-y^  is  a  variable  point,  and  a'ft'yl'  a  fixed  point  on 
the  line.    The  relafion  between  L,  if,  jV,  R  is 

6642  AL+BM^-  CN+DR  =  0  (ii.). 

Pboop. — For,  since  equation  (5503)  holds  for  a^yi  and  also  for  afi'y'^t 
we  liave      A  (a-o') 03-/3')  -|- C  (y-y')  +D  (5-^')  « 0. 
Snbetitnte  from  (i.)  a -a' s  rL,  /3-/3'  ss  rJT,  Ao. 

6543  In  tetrahedral  coordinates  the  same  equation  (i.)  sub- 
sists, but  the  relation  between  jD,  if,  E  becoiues»  bj 
changing  Aa  into  a,  &c., 

6644  £+M+3^+lt=rO. 


TEE  PLANE. 


6545    General  equation  of  a  plane : 

Aof+By+Cz+D  =  0. 

5546  Equation  in  terms  of  the  intercepts  on  the  axes : 

 i^^^T-'-  

5547  Equalaon  m  terms  of  the  perpendioalair  from  the 
origm  upon  the  plane,  and  /,  m,  n,  the  diredkm-oonnee  of  : 
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FlOOF. — If  P  be  any  point  xy»  apon  the  piano,  and  0  the  origm,  ihe  pro* 
jeetion  of  OP  upon  t1\e  normal  through  Oisp  itself;  hai  this  prqjeoti(»i  is 
l»+my+m^  Bain  (5520). 

55^^   Tli6  YalueB  of  p  for  the  general  equatioii 

(5545)  are 

,  A  o  — i> 

Proof. — Similar  to  that  for  (4060-2) :  by  equating  coefficients  ia  (5545) 
and  (5547)  and  employing  Z'-f  w'  +  n'  =  !• 

6550   The  equation  of  a  plane  in  four-plane  ooordinatee  is 

with  I  :  m  :  n  :  r         I  ^  :  ^  :  — , 

Pi    Pt  Pt 

where  a^,  /3i,  yi,  are  the  perpendiculars  upon  the  plane  from 
B,  Cy  Df  the  vertices  of  the  tetrahedron  of  reference,  and 
pii  I's^  Pi,  ^I'G  the  perpendiculars  from  thu  same  points  upon 

the  opposite  faces  of  the  tetrahedron. 

Proof. — Put  y  =  3  =  0  for  the  point  where  the  piano  cats  an  edge  of  the 
tetrahedron,  and  then  determine  the  ratio  i  :  m  by  proportion. 
See  FroH  and  WeUteiihokte,  Art  81. 

5551  ^he  equatioTi  of  a  plane  in  tetrahedral  coordinates  is 
also  of  the  form  in  (6560),  but  the  ratios  are,  in  that  case, 

/  :  m  :  n  :  r  =  tti ;  A  •  7i  •  ^1* 
The  relation  between  the  three*plane  and  four-plane  coor- 
dinates is  a  =  p^Lv—my^nz. 


5558   The  equation  of  a  plane  in  polar  coordinates  is 
r  {cos  0  cos  6f +sin  ^  sin  ^  cos  (^~^')}  =  p* 

PfiOOr. — Here  p  is  the  perpendicnlar  from  the  origin  on  the  plane,  and 

p,  0',  (p'  tlic  polar  coordinates  of  the  foot  of  the  perpendicular.  Then,  if  4^  is 
the  angle  between    and  r,  we  ba?e  p  =  r  oos^  and  cos  ^  from  (882). 

5553   The  angle  B  between  two  planes 

la-^my+m^p   and   Vxi-m'y+n'z  =  ^' 

5  D 
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is  given  by  formula  (5520),  and  the  conditions  of  parallelism 
and  perpendicularity  by  (5531)  and  (5532),  since  the  mutual 
inolination  of  the  planes  is  the  same  as  that  of  their  normals. 

55M  The  length  of  the  perpendioular  from  the  point  x'lf^ 
upon  the  plane  Ax-^By^Oz-^D  s  0  is 

Peoof.^Afl  in  (4094). 
5556   The  same  in  oblique  coordinates 

=  ii£±^M±£5±^  ^ p^^  cos<.-y  cosi8-«  cosy, 
P 

where  p  is  found  from  (5519)  by  putting  A,  B,  C  for  p  co8a, 
P  cos  /3,  p  cos  y.    This  gives 


5558 


C  -4' sin' X  +  7?*  sin'  p  +  C  sin'  y-\-'2BC  (cos /i  cos  v— cos  \)  \ 
  (  -j-'ZCA  (coH  V  cos  X  — cos +  2AB  f cos  X  cos /i  — cosy)  j 

1  —  coft-  X  ~  coji^  «  —  cos*  K  4-  2  cos  X  cos  u  cos 


5559  The  distance  r  of  the  point  xi/z  from  the  plane 
^B-h-^y+C^+i^  =  Oy  measured  in  the  direction  Imn^  the  axes 
being  oblique : 

Al-^Bm-i-Cn  ' 

pBOOr. — By  detcrminiog  r  from  the  simultaueoas  equatioDS  of  the  liM 
•ad  the  plane,  viz., 

^  =  2^  =  ^  =  r  and  il»+^+C»+i>  =  0. 

OttMrwise,  by  dividing  tho  perpendicular  from  x'y'z'  (556it)  bj  the  cosine  of 
ito  inclination  to  imn.  ^g^^"!;.^). 


BQUATIONS  OF  PLANES  UNDBB  QIVBN  CONDITIONS. 

5560  A  plane  passing  through  the  point  abc  and  perpen- 
dicular to  the  direction  Imn : 

a)+m(y— 6)+w  (a-c)  ssO. 
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5661   A  plane  passing  through  two  points  abe,  aW : 

Y  a— a  .     y—b  .    z—c  a 

6668  with  x+fi+y  =  0. 

Proof. — By  eliminating  n  between  the  equations 
l(x—a)+m(y-b)-{-n{z—c)  =0,    /  (a-a)  +  w  (6-6') +»  (c-c')  =  0, 
and  altoring  the  arbitrary  ooustant. 


5563  A  plaDe  passing  through  the  point  of  intersection  of 
the  three  planes  w  =  0,  i;  =  0,  w  =  0: 

lu+mo+nw  s=  0. 

5564  A  plane  passing  through  the  line  of  intersection  of  the 
two  planes  tt  =  0,  v  =  0: 

lu-i-mv  =  0. 

6666  A  plane  passing  through  the  two  points  given  hy 
tt  =  0}  v  =  0»  w=0  and  ussa,  v=bf  te^ei 

lu-\-mv-{-mc  =  0  with  la-i-inb-\-iic  =  0, 


X  y  z  1 

a?i     «i  1 

«f  ^  1 

^^'3         «3  1 


=  0. 


5566  The  equation  of  a  plane  passing 
through  the  three  points  ,7vy,.r{,  x^y.^^^  ■^VAv'-s 
or  -4,  i?,  C,  is  given  by  the  determinant 
annexed,  in  which  the  coefficients  of  .r,  z 
represent  twice  the  projections  of  the 
area  ABG  upon  the  coordinate  planes. 

Pboof. — The  determinant  is  tho  oliminaiit  of  Jd>+Pjf  +  (7i  8  1,  and 
time  nmilar  eqnationB.  Expanded  it  becomes 

Hence,  by  (4036),  we  see  that  the  ooeffioiente  are  twice  the  projectioaa  o£ 
ABCt  AS  stated. 

5567  The  sum  of  squares  of  the  coeflBcients  is  equal  to 
four  times  tlie  square  of  the  area  ABC. 

Proof. — For,  if  Z,  7»,  n  are  the  dir-cos.  of  the  plane,  and  ABC  =  <S,  the 
coethcients  are  =  267,  2ib?n,  26m,  bjr  projection. 

5568  The  determinant  (aJi,  y^^  .1-3),  that  is,  the  absohite  terra 
in  equation  (5566),  represents  six  times  the  volume  of  the 
tetrahedron  OAJJCf  where  0  is  the  origin. 
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Proof. — Writinp  the  equation  of  the  plane  ABC,  .4z4-I?y  4-0i4-I>  =  0^ 
we  have  for  the  perpendicalar  from  the  origin,  disregarding  sign, 

therefore  D  =  2p8  =  6  x  the  tetrahedron  OABC. 

5569  If  a^z  be  a  fourth  point|  P,  not  in  the  plane  of  ABC^ 
the  detennmant  in  (5566)  represents  six  times  the  Tolome  of 
the  tetrahedron  FABO. 

Pboof. — By  the  last  theorem  the  four  component  determinants  represent 
■uc  times  (OiOP+OOlP+OJJBtP+OJBO)  for  an  ot^in  O  wiOdii  tin 
tefemhedroii. 


6670  A  plane  passing  through  the  points  ahc^  a'h*c\  and 
parallel  to  the  direction  hm : 


cT—g    y—b  z^c 

c-c' 

I         m  n 

fzy 


=  0. 


2X 


Pboof.  —  Eliminate  X,  /i,  y  between  the  equations  (5561-2)  and 


f    t    1 '  ' 


nv 


a— a     b—b'  c—o' 
and  the  nonnal  of  tiie  plane  (5561). 


=  0,  tbe  oonditioii  of  perpendioulari^  between  Imm 


5571  A  plane  passing  through  the  point  abe  and  parallel 
to  ihe  lines  Imn,  Vm!n' : 


=  0. 


Proof. — The  equation  is  of  the  form  \{x~a)-\'n{y  —  h)->rv{z — c)  =  0, 
and  the  conditions  of  perpendicularity  between  the  normal  of  the  plane  and  the 
giTon  lines  are  2X+«i|t+ny  s  0,  VX-^m'ii-^n'v  s  0.  Fonn  ue  eUminant 
of  tiie  three  eqnatioiis. 


6678  A  plane  equidistant  from  the  two  right  lines  {oJbc^  ^mn) 
and  (d'ftV,  Vm'n') : 

m    m'  =0. 
«—i  »   W  ^jr(55n). 


Digitized  by  Google 


TBAN8F0MMATI0N  OF  COOBDINATBS. 


757 


6573    A  plane  passing  tlirough  the  line  (ode,  hm)  and  per- 
pendicular to  the  plane  Vx-{-m  y  -{-vfz     p : 
The  equation  is  that  in  (5571). 

For  proof,  aBtame  X,  ft,  ¥  for  dnvoos.  of  tbe  normal  of  ihe  reqnned  plane^ 
and  write  the  conditions  that  the  plane  may  pass  through  aftc  and  that  the 
normal  may  be  perpendicular  to  the  given  line  and  to  the  nonnal  of  the 
given  plane. 


TRANSPOBMATION  OF  COORDINATES. 


5574    To  change  any  axes  of  reference  to  new  axes  parallel 

to  the  old  ones  : 

Let  the  coordinates  of  the  new  origin  referred  to  the  old 
axes  be  a,  h,  c ;  vijz  and  aj'yV,  the  same  point  referred  to  the 
old  and  new  axes  respeotiyely;  then 


5575  To  change  rectangular  axes  of  reference  to  new 
rectangular  axes  with  the  same  oi*igin : 

Let  OZ,  or,  OZ  be  the  original  axes,  and  OX,  OF,  OZ' 
the  new  ones, 

2if»in|  the  dir-oos.  of  OX*  referred  to  OX,  07,  OJ?, 
Itm^fii        do.        OY'         do.  do. 

^3^%«8  OZ'         do.  do. 

9By%i  hIC  the  same  point  referred  to  the  old  and  new  axes 
respeotiyely.   Then  the  equatione  of  transformation  are 

5576  ^=/i  f-f/.  i?+/5  £    (i.), 

ysmif+m^i^+msC    (ii.), 

«  =  «if+«iif+»ii   (iii.)* 

And  the  nine  constants  are  connected  by  the  six  equations 

6677  W«+«»i«i8+«Mi8  =  0...  (yii.), 

^+^4+^2  =  1  ...  (v.),  yi-f-maWii+nsWi  =  0  ...  (viii.), 
4+«ii+«J  =  1  ...(vi.),  /ii,+«hiii,+ni«i  =  0  ...  (ix.), 
ao  that  thr^e  conatanta  are  independent. 
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PROor.—^jr  (5515)  and  (5582),  0X\  OT,  O^an  mntsallj  al 
right  angles. 

6578  The  relations  (iv.  to  ix.)  may  also  be  expressed  ihus— 

nil  fit 


= ±1  w. 


— ^ —  =,***,  = ,      =±1  («.). 

_  —   (jii  \ 

Obtained  by  eliminatiDg  tbe  third  term  from  any  two  of  aqiuitiaBt 
(yii. — IX.).  Also,  by  squaring  each  fraction  in  (x.)  and  adding  muMraton 
and  denominators,  we  get 

(p,+m;+»p(r+w;+ny-'(V,+w4»i,+,i,ttO  *  *  ^  ^  ^' 

5579  If  the  transformation  above  is  rotational^  that  is,  if  it 
can  be  effected  by  a  rotation  about  a  fixed  axis,  the  position 
of  that  axis  and  the  angle  of  rotation  0  are  found  from  the 

equations  2  cos  $  s  ^1+^+^*- Is 

where  «» /3,  -y  are  the  angles  wlucli  the  axis  makes  with  the 
original  oooroinate  axes. 

Fboof. — (Fig.  171.)  Let  the  original  rectangular  axes  and  the  axis  of 
rototion  ont  the  aarfaoe  of  a  sphere,  wbcee  centre  is  the  origin  0,  in  the 
pcnnta  y,  «,  and  /  respectively.  Then,  if  the  altered  axes  cat  the  sphere  in 
f,  17,  C»  we  shall  have  6  =  1  xJi  hi  the  Bphcrieal  triangle ;  Iz  =  II  z=  a  ;  ly  = 
Ji;  =  /3  ;  /«  =  J;  =  y,  and  by  (882)  apjilic-d  to  the  isosceles  spherical  triangles 
xUt  &c.f  li  =  coBxl  =  00^  a + sin*  a  cos  d,  =  cos  yn  s=  cos'/3  +  &in'/3  cos0, 
s  ooesC=  ooB^r+ain*y  cosO.  From  these  coae,  006«,  ooeA  ^  ^7 
are  found. 

5581   Transformation  of  rectangpilar  coordinates  to  oblique : 

Equations  (i.  to  ^n.)  apply  as  before,  but  (viL  to  ix.)  no 
longer  hold,  so  that  there  are  now  six  independent  constants. 
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THE  SPHE&E. 


5582  The  equation  of  a  sphere  when  the  point  abc  is  the 
centre  and  r  is  the  radius, 

5683  The  general  equation  is 

The  coordinates  of  the  centre  are  then  — 
and  the  radius  =  5V(^«+^+(?-4D). 

PiiOOJ'. — Bj  eqaating  coeflBcientB  witli  (5582). 

6584  If  fl^e  be  a  point  not  on  the  sphere,  the  value  of 
(af— a)*+(y— J)*4-(2— c)'— is  the  product  of  the  segments 
of  any  right  line  drawn  through  xi/z  to  out  the  sphere. 

Proof. — From  Eac.  lu.,  35, 36. 

THE  RADICAL  PLANE. 

5585  The  radical  planes  of  the  two  spheres  whose  equations 
are  «  =  0,  tt'  =  0,  is 

»— tt'  =  0. 

5586  The  radical  planes  of  three  spheres  have  a  common 
section,  and  the  radical  planes  of  four  spheres  intersect  in  the 
same  point. 

Proof. — By  adding  their  equatiooB,  and  bj  tiie  principle  of  (4606) 
«Ktended  to  the  eqnations  of  phuMBS. 


POLES  OF  SIMILITUDE. 

5587  Def. — A  2^oJe  of  shnih'hide  is  a  point  such  that  the 
tangents  from  it  to  two  spheres  are  proportional  to  the  radii. 

5588  ^6  external  and  imtemal  poles  of  eimilUude  are  the 
vertides  of  the  common  enveloping  cones. 
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5589  The  locus  of  the  pole  of  similitude  of  two  spheres  is  a 
sphere  whose  diameter  contaiuB  the  centres  and  is  divided 
bannoiiically  by  thf^iHr 


CYLINDEICAL  AND  CONICAL  SUBFACES. 

5590  T)e¥. — A  conical  surface  is  generated  by  a  right  line 
which  passes  through  a  fixed  point  called  the  yertez  and 
mores  in  any  manner. 

5591  H  the  point  be  at  infinity,  the  line  moves  almys 
parallel  to  itself  and  generates  a  eyUnd/rieaX  Bwrface. 

5592  Any  section  of  the  sur&ce  by  a  plane  may  be  taken 
for  the  guidifhg  curve* 


6698   To  find  the  equation  of  a  cylindrical  or  conical  surface. 

BuLE. — Eliminate  xyz  from  the  equations  of  the  guiding 
curve  and  the  equations        =        ^  "5"  ^  generating 

line ;  and  in  the  result  put  for  the  variable  parameters  of 
the  line  their  values  in  terms  of  x,  y,  and  z. 

5594:  El.  1. —  To  find  the  equation  of  the  cylindrical  surface  whose 
ffeuerating  lines  have  the  direction  Imn^  and  whose  guiding  curve  is  given 

At  the  point  whore  the  line  ss  ILZ^s  —  meets  the  eUipee,  •  s  0» 
«  s=  a,  y  Therefore  6V4-a'/5' =  Substitute  in  this,  for  the 

miable  pM«inetan»  a,  fi,  aasa— ^sy_^;  and  we  get»  for  the 

5595  A  conical  smlaoe  whose  Tertez  is  the  origin  and 
guiding  curve  the  ellipse  ftV+aV    aV,  s  =  is 

Psoor. — Here  the  generating  line  is     =     ^      At  the  point  of  inter* 
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wcHon  of  the  line  and  carve  r  =  .,  «  =      y  =  '"^  ;  .-.         +  =  aV. 

n  It  II'  n 

Sabstitute  for  tho  variable  parameters  I  m  \  n  the  yalaea  se  :  ^  :  «,  and  the 
result  is  obtained. 


GIRGULAB  SECTIONS. 

5596  Rule. — To  find  the  circular  sectioas  of  a  quadrlc  curvet 
express  the  equation  i)i  the  form  A  (x'  +  y^  +  z'^-f-c*) -h&c.  =  0. 
If  tJie  remaining  terms  can  be  resolved  into  two  factors,  the 
circular  sectiom  are  defined  by  the  intarsection  of  a  sjphere  and 
two  jplanes, 

5597  Generally  tlie  two  quadrics 

and  (<i+X)a^+(^+X)^+(c+X)ii^+2/y«4-2y«a!+2%  =  l 
have  the  same  circular  sections. 

Pboop. — Let  r,  p  be  coincident  radii  of  the  tvro  snrfBoes  haying  Imn  for  a 

common  direction.     Then  \  =  aP +  hm--\-cn'' ■\-2fmn  +  2<jnl-\  2hlm  and 

p- 

=  tlio  same  -|-X.    Therefoi-o,  if  r  has  a  constant  valae  throaghoat  any 

sectiuu,  p  iH  also  constant  throaghoat  that  section. 


5598  Ex.-A  n  oblique  circular  cone  wlmsu  vertex  is  the  point  a,  0,  6, 
and  guiding  oarve  the  circle  x^-i-tf  =  c^;  2  =  0;  is 

The  equation  may  be  written 

I'  (j^  +  3^Hr-c')  =  z  [2afca;  +  (/>»  +  c'-a')  :-2hc^], 

and  therefore  the  cone  has  two  series  of  parallel  circular  sections,  z  =  k  and 
2o*»+(6«+c'-a')  »-26o"  =     (5583).  {Fn$i  and  WoUtenholme.) 


CONICOIDS. 


5599  Defs. — A  conicoid  is  a  surface  every  plane  section  of 
which  is  a  conic. 

The  varieties  are  the  ellipsoidy  the  one-fold  and  two-fold 
hyperboloidsf  the  elliptic  and  hi/perbolic  paraboloids,  the 
spheroid  of  revolution,  the  cone,  and  the  cylinder, 

5  B 
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In  any  of  ibe  following  eqnations  of  a  conicoid,  by  making  one  of  the 
variables  constant,  the  eqnation  of  a  section  pamllcl  to  a  coordinate  plane  is 
obtained,  and  the  eqaatioti  ut  the  surface  is  by  that  means  verified.  Thus, 
in  the  eqoationa  of  (5G00)  or  (5GI7),  Figs.  (172)  and  (173),  if  s  be  put 
=  ONf  we  get  the  eqaation  of  the  elliptic  section  BPQ,  the  nemiHum  of 

which  weNQ^^  ^(<?-0N*)  and  NR  =  ^y{i?^OV%  a,  6,  c  being  the 
c  c 

principal  semi-axes  of  the  conicoid ;  tliat  is,  OA,  OB^  OC  in  the  figure. 


THE  ELLIPSOID. 

5600  The  equation  referred  to  the  principal  axes  of  the 

hgui'e  is 

5601  There  are  two  plaoes  of  circular  section  whofle 
equations  are 

with  a>b>c. 

is  a  cone  having  a  common  section  with  tho  conicoid  and  a  sphere  of  radias 
r.  If  the  oommon  section  he  plane,  one  of  the  three  terms  most  vanish 
in  order  tiiat  tho  rest  may  be  resolved  into  two  factors. 

Since  a>b  >c,  the  only  poesible  solation  for  real  factors  is  got  by 

making  r  =  b. 

5602  Sections  hj  planes  parallel  to  the  above  are  also 
circles,  and  any  other  sections  are  ellipses. 


5603  The  umbilici  of  the  ellipsoid  (see  5777)  are  the  points 
whose  coordinates  are 

Paoor.— The  points  of  intersection  of  the  planes  (  nroi)  and  the  ellipsoid 
(5G00)  on  the  xz  plane  are  given  by  as'  ss  db  a  «'  =  ±  *  ^^sZp" 

Since,  hy  [o{j02)  the  vanishing  circular  sections  are  at  the  points  in  the  w 

plane  conjugate  to  x'  and  m',  we  have,  by  (4i362),  a  ss  —  -^s',  ssst  ~x'. 

c  a 
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5604  If  a  =:  in  (5600),  the  figrure  becomes  a  spheroid,  and 
every  plane  parallel  to  aey  makes  a  circular  section.  Hence 
the  spheroid  is  a  surface  of  revolution.  It  is  called  prolate 
or  oblate  according  as  the  ellipse  is  made  to  revolye  about  its 
major  or  minor  axis. 


THE  HYPERBOLOID. 

5605  Tlie  equal iuu  of  u  oue-fokl  hyperboloid  referred  to  its 
principal  axes  is 

4-+-^-4  =  l-  (Fig.  173) 

€r     (r  ir 

5606  The  planes  of  circular  section,  when  a>5><;,  are  all 
parallel  to  one  or  other  of  the  planes  whose  equations  are 

»'(F-a--(7+S.)  =  '- 

PB0Or.--A8  in  (5601),  patting  r  =  o. 

   •    . 

5607  The  generating  lines  of  this  surface  belong  to  two 
parallel  systems  (L)  and  (ii.)  below,  with  all  values  of  0. 

5608 

£  :=  OOS0+  isin  e)  £  =  eos^-  ^sin  b) 

f...  (w»  [-...(ii). 
i.=  8iu^-^costf\  i=8iii^+— oostfl 

For  the  coordinatos  which  satisfy  either  pair  of  equations, 
(i.)  or  (ii.),  satisfy  also  tlie  eciiiation  of  the  surface.  The 
equations  may  also  be  put  in  the  forms 

w-acosd     y— ftsin^  .z 
asin^        — 6cos^  e 

5612  If  =  0,  x  =  a  COS  0  and  //  =  h  sin  0.  Hence  0  is 
the  eccentric  angle  of  the  point  in  which  the  lines  (i.)  and  (ii.) 
intersect  in  the  xif  plane. 

5618  Any  two  generating  lines  of  opposite  systems  intersect, 
but  no  two  of  the  same  system  do. 
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&614  tAvo  g^ierating  lines  of  opposite  s^^stems  be  drawn 
tliTOUgh  the  two  points  in  the  pnncipal  elliptic  section  whose 
eccentric  angles  are  0— a,  a  being  constant,  the  coordi- 
nates of  the  point  of  intersection  will 

s  a  cos   sec  a,  y  =  6  sin  ^  sec  «ss±i>taiia, 

and  the  locus  of  the  point,  as  $  yaries,  wiU  be  the  ellipse 

5616      -^^^TT^^li  «  =  ±ctana. 

«-       a     h-  sec*  a 
Pkoof. — From  (i.)  and  (ii.),  patting  ti^a  for  0.* 

5616  The  asymptotic  cone  is  the  surface  given  in  (5595). 

Pboop. — Any  plane  throagb  the  i  axis  whoae  equation  hffszmx  onto  the 
hyperboloid  and  this  oone  in  an  hyperbola  and  its  asymptotes  respectiTely. 

5617  The  equation  of  a  two-fold  hyperboloid  ia 

^-^-—-  =  1.  (Fig.  174) 

and  the  equation  of  its  asymptotic  cone  is 

5618  4_Z_|.  =  o. 

a*     0^  <r 

Pkook. — Any  piano  through  the  x  axis,  whose  eqnfttion  ia  y  =  viz,  cuta 
the  hyperboloid  and  this  cone  in  an  hyperbola  and  ita  asymptotes  respeo- 
tively. 

There  are  two  snrfiaces,  one^  the  ima^^  of  the  other  with  regard  to  tbo 
plane  of  y».   One  only  of  these  is  shown  in  the  diagram. 


5619  The  planes  of  circular  section  when  &  is  >  c  are  all 
parallel  to  one  or  other  of  the  planes  whose  joint  equation  is 

PuooF. — As  in  (5601),  jiutting  r-  =  —6*. 

5620  If  6  =  0,  the  figure  becomes  an  hyperboloid  of  reiH>- 
lution. 

THB  PABABOLOID. 

5621  This  surface  is  generated  by  a  parabola  which  moves 
with  its  vertex  always  on  another  parabola ;  the  axes  of  the 
two  curves  being  parallel  and  their  planes  at  right  angles. 

*  The  sur&ce  of  a  ooe-fold  hyperboloid,  as  miumted  by  right  lines,  may  CrequeDUv  b« 
seen  in  the  foot-stool  or  work>lMwot  ooottrqioCea  entirdy  of  stxvi^lit  rods  of  oaiie  or  wjobr. 
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The  paraboloid  is  elliptic  or  h^erbolie  aooording  as  the 
axes  of  the  two  parabolas  extend  in  the  same  or  opposite 
directions. 

5622    The  equation  of  the  elliptic  paraboloid  is 

^+-^  =  0?,  (Fig.  175) 

b  and  c  being  the  later  a  recta  of  the  two  parabolas. 

b  c 

If  5  ==    the  figure  becomes  the  paraboloid  of  revoluUon.  ' 


5623  Similarly  the  equation  of  the  hyperbolic  paraboloid  is 

-^-^  =  ^.  (Fig.l76)» 

5624  The  equations  of  the  generating  lines  of  this  surface 
are         -^±-5-  =  «  and  JL^*=±, 

the  upper  signs  giving  one  system  of  generators  and  the  lower 
signs  another  system. 

5625  The  equations  of  the  asymptotic  planes  are 

JL         —  0 


CENTBAL  QUADBIC  SUEFACE. 


TANGEIiT         DIAKETAAL  PLANES. 

5626  Taking  the  equation  of  a  central  quadric  ^  +  'j^^  +  ^ 
=5 1  to  include  both  the  ellipsoid  and  the  two  hyperboloids 


*  The  enrrmttin  of  this  mrlkoe  u  mUiettutiet  a  Mfi  of  oiirmtard  which  may  he  Men  in 
the  saddle  of  n  mmintiiin ;  for  inaUnce,  OH  the  imooth  iwaxd  of  eonie  parte  of  the 
}IalTem  Hills,  Worcestershire, 
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according  to  the  signs  of  aud  c",  the  equation  of  the  tangent 
plane  at  mjz  is 

5627  If  p  be  the  length  of  the  perpendiculai'  from  the  origin 
upon  the  tangent  plane  at  xyz^ 


1i  9.  * 

Pboof.— From  (5549)  applied  to  (5G26). 


5628  The  length  of  the  perpendicular  let  fall  from  any 
point  linC  upon  the  tangent  plane  at  xyz  is 


5629  Dii'ection  cosines  of  the  normal  of  the  tangent  plane 

^Jtxyz, 

Pboof— Bjr  (5548)  applied  to  (5626)  aud  the  value  in  (5627). 

5630  If  h  ^>  ^      the  direction  cosines  of 

p  =  kc-^-my-^nz   and  p^  =  a*/*+6*m*+c^it*. 

Proof. — (5630)  By  projecting  the  three  ooordinates  x,  y,  z  upou  p, 
(5631)  Bt  snbatitatiDg  the  valnee  of    y,  »,  obtained  from  (5U29),  in 
(5630). 

5638   The  equation  of  the  normal  at  xyz  is 

since  the  dir-cos.  are  tiie  same  as  those  of  the  tangent  plane 

at  (5626). 

5633    Each  term  of  the  above  equations 
or  p  multiplied  into  the  length  of  the  normal. 
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Fmop.— Baeh  tenn  sqnared  ^it^^iH^^iL^ 

^  ¥  ■? 

Add  numerators  and  deuoniinntora,  and  employ  (5627). 


5634  Equation  (5631)  is  the  condition  that  the  plane 
lx-\-my+nz=p  may  touch  the  conicoid ;  and  if  p  =  0,  we 
have  for  the  condition  of  the  plane  la-^-my-^-nz  =  0  touching 

the  cone  ^,+l  +  'l=0. 

5635  aV+6W+<jSi«  =:  0. 


5636  The  section  of  the  quadric  made  by  a  diametral  phme 
conjugate  to  the  diauieter  through  the  point  ,ci/:.  has  for  iltJ 

equation  ^  +  M  _|_  ^  =  0.  By  (5688). 

5637  Hence  the  relation  between  the  direction  cosinea  of 
two  conjugate  diameters  is 


ECCENTRIC  VAi>UES  OF  THE  COOKDINATES. 

5638   These  are  defined  to  be 

.r  =  tfX,   y  —  bfi,    z  =  cy,    with    X-+/a-+v*  =  1. 

5640  ^>  ^tj  V  are  the  dir-cos.  of  a  line  called  tlie  eccentric 
line ;  and  ^  =  rX,  9  s=  171,  2^  =  rv  are  the  coordinates  of  the 
corresponding  point  upon  an  auxiliary  sphere  of  radius  r. 

5641  The  eccentric  lines  of  two  conjugate  semi-diameters 
are  at  right  angles.  By  (5637). 


5642  The  sum  of  the  squares  of  three  conjugate  semi- 
diameters  is  constant  and  =  a^-{-b'-^c^, 

pKOOr. — Let  a',  h\  c'  be  ibe  semi-diimit'ters,  and  j,//,",,  ^v^t^  ^sl/z'i  t^ioir 
extremities.  Put  the  eccentric  values  in  the  eqaaiions  J^+J^+J^  =  Ac, 
ftnd  add.   By  (5641),  x2+\;;+ =  1,  <&o. 
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5643  The  sum  of  the  squares  of  the  reciprocals  of  the  same 
is  also  constant. 

Pboop. — ^Pot  r,  cos  flj,  Ti  COS  /3|,  J*!  OOB  yi  for  jtj,  y^,  iu  the  cqo&tioii  of  Cli6 
qoadrio.  So  for  ^    %  and  Xp    «|.  Divide  bj  ru  rt»  r»  and  add  the  lesalti. 


5644  The  siiTTi  of  siiuares  of  reciprocals  of  perpendiculars 
on  three  conjugate  tangent  planes  is  constant. 

Pboof. — For  each  peqMndieolar  take  (5627),  and  aabstitate  the  eooentrio 
▼alnes  aa  in  (5642). 

5645  The  sum  of  the  squares  of  the  areas  of  three  con- 
jugate parallelograms  is  constant. 

Proof. — By  the  constaut  volatne  of  the  parallelopiped  p,Ai  ^pJL^p^ 
(6648)  and  by  (56M). 


5646  The  Bum  of  the  squares  of  the  projections  of  three 
conjugate  semi-diameters  upon  a  fixed  line  or  plane  is 
constant. 

Pkogf. — With  tho  same  notation  as  iu  (0642),  let  {Imn)  be  the  given  line. 
Safaetitate  the  eocentric  valnes  (oG38)  in  (2a)|+«ny,+n«,)*+(£B|+iny,+ii%)' 
+(b^i+myg+iiig)*.   In  the  case  of  the  plane  we  shall  have 

a'*— (iajj + my  I + ««i)' + Ac. 

5647  Con. —  The  extremities  of  tlii-ee  conjugate  semi- 
diameters  being  ./v/^^j,  Xfy^^^  it  follows  that,  pro- 
jecting upon  each  axis  in  turn. 


5648  The  parallelopiped  contained  by  three  conjugate  semi- 
diameters  is  of  constant  volume  =  abc. 


Paoor.^By  (5568),  the  Tolnme  = 


yi 


«1 

-J 


sa5e 


X, 


Ml 


I*. 


by  the  ecceuirio  valaes  (5638). 
(584,  I.). 


But  the  last  determinaut   =1  bj 


5649  OoB. — ^If  a\  b\  d  are  the  semi-conjugate  diameters, 
a>  the  angle  between  a'  and  h\  and  y  the  perpendicular  from 
the  origin  upon  the  tangent  plane  parallel  to  a'&',  the  volume 
of  the  parallelopiped  is  j^a'fr'  sin  w  £=  a6c. 
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5650  Hence  ihe  area  ola  central  section  in  the  plane  of  a'V 


5651  Quadratic  for  the  semi-axis  of  a  central  section  of  the 
qnadiic     +    +  ^  ~  ^  made  by  the  plane  =  0 : 

Pboop.'— The  equation  is  the  ooudition,  by  (5635),  that  the  plane 
b+my +n«  s  0  maj  touch  the  cone 

as  ia  the  Proof  of  (5600).    For  another  method,  see  (1863). 

5658  When  the  equation  of  the  quadric  is  presented  in  the 
form 


the  quadratic  for  r'^  takes 
the  form  of  the  determi- 
nant equation  annexed. 
Or,  by  expanding,  and 
writing  A'  for  the  same 
determinant,  with  the 

fraction  \  erasedi  the 


1 

«-7 


6- 


1 


f 


m 


g 


1 


e — T.  n 


=  0. 


equation  becomes 

AV-f  {{b+e)P+{c+a)m'-\-{a-\-b)n^--2finn-2gnl-2hlm] 

Proof. —  The  equation  of  the  cone  of  iatersoction  of  the  sphere  and 
quadric  now  becomes 

and  the  condition  of  tonohiog  (5700)  prodacee  the  determinant  equation. 

6  ¥ 
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5654  To  find  the  axes  of  a  uon-ceutral  section  of  the 

Let  PNQ  (Fig.  177)  be  the  cutting  plane.  Take  a  parallel 
central  section  BOC,  axes  07?,  OC,  and  draw  iVP,  NQ  parallel 
to  them.    These  will  be  the  axes  of  the  section  PA'(i,  and  ^VQ 

5655  The  area  of  tiie  same  section 

where  and  p  are  the  perpendiculars  from  0  upon  the  cutting 
plane  and  the  parallel  tangent  plane. 

Pboof.— The  area   =  wlSF.m  ^^^.OB.OC 


SPHBRO-OOKICS. 

Def. — A  .sphero-conic  is  the  curve  of  intersection  of  the 
Bill-face  of  a  sphere  with  any  conical  surface  of  the  second 
degree  whose  vertex  is  the  centre  of  the  sphere. 

Properties  of  cones  of  the  second  degree  may  be  investi- 
gated by  sphero-conics,  and  are  analogous  to  the  properties 
of  conies. 

A  collection  of  formnla  will  be  fonnd  at  page  562  of  JEU»ath's  Rigid 
Dynamics,  3rd  edition. 


CONFOOAL  QUADBICS. 

5656  Bfii-iNiTiON. — The  two  quadncs  whose  equations  are 

are  confocal.  We  shall  assume  a> ^ > c. 

5657  As  X  decreases  from  beino^  large  and  positive,  the 
third  axis  of  the  confocal  ellipsoid  diminishes  relatively  lu  the 
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others  until  A  =  — when  the  stirface  merges  into  the 
focal  ellipse  on  the  plane^ 

^    .  -1 

X  still  diminishiDg,  a  series  of  one-fold  hyperboloids  appear 
nntil  X  =:  —  when  the  surface  coincides  with  the  focal 
hyperbola  on  the  m  plane, 

"  6*-^c* " 

The  sui'face  afterwards  developes  into  a  series  of  two-fold 
hyperboloids  until  X  =  —  a*,  when  it  becomes  an  imaginary 
focal  ellipse  on  the  yz  plane. 


5658  Tbrouorli  any  |)oinr  ///v  throo  confocal  (piadrics  can  be 
drawn  according  to  thv  tlirce  values  of  A  furnished  by  the 
second  equation  in  (otioti).  That  equation,  cleared  of  frac- 
tions, becomes 

5659  XH(«'+6'+c'-«'-^-«^X' 

These  three  confocals  are  respectively  an  ellipsoid,  a  one- 
fold hyperboloid,  and  a  two-fold  hyperboloid.  See  Figure 
(178);  P  is  the  point  .ry/,?;  the  lines  of  intersection  of  the 
ellipsoid  with  the  two  hyperboloids  are  IH'K  and  i'jPCf ,  and 
the  two  hyperboloids  themselves  intersect  in  RPK, 

Phoof. — Snbstitnte  for  X  Bacoessivelj  in  (5659)  a\  b\  c*,  —  od  ;  and  the 
left  member  of  the  equation  will  be  fonnd  to  take  the  signs  +,  — ,  +,  — 
accordingly.  Conscqneutly  there  are  real  roots  between  a'  and  b\  and  r', 
0*  and  — QD. 


5660  Two  confocal  quadrics  of  different  species  cut  each 
other  everywhere  at  right  angles. 

Psoor.— >Let  <h  e ;  a',  h\  c'  be  the  Bemi-aaces  of  the  two  qnadrios ;  then, 
at  the  line  of  intersection  of  the  snr&oes,  we  shaU  have 
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wbicb,  siuce  a''— a*  =  b'^—l*  =  c'^— c*  =  X,  becomes  the  condition  of  per» 
pendioalarity  of  the  normals  bj  the  Talm  m  (5629).  Thus,  in  (Fig.  178), 
the  tangents  at  P  to  the  three  lines  of  interseetion  of  the  anmoes  are 
matoally  at  right  angles. 

5661  If  P  be  the  point  of  intersection  of  three  qoadrics 
tti^iC,,  ajf^  ajb^  confocal  with  the  quadric  ahc;  the  squares 
of  the  semi-axes,  ij,  d^,  of  the  diametral  section  conjugate  to 
P  in  tlie  first  qiiadric  are  (considermg  a|>aa>at»  and  writing 
the  sui&xes  in  circular  order) 


<4. 

In  the  second. 

in  the  third, 

dl  = 

i 

Or,  if  for  aj,  a^,    we  put  a'+Aj,  a'+A,,  <i^+X,,  the  aboYe 

yalues  maj  be  read  with  X  in  the  place  of  a  and  the  same 
suffixes. 

Proof. — Pat  <r—>r  =  fi ;  then 

a;     h\     4  aJ-M  i^-M 

are  oonfi>oal  qnadrios.   Tske  the  difference  of  the  two  eqnation^  and  we 

obtain,  at  a  common  point  9*y'»\  ^«  (q«— ^)  +  ^  —  0*   Comparing  this  with 

(5051),  the  qundratic  for  the  axes  of  the  section  of  the  qaadric  bj  the  plane 

Ix  +  niij  +  nz  =  0,  we  see  that,  if    m,  n  have  the  values      <Isc,  ft  is  identical 

ft 

with  f*;  the  plane  Is  the  diametral  plane  of  P;  and  the  two  valaes  of /i  are 

the  squares  of  its  axes.  Let  tZ',  tf,  be  these  values  ;  tht  ii,  since  there  are  but 
three  coufocals,  the  two  valaea  of  ii  most  give  the  remaining  confocals,  i,€^ 
ttj  — a,  =  «j  and  Oj— dj  =  a^. 

The  six  axes  of  the  sections  are  situated  as  shown  in  Uie 
diagram  (Fig.  170).  Either  axis  of  any  of  the  three  sections 
is  equal  to  one  of  the  axes  in  one  of  the  other  sections,  but 
the  equal  axes  are  not  those  which  coincide.  0  is  supposed 
to  be  the  centre  of  the  conicoids,  and  the  three  lines  are  drawn 
from  0  parallel  to  the  three  tangents  at  P  to  the  lines  of  in- 
tersection. 


5662  Coordinates  of  the  point  of  intersection  of  three  con- 
focal  quadrics  in  terms  of  the  semi-axes : 
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2   2  2 

^  ^1  ^2  ^8  

"  («J-<4)(6J-«J) 

The  denominators  may  be  in  terms  of  any  of  the  confocals 

2i2  272  272o 

Since  ai—Oi  =  a^—b^  =  &c. 

Pboof*— 'The  equation  of  a  confocal  may  be  written  — r  +    •      +    "  . , 

'a'      a* — /t'     a^  —  k 

s  1,  prodacing  a  cabic  in  a^,  the  prodaot  of  whose  I'ootfl  u*,  d-^     gives  x\ 


5663  The  perpendiculars  from  the  origin  upon  the  t-angent 
planes  of  the  three  confocal  quadrics  being  pi,  jp^^  : 

^*J.2„2  2j.2  a 


»a  


'2  I?  3 


^  (aJ-«^)(a^-«J)- 
Proof. — By  (5649),  pid^l^  =  aifejc, ;  tlicn  by  the  values  in  (ooOl). 

BBCIPBOGAL  AND  BNVELOPING  CONES. 

5664  Dep. — A  right  line  drawn  through  a  fixed  point  always 
perpendicular  to  the  tangent  plane  of  a  cone  generates  the 
reciprocal  cone. 

The  enveloping  cone  of  a  quadrio  is  the  locus  of  all 
tangents  to  the  surface  which  pass  through  a  fixed  point 
called  the  yertez. 

5665  The  equations  of  a  cone  and  its  reciprocal  are  respec- 
tively 

Aa^+By'+W^O  (i.),  and   ^  +  ^+^  =  0  (n.). 

Pboop.<— The  eqnaiioDa  of  the  tangent  plane  of  (i.)  ab  any  point  xyz,  and 
of  the  perpendionhir  to  it  from  the  origfio,  are 

AxUntjn  +  Cz^  =  0  (iii.),  and    I.^^^^  (iv.). 

Asf    Sy  Off 

Kliminat.e  a,  y, »  between  (i.)>  (iii.)>  (i^*)* 

5667    The  reciprocals  of  confocal  cones  are  concyclic;  that 


Digitized  by  Google 


774 


SOLID  GEOMETRY. 


is,  have  the  sanu'  circular  section ;  and  the  reciprocals  of  con- 
cyclic  cones  are  confocal. 

Paoof. — A  series  of  coney clic  cones  is  given  by 
bj  varying  X;  and  the  reciprocal  cone  is 

*/•  •» 

-^  ^1  ^  . .  -j.  =  0.  (8065) 
A-^\    JS-i-X    C-^\  ^  ' 

5668  The  reciprocals  of  the  enveloping  cones  of  the  series 

•  m  • 

of  oonfocal  quadiics         +        -h  ,  —  =  1,  with  fgh  for 

a^-\-A     b--\-A  r*-\-\ 
the  common  vertex,  P,  of  the  cones,  are  given  by  the  equation 

Proof. — Let  Imn  be  the  direction  of  the  perpendicnlar  p  from  tho  nritrin 
upon  the  tangent  plane  drawn  from  P  to  the  qaadric.  Equate  the  urJinurj 
iralne  oip*  at  (5031)  with  that  fonnd  by  projecting  OP  upon  p ;  thus 

(<^+X)  l«+(6^+X)i»«+(c«-|-X)n»  =  (/H^+*n)\ 

Now  p  gRDerates  with  Teiiaz  0  a  cone  sitnilar  and  similarly  sitoated  to  the 

reciprocal  cone  with  vertex  P,  and  /.  m,  n  are  proportional  to  x,  y,  r,  the 
coonlinatcs  of  any  [M/inf  nti  the  former  cone.  Therefore,  by  transferriog  tb© 
origin  tu  i',  tljo  enuatiou  of  the  reciprocal  cone  is  as  stated. 

5669  CoQ.  —  These  reciprocal  cones  are  concyctic;  and 
therefore  the  enveloping  cones  are  confocal  (5667). 

5670  The  reciprocal  cones  in  (5668)  are  all  coaxal. 

Proof. — Transform  the  cone  given  by  the  terms  in  (5Coi5>  without  X  to 
its  principal  axes ;  and  its  equation  becomes  iUP+<Bjf'+(V  =  0.  Now,  if 
the  whole  cqnation,  inclading  terms  in  X,  be  so  transformed,  s'+y^+s*  will 
not  be  altered.    Therefore  we  shall  obtain 

(.l+X)»*  +  (ii  +  X)y'  +  (O+X)«-  =  0, 

a  series  of  coaxal  cunes. 


5671  The  axes  of  the  enveloping  cone  are  the  three  normals 
to  the  three  confocals  passing  through  its  vertex. 

Pboof. — The  enveloping  cone  becomes  the  tangent  plane  at  P  for  a  con- 
focal tlirnu^'h  P,  and  one  axis  in  this  case  is  the  normal  through  P.  Also 
this  axi.^  is  roinmon  to  all  the  enveloping  cone.s  with  the  same  vertex,  hy 
(5G70).  But  there  are  three  confocals  through  F  (5bi>8),  and  therefore 
three  normals  which  mnat  he  the  three  axes  of  the  enveloping  cone. 

5672  The  equation  of  the  enveloping  cone  of  the  quadric 
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-= — -  -H >  4-  «  .  >  =  1  is,  when  transformed  to  its  prin- 
a*+X     0*+A  c*+A 

cipal  axes, 

where  X|,  X2,  are  the  values  of  X  for  the  three  confocals 
through  the  vertex^  and  d|,  are  the  semi-axes  of  the 
diametral  section  of  P  in  the  first  oonfocal  (5661). 

PeoOV. — Transform  ecjaatiou  (5008)  of  the  reciprocal  of  the  envelopiug 
«>oiw  to  its  principal  axw,  as  in  (5670).  Let  X„  X,,  X,  be  the  valaes  of  A 
which  make  the  quadric  become  in  turn  the  three  confocal  qaadrics  tlinmi^'h 
P.  Then  the  reciprocal  (A  +X)  +  (Z?  +  X)  t/*  +  ((7  +  A)  r  =  0  must  become 
a  right  line  in  e»cli  ca-se  because  the  enveloping  cone  becomes  a  plane. 
Therefbre  one  coefficient  of  as',  y',  or  s*  most  ▼anish.  Hence  ui'f  \i  s  0, 
B+Xj  ss  0,  0+X,  s  0.   Therefore  the  reoiprooel  cone  becomes 

(X-x.)      (X-X.)  y»+(X-AO  = 
•ad  therefore  the  enTelopiog  cone  is 

4-  y  ^  -  -0. 

X-Xj    X-Xt  x-x. 


THE  GENERAL  EQUATION  OF  A  QUADRIC. 


5673  'i'his  equation  will  be  referred  to  as  /(jj,  //,  2)  =  0  or 
U  =  0,  aud,  written  iu  full,  is 

By  intruduciiig  a  fourth  (juasi  variable  ^  =  1,  the  equation 
may  be  put  in  the  homogeneous  form 

5674  a^2^6/+e«'+<lw»+2/i/2;-f  2g-s.r+2^ 

abbreviated  into 

(a,  6,  c,  c/,/,  g,  h,p,  q,  rX^,  y, «,  0'  =  0, 

as  in  (1G2U). 

Transforming  to  an  origin  x'y'z  and  coordinate  axes 
parallel  to  the  original  ones,  by  substituting  x -^liy  if -{-t 
tor       and    the  equation  becomes^  by  (1514)9 
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6676  «f+V+*{*+W+%<f+2*i9 

where  U  =  f{x\  y\  z)  (omitting  the  accents). 

5676  Tlie  quadi'atic  for  tlie  intercept  between  the  point 
x}/::  and  the  quadric  surface  measured  on  a  right  line  draw& 
from  xy'z' m  the  direction  km,  is 

(a2*+6m*+efi*+2>»fi+2^'>/+2lblm) 

Obtained  by  putting  (  =  W,  q  =  m,  2^  =  m  in  (6674). 

5677  1'he  tangents  from  any  external  point  to  a  quadric  are 
proportional  to  the  diameters  parallel  to  them. 

Pboof.— From  (5676).  as  in  (1215)  and  (4317). 


5678  The  equation  of  the  tangent  plane  at  a  point  ^  on 
the  quadrio  is 

6679  or         f  t/,+ijl^,+{l/.+r(;,  =  0, 

with  r  and  t  made  equal  to  unity  after  differentiating. 

Proof. — From  (5G70).  Siuce  xyz  is  a  point  on  the  sarface,  one  root  of 
the  quadratic  vanishes.  In  orctor  iluit  the  line  may  now  Umtik  tbe  torfboe. 
the  other  root  mnat  alflo  vanish;  therefore  Itr«+<i^i^,+*»^^<  =  0.  Pa^ 
rl  =  s  — r,  nn  =  »?— ^'/,  m  ■=  C—  =  ]  ^Hs  being  now  a  TmriaUe  point  on  the 
line,  and  therefore  on  the  tangent  plane. 

6680  Again,         »V,-^fV,+Mn,-¥iUt^2U,  by  (1624), 
therefore  mlT,+yU,  +  r     =s  — <  IT,, 

which  estaUiBhas  the  aeoond  form  (5679). 


5681  Equation  (5679)  also  represents  the  polar  plane  of 
any  point  wyz  not  lying  on  the  quadric  surface.  Written  in 
full  it  becomes 

(  {ajv+hy-^gs+p)         or    a;  (</f4-^i7+^£+/>) 
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5688   That  i8»  the  forms 

f^/.+ijt/,+{C/.4-C/=0   and   a^l/^+yl7,+«ir^4- 1/=  0 

are  convertible,  U  standing  for  /  {x,  y,  z)  in  the  first,  and  for 
/(^,  17, 1)  in  the  second. 

5685  The  intersection  of  the  polar  planes  of  two  points  is 
called  the  polar  line  of  the  points. 

5686  The  polar  plane  of  the  vertex  is  the  plane  of  contact 
of  the  tangent  cone. 

PSOOF.— If  be  the  Tertex  and  xye  the  point  of  contact,  equation 
(5683)  is  Ratisfied.  If  y,  ;s  be  the  variables  and  constant,  the  second 
form  of  that  equation  sbowe  that  the  points  of  oontact  all  lie  on  the  polar 

plane  of  tiie  point  irjii. 


5687  Every  line  through  the  vertex  is  divided  harmonically 
by  the  quadric  and  the  polar  plane. 

Pboof.— In  equation  (5684)  pnt  «  b|+£2,  y  =  v+JRm,  f  =  C+Bn  to 
detevmine     the  dislanoe  from  the  yertez  to  the  polar  plane.   This  givea 

Now,  if  r,  r'  arc  the  roots  of  the  quadratic  (5'>7o),  with    >j,  i  written  for 

2rr 

»,  y,  s,  it  appean  that  — — ;  s  B,  which  proves  the  theorem. 


5688  Every  line  (Iniii)  drawn  tbrouLjh  a  point  ,/■//•-  parallel 
to  the  polar  plane  of  that  point  is  bisected  at  the  point,  and 
the  condition  of  bisection  is 

m.+m(/,-|-nC^,  =:  0. 

Proof. — The  equation  is  the  condition  for  equal  roots  of  opposite  signs  in 
the  qnadratic  (5G/6).  Since  2,  m,  n  are  the  dir.  cos.  of  the  line  and  U^^  U^^ 
Ug  those  of  the  normal  of  the  poinr  [tlatie  ('083),  the  equation  shows  that 
the  line  and  the  normal  are  at  right  angles  (5i>32). 

5689  The  last,  when  .r,  ?/,  z  are  the  variables,  is  also  the 
equation  of  the  diametral  plane^  conjugate  to  the  direction  Imn, 
Expanded  it  becomes 

(al+hm+gn)  w+(hl+bm+fn)  y+igl+fm+en)  z 

+pl+qm-\-m  =  0. 
5  Q 
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For  the  point  xyz  moveS|  when  x,  z  are  variable,  so  that  every  diameter 
dmwn  tbrough  it  parallel  to  Intn  ib  biaeoted  by  it,  and  the  loona  is,  by  the 
form  of  the  equation,  a  plane. 

If  (he  origin  be  at  the  oentre  of  the  qoadrio,  p,    and  t  of  ocmne  vtaiih. 


5690  The  coordinates  of  the  oentre  of  ihe  general  qnadric 
27=0  (5673)  are 

a:       a:  X 


X  = 


V- 


Proof. — Every  line  thronprh  ari/«,  the  centre,  is  bisected  by  it.  The  condi- 
tion for  this,  in  (dt)tid),  is  17],  =  0,  17,  =  0,  and  27.  =  0,  in  order  to  be  inde- 
pendent of  linn.   The  three  eqaaftioiiB  in  nil  are 


ax-\-hy-j-gz-\-p  =  0 
hx-\-hy+fz- 

Solve  by  (582). 


r  +  r  =  0) 


and  A'  = 


9  P 

h    h  f  q 

g   f    c  r 

p    q    r  d 


A  = 


a 
h 


h 

b 

/ 


9 

f 
c 


5691   The  quadrio  transformed  to  the  oentre  becomes 

Proof. — By  the  last  theorem,  the  terms  involving  £,  17,  ^  in  (5675)  vanish. 
The  value  of  U  or /(»,  y,  f),  when  xyz  is  the  centre,  appears  as  follows : — 

U  =  417^,  (5680)  =jw+5y+rf +ii  =£^ft±^^l±Ii^+<J  (5690)  =  ^  (16^). 

The  last  equation,  being  again  transformed  by  taming  tlie 
axes  so  as  to  remove  the  terms  involving  products  of  ccNordi* 
dinates,  becomes 


5692 


A' 


5693  where  a,     y  are  the  roots  of  the  discriminating  cubic 

or  (A-a)(/{-6)(ll-c)-(ll-o)/«-(Jl-6)  g*-{R-c)  h 

-2fgh.=  0. 

Psoor^Xt  hM  been  ibown,  in  (1847-9),  that  the  rooti  ol  tiio  diwrimi* 
nating  cubic  ^multiplied  in  thie  caee  by  <ure  the  rectprooah  of  the 

Tnaximum  aud  uiinimiun  yalnes  of  ff'+y'+s**  But  each  values  are  evidently 
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the  BqoMXBB  of  ihe  axes  of  the  qnadrio  snrlaoe.  Let  the  central  eqnafcifHi  of 
the  SQX&oe  +  +  ^  =  Thowfore  i  «  Ao^  prodmnng 
the  eqaation  above. 


5694  The  equations  of  the  new  axis  of  x  referred  to  the  old 
axes  of  ^,  V,  t  are 

(F+^)  *  =  (G+ogr)  Jf  =  (H+ah)  z ; 
and  similar  equations  with    and  y  for  the  y  and  z  axes. 

Peoof. — ^When  Ivm,  in  (5689),  is  a  principal  diameter  of  the  quadric,  the 
diametral  plane  becomes  perpendicular  to  it,  and  therefore  the  coefficients  of 
9fy,s  must  be  proportional  to  2,  m,  n.  Patting  them  eqiial  to  Bi,  Bm,  Bn 
respectively,  we  hare  the  equations 

(a—R)l-\-hm-\-gn  =  0          (^)7        "^^^  eliminant  of  theBC  equations  is 

hl-^  (b  —  R)  m+fn  —  0          (2)  >  .      the  discriminating  cubic  in  £  al- 

gl-\-jm+  (c—B)  n  =  0          (3)  )        rv&dy  obtained  in  (5693). 

From  (1)  and  (2),     Z  :  m  =  hf-g  (b-R)  :  gh-j\a-R), 
and  from  (2)  and  (3),    m  :  n  =fg  —  h  (c—R,)  :  hf—g  (b  —  R)  ; 
therefore    (gh-af+Rf)  I  =  {lif-bg-^Rg)  m  —  (fg-ch  +  Rh)  n, 
which  establish  the  equations,  since  «:y  :§^limln  and  F  =  gh^aft 
Ac.,  as  in  (4665). 


5695   The  direction  cosines  of  the  axes  of  the  quadric. 

If  the  discriminating  cubic  be  denoted  by  ^  (i^)  =  0,  and 
its  roots  by  a,  |3,  y ;  the  direction  cosines  of  the  first  axis  are 


For  the  second  and  third  axes  write  /3  and  y  in  the  place  of  a. 

Proof.— Let    F+a/=  L,  G  +  ag  =  M,  H-{-ah  =  N   (i.), 

(a-fc)(a— c)-/*  =  X,  {a-c)(a-a)-g^  =  fi,  (a-a)(a-h)-h^  =■  y.,.in.). 
Then  the  equation  ^  (a)  =  0  may  be  put  iu  cither  of  the  forma 

L«  =  ^v,    JPrsvX,    N'  =  Xfi   (iii.). 

Now  the  dir.  cos.  of  the  first  axis  are,  by  (5694),  proportional  to 

i:^:^  =  v^A:/Ai:^.',  by  (iii). 
Their  Talnes  are,  therefore, 

yx  vv»  y/y 

v^(x+/i+o'   y(x+/i+v)'  ycx+^+r)* 

Bat  x=-^^aDd  X+zi  +  Ks^!^,  by  aetoaldiienntlatioii  of  the 

da  da 

oabio  in  (5693). 
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5696  CaQcbj's  proof  that  the  roots  of  the  diacriminating  cabic  (5693} 
Ai«  all  real  will  be  fonad  at  (1850). 

5697  Tlie  equatiou  of  the  envcloyMiij^  cone,  vertex  xyz,  of 
the  general  quadric  surface  [7=0  (o  67 3)  is 

with  H^x,  9— l—z  substituted  for  1^  m»  n« 

Proof. — The  generating  line  throngh  xyz  moves  so  as  to  toach  the 
qaadric.  Hence  the  qnadratic  in  r  (56 7C)  must  bare  equal  roots.  The  eqna- 
tioa  admits  of  flcnne  Tednotioo. 

5698  When  U  takes  the  form  oo^+fry^-fcz^  =  1,  equation 

(bij\)7)  becomes 

5699  The  condition  that  the  general  quadric  equation  may- 
represent  a  cone  is  A'  =  0 ;  that  is,  the  discriminant  of  the 
quaternary  quadric,  (5674)  or  (1644),  must  vanish. 

Proof. — By  (5692).  Otherwise  A'  =  0  is  the  eliminant  of  the  fnnr 
equations  =  0,  U,  =  0,  Ug  =  0,  U  —  0,  the  condition  that  equation 
(5675)  may  represent  a  cone. 


5700  The  condition  that  the  plane 
lx-\-viy-\-}iz  =  0  may  touch  the  cone 
{ahcfyW^xilzy  =  0  is  the  determinant 
equation  on  the  right. 


a  h  g 

h  b  f 

S  f  c 

I  m  n 


I 


m 


n 


Psoor. — ^Equate  the  coefficientB  Z,  m,  n  to  thooe  of  the  tangent  plane 
(5G81),  p,  q,  r  being  zero,  and  xyz  the  point  of  contact.  A  fonrth  equation 
is  Ix-^my  +  jiz  =  0,  which  holds  at  the  point  of  contact.  The  elimiaant  of 
the  four  equations  is  the  determinant  above. 


5701  The  condition  that  the 
plane  lx-\-mi/-^nz-^t  =  0  maj 
touch  the  quadiic 

{abcdJ]/hpqrXxyziy  =  0 

(5673)  is  the  determinant  equation 
on  the  right. 

Fboof.— As  in  (5700). 


h  g  p  I 

h    b  f  q  m 

g   f  e  r  n 

p    q  r  d  $ 

I  m  n  I 


=  0, 
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5708  1^  the  origin  is  at  the  centre^  j>  =  q  =  r=iO.  In  that 
case,  transposing  the  last  two  rowB  and  last  two  columns,  the 
determinant  becomes 


a   h  g  I  0 

h  b  fm  0 

g  f  e  n  0 

I  m  n  0  t 

0  0  0  f  d 


=  0,    or,  d 


a  h  g  I 
h  h  f  m 
g  f  c  n 
I  m  n 


a  h  g 
h  h  f 

e  f  e 


5703  The  condition  that  the  line  of  intersection  of  the 
planes 

Za;+7/iy-|-«e4"<  s=s  0...  (i.)  and   ^'aj-f  m'y-|-?i'2-f-i' =  0  ...  (ii.) 

may  touch  the  general  quadric  (ahcdfghpqryxy^^Y  =  ^*  ^ 
determinant  equation  deduced  below. 

Multiply  equation  (i.)  by  1  and  (ii.)  by  »?  to  obtain  the  piano 

(tt+rn)  »+(iw4+m'i,)  y +(n4+i>'i|)  =  0  (ui.). 

passincr  tbrongh  tbe  intersection  of  (i.)  and  (ii.).  The  line  of  intersection 
•will  touch  the  quadric  if  (iii  )  coincides  with  the  tangent  plane  at  a  point 
xyz^  and  if  xyz  be  also  on  (i.)  and  (ii.).  Therefore,  equating  coefficients  of 
(iii.)  and  the  tangent  plane  at  xyz  (5681),  we  get  tiie  six  following  eqna- 
tions,  tbe  eliminant  of  which  ftirniBhes  the  reqaired  condition. 


*«+  fcy  +  ^+  qw  =  in'p 
gx  +  j'y  +      -f       =  111  +  nri 


a 

k 

9 

P 
I 

r 


h 

b 

f 

q  r 
m  H 


9 

f 

c 


r 
d 
t 

r 


I 

m 

n 
t 


v  ^ 

n 

t' 


=  0. 


BECIPEOCAL  POLAES. 


5704  The  method  of  reciprocal  polars  explained  at  page  605 
is  equally  applicable  to  geometry  of  tliree  dimensions. 

Taking  poles  and  polar  planes  with  respect  to  a  sphere  of 
reciprocation,  we  have  the  following  rules  analogoua  to  those 
on  page  660. 
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RULES  FOR  RBGIPROCATIKG. 

5705  ^  plane  heroiin's  a  point. 

5706  A  plane  at  infinity  becomes  the  origin. 

6707  Several  i^oinis  on  a  siroiijht  line  become  as  many  j^lanes 
passing  throtigh  another  straight  line.  These  lines  are  called 
reciprocal  lines, 

5708  Points  lying  on  a  plam  become  planes  passing  through 

a  point,  the  pole  of  the  plane, 

5709  Points  lying  on  a  surface  become  planes  enveloping  the 
reciprocal  surface. 

5710  Therefore,  by  rules  (5708)  and  (5709),  the  points  in 
the  infersec(io7i  of  the  plane  and  a  surfdrc  becorne  phmes 
passing  through  the  pole  of  the  jdanc  and  enveloped  both  by 
the  reciprocal  surface  and  by  its  tangent  cone. 

5711  ^VIlen  the  intersecting  plane  is  at  infinity,  tJte  vertex 

of  the  tangent  cone  is  the  origin. 

5718  Therefore  the  asymptotic  cone  of  any  surface  i^ 
orthogonal  to  the  tangent  cone  drawn  from  the  origin  to  the 
reciprocal  surface.    The  cones  are  therefore  reciprocal. 

5713  The  reciprocal  swrface  of  the  quadric  is  a  hyperboUnd, 
an  ellipsoid,  or  a  paraboloid,  according  as  the  origin  is  without, 
toithin,  or  upon  the  quadric  surface. 

5714  The  angle  subtended  at  the  origin  by  two  points  is  equal 

to  the  angle  between  their  corresponding  planes. 

5715  The  reciprocal  of  a  sphere  is  a  surface  of  revolution  of 
the  second  order. 

5716  The  shortest  distance  between  two  reciprocal  lines 
passes  through  the  origin. 


5717  The  reciprocal  surface  of  the  general  quadric 
{abcdfghp(ir\xyz\y  =  0  (5674),  the  auziliarj  sphere  bemg 


a 

h 

P 
( 


h 
b 

f 


f   n  V 

c  r  £ 
r  df 

{  -if 


or,  if  2?  =  5  =  r  =  0, 


d 


=  0, 


a  h  fr  f 
hbffi 


-A- 


.4 


a  h  g 
hbf 
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Proof. — The  polar  piano  of  the  point  Erji^  with  respect  to  the  spliore  is 
+    +       ^'  =  0.  This  must  touch  the  given  surface,  and  the  condition  ig 
giTen  in  (5701). 


5718  The  reciprocal  surface  of  tlie  central  quadric 
^  +    +  when  the  origin  of  reoiprooation  is  the 

point  xy'z\  is 

or,  with  the  origin  at  the  centre, 

6719  a«f»+6V+c»P  =  **• 

Proof. — Let  p  be  the  perpendioolar  from  tt'y't'  upon  a  tangent  plana  of 
the  quadric,  and  the  point  where  p  prodaoM,  inteneota  the  ladprooal 
aarfiMe  at  a  distance  p  from  z'l/z'.  Then 

Holtipljing  by  p  produces  the  deured  equation. 


THEORY  OF  TORTUOUS  CURVES. 


5721  Definitions. — The  oscnJathuj  plane  at  any  point  of  a 
curve  of  double  curvature,  or  tortuous  curve  *  is  the  plane 
containing  either  two  consecutive  tangents  or  thi*ee  consecu- 
tive points. 

5732  The  jnincijml  normal  is  the  normal  in  the  osculating 
plane.  The  radius  of  cweuHar  ewrvature  ooincides  with  this 
normal  in  direction. 

5723  The  binormal  is  the  normal  perpendicular  both  to  the 
tangent  and  principal  normal  at  the  point. 

5724  The  osGiUatinr/  circle  is  the  circle  of  curvature  in  the 
osculating  plane,  and  its  centre,  which  is  the  centre  of  circular 
curvature,  is  the  point  in  which  the  osculating  plane  intersects 
two  consecutive  normal  planes  of  the  curve* 

5725  ^0  angle  of  contingence,  d\f,f  is  the  angle  between  two 
oonsecutiTe  tangents  or  principal  normals.  The  angle  of  torsion, 
dr^  is  the  angle  between  two  consecutive  osculating  planes* 

*  Othenriie  mined    qpeoe  oarvo." 
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5726  The  rcrtifijinrj  plane  at  anj  point  on  the  curve  is  per- 
pendicul;ir  to  the  principal  normal;  and  the  intersection  of 
two  consecutive  rectifying  planes  is  the  rectifying  line  and 
axis  of  the  osculating  cone. 

5727  The  oscnlaiinrj  cone  is  a  circular  cone  touching  three 
consecutive  osculating  planes  and  having  its  vertex  at  their 
point  of  intersection. 

The  rectifying  develvpahJp  is  the  envelope  of  the  rectifvmg 
planes,  and  is  so  named  because  the  curve,  being  a  geodesic 
on  this  surface,  would  become  a  straight  line  if  the  surface 
were  devek)ped  into  a  plane. 

5728  The  j)oJar  developable  is  the  envelope  of  the  normal 
planes,  beinof  the  locus  of  the  line  of  intersection  of  two  con- 
secutive normal  planes.  Three  consecutive  normal  planes 
intersect  in  a  puiiit  which  is  the  centre  of  S2)herlr<il  cnrvatiirc  : 
for  a  sphere  having  that  centre  may  be  described  passing 
through  four  consecutive  points  of  the  curve. 

5729  The  edge  of  regressum  is  tHe  locus  of  the  centre  of 
Bpherioal  curvatare. 

5730  The  rectifying  surface  is  the  surfietce  of  centres  (5773) 
of  the  polar  developable. 

5731  An  evolute  of  a  curve  is  a  geodesic  line  on  the  polar 
developable.  It  is  the  line  in  which  a  fi^ee  string  would  lie  if 
stretched  between  two  points,  one  on  the  curve  and  one  any* 
where  on  the  smooth  surface  of  the  polar  developable. 


5732  Fiii^uro  (180)  A,  A\  A'\  A'    ;ne  oonsecutive  points  on  a  curve. 

The  normal  plauea  drawn  through  A  ami  A  iniorncct  in  CE ;  tlioau  through 
A'  and  A'*  in  (TB',  and  those  throngh  A*'  and  A'"  in  (T'^T'.  CB  meets  C'S* 
in  B,  and  C'E'  meets  0*'E**  in  JE?'.    The  principal  normals  in  the  normal 

planes  nro  -46',  A'C\  A"C'\  and  tliese  are  also  the  radii  of  curvature  at 
A,  A\  A'\  while  C,  C,  C"  are  the  centres  of  curvature.  /.AC A'  =  and 
CA'C  =5  dr. 

The  snriaee  BCCfC'B^  is  the  polar  developable,  VC'C"  being  the  loons 
of  the  centres  of  curvature,  and  EE  E"  is  llie  e<l'^e  of  rei^ression. 

EA  is  the  raditis  and  E  the  centre  of  spherical  curvature  for  thr  point 
A.  hllf  Jill  ,  ii  ii  are  elemental  chords  of  au  evolute  of  the  curve,  Ahll 
being  a  nomml  a(  A,  and  A'HS*  %  normal  at  A\  and  so  on.  The  finii 
ncmnal  dnwn  is  arlntraiy,  bat  it  determines  the  poaition  of  all  the  rest. 
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PROPERTIES  OP  A  TORTUOUS  CURVE, 

5733  The  equation  of  the  OBCulating  plane  at  a  point  xyz  on 
the  curve  is 

5734  \  f^i  V  are  the  direction  ooames  of  the  biaormal»  and 
tiheir  complete  valueB  are 

p{jHA»^9u»^t   pi^M^u-iiuX.),  piaf.yu—^uy.)* 

5735  The  angle  of  contingence 

PfiOOP. — Let  the  direotion  of  a  tangent  be  Xmn,  and  that  of  a  oonaaeatiTe 

tangent  l-^-  H,  m  -\-dm,  ti+dn.  Since  the  normal  of  the  plane  miist  be  per- 
pendicular to  both  these  lines,  we  shall  have,  by  (5532), 

lk  +  mfi-^ny  =  0    and    (l-\-d^)  \  +  (m+dm)  fi  +  (7i,-^dn)  y  szQ, 

therefore         \  :  fi  :  y  —  mdti — lulm  :  ndl  —  ldn  :  Idm — mcU, 

and  the  denominator  in  the  complete  valaes  of  A,  ^,  v  is 

^/[(m(i«  — H£iwi)'-f  Ac.}  =  s'mdi}/, 

by  (5521)  ;  that  is,  =  di/*.    Also  /,  m,  n  =  ar„  y„  z,  and  dl  =  s^ds,  &c. 

da 

Therefore  X  =  (ycih»~y«'«)       Similarly,  ^  and  v\  and     s  p,  bj  (5146). 

5736  The  radios  of  ourrature  f>  at  a  point  x^. 

a^i-y2,T-'^i,  -5  • 

r  •# 
PbOOP;  -/[(j/.^tt-ya^O'+Ac.}  d*,  in  (5735), 

therefore  i/',  =  %/{  (2;+ i/;  +  -;)(«5, +2/^+2^- (aj^+M„+ «,«„)*} 

=  v/«+yL+<) ;       «''+y:+^  =  1 ; 

and  differentiating  this  equation  makes  a>,.rj,  +  <fec.  =  0. 

Otherwise,  geometrically,  precisely  as  in  the  proof  of  (5141),  we  find  the 
direction  oosinee  of  Uie  principal  normal  to  be 

5737  C0sa  =  p.r2„    cosfi  =  pt/^,    cosy  =  /»55^. 

Therefore        p'  (a^+y^+i^)  =  cos'a+cos'^S  +  cos*  y  =  1. 
The  change  to  the  independent  irariable  t  is  made  by  (1762). 

5738  The  angle  of  torsion,  in  terms  of  X,    v  of  (5734),  is 
dr  =  y/iK+H^i+K)  ds  =  (Xa?8,+/Ai/a.+i'a„)  pds 

«  v/{(,ir,-,t,r)»+(FX.-^X)«+(V,-X,rt*}. 

5  H 
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Proof.— By  (o74o),  we  have  {dry  =  (rfA)»+((i^)*  +  (i.), 

which  givps  tlio  first  form.  The  tliird  redaces  to  this  by  the  method  in 
(57«36).    For  the  second  form  put  u  =  yi^j,— yj,z„  Ac.,  then 

i-=    =  ^  = -i  =  ^  (5784).  «k  =  ^  -  4o; 

Substitute  iu  (i.),  reducing  by  K*  ^.u^-^f^-^w^  and  KdK  =  udu-^vdc-^vcim. 


CUiiVATURE  AND  TORTUOSITY. 
5739    Radius  of  curv.,  p  =  Curvature  =  ~  = 

Wft  p  Off 

BadioB  of  torsion,  aszi^;        Tortaosiiy  =  —  =  -r^. 

If  T,  changes  sign  while  passing  through  the  values 
zero  or  infinity,  there  is  a  point  of  inflected  torsion  or 
a  cuspidal  pointy  respectiTel^.  If  r,,  without  changing  si^u, 
passes  through  zero  or  infinity,  there  is  a  point  of  sti^emed 
torsion  or  infinite  torsion  respectiyely. 

If  r«  is  zero,  identically,  the  curve  is  phine. 


5740  The  radius  of  spherical  curvature, 

Pboop.— In  Fig.  (180)     =  Mid  ECsif^  by  miogj  with  j=p^ 

n  a  plane  onrre  (aee  proof  of  5147). 

5741  The  element  of  arc  of  the  locus  of  centres  of  circular 
curvature  is 

ds'  =  Rdr,  and  therefore  R  =  s^. 
PBOor.— In  Fig.  (180)  JU' ^  OCT  ^  pdr  aaof  Bdr. 


6742    i'he  radius  of  cui'vature  of  the  edge  of  regression 

8"  being  the  arc  of  the  edge  of  regression. 

Proof.—Au  inspection  of  Figfm  (180)  dum  that  B  and  p  eftaad  in  tlie 

same  rehttioti  to  the  ed<^o  of  regression  that  r  and  p  occupy  with  regard  to  a 
curre  in  the  standard  formala.   In  fact  we  may  sabsfeitate  12  for  r » p  for  ]», 
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^  for  6,  r  for  \p,  and  tp  rcmnins  <p.  The  chosen  line  of  reference  AB  ho'wg; 
always  parallel  to  the  tangent  EC,  then  A  EC  =  /-  1 1\  —  (p.  Also  tlie  an^lo 
of  contingence  CEC  =  CAC  =  rfr,  by  tliu  right  angles  at  C  and  C.  Ac- 
oo^inglji  bare  the  formula  p  =  =  rrp  =  +jp:^  from  (5146-8),  and  tbe 
▼aloes  above  oorresponding  to  tbero. 


5748  method  of  esHmating  the  variation  in  direction  of  a 
right  line  whose  position  is  given  as  depending  upon  the  form 
of  a  tortuous  cwrve  at  every  point. 

Let  20,  2  be  the  dxreotioii  coBines  of  tbe  line  referred  to  a 
fixed  principal  novmal,  tangent,  and  binormal  of  the  curve 
[iB,  y,  z  may  either  be  constants  with  respect  to  the  yarying 
inincipal  normal,  tangent,  and  binormal,  or  th^  may  be  func- 
tions of  the  angle  between  the  binormal  and  the  spherical 
radius]. 

5744  The  complete  changes  in  a;,  y,  z,  with  respect  to  the 
fb^ed  origin  and  axes,  will  be 

Proof. — In  Figore  (180)  AOt  AB  are  tbe  fixed  axes  of  a  and  t.   Let  a 

line  AL  of  unit  length  I  i  Hrawn  always  parallel  to  the  line  in  (picBtinn  ;  then, 
if  .r,  )/,  z  he  the  coordinates  of  L,  x,  z  will  also  be  the  direction  cosines  of 
AL,  and  therefore  of  the  given  lino. 

Kow,  snppooe  A  to  move  to  A\  and  oonseqnently  jIIi  to  take  the  position 
A*L'.  Then  the  changes  in  oi,  y,  s  will  be  the  changes  dx,  dy^  dz  relatively  to 
the  moving  axes,  plus  the  changes  due  to  the  rotations  dif/  round  the 
binormal  and  dr  round  tlic  tangent.   With  the  usual  n<ttation,  -vvc  shall  have 

=  dx  +  uijC  — Wj?/,    cu  —  dtj-'f  tit^ — WjZ,    C2  =  t/z "1- w,y  —  WjSJ, 

with      =  0,  w,  =  —  dr,      =  —dt^. 


5745  If  dy^  be  the  angular  change  in  the  dii'eciion  of  the 
right  line, 

dx  =  T*L'  since  AL  ia  a  nmt  length. 


Examples. 

5746  The  angle  between  two  consecutive  radii  of  circular 
curvature  being  dt, 

(lfc)«  =  (l^♦)*+(rfr)^ 
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Proof. — Here,  in  (5744),  a-  =  1 ,  »/  =  0,  s  =  0,  therefore  =  0,  iy=z-^difr, 
£g  =  dr.    Substitute  these  values  iu  (6745). 

5747  The  angle,  dn,  between  two  consecutiye  radii  of 
spherical  curvature,  f  being  the  inclination  to  the  binormal, 

Pboof.— In  (5744)  the  direelum  oonnes  of  B  (Fig.  180)  are  »  s  sinf, 

y  =  0,  z=CO»f, 

therefore  ix  =  cos  ^  (<if — dr),   3y  =        wif,   ^  =  — nnf  (if— A*). 
Sabetitaie  in  (5745). 


5748  The  angle  of  contingence  of  the  loons  of  the  centres 
of  circular  curyatnre, 

PlOOP.— The  dir.  ooe.  of  the  luigent  at  0  to  the  kwtis  (Fig.  177)  are 

therefore  Ai  SB  — sin  ^  (Jf+dr),   %  ss  — cos  ^ ,   Itssoosf  (cf^+Jr). 
SnbeUtnte  in  (5745). 

5749  The  osculating  plane  of  the  same  curve  has  its 
direction  cosines  in  the  ratios 

Proof. — As  in  the  Proof  of  (5735),  the  dir.  cos.  of  the  normal  to  this 
piano  arc  proportional  to  j/iM—ziif,  Mix—z&»,  xiy—yix.  Sabstitate  the 
values  in  laat  proof. 

5750  The  angle  of  torsion  of  the  same  curve  is  found  from 
(5745)  and  (5744)  as  above,  x^y^  z  being  in  this  case  the  dir. 
COS.  of  the  normal  of  the  osculating  plane  as  given  in  (5749). 


5751   The  direction  cosines  of  the  rectifying  line  are 

Pkoof. — The  rectifjrin^  plane  at  A'  (Fig.  180)  is  perpendicular  to  the 
normEl  A*^   Therefore  ite  equation  is  »  —  yd\lf+zdr  =  h.   The  nltimeto 

intersection  ol  this  plane  with  the  rectifying  plane  at  A  (that  is,  the  plane 
of  yz)  is  the  rectifyinL'  line.  Hence  the  equation  of  the  latter  is  yd^  ~  edr ; 
and  the  dir.  cosines  reduce  to  the  above  by  (5746). 
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5752  Ck)B. — The  vertical  angle  of  the  osculating  cone 

dr 

5753  The  angle  of  torsion  of  the  involute  of  the  curve  is 

Pboof. — This  angle  is  also  the  angle  between  two  consecutive  rectifviug 
linea.  Tlierefore,  tuing  the  dir.  ooaioeB  from  (5751),  we  mnst  pat  in  (5744) 

therefore    ^as  =  ^  d^—  ^  dr  =  0  j    lyz=.  T^dt  j    cz  =  ijf^de. 

5754  The  angle  of  torsion  of  an  evolute  of  the  curve 

=     sin  (a— r). 

PB0OP.-;-(Fiff.  180.)   Let  EH'E"  be  an  erolnte  of  the  onrve,  AB  tiie 

tangent  to  it  in  the  normal  plane  of  the  original  carve  at  and  let  a  =  CA  H, 
the  inclination  of  AH  to  the  principal  normal.  At  any  other  point  77"  of 
the  e volute,  where  its  tangent  is  A  'R'H'\  let  the  corresponding  angle  be 
B  s  (y'A"B'\  Then  0  =r  a— r,  r  being  the  sum  of  the  angles  of  torsion 
between  A  and  A'\  or  the  total  amount  of  twist  of  the  osculating  plane.  Now 
the  normal  of  the  osculatinfr  }ilaiu'  of  tlie  evolnte  at  77",  is  perpendicular  to 
i7J7'  and  H'H",  two  consecutive  tangents.  Therefore  its  dir.  cofiineB  in 
(5744)  must  be 

X  =  — sinCa  — r),    y  =  0,    2  =  cos  (a  — r)  ; 
therefore  —  cos  (a  —  r)  (7r-f  0  — cos  (a  — r)  dr  =  0, 

hj  =  sin  (a  — r)  d^'  ;    <",:  =  sin  (n  — r)  rfr— 8in(o  — r)  dr  =  0. 
Hence  the  angle  required  =  aj  =  dtp  sin  (a  — r). 


5755  Approximate  values  of  the  coordinates  of  a  point  on  a 
tortuous  curve  near  to  the  origin  in  terms  of  the  arc,  the  axes 
of  ,r,  V,  z  being  the  principal  normal,  tangent,  and  binormal, 
and  the  arc  s  being  measured  from  the  origin : 

p  and  9  being  respeotiyely  the  radii  of  circular  curvature  and 
torsion. 
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Proof. — By  Taylor's  theorem  (15»>j),  since  x,  y,  s,  s  are  the  same  as 
dx,  Jy,  dz,  dt  initially,  we  have  x  =  x^  +  |jfa,*'  +  i'j,«*  +  Ac.,  and  similar  ex- 
puflions  fi>r  y  and  s.   The  dir.  eonnet  of  tbo  principal  iioni»]  at  the  point 


4'  =  dilf  and  r  =  dr  being  estunated  poaitive  as  drawn  in  Figaro  (180)  for 
poflitiTe  valnes  of    y,  2. 

Differentiato  tbeae  equations  for    and  In  tliereaalts  pat  the  initial  Tshies 


to  detonaine  the  derivatiTei  in  the  above  ezpaasioDS. 


THE  HELIX. 

5756  The  Jirlix  is  a  curve  trac€»d  on  a  cylinder  of  radius  a, 
BO  that  its  tangent  preserves  a  constant  inclination,  =  Jt— a, 
to  the  axis.  Taking  the  axis  of  the  cy  linder  for  the  z  axis  of 
coordinates,  the  equations  of  the  helix  are 

5757  The  radius  of  curvature  p  =  a  sec'o. 
6758   The  radius  of  torsioii  «  s  2a  ooeecStu 

PsoOf,— -p  from  (6806) ;  since  =  a,  =  x ,  and  0  =  a  at  every  pdni 
Bj  (5789),  9 as s^.  But     s  d!f  sina  and  odr s  dt ooao. 


5759  The  helix  of  closest  contact  with  a  given  curve  may 
be  found  as  follows. 

Determine  the  conBtants  a  and  a  from  equations  (5757-8),  with  the 
known  yalues  of  p  and  v  for  the  given  carve ;  then  place  the  helix  to  have  s 
cointnon  tangent  with  the  onrve  at  the  pointy  and  make  the  oaonlating  planes 
coincide. 


5770  Definitions. — A  tangent  plane  passes  through  three 
conseontiye  points  on  a  surface  which  are  not  in  me  same 
right  line. 

5771  The  normal  at  any  point  of  a  surface  is  perpendicular 
to  the  tangent  plane. 


«ys  wiU  be,  from  (5737), 


•J 
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5772  A  nonml  ^lane  is  any  plane  tlirough  the  normal. 

5773  A  line  of  curvature  on  a  surface  is  a  line  along  whicli 
consecutive  normals  to  the  surface  intersect.  At  every  point 
of  a  surface  there  are  usually  two  Unes  of  curvature  at  right 
angles  to  each  other;  and  to  these  correspond  two  principal 
radii  of  curvature.  The  two  lines  of  curvature  coincide  with 
the  principal  axes  of  the  indicatriz  at  the  point.   See  (5778). 

5774  The  surface  of  centres  is  the  locus  of  the  centres 
of  principal  curvature.  There  ore  two  such  surfaces,  for 
there  are  two  centres  on  each  normal,  and  the  normal  is  a 
tangent  to  both  surfaces.  Either  surfttce  may  be  regarded  as 
generated  by  the  evolutes  of  the  lines  of  principal  curvature. 

5775  A  (jcodesic  is  a  lino  traced  on  a  surface  along  which 
the  osculating  plane  at  every  point  contains  the  normal  to 
the  surface.    See  (5779). 

5776  The  radius  of  geodesic  curvature  *  of  a  curve  traced 
on  a  Bur&ce  is  measured  by  the  ratio  of  the  element  of  arc  of 
the  curve  to  the  angle  between  consecutive  normal  sections 
of  the  surface  drawn  through  consecutive  tangents  of  the 
curve.  Geodesic  curvature^  being  tlie  reciprocal  of  this,  is 
therefore  the  rate  of  ang^nlar  deviation  of  the  normal  section 
per  unit  length  of  the  curve. 

5777  An  umbilicus  is  a  point  on  a  surface  where  a  section 
parallel  to  and  close  to  the  tangent  plane  is  a  circle ;  in  other 
words,  the  indicatrix  is  a  circle. 

For  a  definition  of  Jndicatrix,  see  (5795). 

5778  In  Figaro  (182)  OOD  IB  the  noraiftl  at  0  to  a  carved  surfiMe : 

AOA',  BOB'  are  the  lines  of  curvature,  therefore  the  normals  to  the  sarfiioe 
at  A  and  0  intersect  in  the  centre  of  curvature  radius  p,  (5773),  and  the 
normals  at  B  and  0,  iu  the  centre,  radius  p,.  The  normals  to  the  line  of 
oniratnre  BOB^  at  B  and  0,  drawn  in  the  oscuUtimj  plane  BOB\  intersect  in 
and  those  at  B'  and  0  intersect  in  ff.  HOD  is  the  angle  between  the 
ofictilMtiug  plane  of  the  line  of  curvature  and  the  piano  of  normal  sectiofl* 
Similarly  for  the  line  of  carvatare  AOA\ 

5779  If  POP'  be  a  geodesic,  its  osculating  plane  POP'  contains  OB  the 
normal  to  the  surface  at  0,  and  therefore  p  =  OZ),  the  radius  of  curvature 
of  this  section  at  0  \  bat  FE^  the  normal  to  the  surface  at  P,  does  not  inter- 
sect OJ>t  the  ooosecntiTe  normal  at  0,  nnleas  the  seodeeio  ooinoides  with  one 
of  the  lines  of  curvature,  OA  or  OB,  The  angle  uPB  is  the  angle  of  torsion 
which  vanishes  in  the  latter  case. 

*  Met  to  1»  eoofnuidBd  ivillitheiadiiisof  oarraliireetageodMio. 
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GENERAL  EQUATION  OP  A  SURFACE. 

5780  L^t  the  general  equation  of  a  surface  be  represented 
by  ♦(»,y,a)  =  0. 

5781  The  equations  of  any  tangent  at  a  point  xyz  are 

i=2  =  2=2  =  iz«   with  /^,+«.^,+n^.  =  0. 

Fftoor.— A(  an  adjacent  poiot  m-^rl,  y+m,  s+ni^  we  baye 

f  (c+rX,  y+m,  »+«)  =  0, 
tberafoM.  hf  (1614),  f  («,  y, »)  +r  (Zf,+«i^,+«f,)  =  0, 
the  rest  TaiuBbtDg  in  tiie  limit.   Bat  f  (ai,    «)  =  0,  tbemlbre 

Hut  /,  )/!,  n  are  tlie  dii-ectiiui  fosiues  of  the  line  joining  the  two  points,  which 
becomes  a  tangent  in  the  limit  and  if  ^r;;  be  any  point  on  this  line  diatant  /t 
from  xy»t  i—js  =  pl^  Tj—y  =  pw,  C—s  =  pn,  <S&c. 


5782    The  equatioQ  of  the  tangent  plane  at  xyz  is 

tf-*)  ^+({-»)    = 0. 

Pboof. — ^Blimiuate  l,m,n  from  Ifm+^fg+^M  ss  0  by  «  =  pl^  Ac,  as 
above. 


TANGBNT  LINE  AND  CONE  AT  A  SINGULAR  POINT. 

5783  If,  in  the  expansion  in  {5781)  bv  Taylor's  theorem,  all  the  deriva- 
tivea  of  f  («,  y,  s)  of  an  order  up  to  a  incltunTe  vanieb,  we  have 


a-l-1 


There  are  in  this  case  n  +  2  coincident  points  at  jei/z  in  the  direction  Imn^ 
and  since  the  equation  (ld^  +  vicl^-\-nil_.)'"^  ((>  (r,  y.  :)  =  0  is  of  the  n  +  l** 
degree  in  I,  in,  n  ;  n  +  1  tangents  to  the  surface  at  xyz  can,  in  general,  be 
drawn  in  any  given  plane  tfaroogh  that  point.  This  equation  now  takes  the 
place  of  the  conditional  equation  in  (5781). 

5784  Equation  (5782)  is  now  replaced  by 

the  equation  of  the  locus  of  all  tangents  at  the  point  xyz^  and 
representing  a  conical  surface  generated  by  Uie  motion  of 
those  tangents. 

 ...      . .    .  ^ 

5785  The  equation  of  the  normal  at  zy%  is 

l=£  =  2Z:y  =  i=2.  (5782) 
9#  9# 
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5786  The  equation  of  the  tangent  at  a  point  x*^z'  on  the 
curve  of  intersection  of  the  tangent  plane  at  myss  with  the 
surface  is 

with  the  two  conditions 

For  these  arc  the  conditions  of  perpendicularity  to  the  normals  of  the 
tangent  planes  at  xyz  and  ai'yV  respectively. 

There  are  three  exceptional  cases  in  which  the  ratios 
A  :  /ft :  V  have  more  than  one  set  of  values;  namely — 

5787  I- — When  ^„  vanish  simultaneouslj,  there  is  a 
tangent  cone  at  xyz, 

5788  n. — ^When  vanish  simultaneously,  x'yV  is 
a  singular  point  on  the  surfoce. 

5789  III.— When  is  =     =        In  this  case  the  point 

<Pz' 

afj^f^  coincides  with  ssyz^  and  the  tangent  there  meets  the  curve 
in  more  than  two  coincident  points,  the  condition  for  which  is 

(Xrf,+^e/,+i'rf,)**(^'.i^.«)  =  0    (i.), 

with  \(f>^^ii(l>^-\-v(f>^  =  0  (ii.). 

• 

These  equations  furnish  two  sets  of  values  of  the  ratios 
X  :  ft  :  V,  giving  ther(  by  the  directions  of  two  infiessianal 
tangents  (tangents  to  the  curve  of  intersection)  at  xyz,  each 
meeting  the  surface  in  three  coincident  points.  If  the 
derivatives  of  an  order  less  than  n  vanish  at  xyz,  equation  (i.) 
will  be  replaced  by  (X(^^-f-^i vc/.)"^  (j!,  ?/,  ^)  =  0,  which, 
together  with  (ii.),  will  determine  n  inflexional  tangents  at 
the  point. 


5790    The  polar  equation  of  the  tangent  plane  at  the  point 
^'  being  the  variables,  is,  writing  u  for  r~S 

u  =  (u  costf — u«sin^)  cos^ + (ti  sin  ^+  «e  cos  6)  cos  (^'— ^)  sin^ 

+11^  coseo  9  sin  (^'*^)  sin  ^. 
6  I 
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Proof. — Write  the  polar  equation  of  the  plaue  through  J}a/3,  the  foot  of 
the  purpoadioalar  on  the  plane  from  the  origin ;  thus 

pu  as  006  0  COS  a+8in0  sin  a  oos(f— 
DiflRsrentiate  for  0  a&d  ^  to  find  fm^  and  jni^,  and  eliminate  j»,  a,  and  /).  This 
elimination  is  tronblesome. 


5791  The  length  of  the  perpendioular  from  the  origin  upon 
the  tangent  plane  at 

x4,±!,<i>,+z<i.      ^    (6782.4449) 

the  second  form  being  the  value  of  f  when  the  equation  of 
the  surface  is  ^  (sv,  ^,  z)  =  a  constant,  and  when  ^  is  a 
homogeneous  fimction  of  the     degree  (1624). 

5793       polar  coordinates, 

1       2  1^1'         a     r*-i-rj+t4  cosec*  ^ 
p  r 

PBOor. — Add  together  the  values  of  the  squares  of  pu,  pu^  and  ^n^  found 
in  (5790). 

For  a  geometrioal  proof,  see  JVonl  mul  WoltienhdmB^  Art.  (814). 


THE  INDICATRIX  CONIC. 

5795  — 'The  indicatrix  at  any  point  of  a  surface  is  the 
curve  in  which  the  surface  is  intersected  by  a  plane  drawn 
parallel  to  the  tangent  plane  at  that  point  and  infinitely  near 
to  it. 

5796  The  following  abbreviations  will  be  employed — 
The  derivatives  of  ^  (»,  y, »),  ^,  f  f  ^,  f  ^  f „  f „ 

will  be  denoted  by  a,   6,   c,  h,   I,  m,  ». 


5797  Pkop. —  The  indlcatrie  at  a  point  ^y::  of  a  surface 
^  yt  ^)  =0  is  the  conic  in  which  the  elementary  quadric 
surface 

5798  I. 

P 

is  intersected  by  the  tangent  plane  at  mfz^  whose  equation  is 

5799  U.  /f+miy+n£+i2Sr=0. 
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The  origin  of  coordinates  is  the  point  ayz  in  both  equa- 
tions. J2  is  an  indefinitely  small  radius  from  the  centre  of 
the  quadric  (I.)  to  a  point  on  the  indicatrix,  and  p  is  the 
radius  of  curvature  of  the  section  of  the  surface  ^  by  a  normal 
plane  drawn  through  B;  the  ratio  :  p  being  constant  for 
all  such  planes. 

Pboof. — Le6  0,  in  1%.  (181),  lie  tbo  poini  myM  on  the  snr&oe  f, 
y+*t,»+(  en  adjacent  point  P.  Then 

^(ic+i,  y+»?,  2+0  =  ^0^,  y,  z)  +  K+mi;+iif+|(ii?+...+2Aiv)+4o. 
With  »y»  for  origio,  draw  the  qnadric  surface 

aff-i'bt9*-^c<'-\-2ff}i;-\-2ga+2Ur,=N  (i.) 

and  the  piano  Ji  +  im]  +  vX -\- =  0  (ii.). 

Since  4,  rj,  C  are  very  small,  N  is  likewise.  Also  the  unwritten  terms  in  the 
above  expansion  may  be  neglected  in  the  limit.  Hence,  any  point  lying 
on  the  intersection  of  the  qnadrio  (i.)  and  the  plane  (ii.)  will  aleo  lie  on  the 
original  snrface  (f)(x-{-^,  y-\-v,  z-^^)  =  0. 

To  determine      we  have  the  perpendicular  from  zyg  upon  the  plane  (ii.), 

p  =  x-TTiP^^ — *^  (5549).  The  radios  of  oorratnTe  of  the  section  of  the 

snrface  ^  made  by  a  normal  plane  at  O  drawn  throngh  P  heing    we  have 

p  =  ^,  and  therefove  jr  =  -  ^  ^{P+m*+n*). 

In  the  Figure,  B  =■  OF,  ^  =  OX,  and  the  intersection  of  (i.)  and  (ii.)  is 
the  oonio  PiSQ.  Since  p  is  indefinitely  small,  we  may  put  JTss  0  in  eqna* 
turn  (ii.)*    ^his  anioants  to  taking  the  parallel  section  of  the  qnadric  hj  the 

tangent  plane  at  0  instead  of  the  section  FSQ.  But  these  two  will  be  eqnal 
in  all  respects,  since  the  section  of  the  quadric  is  a  central  one. 

5800  If  w  =  0,  equation  (II.)  becomes  /^  +  ?i2^  =  0,  and  if 
the  inclination  of  the  indicatrix  plane  to  the  plane  of  xij  be  a, 

tan  a  =  —  — .   To  obtain,  in  this  case,  the  equation  of  the 

n 

indicatrix  in  its  own  plane,  put  $  =  ^'  cos  a,  =  ^'  sin  a,  and 
T)  =  ii',  in  equation  (I.). 

5801  When  none  of  the  three  constants  I9  m,  n  are  zero, 
the  quadric  (I.)  simplifies  as  follows — 

From  (II.)  we  have  ZI+toi?  =  — nij  and  two  similar  equa- 
tions. Square  these,  and  by  the  results  eliminate  the  terms 
in  nCt  tj^f     from  (I.),  which  then  becomes 

5802  m.  H£'-{-Krj'+Li^=N, 

where       =  0+  —  (Zf-«jr-nA),      K^h+^  (fng-nh-lf), 

mn  nl 

Zi  SB  c+  ^  (nh-lf-mg). 
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This  is  the  equation  of  aaotiier  qnadrio  intersecting  the 
plane  (II.)  in  the  indicatrix. 

5803  The  equation  of  a  surface  for  points  near  an  origin  0 
(Fig.  182),  the  normal  at  0  being  taken  for  z  axis,  is 

pi  Pi 

where  p^,  are  the  radii  of  curyatare  of  the  normal  sections 
through  the  x  and  y  axes,  and  those  sections  will  be  preyed  to 
be  the  lines  of  curvature  at  0. 

Proof. — Let  AC=:  a  and  BC  =  6  be  the  semi-axes  of  the  indicatrix  conic 
at  a  amall  distaooe  »  from  O  (5795).   The  eanation  of  tiie  eonic  will  there* 

fore  be  ^    ^  ~  ^  »         ^  and  —  =  2p„  giving  the  eqoaikio 

required. 

Secondly,  on  a  line  of  cnrvatare,  the  normal  to  the  surface  at  a  point  xyz 
wm  inteneot  (he  «  aids  (5773).  The  eonditioa  for  thie,  by  (5588)  [with 
ojfM  for  abe,  tiie  origin  tw  a'b'e% 

L,M,N^f^f^f,(b78&)  ^2.  and  L',  Jf',jr« 0,0.1], 

Pi  P» 

givea  ay  (  ^  — —\  =  0,  therefore  e  sO  <v  y  sO  on  a  line  of  enrvatare. 

V«     Pi'  Q.E.D. 

5804  If  the  equation  of  the  surface  with  the  same  axes  be 

s  =  €ui^-\-2hxy-^by^-{-2fyz  -|-2^za;-i-c2--|- higher  powers, 

then  = 

FAoor.— Pat  y  s  0  and  divide  hy  s,  therefore  1  s  ay  +2ye+eff+ft0. 
When  m  and  s  vaniali,  we  have  1  s  2api. 

5805  For  a  normal  section  making  an  angle  B  with  ACf 

1.  =  2  (a  cos'  ^4-2/1  sin  ^  cos  0+6  sin'  0). 

Proof. — Tnming  tlie  axes  in  (5804)  through  the  angle  Q  by  (404d)|  the 

coefficient  of  x  *  becomes  a  cos' 6* -H  as  above. 

5806  Euler'a  Theorem, — If  />  be  the  radius  of  curvature  of 


Digitized  by  Google 


THBOBT  OF  8VSFA0S8. 


797 


any  other  normal  section  at  0,  making  an  angle  AGP =9  with 
AC  (Fig.  182), 

1  _  cos^  6  sin^  6 
P        Pi  * 

Pfioor. — Let  r  =  CP;  then  »  =  r  cos «  =  r  sin  ^,  and  r*  =  2p-s,  which 
snbrtitnte  in  (5793). 

6807  Cor.  —  The  sum  of  the  curvatures  of  two  normal 
soctions  at  riglit  angles  to  each  other  is  constant;  or,  if  p,  p' 
be  the  radii  of  curvaturo  for  those  sections,  and  p^i  pb  the 
radii  for  the  principal  sections, 

P         pa  Pb 

5808  The  radius  of  curvature  of  a  normal  section  varies  as 
the  square  of  the  radius  of  the  indicatriz  in  that  section. 

pBOOr.— IVom  t*s:2pz,  in  Figure  (182). 

5809  Mcuuiei's  Theorem. — The  radius  of  curvature  of  an 
oblique  section  of  a  surface  is  equal  to  tlie  radius  of  curvature 
of  the  normal  section  through  ibe  same  tangent  multiplied  by 
the  cosine  of  the  inclination  of  the  planes. 

P«)Of .-(Kg.  188.)     =       P  =  = 

when  NO  and  NC  vanish. 


5810  Quadratic  for  y^.  at  a  point  on  the  surface  z  =  <^  y) 
giving  the  direction  of  the  principal  normal  sections,  and, 
therefore,  of  the  lines  of  cui-vatui-e  (notation  1815). 

+  s-pqr]  =  0. 

Pboof. — (i.)  The  equations  of  the  normals  at  the  conseontiTe  poinis  tey$ 

and  aj  +  dx,  y-\-du,  z-\-dz  of  the  surface  ^  (r,     r)  =  0  are 

l—x  _  tj—y  _  i  —  z  i—(x  +  dx)  ^  9  — +       _  ^  —  C-J -f  rfj) 

9,        ^,        f»  ^s-^df,         fit-^di^,  9,+<if, 

5811  The  oondiiion  of  intenaotion  is,  bj  (5538), 


1 

sO,  or 

P 

-1 

=  0. 

0 
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by  divliliiif,'  the  first  row  by  tlx,  and  puftinfj  ~j.=  ^x  +  o  '^^^a  =  *ii  +  9xfy*' 
4^0.  The  torm  ot  ^  ^j,  -  j  being,  in  this  ca^ie,  9  —  Z|  becomes  —1, 
and      beoomes  sero.   The  detennioaot  eqnation  produces  the  qnadntie. 

(ii.)  Otherwise. — Consider  ^ij;  the  point  of  intersection  of  consecatiTe 
nonnali.   The  eqnatioiis  of  a  normal  being 

^  =  ^siz^    or  and  =  j 

Differentiate  botb  eqnationa  for  «,  oonndering  |» ^  oooetant  andp^  9  fiiao- 
tiona  of  0  and  y\  the  reeolts  are 

i+(«'+*y,)(«-0+j»(i>+9y.)=o  and  y,+(#+<y,)(»-O+«(p+jyi)«0- 

ElimiiMite      ^  to  obtain  the  qnadratio  in  y,. 


5812  If  the  equation  of  the  snrface  be  in  the  form  fp  (x,y^z)  =  0,  the 
qnadratio  for  may  be  obtained  in  the  nine  way.  The  reqniaite  enbetita- 
tions  in  the  first  determinant  are  fbnnd  from  9«  +  ^yya-l'9«^z  =  0,  giving  1^; 
^<Px  =  ^jx  +  9xjf!/z  +  0«'x.  *c.,  and  with  the  notation  of  (6796)  thedetemiB' 
aut  equation  and  quadratic  for  becomes 

«  ay* 

I  tn  n  =0. 

an  —  gl-^{hn—gm)yg    A»—//  +  (6n— /to)^^,  cI  +  (/n— cw)y, 

5813  The  above  determinant,  or  the  oorretponding  one  in  (S810),  iitbe 
difierential  eqnation  of  the  lines  of  onrvatnre. 

5814  The  radii  of  curvature  of  the  principal  normal  sectionB 
of  the  surface  ^  (a:,  ^,  2)  =  0  at  a  point  xyz  are  given  bj  the 
following  quadratic,  in  which  A'  is  the  bordered  determinant 
in  (5700),  and  the  notation  is  that  of  (5796)  and  (1620). 

Ay+  {(a+6+c)(/^+m*+n*)-.(a6^*X^««)*}  =  0, 

where     =  ?-f-m*H-n*. 

Proof. — The  quadratic  in  (5653)  applied  to  a  eootion  of  the  qnadrio  (!•) 

(6798)  by  the  plane  (II.),  becomes 

{(6+c)  i»+(c+a)  m»  +  (a  +  fc)  n'-2/iim-2jni-2Wm}  ^JP 
-(P+s»«+n')Jf«  =  0, 

whose  roots,  being  the  two  Taloes  of  J^,  are  the  squares  of  the  prino^ 

semi-azes  of  the  indicatriz*  Pat  IP  s      as  in  the  Proof  of  (5797). 

5815  Otherwise,  the  quadratic  in  (5651)  might  be  applied  toasectHMIof 
the  qnadric  (lU.)  (5802)  bj  the  plane  (I.). 

5816  the  equation  of  the  surface  be  giyen  in  the  form 
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z  =  <f>  (Xf  y)f  tho  quadratic  becomes  [writing,  as  in  (1815), 

where  jfc*  =  j9*-f^*-hl. 

Otherwise,  this  equation  may  be  found  fnmi  the  two  equations  obtained 
in  the  aeoond  proof  of  (5810),  by  eliminating  //^  instead  of 

5817  The  radius  of  curvature  at  a  point  xi/::  on  the  surface 
tp  (x,  ?/,  z)  =  0  of  the  normal  section  whose  tangent  has  the 
direction  cosines  A,  fi,  v  is,  with  the  notation  of  (5796)  and 
(1620).  ^ 

Proof. — From  equation  (I.)  (5708),  Biuce  ^,  q,  i  are  respectively  eqaal 
to  £X,  E/i,  and  Bk. 

5818  The  curvature  at  any  point  of  a  surface  ^{^dy  ij^z) 

is  termed  elliptic  ov  synclastic^  hyperbolic  or  antiolctatic,  and 
paraholie  or  cylindrical^  according  as  the  indicatrix  is  an 
ellipse,  hyperbola,  or  two  parallel  right  lines,  or  according  as 
the  principal  curvatures  have  the  same  signs,  opposite  signs, 
or  one  of  them  vanishes ;  and  this  wiU  be  according  as  the 
determinant  A',  in  (5814),  or  in  (5816),  is  negative, 

positive,  or  zero. 

Proof. — The  rule  follows  at  onoe  from  the  consideration  that  the  two 

values  of  p  in  the  quadratic  of  (5814)  must  have  the  same  sign  in  the  first 
c&se,  difl'erent  signs  in  the  second,  and  that  one  valne  must  be  infinite  in  the 
third  case. 

5819  The  condition  for  an  umbihcus  is  that  tlie  indicatrix 
must  be  a  circle;  therefore,  either  (ill.)  (5802)  must  be  a 
spliere,  or,  if  it  be  a  quadric  surface,  the  plane  (II.)  must 
make  a  circular  section  of  it,  and  therefore  either  I,  m,  or  n 
must  vanish. 

5820  Otherwise,  the  quadratic  in  (5814)  or  (5816)  must 
have  equal  roots. 

5821  Otherwise,  the  conditions  for  an  umbilicus  on  the  sur- 
face 0  {x,  y,z)  =  0  are  the  two  equations 
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Proof. — The  radios  of  the  iadicatrix,  and  therefore  also  ^  in  (5817},  is 
oonstant  for  all  valnee  of  X,  ^,  v.   Now,  by  (5817), 

oX'+Ac  =  —  J 

and  7\ +  -f-n»'  =  0,  vince  X^v  is  always  tangential,  and  /  >;  is  normal  to 
the  surlace.  As  these  equations  are  true  for  all  values  of  X,  ^,  the  second 
expression  must  be  a  factor  of  the  first.    The  quotient,  bj  division,  is  there- 

Sqaating  to  lero  each  <tf  the  tlmt  ooeffldento  ol  the  ramauider,  and  eUmi- 
nating  p,  we  obtain  the  above  oonditionB. 

5822  If  a  common  factor  of  the  three  fractions  in  (5S21) 
exists,  that  factor  equated  to  zero  is  the  differential  equation 
of  a  line  of  spherical  curvature  at  every  point  of  which  there 
is  an  umbilicus.  If  the  fractions  are  identioally  equal,  the 
surlace  has  an  umbilicus  at  eyery  point,  and  must  ti&erefore 
be  a  sphere. 

5823  The  number  of  umbilici  on  a  surface  of  the  n^^  degree 
cannot  exceed  n  (lOi**— 25»-hl6).    Salmon,  p.  208. 


5824  The  condition  that  the  indioatriz  may  be  a  rectangular 
hyperbola  is 

(a+6+c)(/*+m*+n*)  =  {abefghXlmny. 

Pboo?. — ^The  qnadratio  in  (5814)  must  bare  equal  roota  of  o|yporite 

algns 

!>imilarlj,  when  z  =  <p  (r,  y)  is  the  eijuation  of  the  qnadnc,  the  condition 
becomes  (l+P*)  <-2p3*4- (1 r  =  0.  (5816) 

5885  The  condition  that  the  indicatrix  may  become  two 
coinciding  lines. 

Here  equation  I.  (5798)  roust  represent  a  cone,  and  the  plane  (II.) 
must  tonch  it.  Heooe  if  s  0,  and,  if  C  be  elimlnalad,  the  qnadimtio  for  the 
ratio  I :  n  obtained  is 

(an'+cr~2^{'+2  (etm-yw-ynm+ib*)  «i+(5i»*4-ciii*-g^)  f> »  0, 
and  thia  most  have  equal  roota. 


CURVATURE 

5826    Defs. — hit  eg  ml  rurra 
to  the  area  of  that  part  of 
radius  which  is  intercepted 


OF  A  SURFACE. 

fnre  of  a  clo55rd  surface  is  equal 
the  surface  of  a  sphere  of  unit 
by  radii  drawn  parallel  to  the 
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normals  at  all  [loints  of  the  given  surface.  This  area  also 
measures  the  soUd  angle  of  the  cone  generated  by  the  radii. 
The  curve  on  the  sphere  is  called  the  horuijrajjh  of  the  curve 
on  the  original  sur&ce.  In  other  words,  integral  cwrvaiure 
of  a  closed  surface  is  the  area  of  the  horograph  of  its 
boundary. 

5827  Average  curvature  is  the  integral  curvature  divided  by 
the  area  of  the  surface. 

Specific  curvature  is  the  average  curvature  of  a  sniall 

element  at  the  point ;  i.e.,        -5-  {chy  = 

pips  pipi 


5828  The  last  is  the  usual  measure  of  curvature  at  a  point, 
and  its  value  in  coordinates  of  the  point  is  given  by 

1  A'  rt—s^ 

according  as  ^  ( y,  z)  =z  0  or  z  =  ^  {x,  y)  is  the  form  of  the 
equation  to  the  surface. 

PROor.-^From  the  product  of  roots  of  the  qnadratioe  in  (5814)  and 

5829  In  a  plane  curve  mtegral  curvature  is  the  plane  angle 
contained  by  the  terminal  normals,  and  average  curvature  is 
the  integral  curvature  divided  by  the  length  of  the  curve. 


5830  Anothei"  measure  of  curvature  at  a  givcu  j)oint  of  a 
surface  is  tlie  ratio  of  the  a!"ea  of  the  indicatrix  to  the  area  of 
the  indicatrix  cut  off  by  tlic  sauie  phme  on  a  sphere  of  unit 
radius  which  touches  the  surface  interuaJIy  at  the  point.  Tiiis 
measure  is  =  \/ 

Pfioor.— Patting  ACssBf,  BO^B,,  in  Fig.  (182),  and  00  =  *,  the  area 
of  the  indioatriz  of  the  sor&ce  »  vB,12,  at  an  ellipsoidal  point.  Bat 
B]  =  2pi»  and  jI^  a  2^,  therefore  leR^Jt^  =  2tz  v^CfHPb)*  Also  the  mdicaftrix 
of  the  sphere  =  2**  since  p,  s    s  1  for  the  sphere. 


5831  The  radius  of  curvature  of  any  normal  section  at  a 
point  P  of  an  ellipsoid  (Fig.  184)  is  equal  to  the  square  of 
the  s'rau-diameter  parallel  to  the  tangent  of  that  section, 
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divided  by  tlie  perpendicular  from  P  apon  the  diaimita'al 
plane  conjugate  to  OP. 

Pboof. —  Let  AOB  be  the  plane  parallel  to  the  tangent  plane  at  P; 

OA  =  (I,  the  scmi-diamcter  in  it  parallel  to  tho  criven  tangent  PT.  Draw 
PR  perpendicalar  to  OA  and  I'N  =  p  perpeudicular  to  the  plane  AOB.  The 

radiaaofoarotiireatPof  theeUip4ioeectionPjl  =  ^(4&36).  Themfoe^ 

bj  (5809),  the  ladina  of  oorrature  of  the  nomal  aeetion  throngii  tbo  mam 

tangent  PT,  wfflbe  p  =  ^  x  ||  =  p 

5832  The  principal  radii  of  curvature  at  P,  viz.  pi,  pt,  are 
found  from  their  sum  and  procluct  thus :  putting  y  for  OP, 
and  a^bfC  for  the  semi-axes  of  the  ellipsoid, 

=  — !— 31  =  -p-. 

PnoOF. — Let  a,  /3  be  the  semi-axes  of  the  section  AOB  (Fig.  184),  then 
a'  +  ,r  +  r'  =  a'  +  fc'  +  c»  (5642)  and  pafl  =  abc  (5648).     By  these  Taluea 

eliminate  a,  /3  from  f»|+fi^  =  ^  and       =  -7'  (5d31J. 

P  F 

5883  The  lines  of  curvature  on  a  quadric  surface  are  its 
intersections  with  the  confocal  quadrios. 

Proof.  —  Let  the  qnadrio  and  confocal  be  the  ellipaoid  and  one-told 
byperboloid  in  (Fig.  178)  inteneetbg  in  tbe  line  DPS,  and  let  tbeir  ei{iia. 
tions  be,  MB  in  (56fii(S), 

At  an  J  point  P  on  the  line  of  interaection  »,  y, «  ntisfy  the  three  following 

equations : — 

Fiwt.  tbe  diflerantial  of  (iL),  -f^  ±  ^  +  ^  =  0. 

Second,  the  ditlereuce  of  (i.)  aud  (ii.), 


,1 


Third,  the  diiierenoe  of  theb  diffinentiab, 

xd»      .      ydy  gdg 
(i^+X)  ^  ft»  (i^+X)  ^  «•  (cP+X) 

Tbe  eliminant  of  these  eqnatiotte  in  2,  y,  z  pro- 
duces the  determinant  equation  here  annexed,  whieb, 
by  (5811),  is  the  condition  for  the  intersection  of  con- 
aecotive  normaU.  Hence  this  condition  holds  for 
«?ec7  point  of  the  line  of  intersection  of  (i.)  and  (ii.). 


dm 

d» 

X 

a* 

JL 

dx 

ft* 

dM 
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The  general  method  of  detennining  the  lines  of  eurvature 
of  a  snmoe  from  the  differential  equation  in  (5811)  is  here 
exemplified  in  the  ease  of  an  eUipsoid. 

5834  The  determioaat  jast  written  gives  for  the  differential  equation  of 
the  linee  of  earvatnre 

{V-^)  xdydz^  (c*-a')  ydaim-¥{<B^-V)  Mdmdy  =5  0   (i.). 

To  solve  this,  mnltiplj  bj  -j  and  substitate  for  s  and  dz  from  the  eq^uation 

of  the  qnadiio.   The  result  is  of  the  form 

Axyif^+{af'-Ay'-B)  y,-my  =  <>, 

mwWeh^  =  ^g5|l,  S-^^^^i  or,  multiplying  by  ^. 

which  is  of  the  form  in  (3l236).    Solving  by  that  method,  we  find  that  tho 

two  equations        =  a   and  xyy^-^y^  =  /3  have  the  common  primitive 

oaj"— = /?,  which,  with  the  relation  — 5a+)3  =  0,  constitntcs  tho 
solution.  The  result  is  that  the  projections  of  the  lines  of  curvature  upon 
the  xy  plane  are  a  series  of  conies  coaxal  with  the  principal  section  of  the 
ellipfloid,  end  having  their  axes  a,  t  varying  aooording  to  the  equation 

a^(a*-4»)^6'(6«-a*)  ~ 

At  an  umbilicus  y  =  0,  therefore,  equation  (i.)  becomee  {^(V—c*)xdz 
•^(a'*  —  b'^)zdx']dy=  0.  Ilorc  thj  —  i\,  bein^'  a  solution,  gives  y  =  T' =  0, 
showing  that  the  plane  of  z£  contains  a  lino  of  curvature.  The  other 
ftotor,  eauated  to  zero,  taken  with  the  differential  equation  of  the  carve 
^ib+aY<b  =  0,  gives  the  ooordinatea  of  the  nmhilions,  as  in  (5603). 


OSCULATING  PLANE  OF  A  LINE  OP  CURVATURE. 

5835  Lot  ^  be  the  angle  between  the  osciihiting  plane  and 
the  normal  section  through  the  same  line  of  curvature,  ds  an 
element  of  the  other  line  of  curvature,  and  p  their  radii  of 
curvature  respectively :  then 

as    p  —p 

Pboof.— Pig.  (185).    Let  OA,  OB  be  the  lines  of  onrvature;  OP,  AP 

coDsecutive  normals  along-  OA  ;  and  OS,  BS  the  same  along  OB.  Also,  let 
BQ,  OQ  bo  consrciitive  iMnrnals  along  the  line  of  curvature  B(^.  Then, 
ultimately,  OF  =  p,  U6=-p'.,  BQ,=p^dp.  Also,  let  produced  meet  the 
OBonlating  plane  of  AO  in  B.  Join  BO  and  BA,  and  draw  QN  at  right  angles 
to  PS.  Since  the  tangent  to  vlO  at  0  is  perpendicular  to  the  plane  OBQP 
and  that  at  A  to  ACQP,  it  follows  that  both  tangents  aro  perpendicular  to 
QPj  which  must  therefore  bo  perpendicalar  to  the  osculating  plane  AMO. 
Hence  f  or  BOP  =  PQN. 
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5836  At  every  point  on  a  line  of  curvature  of  a  central 
conicoid  j>d  is  constant,  where  d  is  the  serai-diameter  parallel 
to  the  tangent  at  the  point  and  p  is  the  perpendicular  from 
the  centre  upon  the  tangent  plane. 

Proof. — Let  flio  first  and  third  confooala  in  (5CG1)  be  fixed,  and  there- 
fore a,  and  a,  constaut.    Draw  the  second  confocal  through  the  point  of 
contact  P  of  the  tangent  plane  (Fig.  178).    Then,  by  (5663),  and 
are  constant  along  the  line  of  intersection  of  the  fint  and  thkd  aiir&oei 
beoaiue,  by  (5661),     =  ^fi"^  ^^^d     =  t^—ti* 


GEODESIC  LINES. 

6837  The  equations  of  a  geodesic  on  the  surface  f  y,z)=0 
are  ^  :=  ^  =  — . 

<t>y 

PiiOOF, — The  osculating  plane  of  the  curve  contains  the  normal  to  the 
surface  (5776)  ;  therefore,  by  (67u7)  and  (5785). 

5838  A  geodesic  is  a  line  of  maximum  or  minimum  distance 
along  the  surface  between  two  points. 

Proof. — The  curve  drnwn  in  the  osculatincj  plane  from  one  point  to  a 
contigaous  point  is  shorter  than  any  other  by  Meanier's  theorem  (5809), 
for  any  obliqae  section  has  a  shorter  radios  of  carratare  and  therefore  » 
longer  arc.  A  succession  of  minimnm  arcs,  however,  may  oonstitate  a  maxi* 

mum  curve  distance  between  the  extreme  points  ;  for  example,  two  points  on 
a  sphere  can  bo  joined  by  either  of  two  arcs  of  a  great  circle,  the  one  being 
a  minimum  and  the  other  a  maximum  geodesic. 

5839  A  surface  of  revolution  such  as  the  terrestrial  globe  affords  a  good 
illustration.  A  meridian  and  a  parallel  of  latitude  drawn  through  a  point 
near  the  pole  are  the  ttgro  lines  of  curvature  at  the  point.  The  metidtan  is 
also  a  geodesic,  but  the  parallel  is  evidently  not,  for  its  plane  does  not 
contain  the  normal  to  the  surface. 


5840  A  geodesic  is  the  line  in  which  a  string  would  lie  if 
stretched  over  the  convex  side  of  a  smooth  surface  between 
two  fixed  points. 

Pboof. — Any  small  arc  of  the  string  POF"  (Fig.  182)  is  acted  upon  by 

tcn.sions  along  the  tangents  at  P  and  P',  and  by  the  normal  reaction  of  the 
snrfjiee  at  0.  But  these  three  forces  act  in  the  osculating  plane  (5775) ; 
therefore  the  string  will  ve&i  in  equilibrium  on  the  surface  in  that  plane* 
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Cor. — Two  equal  geodesies  drawn  from  a  point  and  in- 
definitely near  to  each  other  are  at  right  angles  to  the  line 
which  joins  their  extremities. 


5811  If  a  geodesic  has  a  constant  inclination  to  a  fixed  line^ 
the  normals  along  it  will  be  at  right  angles  to  that  line, 

Psoor^Let  Imn  be  the  fixed  line  aad  a  llie  eoDstani  angle ;  then 

Zz,  +  my,  +  nz,  =  cos  a,    and  therefore   hu+fnif^+ruu  =  0. 
Therefore,  by  (5837),  the  principal  normal  ia  at  right  anglea  to  2iiM. 
ISzAiiPLB.^The  helix,  the  axis  beiog  the  fixed  line. 


5842  On  any  central  oonicoid  pd  is  oonstant  along  a  geo- 
desic, where  p  is  the  perpendicular  from  the  centre  upon  the 
tangent  plane  and  d  is  the  semi-diameter  parallel  to  the 
tangent  of  the  geodesic. 

pBOOr— (Fig.  18G.)  Let  AT,  BT  be  the  tangents  at  the  two  extremities 
of  a  amall  geodesic  arc  AB,  and  let  the  tangent  planes  at  A  aod  B  be  ADO 

and  BCD.  AT  and  BT  make  equal  angles  with  iW,  by  the  property  of 
shortest  distance,  for  if  the  plane  BCD  be  turned  about  CD  until  it  coincides 
with  the  plane  ADC,  ATB  will  become  a  straight  line,  and  therefore 
JLATD^BTO^it  say. 

Let  u>  be  the  angle  between  the  tangent  planes ;  let  the  perpendicnlara 
upon  those  planes  from  ^1,  B  be  AM  —  q,  BN=  </,  and  from  the  centre  of  the 
quadric ^' ;  and  let  xyz  and  x'^/'z'  be  the  points  A,  />.  Then 

g  =  ^Tsini  sinw,    q'  =  BTH\iii  sin  w,    .-.  q  :  q'  =  AT  :  BT  (i.), 

therefore  2  '•  91  =F  -  P  ("•)• 

Again,  Jet  (7,  <r  be  the  aemi-diameters  parallel  to  AT  aad  BT,  Then,  by 
(5677).  AT:BTsd:d^i  therefore  p'tp^dldT  or  pd^p'd'i  thatia, 
jpii  ia  oonatant. 


5843  H  a  line  of  curvature  be  plane,  that  plane  makes  a 
constant  angle  with  the  tangent  plane  to  the  surface. 

Fktoor. — Let  PQ,  QK,  B8  be  equal  oonseontire  elements  of  the  Kne  of 

enrvatiue.  The  consecutive  normiJatotbe  Hurfitce  bisect  PQ  and  Qi?  and 
meet  in  a  point.  Therefore  tluy  arc  equally  inclined  to  the  plane  PtjU. 
Similarly  the  second  and  third  normals  are  equally  inclined  to  the  plane  QUS, 
and  80  on.  Hence,  if  the  carve  be  plane,  all  the  normals  are  equally  inclined 
to  its  plane.   Henoe  also  the  following  theorem. 


5844  Lanerefs  Theorem, — ^The  variation  in  the  angle  be- 
tween the  tangent  plane  and  the  osculating  plane  of  a  line  of 
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curvature  is  equal  to  the  angle  between  consecutive  osculating 
planes. 

5M5   Ck)B. — If  a  geodesic  be  either  a  line  of  eunrature  or  a 

filane  curre,  it  is  both,  but  a  plane  line  of  curvature*  as  in 
5839),  is  not  necessarily  a  geodesic. 


GEODESIC  CUEVATUEE. 

TKeitrem. — The  square  of  the  curvature  at  any  point  of  a 
curve  traced  on  a  surface  is  equal  to  the  sum  of  the  squareB 
of  the  normal  and  geodesic  curvatures  (5776),  or 

6846  ^  = 

where  p  is  the  radius  of  curvature  of  the  normal  section  and 
p"  the  radius  of  geodesic  curvature.  Also,  if  be  the  angle 
between  the  plane  of  normal  section  and  the  osculating  plane, 

5847  p  =     sin  ^  =  p'  cos  ^. 

Proof. — Lei  FQ,  —  Qfi  (F>g-  ^37)  be  consecutive  elements  of  any  com 
tnoed  on  a  sorikoe.  Prodaoe  PQ  to  S,  making  Q8  —  PQ.  Let  QTssPQ 
be  the  consecutive  elements  of  the  secti  on  of  the  surface  drawn  throagh 

r(iS  and  tho  normal  at  Q.  Join  liS,  ST,  TR.  rQSR  is  the  osculating 
plane  of  the  curve  PQR.  FQST  is  the  plane  of  normal  section,  and  tliere- 
fore  PQT  is  a  geodesic.  C^T  is  the  tangent  plane,  and  STli  in  a  n^'bi 
ftogle. 

Thus  both  theorems  are  proved.  Note  that  p'  is  the  radius  of  carrafcare  of 
the  geodesic  PQT,  while  p '  is  the  ndina  of  geodeeio  onrvatnre  cfPQM, 


RADIUS  OF  TOKSiON  OF  A  GEODESIC. 

5818  If  (9  be  the  angle  between  the  geodesic  and  one  of  ihe 
lines  of  curvature ;  p^,  pt  the  principal  radii  of  normal  curva- 
ture, and  «r  the  radius  of  torsion. 
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Proof.— (Fig.  182.)  Lei  OP  =  d$  be  the  geodesic,  OA^  OB  the  lines  of 
enrratere,  and  9  =  AOP»  The  angle  of  tomon  dr  meaanres  the  rotation  of 
the  normal  to  the  snrboe  round  OF  =  d$.  Bat  this  angle  is  equal  to  the 
snm  of  the  rotations  of  the  normal  roond  0-4  and  OB  resolved  along  d*. 
For,  in  travelling  along  each  of  the  lines  CN  and  A'P,  which  are  in  the  direc- 
tions of  the  lines  of  onrratare,  the  normal  rotates  only  aboat  the  other. 
Therefore,  if  «„     be  the  rotations  round  OA^  OB,  dr  =  «,  ooB0+iri^ein9. 

oat  ifc  =s  —  ,     =  ;  =  —  =1  —  i.ain  o  cos  o. 

Pi  Pi  9     dt  \pt 

5849  The  product  j^d  lias  the  same  value  for  all  geodesies 
which  touch  the  same  hne  of  curvature. 

pBOOP.~By  theorems  (5836)  and  (5842),  since  the  pvodnot  where  they 
toncb  it  most  be  the  aame  as  that  for  the  line  of  cnrvatnre. 

5850  The  product  has  the  same  value  for  all  geodesies 
drawn  through  any  umbilicus  on  a  conicoid. 

Proof. — The  semi-diarneter  d,  in  this  case,  is  the  i*adins  of  a  circular 
section,  and  therefore  equal  to  the  mean  semi-axis  b  for  all  the  geodesies ; 
9ndp  is  the  same  for  all. 


5851  The  geodesies  drawn  through  any  point  on  a  conicoid 
to  two  umbilici  make  equal  angles  with  either  lixie  of  curva- 
ture through  the  point. 

Pkoof. —  pd  is  the  same  for  each  geodesic,  by  the  last,  and  p  is  tlie  nnme 
for  each ;  therefore  d  is  the  same,  that  is,  the  diameters  parallel  to  the  two 
geodeeioe  at  the  point  are  equal ;  therafisre  tbejr  are  equally  indlned  to  eadi 
axis  of  their  section;  hot  these  axes  axe  parallel  to  tbe  lines  of  enrratare 
(5803) ;  therefore,  4o. 


6852  Hence  the  g(  odesics  joining  any  point  to  two  opposite 
umbilici  lying  on  the  same  duuneter  are  continuations  of  each 
other. 

5853  The  sum  of  the  distances  of  aTiy  point  on  a  line  of 
.curvature  from  two  interior  umbilici  is  constant ;  and  the 
difference  of  the  distances  from  one  interior  and  ouo  exterior 
umbilicus  is  constant. 

Proof. — Geometrically,  ns  in  the  analogous  theorem  for  the  focal  distances 
in  a  conic,  if  r,  r'  are  the  distances  and  r-^dr^  r'  +  dr'  the  distances  for  a 
oonseeatiTe  point  on  the  line  of  earvatnre,  it  follow*  from  ($851)  that 
dr  B  — ifr'  for  interior  ombilioi  and  dr^dr'  for  exterior  ones. 

5854  A  sjstem  of  lines  of  curvature  and  the  umbilici  on  a 
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quadric  surface  lias  tln  refore  analogous  properties  with  a 
system  of  con  focal  conies  and  their  foci  in  a  plane,  the  geo- 
desies corresponding  to  straight  lines. 

5855  the  same  way,  every  surface  lias  a  geodesic  geo- 
metry proper  to  itself ;  sphericfu  trigonometry,  for  instance, 
being  tiie  geodesic  geometry  of  the  sphere. 


INVARIANTS. 


INVARIANTS  OF  A  SINGLE  FUNCTION. 

5856  The  constancy  of  the  ratio  i?*  :  p  in  equation  (5798) 
gives  rise  to  the  followinpf  invariant  forms.  Since  the  quadric 
surface  I  and  the  tangent  plane  11  are  the  same  for  all  posi- 
tions of  the  coordinate  axes,  they  have  been  called  respec- 
tively the  invariable  ([uadric  and  the  invariable  ^lane.  As  a 
consequence, 

5857  ^.+«+« 

is  an  invariant  of  ^  (.^;,  y,  «). 

Proof. — Bj  (5791),  since  the  perpendicular  from  the  origin  upon  the 
invariable  plane  is  odtisffitit.  Also,  the  coefficients  of  the  discriminating 
cnbic  (5693)  of  the  invariable  qnndrio  will  not  be  altered  by  transformation 
of  axes.   Therefore  the  following  are  also  iniriiriMit  forms  ^^ 

6858  ^+^+^> 

6869  ♦**..+*».*».+*,,^-«.-«.-«,. 


5861  A  similar  theorem  appUed  to  a  function  ^  (a?,  y)  of 
two  variables  gives  the  invariable  conic  and  invariable  line ; 
namely, 

f**..+2f9*^+V^  =  l  and  = 

and  from  these  the  invariants, 

5863  ^«+^.  ^+^* 

5866  ^^M—y^^y 
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pBOOr. — The  last  two  invariants  are  obtained  from  the  cosine  of  the 
angle  between  the  invariable  line  (5862)  and  the  fixed  lino  yi—xn  =  0, 
joining  the  point  xy  with  the  origin,  or  fihe  fixed  line  zi-\-yti  =  0. 


INVARIANTS  OP  TWO  FUNCTIONS. 
5868   An  invariant  of  the  two  functions  ^  (x,  y),  ^  (a;,  y)  is 

PBOOF.  —  Form  the  cosine  of  the  angle  between  the  invariable  lines 
^a-^nff  =  1  and  iifg-^      =  1,  obaerving  (5863). 

Also  the  two  following  expressious  are  invariants, 

5869 

5870  <^^V'2.+'^*2,+2<^.,^.,. 

PBOOf.— From  the  invariable  com'cs  (5861)  of  0  and  ^,  we  get 

invariable  for  any  value  of  X.  Hence  the  coeffioients  of  the  seTeral  powers 
of  \  in  the  invariant 

(^u + ^^2,)  (h, + -    + ^'KY 

are  abo  invariants.  This  gives  (5869).  Sabtracting  the  latter  from  the 
inTBriant  produces  (5870). 


INTEGRAIiS  FOR  VOLUMES  AiXD  SURFACES. 


5871  If  F  be  the  volume  included  between  Uie  surface 
0  c  ^  {x,  y),  three  rectangular  coordinate  planes,  the  cylindri- 
cal 8U16106  y^4>(x),  and  the  plane  a=a^         Fig.  of  (1906) 

6878  F  =  JJJ(/^(/^^cfc  =  JJ«ite<fy. 

For  the  Umits  end  demonstratioD,  see  (1906). 

6874  The  area  of  the  surface  ^  (le,  y,z)ssQ  or  z  =^f(x,  y) 
-will  be 

S=jJ/(^'yy+^')<tod^  or  S=JJ-v/(l+a4+a})iterfy. 

6  L 
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Pboof. — The  area  of  the  element  whose  projectiou  is  doidy  will  be 
d»dy  sec y,  where  y  is  ill incliBatiow  to  theplue  of  ay,  and  tliovofora  tlw 
ftngie  between  tbe  noitnal  and  the  s  axis.  Tnorafora 

■•oy  »  ✓(fi+tl+«)  +^  "  ligr  (1708). 


5875  I^et  the  equation  of  a  surface  APB  (Fig.  188)  in  polar 
coordinates  be  r  =  /{B,  (f>)y  and  let  V  be  the  volume  of  the 
sector  contained  by  the  planes  AOB,  A01\  including  an  angle 
<f>  =  PIICj  the  given  surface  APB,  and  the  portion  OPB  of 
the  surface  of  a  right  cone  whose  vertex  is  0,  axis  OA,  and 
semi-vertical  angle  0  =  AOB  or  AOP ;  then 


V  =  i      V  sin  $ded<l>. 


Pboof. — Through  P,  any  point  ou  the  surface,  describe  a  spherical  sor- 
faoe  POD,  with  oentre  0  and  radios  r  ss  OP.   The  Tolnme  of  the  elemontal 

pyramid,  vertex  0,  base  P*  ,  =  Ir.P/.Pg  =  \r.rdd  .r  s'mBdip.  Here  the 
error  of  the  small  portions,  like  I'E,  ultimately  disappearf  in  the  $«Timmation, 
since  the  volume  of  beins  equal  to  ^dr.rdd  .r  sin  6 d^,  is  of  the  third 
ovder  of  small  qnantitieB;  and  so  in  simihur  instanoes. 

5876    The  area  of  the  same  surface  APB  (Fig.  188)  is 
S  =  r  Cr      (r^+rj)  sin-  ^+4]  c/^#. 

Proof. — Let  the  perpendicular  from  0  upon  the  tangent  plane  at  P  to 
the  giTsn  snrfiuje  he  Olfisp.   The  element  of 

areaPi7  =  areaPe.^,=  rdO.rsinfld*.— =  ?^^dd<<f. 

ON  p  p 

Snhstitate  the  Talne  of  p  in  (5793). 


SURFAOB  OF  RBTOLUTION. 

If  y  =f{'f)  (Fig.  90)  be  the  generating  curve,  antl  the  x 
axis  the  axis  of  revohition,  I'  the  volume,  and  S  the  surface 
included  between  the  planes  x  =  a,  x  =  b; 

6877    v= jjWdi;    s  =  £21^ 

Proof. — The  volume  of  tho  elemoatal  cylinder  of  radius  y  and  height  dx 
is  iry*dx.    The  elemont  of  the  surface  of  revolution  is 

2*ydf  =  2wy9jU  =  2ny  ^(1        d*.  <5113) 
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Guldinh  Rules. — When  the  g-enerating  curve  of  a  surface 
of  revolution  is  a  closed  curve,  aiicl  does  not  cut  the  axis  of 
roYolution^  a  solid  aimulus,  or  ring,  is  formed. 

5879  BuiB  I. — The  volume  of  the  eoUd  ring  is  equal  to  the 
area  of  the  generating  curve  tnultiplied  by  the  cirewmferenee  of 
the  eirde  desertbed  by  the  eentroid^  of  the  area, 

5880  Rule  II.  —  The  surface  of  the  ring  Ls  equal  to  the 
perimeter  of  the  generating  curve  multiplied  by  the  circuin' 
ference  described  by  the  centroid  of  the  perimeter. 

Proof. — Let  A  be  the  area  of  the  closed  curve,  and  dA  any  element  of  A 
at  a  difitance  y  from  the  axis  of  revolution.    The  volume  generated 

by  the  definition  of  the  centroid  (5885),  f  being  ite  dietonoe  from  the  axis. 

Similarly,  if  P  be  the  perimeter,  writing  P  instead  of  .4. 

Quadrature  of  surfaces  bounded  bj  lines  of  constant 
gradient. 

5881  Defining  the  curve  (7)  as  the  locus  of  a  point  on  the 
given  8ui*face  at  which  the  normal  has  the  constant  inclina- 
tion y  to  the  z  axis;  let  F  (y)  be  the  projection  of  the  area 
bounded  by  the  curve  (-y)  upon  the  xy  plane;  then  the  area 
itself  will  be  found  from  the  formula. 

Proof. — The  element  of  area  between  two  consecutive  curves  (y)  and 
(y  +  f7y)  projected  on  the  xy  plane  will  be  dF{y)  —  F'(y)  dy ;  and,  since  the 
slope  is  the  same  throughout  the  curve  (y),  this  projected  element  must  be 
equal  to  the  corresponding  element  of  the  surface  multiplied  by  cos  y. 

5882  Rule.  —  Eqvntp  coefficients  of  the  equation  of  the 
tangent  plane  with  thosf  of  1^-f-nin-l-n^  —  p,  and  eliminate  I 
and  mfrom  P  +  m'  +  n-  =  1.  TIlc  result  will  be  an  equation  in 
X,  y  and  n  =  cosy,  representing  the  projection  of  tlie  curve  (y) 
upon  the     plane.    From  this  F  (y)  must  be  found, 

6883    Bz*— Tnldng  the  elliptto  paraboloid  ^  +  ^  s  2f ;  the  tangent 

plane  at  zi/z  is -|-    —  ^  =  r.     Equating  coeflBcients  of  the  last  with 
a  b' 

=i?,  and  substituting  for  I  and  m  in  Z^-f  m*  +  n'  =:  1,  wo  obtain 

for  the  inojeoiion  on  the  xy  plane^  nr    ^  ^  tan'y.  The  area  of  this  ellipee 

or  ft 

*  Centre  (/  moM,  or  gravitt/. 
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iB  F (y)  s vofr  tan'y,  and  therefore  F'iy)  s  tany  eec*y*  Conter^mntly, 
by  (5881),      £r  s  Swoft  p'tiin  r  wmfydy  »  fnift  (aso^r-l)- 


CENTRE  OF  MASS. 


5884  DEniimoNS. — ^The  moment  of  a  body  with  respect  to  a 
plane  is  the  sum  of  the  products  of  each  element  of  mass  of 
the  body  and  the  distance  of  the  element  from  the  plane. 

5885  The  distance  (denoted  by  i)  of  the  cmtre  of  mass* 
from  the  same  plane  is  equal  to  the  moment  of  the  body 
divided  by  its  mass, 

5886  Note. — If  tho  body  be  of  uniform  density,  as  is  supposed  to  be  the 
case  in  all  tho  following  examples,  assume  anitj  for  the  deoaity,  aod  lead 
volume  instead  ol  man  in  the  above  definitions. 

The  definition  gives  the  following  formulae  for  the  position 
of  the  ceutre  of  mass  of  a  uniform  body : 

6887   For  a  plane  curve, 

For  y,  change  x  into  y  and  cos  0  into  sin  0 ;  but  observe  that  in  all  cases, 
if  the  body  be  symmetrioal  aboui  the  axis  of  y  Taniabes.  The  formula 
gives  the  centre  of  ▼olnme  of  tbe  portion  of  the  onrre  iodnded  belwesB  the 
umita  ci  integration. 

¥orh  plane  area, 

5890  s^fWy^Jfj^; 

The  area  is  bounded  by  tbe  oiir?e,  the  9  azia,  and  the  ordmates  m^M, 
«  B  ft,  if  anoh  be  the  limits  of  integration. 

For  a  plane  sectorial  area  bounded  by  two  radii  8P  =  r , 
8F^i^  (Fig.  28)  andthecnrre  r  =  i^(e); 

*  Aiao  called  ctHtr*  nf  gratitp  or  MMrfM,  and  more  reoenUy  ctntnid. 
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 j'j'rdtfdr     =  ~p5r~- 

_  _  ffr'  sin  grfgdr  _  jiV  sin  Ode 

The  second  forms  for  i  and  y  give  the  oentroid  of  ftn  area  like  S^PP' 

(Fig.  28).  The  double  integrals  applied  to  that  fif^nre  rrquire  the  limits  of 
the  integration  for  r  to  be  from  0  to  F(d),  and  afterwards  for  d,  from 
0^  =  ASl^  to  0,  =  ASl''.  But,  if  applied  to  the  area  in  (Fig.  lU'J),  the  order 
of  integration  most  be  roTened,  as  explained  in  (5209). 

For  a  swrfaee  ofreoolutum  round  the  x  axis. 

Proof. — By  (5885),  for  the  vwment  =  j'z.2irf/(iv  and  the  area  —  ^2Tyd$\ 

the  second  form  hy  (5116).  If  ./*=  rr,  x  —  h  are  the  limits  of  integration,  the 
surface  is  bounded  by  the  parallel  planes  x  =  a,  z  =  b\  and  in  the  second 
form,  the  oorreeponding  TMOfiS  of  9  are  the  limits  delin^g  the  same  paiaUel 
plaaes. 

For  any  surface, 

5898  ^Jls4j^±4±^^,  (^87*) 


For  a  solid  of  revolutmi  round  the  x  axis, 

jy<^  ~    ^r' sin  eaSdr  * 

Pioop.^Bj  (5885),  for  the  mmtni  ss  I  «.ffy*(b  and  the  vo^Mine 
asjir/dk  The  limits  as  in  (5896). 

5901  For  any  solid  figure  bounded  as  described  in  (5871), 
the  coordinates  of  the  centroid  are  given  by 

Vy  =  JjJ  ydwdydz  =^^^yzda!dy^ 
n  =^       zdafdyd»  =  i  JJa'ifcrdy, 
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where  f  1  ^do'dydx  =  ^^zdjcdy^ 

as  in  (5872-3),  and  the  limits  are  as  defined  in  (1906). 

5902  For  the  wedge  shaped  solid  {OAPB,  Fig.  188)  defined 
by  the  polar  coordinates  r,  0,    as  in  (5875), 

F<i  =  i  J|V  sin'  0  COS  ^dBd^, 

Vy  =  i  j  j  r'  sin*  $  sin  i^dBd^, 
Vz  s  i  Jj  V  sin  eos  0d0di, 

where  F  =  J  jjr*  siu  ^t/^J^. 

Pboof. — Bj  (5875) ;  araltipljing  tiie  eliBWiitarj  pyramid  ^r^aiiiS^ii^ 
Mpmtoly  by  the  distances  of  its  oentroid  from  the  ooordinata  phnM;  tis^ 

MOMENTS  Ain>  PBODUGTS  OF  INEBTIA. 


5903  Definitions. — The  moment  of  Inertia  of  a  body  about 
a  given  right  line  or  axis  is  the  sum  of  the  products  of  each 
element  of  mass  and  the  square  of  its  distance  from  the  line. 

5904  The  square  of  the  radius  of  gyration  of  the  body  about 
the  given  line  is  equal  to  the  moment  of  inertia  of  the  body 
divided  by  its  mass. 

5905  The  moment  of  inertia  of  a  body  with  respeot  to  a 
plane  or  poin^  is  the  sum  of  the  products  of  each  element  of 
mass  and  the  square  of  its  distance  from  the  plane  or  pmnt. 

5906  The  jjrndiict  of  inertia  of  a  body  with  respect  to  two 
rectangular  coordinate  planes  is  the  sum  of  the  products  of 
each  element  of  mass  and  its  distances  from  the  two  planes. 

5907  l-«et  /I,  0  be  the  moments  of  inertia  of  a  body 
about  three  rectangular  axes  ;  A\  B',  C  the  moments  of 
inertia  with  respect  to  the  three  planes  of  ys,  2^*,  and  xy ;  and 
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G,  H  the  products  of  inertia  with  respect  to  the  second 
and  third  planes,  the  third  and  first,  and  tlie  first  and  second 
respectively .  F,G,S  are  more  frequently  called  the  products 
of  inertia  about  the  axes  of  yz^     and  xy  respectively. 

By  the  definitions  we  have  the  values 


5908        2l  =  Sm(3f^+«*), 

C  =  Xm  ia^+y'), 
59U  A'^tma^^S-A^ 


F  tmyz, 

H  =  itnanf. 
where  6  =  i±|±£, 


5920  Theorem,  I. — The  M.  I.  of  a  lamina  about  an  axis  per- 
pendicular to  its  plane  is  equal  to  the  sum  of  the  two  M.  I. 
about  any  two  axes  in  its  plane  drawn  through  the  foot  of  the 
perpendicular  axis  and  at  right  angles  to  each  other. 

Pboop.— By  the  definition  (5908),  and  Bno.  t.  47. 

5921  Theorem  11. — The  M.  I.  of  a  body  about  a  given  axis, 
plane,  or  point  is  equal  to  the  M.  I.  about  a  parallel  axis  or 
plane  through  the  centroid,  or  about  the  centroid  itself 
respectively,  plus  the  M.  I.  of  the  whole  mass,  supposed  col- 
lected at  the  centroid,  about  the  given  axis,  plane,  or  point. 

Proof. — In  the  figure,  p.  168,  let  the  pivcn  axis  be  perpendicular  to  the 
paper  at  B]  let  ^  be  the  centroid,  and  m  an  element  of  mass  afc  0;  then,  for 
every  thin  section  of  the  solid  parallel  to  the  paper, 

M.I.  =:Xm.BC*  =  lfln{AC*-^AB*-2AB.AD) 

Bni  2m.iU)  s  0,  by  (5885),  nnoe  ^  is  the  centroid  of  the  body,  which 
pvom  the  propodtion.  Similariy  for  the  plane  or  point. 


Cos.  I. — ^Hence»  if  the  M.  I.  about  any  axis  is  known,  that 
about  any  parallel  axis  can  be  found  without  integration.  For, 
let  Ii  be  the  M.  I.  about  a  given  axis,  whose  distance  from 
the  centroid  is  a,  and  let  be  the  required  M .  I.  about  an 
axis  whose  distance  from  the  centroid  is  h ;  then,  by  Theorem 
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Cor.  II. — The  M.  I.  has  the  same  value  for  ail  parallel 
axes  at  the  same  distance  from  the  oentroid. 


598S  Theorem  III, — The  pmd net  of  inertia  for  two  assigned 
axes  is  cfjual  to  the  product  for  two  parallel  axes  through  the 
oentroid  of  the  body  plus  the  product  taken  for  the  whole 
mass  collected  at  the  centroid  with  respect  to  the  aasigiied 
axes. 

Pboop.— Let  X  =  :i-^x\yss         be  tbe  ooordinatea  of  «i  element  of  the 

body  with  respect  to  tVto  asHicrned  axe«! ;  x,  y  being  the  c<x)rdinatos  of  the 
centroid,  and  x',  x/  the  coordinates  of  the  same  eiemeat  with  respect  to 
parallel  axes  througli  the  centroid,  all  axes  being  parelld  to  «.  Then 

Since  tmm'  and        vanish  bj  flM  deflnitiott  of  the  oentnrid. 

5988  The  M.  L  of  a  body  with  respect  to  a  point  is  eonal 
to  the  M.  I.  for  any  plane  through  the  point  plus  the  M.  L 
about  the  normal  to  the  plane  through  the  point. 

P&OOF. — For  the  origin  and  yz  plane, 

W+Sm  (y' + i")  =  W.  (5908,  14, 19) 


5924  G-iven  the  momf  iits  and  products  of  inertia,  A,  i?,  C, 
F,  (r,  Hy  as  above,  about  three  rectangular  axes,  the  moment 
of  inertia  of  the  body  about  a  line  through  the  origin,  whose 
direction  cosines  are  /,  i/i,  )i,  will  be 

Pboof.— (Hg.  11.)   Let  «yc  be  *Point  P  of  the  bodj,  OM  the  line  lna> 

and  PM  the  perpendicnlar  upon  it    Then  the  M.  I.  about  OM 

prododng  the  above  raanH»  by  (5908-18). 


BLUPSOIDS  OF  INERTIA. 
5925    "^^e  equation  of  the  Momental  Ellipsoid  is 

obtained  by  putting  /r*  =  3/e*.  M  being  the  mass  of  the  body, 
and  €*  a  constant  to  make  the  equation  homogeneous.  Hence  the 
square  of  the  radiji.<i  of  the  vimiental  ellipsoid  for  any  point  varies 
inversely     the  uiA}ment  of  inertia  of  the  body  about  that  radius. 
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5926  the  products  of  inertia  Tanish,  the  axes  are  called 
the  principal  axes  of  the  body. 

6987   At  every  point  of  a  body  there  are  always  three 

principal  rectangular  axes. 

Pboof. — These  are  evidentlj  the  principal  axes  of  the  momental  ellipsoid 
of  the  point ;  for  if  the  ooordinate  axes  be  made  to  ooincide  with  the  former, 


6988  The  equation  of  the  momental  ellipsoid  referred  to  its 
principal  axes  inll  be 

6989  The  moment  of  inertia  about  a  line  km  will  now  be 

TH£  ELLIPSOID  OF  GYBATION. 

6930  The  e^uatioii  of  tbe  EUipaoid  of  Gyration  referred  to 
principal  axes  is 

It  is  the  reciprocal  surface  of  the  momental  ellipsoid  (5719)» 
and  its  property  is — 

6931  moment  of  inertia  about  the  perpendicular  from 
the  origin  upon  the  tangent  plane  varies  as  die  square  of  the 
perpendicular, 

6932  ^or  any  other  rectangular  axes  through  the  point*  the 
equation  of  the  ellipsoid  of  gyration  is»  by  (5717), 

~     ^        =0,  being  the  reciprocal  surface  of 

the  momental  ellipsoid, 

with  the  radius  of  the  si)here  of 


A 

-~H 

B 

-F 

y 

C 

z 

y 

1 

M 

6933     (BC-F')       ...  +2  {FG-\-CH)  xy  = 

5  M 


A  H  G 
HB  P 

G  F  a 
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L£G£ND&£'&  BQUI-MOMKNTAL  ELLIPSOID. 

5984   The  equation  is 

4    ir    c  ~  Af' 

with  the  values  iu  (5914). 

5935  The  mass  of  this  ellipsoid  is  taken  equal  to  that  of 
the  bodj,  and  it  has  the  same  principal  moments  of  inertia. 


THE  ilOMEXTAL  ELLIPSOID  FOE  A  PLANE. 

5986  If  ly^C  be  the  moments  of  inertia  for  the  three 
coordinate  planes,  as  in  (5914),  the  M.  L  for  a  plane  through 
the  origin  whose  dir.  cos.  are  /,  m,     will  be 

r  =  il'P+j5'm«+CV+2Fmfi+2G/t/+2f«m. 

5937    The  momental  ellipsoid  for  this  plane  will  be 
and  its  property  is — 

5988  2%«  -3^.  i-  ""i/  v^'^ne  ptissing  through  the  centre  of 
the  ellipsoid  ie  equal  to  the  inverse  square  of  the  radius  jper- 
pendieular  to  the  plane, 

5939  If  r  be  a  radius  of  this  ellipsoid,  and  a,  b,  c  its  semi* 
axes,  the  M.  I.  about  r 

~  a*"*"  A^  +  c*  r** 

Proof. — (Fig.  IL)  M.  I.  aboat  r,  plas  H.  L  for  the  plane  OM  popes* 
dionlar  tor 

«  SwOP"  =  W+Sin^+ W = ^  +  n  +  i»  ly  (5988). 


EQUI-MOMENTAL  GONE. 

5940  The  equation  of  the  eqiii- momental  cone  at  any  point 
of  a  body,  referred  to  principal  axes  of  the  body  at  the  point, 
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is  (ii-/)^+(B-/)y+(C-/)    =  0, 

its  property  being  that 

5941  Th£  gen  era  t  Ing  line  p<i88e8  through  the  given  pointy  <md 
moves  so  that  the  M,  L  about  it  is  a  constant  =:  I. 

Pboof. — Let  Imn  be  the  geucrnting  liuc  in  *nio  positiou,  then 
AP + Cff=HV^  m' + n').   Therefofe,  Ac. 

5948  Theorem. — If  tAvo  systems  have  the  same  mass,  the 
saiiiL'  ct'iitroid,  principal  nxes  and  principal  moments  of  inertia 
at  the  ceDtroid,  they  have  equal  moments  of  inertia  about  any 
right  line  whatever,  and  are  termed  ejiui'momental.  By  (590G) 
and  (5929). 

5943  If  two  bodies  are  equi-momental,  their  projections  are 

equi-momental. 

Proof.  If  the  projection  be  from  tbe  a-y  piano  in  the  ratio  1  :  n,  the 
coordinates  z,  y,  z  of  a  particle  become  y,  ru,  and  the  mass  iti  becomes  nm. 
The  oonditioDS  iu  (5942)  will  tben  be  fblfilled. 

MOMJBNT  OF  JNEBTIA  OF  A  TBIAJJJGLE. 

5944  The  M.  I.  of  a  triangle  ABB  (Fig.  190)  about  a  side 
BDf  distant  |7  from  the  opposite  vertex  is 

6 


Peoof.— Lei  Ms©  and  JBrF  =  y;  I^^'ii^^^dy 


C 


5945  The  M.  I.  of  a  trian.<^le  AllC  (Fi^.  190)  about  a 
straight  line  BD  passing  through  a  vertex  and  distant  p 
and  2  from  the  vertices  A  and  C,  is 

Proof —By  (591  A),  takint,^  difVci  encc  of  M.  I.  of  the  triangles  ABT),  CBD. 

5946  The  I.  of  a  triangle  ABG  about  an  axis  through 
its  centroid  parallel  to  BD,  is 

/  =     P^^n+t.  By  (5921) 
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5947  Cor. — If  the  triangle  be  isosceles,  so  that  =  the 
last  two  moments  of  inertia  become 

and 
2  18 


5949  The  M.  I.  of  the  triangle  about  axes  porpeiidicular  to 
ABC  through  B  and  through  the  centroid,  respectively,  are 

5951  The  M.  I.  about  GF  of  tbe  trapesoid  ACGF  (Fig. 
190),  is 


5968  The  moments  and  prodncta  of  inertia  of  a  tariangle 
about  any  axes  are  tbe  same  for  three  equal  partidea,  each 
one-third  of  the  mass  of  the  triangle,  placed  at  the  mid-points 
of  its  sides. 

Proof. — (Fig.  190.)  The  M.  I.  of  the  Uxree  particles  at  the  mid-points 
of  AB,  BOf  OA  abont  BD,  any  line  throngh  a  ▼wtez,  wUl  be 


wMoh  If  equal  to  thai  of  the  triao^  hj  (5945). 


MOMENTAL  ELLIPSE. 

5953  If  a,  P  be  the  radii  of  gyration  of  a  plane  area  to 
principal  axes  O.r,  Oy,  where  0  is  the  centroid,  the  ei^uuliou 
of  the  momuntal  ellipse  for  the  point  0  will  be 

5954  Also  the  area  is  equi-niomental  with  three  equal 
particles,  each  one  one-third  of  its  mass  placed  anywhere  on 
the  elHpse  so  that  0  may  be  theii-  centroid. 

Proof. — Let  tvy,  a'jf\  m"y'*  be  the  coordinates  of  three  equi-momental 

particles  :  then 
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and  the  two  ejatems  have  the  same  centroid ;  therefore 

aj+a'  +  a"  =  0   and   y'+t/"+y'"  =  0. 

Eliminating  z',  y%  x'\  y"  between  Uie  five  equationB,  we  find  the  equation  of 

(5953)  for  the  locus  of  xy. 


5955  The  Tnomental  ellipse  for  the  ceDtroid  of  a  triangle  is 
the  inscribed  ellipse  touching  the  sides  at  their  mid-points. 

Pkoof. — (Fig.  180.)  The  inscribed  ellipse,  whi(  li  touches  two  sides  at  their 
mid-points,  also  touches  the  third  side  at  its  mid-poiut,  by  Carnot's  theorem 
(47 7y).  Now  DJ' is  parallel  to  AC,  the  tangent  atJ» ;  therefore  BE,  which 
bisecte  DF,  passes  through  the  centre  0  of  the  elUpee.  Similarly,  AD 
passes  through  it ;  tlierefbrc  0  \s  the  oeatroid  of  the  triangle. 

Iiet  OE^a,  and  let  b'  be  the  aemi-diameter  pazaUel  to  AO',  then 

^  =  1.  But  ON  =  ~  thorofow  FN*  =  ^4^   The  M.  I.  about 

OB,  by  (5954),  =|TO|i'*Bin'*»  ss  m— ,  where  a,  ft  are  the  8emi*axee. 

Hence  the  M.  I.  about  OD^  OE,  OF  varies  inversely  as  the  squares  of  those 
lines,  and  therefore  the  ellipse  in  the  diagnnn  is  a  momentel  ellipse,  since  it 
has  aiz  points  whioh  fulfil  tne  requiremente. 

5956  The  projections  of  a  plane  area  and  its  momental 
eUipse  form  another  plane  area  and  its  momental  ellipse.  (5943) 


5S67  The  M.  I.  of  a  tetrahedron  ABOD  about  any  plane 
though  A  is 

where  a,  /3,  y  are  the  perpendiculars  on  the  plane  from     0,  D, 

5958  The  tetrahedron  is  also  equi-momental  with  four 
particles,  each  one -twentieth  of  the  mass,  placed  at  the 
yertioes,  and  a  particle  equal  to  the  renuuning  mass  placed  at 
the  centooid  (5942). 


5959  The  equi-moraental  ellipsoid  of  a  tetrahedron  has  the 
same  centroid,  and  touches  each  edge  at  its  middle  point. 

Proof.  —  15y  projecting'  a  regular  tetrahedron  and  its  ('(lui-nioniental 
sphere  (for  the  centroid)  of  radius  =  v^3x  radius  of  inscribed  sphere. 


5960  To  find  the  point,  if  it  exists,  in  a  given  right  line  at 
which  the  line  is  a  principal  axis,  and  to  find  the  other  prin- 
cipal axes  at  the  point* 
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Let  0  be  a  datum  point  in  the  line.  Take  this  for  orifrin, 
tlie  fi:iven  line  for  axis  of  r,  and  ^^A',  OY  for  the  other  axes. 
Then,  if  h  be  tlie  distance  from  0  to  the  required  point  C/, 
and  6  the  angle  between  OX  and  the  principal  axis  0'X\ 

6961    /.=^»^  and  tau2«= 

where  H  are  the  moments  and  product  of  inertia  about 
OX,  OY, 

Proof.— At  tlie  point  0,  0,  A,  Im  (z—h)  x  =  %n  (z  —  h)  y  =  0,  from 
wbicli  /i  is  fonnd  ;  and  tlie  oqnntioTi  for  $  is  that  for  (Irtrrmiiiing  the  prin- 
cipal axes  of  the  elliptic  section  of  the  niomental  ellipsoid,  whose  equation 
iBAj^  +  2Uxy  +  By*  =  Jl/e*,  as  in  (4408). 


5964  The  equality  of  the  t\NO  ratios  in  (.')061)  is  the  condi- 
tion that  the  z  axis  should  be  a  principal  axis  at  6&me  point  of 
its  length. 

5965  If  an  axis  be  a  principal  axis  at  more  than  one  point 
of  its  length,  it  passes  through  the  centroid  of  the  system ; 
andy  conversely,  if  it  be  a  principal  aiis  at  the  centroid,  it  is 
so  at  every  point  of  its  length. 

Pboof. — ^For  h  mvMt  be  indfltenninato  in  (5961).  Therefore  Zmyc  s  0, 
2mysO,  2mM  as  0,  2ms  =  0. 


5966  The  principal  axes  (/X\  OY'  are  parallel  to  the 
principal  axes  of  the  projection  of  the  body  in  the  original 
plane  of  «y.    By  (5962-3). 

5967  Given  the  priiicipnl  axes  of  a  body  at  its  centroid,  to 
find  the  principal  axes  and  moments  of  inertia  at  any  point  in 
the  principal  plane  of  t;/. 

Let  C  in  the  Figure  of  (1171)  be  the  centroid,  CX,  CY 
principal  axes,  A,  B  the  M.  I.  about  them,  and  F  the  given 
point.  Find  two  points  f>j  S\  called  /cr/  o/ /«f  r//#/,  such  that 
the  X  and  Y  moments  of  inertia  there  are  equal,  and  therefore 

B^-m.GS'  =zA\    giving    CS  =  CS  =  J (i.). 

The  internal  and  external  bisectors  of  the  angfle  SPS*  will  be 
two  of  the  principal  axes  at  F,  and  the  third  will  be  the  normal 
to  the  plane. 
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Proof. — The  X  and  Y  principal  moments  being  eqnal  at  8,  the  moraont 
about  every  line  through  S  in  this  plane  is  the  same.  [For  J=  AP  +  JJm* 
+  6*»'  and  n  =  0  and  A  =  B,  therefore  I  =  A."]  Therefore  the  moments 
aAxmt  8P  and  8'P  are  eqaal.  Therefore  the  bisectors  PT,  PO  of  the  angles 
At  P  will  be  prineipal  axes. 


5968  Let  87,  8' The  the  perpendicularB  on  PT,  and  8Z, 
8'Z'  those  upon  PO ;  then  the  M.  I.  about  PT  and  PQ  will  be 

respectively, 

Pfioor.— Diaw  CB  perpendionlar  to  8Y,  The  M.  L  about  CB  (tf  =  8CB^ 
»wioo8*tf+B8i&*9  (5929)  =  riii'0 
s  A~m  08^ 8m*e  (by  i.)  s  A'-'n^B?. 
Therefcnw  H.  1.  about  PT  s  ^—mSiZ^+ntBr*  (5921) 
=  ^+m(Br+i8£)(fi7-<Sffi)  =  iH-wSr.ST' 

=  A-\-m  BC'  (1178)  =  5+m/l(;'  (by  i.)  =  l^  +  m  ^^f±££y. 

Similarly  for  the  M.  I.  about  P(?. 


5969  Hence,  if  an  ellipse  or  hyperbola  be  described  with 
j8,  8'  for  foci,  the  tangent  and  normal  at  any  point  of  the 
curve  are  principal  axes,  and  the  M.  I.  about  either  is  constant 
for  that  curve. 

5970  Similarly,  for  a  point  P  in  any  plane  through  tlie 
centroid  0,  it  may  bo  shown  tliat  the  same  construction  will 
give  the  axes  PT,  PG  about  which  the  product  of  inertia 
vanishes,  OX,  OY  being  tlie  axes  at  0  in  the  given  plane  about 
which  the  product  of  inertia  vanishes. 


5971  The  condition  for  the  existence  of  a  point  in  a  body 
at  which  the  M.  I.  about  every  axis  through  it  shall  be  the 
same,  is — 

There  must  he  two  principal  axes  of  equal  moment  at  the 
centroid,  and  the  M»  I,  about  each  mmt  be  less  than  the  third 
principaL  moment. 

Two  such  points  will  then  exist  situated  on  the  axis  of 
unequal  moment,  and  equi-distant  from  the  centroid. 
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5972  Givon  tho  principal  axps  at  the  centroid  of  a  body  and 
the  moments  of  inertia  about  them,  to  find  the  pnncipal  aiea 
and  moments  at  any  other  point. 

[8«e  (5975)  for  the  TCnilL] 

Let  .1,  B,  G  be  the  given  principal  moments,  and  let  the 
mass  of  the  body  be  unity.  Then  the  ellipsoid  of  gyration  at 
the  centroid  0,  and  a  quadric  confocal  with  it,  will  be 

5973  Fbop.  I. — The  M.  I.  is  constant  for  all  tangent  planes 
of  the  confocal,  and  is  equal  to  the 

If.  Lfor  the  origin  0  i-X  =  S-^k,  (5919) 

Proof. — Let  i,  m,  n  be  the  dir.  cos,  of  the  tanffent  plane  of  the  confooal, 
p  the  perpeudicalar  on  the  plane  from  0.    The  M.  I.  for  this  plane 
=  lii.  I.  for  a  parallel  plane  through  O+p*  (5921) 
=  AT-{-B'm'-\-C'n'+p-  (593()) 
=  (S-A)  V  +  (S-B)  m'  +  (S-C)  n*+(X  +  X)  p-^-(B  +  X)  mH(C4-A)  »« 
(5914,  5G31)  =  6'  +  X,  which  is  independeut  of  2,  m,  n. 

5974  Pkop.  II. — All  these  planes  are  principal  planes  at 
their  points  of  contact,  and  if  the  three  confocals  be  drawn 
through  any  point  i',  the  tangent  planes  at  /*  to  the  confocal 
ellipsoid,  two-fold  hyperboloid,  and  one-fold  hyperboloid,  are 
respectively  the  principal  planes  of  greatest,  least,  and  mean 
moments  of  inertaa.  The  normal  to  the  confocal  dlipeoid  is 
the  axis  of  least  moment,  and  the  normal  to  the  two-fold 
hyperboloid  is  the  axis  of  greatest  momcDt. 

Peoof. — Draw  any  other  plane  through  P.  The  porpeudicalar  on  it 
from  O  is  lesB  tlwa  the  perpendioolar  on  the  pfttallel  tangent  plane  to  the 
confocal  ellipie,  and  greater  in  the  ease  of  the  two-fold  hyperbola.  Then, 

by  (oO-il). 

The  solution  of  the  problem  at  (5972)  is  now  given  by  Proposition  IIL 

5975  Prop.  III. — The  principal  moments  of  inertia  at  P  are 
OP*— Xj,  OP*— Xo,  OP*  — X3,  and  the  normals  to  the  three  con- 
focals at  P  are  the  principal  axes. 

Pktoor.— The  li.  I.  about  the  m  axis  at  P 

=  M.  I.  for  the  origin  P—  M.  I.  for  the  yz  plane 
=  fl[.j.OP'-(-S+A,)  =  0P«-\  (6921-73). 
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5976  ^he  prinoipai  moments  of  inertia  above,  expressed  in 
terms  of  Xj  of  the  confooal  ellipsoid  and  cf^,  its  principal 
semi-diaiiieters  conjugate  to  0P»  will,  by  (5661),  become 


6977  The  condition  that  the  line  ahcy  Imn,  referred  to  prin- 
dpfld  axes  at  the  centroid,  may  itself  be  a  principal  axis  at 
some  point  of  its  length,  is 

^     h_     h  c      c  « 

I  w      m  n       n  l__  1 

Here  abe  is  my  point  on  the  line,  and  if  a  confocal  quadrio 
of  the  ellipsoid  of  gyration  at  the  oentroid  be  drawn  throngh 
the  stated  princip^  point  of  the  given  line,  p  is  the  perpen- 
dicular from  the  origin  upon  the  tangent  plane  of  the  confocal 
at  that  point. 

Pjioof.— The  given  line  ^  =       =  ^   (i.) 

must  be  a  nomial  to  the  oonfooal         +        +        =  1   (ii). 

iJ-t"A  C/+A 

i"^^'  "•=:^.   

Eliminate  Xf  y,  z  from  (i.)  by  means  of  (iii.)}  from  the  resulting  equa- 
ticnifl  eliminate  j7,  and  tiie  oiMraition  above  is  obtained. 

Alao,  by  (5631), 

/  as  (il  +  X)  P+ (jB+X)  m*+  n*  =  AJ?+Bm*+M-^\  ...  (ir.). 

The  principal  point  xyz  is  now  found  by  eliminating  X  andp  from  equa- 
tions (iii.),  by  means  of  (iv.)  and  (5977). 


nSTTBaBALS  FOB  MOHBNTS  OF  INBBTIA. 

By  the  definition  (5903),  the  following  indefinite  integrals 
for  moments  of  inertia  are  obtained : — 

5978  For  a  plane  curve,  y—f{x),  the  M.  1.  about  the  x  and 
y  coordinate  axes  are 

^f^ds  and  j^ds;   and  therefore  |(iB*+^(l«=:|r'(28 

5  N 
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is  the  M.  I.  about  an  axis  perpendicular  to  both  the  former 
through  the  origin  (5920). 

5980  Observe  that  ds  may  be  changed  into  dx^  dy^  or 
by  the  substitatioii  formulae  (6113»  '16). 

5981  For  a  plane  area  bounded  by  the  coordinate  azes,  the 
ordinate  y  and  the  cunre  y  z=f(x),  the  M.  L  about  the  x  and 
y  axes  are 

^^j^€Lpffy  =  ^^^dx   and       a^djffdjf  ^ ^ a^dap. 

5983  And  the  M.  I.  about  an  axis  perpendicular  to  both 
the  former  drawn  through  the  origin, 

=  JJ  (•«^+y)  itody  =  ^^^drd$  =  iljr*d$, 

but  in  the  last  two  integrals  the  area  has  the  boundaries 
described  in  (5894). 

5986  The  M.  I.  of  a  solid  bounded  by  three  rectangular 
coordinate  planes  and  the  surface  e  =  y)  about  the  «  axis, 
will  be 

J  J(««^+/)  ^dddif  =  JJJr*  sin»  BdrdBd^, 

but  in  the  last  integral  the  solid  is  bounded  as  described  in 
(6875). 

5988  The  volume,  which  represents  the  mass  in  all  these 
cases,  has  already  l)een  expressed  (5205,  5871) ;  and  by 
dividing  by  the  vohiine,  the  square  of  the  radius  of  gyration 
of  the  solid  is  found  (5904). 

Proofs. — FormuleB  (5981-3)  are  directly  obtainable  by  geometry  from 
figures  90  and  91,  and  formulaD  (o08G-7)  from  figures  168  and  188.  The 
transition  to  polar  coordinates  may  ako  be  dfeoted  bv  the  formola  of 
(2774). 

5989  In  expressing  moments  of  inertia,  the  fiKitor  m  will  stand  tat  tliB 
mass  of  the  body,  and  tlie  remaining  faotor  will  theraf oro  be  the  Talne  of  lbs 
sqoare  of  the  vadins  of  gyration. 
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P£BIMET£BS,  AREAS,  VOLUMES/ 
CENTRES  OF  MASS,  AND  MOMENTS  OF  INERTIA 

OF  VARIOUS  FIGURES. 


BECTANGUIiAB  LAKINA  AND  RIGHT  SOLID  • 

For  a  TBei<mgle  whose  sides  are  a,  6,  the  moments  of  inertia 
aibout  the  sides,  and  an  axis  perpendicular  to  both  where  thej 
meet,  are  rei^ectiYely 

QUID  '5''       If*  — 3~' 

Pmxiv:  j^4S^<bK  Y»in|^.   The  thiid  by  (5920). 

6018  Hence,  for  a  right  solid,  whose  dimensions  are  2a, 
26,  26, 

if.  I.  about  the  aids  of  figure  2c  =  m,    ^  . 

o 


ABC  07  A  CIRCLE. 

6019  L^t  ^I?  (Fig.  191)  be  the  arc  of  a  circle  whose  centre 
is  0  and  radius  r.    Let  the  angle  AOB  =  0 ;  then 

Length  of  arc  AB  =  r$.  (601) 

6020  Huy gens'  Approximation. — Rule. — From  8  fimes  the 
chord  of  half  the  arc  take  the  chord  of  the  whole  arc,  and  divide 
the  remainder  by  3. 

PBOOf The  role  gives   |-  ( 16  sin  |  -  2  sin  ^  ) . 

Expand  tho  sines  by  (764)  as  far  as      and  the  result  ia  rO. 


6021  Taking  an  axis  OX  through  the  mid-point  of  the  arc 
with  origin  0,  the  centroid  of  the  arc  is  given  by  (5889) 

jp  =  ^^^i^.    Hence  for  a  semi-circle  I'  = 

u  w 


•  For  M.  I.  oi  a  tmngle,  aee  (6944-62). 
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6023   k\&o,  iov  the  ceniroid  of  BX,  y  =  Sl2^iS, 
where  a  =3^X0^. 

6025    The  M,  L  of  the  arc  AB  about  OX  and  OY  are 

^^{l^E^    and  (5978) 


6027  ^*  I'  about  axes  perpendicular  to  XOY^  through  0  and 
X  the  mid-point  of  the  arc  reepectiTely,  are 

mf'   and   m.ar>^l-^^j.  (5979) 

6029    Cob.— The  M.  L  of  a)  _  mr* 

circular  ring  about  a  diameter  j       2  * 


SECTOR  OF  CIKCLE.  AOB  (Fig.  191) 

CAOA     y«  —      4?*  sill  \d    ^  -     4rr  siir  'a 

6030   Area  =  -g"*       =  — gf"^*  ForiO^,^  =  — ST^* 

Pboof. — jr,  y  are  respeciiyelj  f  of  x,  y  in  (6021,  '3)  ;  since  the  centroid 
of  each  efomentel  Motor  is  diitaat  fr  from  0.  OChenraBe,  by  (5893,  '5). 

6033  The  if. /.about  OX  and  or  are 
^{1-^  and  + 

PlOOV.— Bj  (5981-2)  ;  or  int^te  (6025-6)  for  r  from  0  (o  r. 

SEGMENT  OF  CIECLE.  ABX  (Fig.  191) 

6035   Area=^ie-Bin0).      i  =  ^^.. 

6037   ForOBZ,  ^^'•(2-3co8a+cos'a) 

Fb(N»i.'--'Aoiii  the  Boctor  and  triangle  ^  otherwifle,  the  centroid,  by 
{5898»  '5). 
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6038  M.  L  about  OX  and  OF,  (5981-2) 
^ (3^-4 sin tf+Bin^  cos ^)   and   j{$  — sin  $  cos  B), 

6040  Cob. — Henooi  for  a  sem/i^eirelet  ^= 

6041  Alflo,  the  Jf •  /.  of  a  cireU  about  a  diameter,  and  about 
a  central  azis  perpendicular  to  its  plane,  are  respeotiYely 

^  and  I^.  «920) 


TBE  BIGHT  CONBL 

If  h  be  the  height,  r  the  radius  of  the  base,  and  I  the  slant, 
6048   Cwrved  turfaee  s  wrL    Volume  =  ^vr'A. 
6045    Distance  of  centroid  from  vertex  =  JA. 

6016  'tf* i*  about  axis  of  figure  s  m-figv^, 

6047  ^*  -^^  about  cross  axes  through  the  vertex  and  centroid 
respectively. 

«A(r*+4fe«)   and  m^(4a*+h% 


TBUSTUH  OF  CTLIKDEB. 

Let  B  be  the  inclination  of  the  cutting  plane  to  the  base, 
and  c  the  length  of  the  axis  intercepted. 

6018   The  distance  of  the  centroid  from  the  axis  is 

-  a*tantf 


a' 


6048   The  M.  L  about  the  axis  =  m      being  the  same  as 

that  of  a  cylinder  of  height  o«  Hence,  by  (5921)  and  the  value 
of  S  above,  the  M.  1.  atout  any  line  parallel  to  the  axis  can  be 
found. 
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SEGMENT  OF  SPHEHICAL  SUBFACB.       (Fig.  191) 

Let  0  be  the  origin  of  coordinates;  OA  =  r  the  radius; 
and  OCmx  the  abfldBsa  of  AB  the  plane  of  section. 

6050  The  cui'ved  area  of  AB  =  2irr  (r — a  )  =  the  area  of  its 
projection  on  the  enveloping  cylinder  of  the  sphere. 


(5878) 


Fftoor :  Atm  as  j^2ry  ^  daj  =  2irr  (r— «). 

6051  l^or  oentroid  of  snrface,  it  =  |  (rH-  x), 

6052  The  M.  I.  about  the  axea  OX^  OY  are 

^(2r*-ra?-^)   and  ^(4*^+r*+^). 

HEMlSPHESICAIi  SURFACE. 
6054  ilreassW,       ^=4-  (0050-1) 

6056  M.  L  about  OX  or  or  =  m  |r".  (6052-8) 

SEGMENT  OF  SPHERE. 

6057  FoIiMiie  =  ^(2r+a')(r-^)«,  = 

6059  M.  I.  about       =  ^  (r-a?)«  (8i^4-9rj7+ai^). 

6060  ^v.  ^.  about  or 

=  ^(r-*)«(16r»+17r**+18r«»+a»^. 

Fboof.— Aa  in  (6146-7) ;  orpntasisemtlM  renUti. 

HEMISPHERE. 

6061  Volume  =  |irr»,  a  =  |r.  (606i) 

Pioor.— Vol.  s  surface  (6054)  X         elemental  pyramiaa  hmng  tbeir 

comroon  vertex  at  the  centre  of  the  sphere.  Otherwise,  make  s  =  0  in 
(6057). 
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6063  M.  I.  about  OX  or  or  smfr*.  (6059-60) 

SECTOR  OF  SPHERE. 

6064  Voltme  =  §«r-  (r-fc).         ^  =  f  (r+^). 

Fmr.— Vol.  =  snrfiMe  (6050)  x^.    «=:fol«m  (6051),  nnoe  the 

o 

oentroid  of  eaeh  elementa)  pytMiud  u  distaat'f  tbs  of  r  firom  tbe  oentrs. 

6066  For  the  M.  L  add  together  the  M.  L  of  the  cone  and 
segment  (6046,  '59). 

THE  PARABOLA,  y»  =  4a«.  (Fig.  of  1220) 

6067  -Bad.  of  curv.  p  =  ^^  =  2a  ^1  +  ^f.  (i542) 
6069    Coordinates  of  centre  of  curvature 


6071   ArcAPss  =  v/(iw+^)+alog^''  +  ^'""*''^l 
6078  =  a  [oot  cosec  +log  cot  (i^)]. 

FBOOr:  .  =  I ^  (l+  ^)  d».  (5197. 4206) 

Snbstitote  yx,  and  integnte  hy  (1981). 

6073   ilrc^L  =  a  log  (l+V^2). 


Oen^oiii    arc  AF  with  above  Talue  of  s, 

6074  ^  =  %+£^(^+«^)+^log^+''+ VK+'^). 

4  on 

6075  *^  =  j{v/«(a?+fl)»-a"}. 

6076  For  ceffi^(»(2  o/ arc  iliiy  putting  0=:a, 

6^2 -flog  (3 +  2^2)  4        (2  v/2-l)a 

*""8{y2+logCl-fy2)}  '^      »     8'  v^2+log(l  +  v'2)' 
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Half -segment  of  parabola  ANF» 
6078    Area  =  fi//,    jp  =  f j?,      =  |y. 
6081    The  if.  I.  about  the  iB  and  y  axes  are 

m|ftv   and  mf;r*. 


THE  ELLIPSE. 


6083  The  equation  being  6V+ay  =  aW,  the  length  of  the 
arc  AP  (Fig.  of  1206),  putting  f  for  the  eccentric  angle 
of  P,  is 


=  « J^V^  (1       cos'  ^) 


PBOOr.  — In  ((i»)'  =  (ix)'+(c2y)'  (5113),  snlistitiite  dbss-am^if, 
dy  s  6  CM  f    ,  by  (4276),  and  vm  (4260). 

6084  The  length  of  the  eUiptir  quadrant  AB  is 

2  14    2I2I2*    3I312«    41412^  j' 

PBOOY.—Bzpnnd  tlie  Unomtal  rard  abo?0,  and  imploy  (2454)  and  (2472). 
Simitariy,  from  (5887)  and  (5978)  Um  tiiree  folbiniig  yalw  an  fonad. 

6085  For  the  eentroid  of  the 

6086  The  If.  J.  about  the  0  and  y  axes  are  approximately, 
"2"  •''^  2 


FagnanVs  Theorem.-^¥i^,  192.)  Let  P  be  any  point 
on  the  ellipse,  GY  the  perpendicular  on  the  tangent  at  P; 
£ACY^9;  Q  the  point  whose  eccentric  angle  sr^ir^^. 
Then 

6089  Pr+^P  =  ajv/(l-e^  sm'e^d0=B<i  ; 
and  in  the  hyperbola  (Fig.  193) 

6090  PY-AP  =  a  Jy(l-e*  sin*^  d0. 
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6091  Cob.  —  The  difference  between  the  lengths  of  the 

infinite  curve  and  asymptote  =  a\  v^(l— e*8in-0)rf0,  where 
a  ^« 

tana 

0 

PBOOn.— By  (5203), 

AF+FY   or   «+3  =         =o|  ^Cl-e*  Bm*6»;     =        by  (6083). 

In  the  Iiyperbola  we  have  q—» 

6092  Draw  tlie  tangent  at  (2  ^i^d  the  perpendicular  CU  upon 
it.  Let  X  be  the  abscissas  of  P,  Q.  The  following  relations 
subsist) 

d 

Proof. — Let  f  =  the  eccentric  angle  of  P,  aud  let  ACU  =  0'.  Then 

tan^sf^Ls^sltuiO.  (4276-60) 

Similarlj  for  tan  (| =  cot 6  =  ^  tan 

therefore  tauf  —  cot^'     or    ^  = 

The  Telttti<m  thefefore  betweoi  P  and  Q  is  redprooal.  Nov  PF=  e^  sin  0 
(4295)  and  0' s  a  sin  $t  therefore  FY  s       =  QIT,  bjr  the  reoiprocity. 

Again,  CCT*  =  a' cos*    + 6*  sin' 0'  (4;37i)  =     .siu"  ^  +  6' cos' ^   (ii.). 

Put  f  in  terms  of  0  by  the  above,  aud  wo  hud 

Lastly,  (7I*VOF«  =  ««+y»+i^sin»^+B^ooe«f,  by  (ii),  =a»+5^  (4276-7). 

6095  When  P  coincides  with  Q,  the  point  is  called  "  Fagnani's 
point,*'  CY  =  y/(ab),  FY=a-b,  and  «  =  a«(a+6)"*. 

6096  OriffitJis'  Theorem.*— \i  an  ellipse  of  eccentricity  e, 
and  a  hyperbola  of  eccentricity  be  placed  as  in  the  figure 
of  1205  (the  circle  representing  the  ellipse),  P,  p  being  con- 
sidered corresponding  points  ;  then,  calling  PQ,  in  (6088),  a 
Fagnanian  arc,  we  have  the  following  theorem : — 


•  J.  Gtiffitha,  M.A.,  iVw.  Lmd.  Mkth,  8oe,,  Vol.  t.,  p.  96. 
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The  mtio  of  the  difTerence  of  two  Fagnanian  arcs  on  the 
ellipse  to  the  difference  of  the  two  corresponding  arcs  on  the 
hyperbola  in  equal  to  the  product  of  and  the  four  abscissae 
of  the  points  on  the  ellipse. 


S£CTOK  AND  SEGMENT  OF  ELLIPSE. 

6097  The  formulflo  for  the  sector  and  segment  of  a  circle 
may  be  adapted  to  the  ellipse  hy  writing  a  for  r  and  multi- 
plying linear  dimensions  parallel  to  the  minor  ams  hg  hia. 
But  a  will  then  represent  the  eccentric  angle  of  the  semi-arc, 
and  B  twice  that  angle.  Thus,  in  the  figure  of  (1205),  if 
AOP  be  the  half  sector,  a  =  AGp^  $  =  2A0p. 

Sector  of  ellipse  {2AGP  in  fig.  of  1205) : 

£SAfto     i  -     4a  sin  4^    -     46  sin' 4a  /-non 

6098  Area  =  =  — ,   y  =  — ^  »  ,  (6030-2) 

the  last  being  for  the  half  sector  AGF.  The  M.  I.  about  the 
X  and  y  axes  are 

6101         ^(l-^    and    "^(l  +  ^i).  (6038) 


Segment  of  ellipse  (2ANF  in  same  hgure) : 
6103      Area  =  ^(e-sin0).    S=  *^^^  (603i^) 

6105  Pot  y  of  the  half  segment  ANP^  and  for  the  M.  I. 
about  the  x  and  y  axes,  replace  r  by  6  in  (6037-8)  and  bv  a 
in  (6039). 

6108  ^or  the  whole  ellipse^  the  area  ==  wab,  (6103) 

6109  ^or  the  half  elUpse^  jc  =s  (6104) 

Sir 

6110  The  M.  L  about  the  x  and  y  axes,  and  a  third  central 
axis  perpendicular  to  both, 

and  (6041-2) 
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6113   The  area  of  the  ellipse  whose  equation  is 
(abefghX^Sfiy^O,  is    =_^^3  or 


y/{ab-h'y 

Proof. — If  a,  ft  be  tbe  semi-axes  of  tbe  oonip,  the  area  Tofi  takes  this 
▼alae,  by  aad  (4407). 

6114  Lambert's  Theorem. — The  area  of  a  focal  sector  of  an 
ellipse,  as  PSF  (Fig.  28),  in  terms  of  tbe  eccentric 
angles  of  P,  i^,  is 

Y  {^-f-e(8in^-siiif)}  =  ^{x-X'-(8i«>X-8i»>X')}. 

In  the  second  value,  sin^  and  sin^  are  =  ^J^iL^^ 

2s  2s  y  a 

respectiyely,  where  r  =s  8F,  r  =  SF,  and  e  =  PP',*  a  result 

of  use  in  ^tronomj. 

THE  HYP£&BOLA. 

6115  The  length  of  an  are  of  the  hyperbola  5V  — oV  = 
and  the  abscissa  of  its  eentroid  may  be  approximated  to,  as  in 
(6084)  for  the  arc  of  an  eUipse,  by  the  substitutions  from 
(4378), 

J  rf*  =  a  J  sec  ^  ^/(c*  sec*  ^—1)  rf^ 
and  sec*^— 1)  <i^. 


6117  Lnnden'si  Thrarem. — Tliis  theorem  gives  any  arc  of  au 
hyperbola  iu  terms  of  the  arcs  of  two  ellipses,  as  follows : 

Ja/(«'+6*+2«6  cos  C)  rfC  = 

(a«-ft«8in«i4)rfi4+J\/(6'  --o*  8in*JB)rfJ5+2osliLB+ const., 

that  is — Arc  of  ellipse  whose  semi-axes  are  a+b  and  a—b 
=  Are  of  ellipse  whose  major  axis  is  2a  and  eeeentridty  b  :  a 
+  differenee  between  a  right  line  amd  the  are  of  an  hyperbola 
whose  major  axis  is  b  and  eccentricity  a  :  6.t 

•  Wmkmuo»*B  Inttg,  Cole.,  Art.  137.    t         Art.  167. 


Digitized  by  Google 


886 


80LU)  OBOMETRY, 


6118  Area  ANF  (Fig.  of  bounded  by  aj,y,  and  the 
curve 

6119  =  i  [  log     + 1)  j .  (*271) 

6180  Area  of  sector  between  CA,  CP  and  the  curve 

6181  Area  between  two  ordinates  yi,  y^,  when  the  asymptotes 
are  the  coordinate  axes 

Proof:  rinSLlCo|y&i  =^  ^.  (4387) 

6122  The  centroid  of  ANP,  A  being  the  area  (6118),  is 
given  by 

6184  The  Jf.  L  of  ANP  about  the  x  and  y  axes  are 

6125   4(2^-a^a.)  ^(.i--«0  -  log-^+v^y-^). 

THE  ELLIPTIC  PARABOLOID. 

6186  Equation,        ^+}^^  =  2». 

6187  Vol,  of  gpfjment  =  w^{ah)  18*,      i  =  |«. 
6189    i^*  I'  about  the  axes  of    y,  and  s  respectively, 

(az  ,  j^-X  ,  a-\-h 
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6138   The  su/rface  8  of  the  same  segment  may  be  found  from 

6133  If  the  snr&ce  of  the  paraboloid  be  bounded  by  a 
cnrye  of  oonstant  gradient  y  (5881),  the  area  becomes 

5  =  |ira6  (sec'y-1).  (5883) 

THE  PARABOLOID  OF  BBVOLUTION. 

6134  Equation,  =  2az  or     =  2az. 

6136  Surface  of  segment,  S^ivy/^a{  (2»+a)*— a*} .  (5880) 

6137  Voltme  s=  vasf  ss  iirr*s»  i  =  (5887,  '99) 

6140  L  about  axis  of  figure  =  (6181) 

o 

6141  ^or  M.  L  about      and  OF  put  a  sr  6  in  (6129-30). 

THE  ELLIPSOID. 

1/^  Jl^ 

6142  Equation,      -|-     -|-     =  1,  semi-axes  a,  6,  c  (5000). 

6143  The  surface  of  the  segmmt  cut  off  by  the  plane  whose 
abscissa  is  x,  will  be  found  from 

PBoor.— By  (5874)  and  (5629,  7),  eliminating  g  by  meana  of  the  eqna- 
tion  of  the  snraoe. 


6144  The  volwme  of  the  solid  segment  and  the  centroid  are 
given  by 

F  =      (2a+*)(a-a?)«    ^=  '^Ha-^^if 

Proofs. — Let  (Fig.  177)  represent  duo  octant  of  the  ellipsoid;  OA,  OB, 
00  being  the  principal  semt-azea.   The  elemental  section 

a  a 

Therefore  Vol.  =      j  V«-a»«)  db  =  0  (2a»-8a^+«»)  =  &c. 
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SOLID  GaOMBTBT. 


The  momMit  with  respect  to  the  plane  ol  yn 

and  diTision  by  the  Tolame  gives  x  as  above. 

6146  The  M.  h  of  the  solid  segment  about  the  axis  a 

=  ^^^W^^  (a-o-r (8««+9a^-f 3^). 

PIOOF.— (Fig.  177.) 
Jf.  J.  =  jViyrP.yQ.^^^^^yifa  (6112)  =  '^^^."^^^  =  Ac 

6147  The  If.  J.  about  the  axis  h  ■ 

Pboof:   Jf.I.  =  |*»OT.A^Q('^  +  Oir')i«  (6021) 

= 0  f  v-i^)*cfo+  -^^  (y-.F)^& = Ac. 

6148  The  uolnme  of  the  whole  ellipsoid  =  ^abc. 

Proof. — By  making  a;  =  0  in  (0144). 

Oth'  nrUe :  Let  IqC  be  the  j)oint  on  the  auxiliary  sphere  of  radius  r  cor- 
responding to  xyz  on  the  ellipsoid.    By  (5638-9),  rx  =  a4,  ry  =  6i|,  rz  —  d^. 

Therefora  j  Myds  =  ^  j  d^diidi:  =s  ^  iwt*.  (6061) 

6149  t'or  the  centroid  of  the  semi-ellipsoid     =  i^.  (6145) 

6150  The  M.  L  about  the  axis  a  =  m  (0146) 

o 

6151  The  volume  of  a  segment  out  off  by  any  plane  P-V(2 
(Fig.  177),  where  OA^d  i&  the  semi-conjugate  diuneter,  and 

Proof. — Taking  the  area  of  the  section  from  (^5055),  the  volume  of  the 
segment  will  be  ^ 

0  being  the  inelination  d!  <l  to  the  cntting  plane.  Integrate,  and  pot 
9  s  d— A. 
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PROLATE  SPHEROID. 

Put  c  =  6  in  equation  (G142)  of  the  ellipsoid ;  then  a  will 
be  the  Bemi-^axis  of  revolution. 

61&8  The  surface  of  the  zone  between  the  plane  of  yn  and  a 
parallel  plane  at  a  distance  x  is 

S^^h\^  sin-  ^ + ^  ^(a*-e*a-*)  j . 

Paoor.— By  (6878).   8  =  ^  ^ \] ~ 
Then  by  (1933).    Otherwise,  make  6  =  c  in  (6143),  and  redace. 

6153    CuK. — The  loJiole  siir/act  =  2ir6  ^^H- sin" 


6154  The  eentroid  of  the  surface  of  the  zone  in  (6152)  is 
given  by  Me  ( /a«  AO 

PBoor.— From      SS^^^'xyj  (~  -  a>«]  dm. 

6155  The  M.  I.  of  the  same  zone  is 

6156  And  for  the  whole  surface,  by  making  x  =  a  and 
doubhng.^^  J.  =  -  ^)  8li|->e+«6*(l+^)  . 

Piwor :  Jf.  i.  =  2»  [  /^(l  +  ^)  <i.  =        [  {a'-s')  ^      -  z')  dz 

Tbo  first  integral  by  (1983).  For  the  second*  bj  Rule  VI.  2048,  we  obtaixi 
the  foimala 

6167     f  «^  « I  «n-»  I + ?2^*  y{^-f^, 

in  which  —  must  now  be  written  for  a. 
e 

6158  For  the  volume^  moment  of  inprtia,  and  nhftcissa  of 
cpntroid  of  the  solid  prolate  spheroid,  make  c  =  i  in  (6144-51), 
a  being  the  axis  of  revolution. 
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OBLATE  JSPHEaOlD. 

6159  Put  h  =  a  m  the  equation  (6142)  of  the  ellipfioid ; 
then  c  will  be  the  semi-axis  of  revolution. 

The  surface  of  the  zone  between  the  plane  of  and  a 
parallel  plane  at  a  distance  2,  is 

Proof.— By  (5878).  B  =        f  ^(;^ 

6160  Cott.— The  whole  surface  =  2»a^-i-  I£llogl±£. 

6161  The  centroid  of  the  surface  of  the  zone  in  (6159)  is 
given  by 

Pkoof. — As  in  (6154).    i  for  tlie  Rnrfacc  of  half  the  spheroid  is  obtained 

iu  this  case  by  making  z  —  c,  but  m  (Glo-i)  pat  x  —  a. 

6168   The  M.  I.  of  the  same  zone  is 

6163  And  for  the  whole  surface,  by  making  z^c  and 
doubling, 

P«K,r=  lf.l.  =  8,[^^(,  +  2V)  ^_ 

The  tirbt  iutugral  involved  is  given  at  (1931),  and  the  second  is  obteined  in 
ibe  same  way  aa  in  the  Proof  of  (6155),  giving 

6164  |»V^+a^tZ*  =  '11^  v^CxHa')-  ^  log  v'V+a')}. 

6165  For  the  mJinue,  momenf  of  inertia^  and  ah.<cissa  of 
centroid  of  the  solid  oblate  spheroid,  make  b  =  a  in  (6144-51), 
c  being  the  axis  of  revolutiuu. 
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A,  with  Vol.— ArchW  dcr  Mathematik;   1843  to  1884  ;    70  vols. 

[B.  M.  C:  p.p.  1580.]  * 
Ac.  with  Vol. — Acta  Mathematica,  Zeitschrift  Journal,  herausgegoben 

von  G.  Mittag-Leffler ;  Stockholm,  1882  to  1885;  7  vols. 
AJ.wUhVol. — American  Joumal  of  Mathematics  ;  Baltimore.  Editor: 

J.  J.  Sylvester,  F.R.S.i  1878  to  1885;  7  vole.    [B.  M.  C: 

P.P.  1575.6.] 

Ao.  utUh  Year. — xiiiuali  di  Scienze  Matematiche  e  Fisiche,  compilati  da 
Prof.  Barnaba  TortoliQi ;  Rome,  1850-57;  afterwards — Annali 
di  Matematiche  pura  et  applioa;  fiiome,  1858-65.  Series  II., 
Annali  di  Matematiche  para  et  applioai  compilati  da  F.  Brioschi 
e  L.  Cremona;  Milan,  1868-85;  28  Yols.  in  all.  [B.  M.  C: 
P.P.  1573  and  952.] 

At.  wiik  Year. — Atti  della  Realo  Accaderaia  dello  Scicnzo  di  Napoli; 

1819  to  1878;  15  vols.  [B.  M.  C. :  for  1810-55,  8  vols., 
Acad.  2813 ;  for  1863  to  1878,  7  vols.,  Acad,  96.] 

C.  wiik  Vol, — Comptes  rondos  hebdomadaires  des  seances  de  I'Academio 
des  Sciences;  Paris,  1835  to  1885;  100  vols.  [B.  M.  C. : 
Acad.  424  and  RJi,  2099.  c]  t 

CD.  wUh_  Vol. — Cambridge  and  Dublin  Mathematical  Journal.  Editor, 
W.  Thomson,  B.A. ;  1846  to  1854  ;  9  voU.  [B.  M.  C. : 
P.P.  1565.] 

CM.         Vol.  —  Cambridge  Mathematical  Journal;  1839  to  1845; 

4  vols.    [B.  M.  C. :  P.P.  1565.] 
CP.  wiih  FoZ.— Cambridge  Philosophical  Transactions;  1822  to  1881 ; 

13  vols.    [B.  M.  C. :  Acad.  3008.] 
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E.  with  Vol. — Educational  Times  Reprint  of  Mathematical  Questions 
and  Solutions,  with  additional  papers ;  London,  half-yearly, 
1863  to  1885;  U  vols.  Editor:  W.  J.  C.  Miller,  B.A. 
[B.  M.  C. :  2242. c] 

G.  with  Vol. — Giornale  di  Matematichead  uso  degli  studenti  delle  univer- 
sitii  Italiane,  pubblicato  per  cura  del  professore  G.  Battaglini  ; 
Naples,  1863-85;  23  vols.    [B.  M.  C. :  P.P.  1572.] 

L  with  Vol. — Journal  of  the  Institute  of  Actuaries,  or,  The  Assurance 
Magazine;  London,  1850-84;  24.  vols.  [B.  M.  C. :  P.P. 
U'lS.g.g.  and  126.] 

J.  with  Vol.  —  Journal  fiir  die  reine  und  angewandte  Mathematik, 
herausgegeben  von  A.  L.  Crelle;  1826-1856;  and  Journal 
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C.  W.  Borchardt;  Berlin,  1856-1884  ;  91  vols.  [B.  M.  C: 
P.P.  1585  and  R.Il.  2022.g.] 

J  P.  with  Vol.  —  Journal  de  I'Ecolc  Polytechnique  ;   Paris,   1796  to 

1884  ;  34  vols.    [B.  M.  C. :  T.C.  l.fe.1 

L.  with  Year. — Journal  de  Matheniatiques  pures  et  appliquees,  ou 
Recueil  mensuel  de  meinoires  sur  les  diverses  parties  des 
Mathematiques,  pubhe  par  Joseph  Liouville;  Paris,  1836  to 
1884;  413  vols.    [B.  M.  C. :  P.P.  1575  and  P.P.  2022.  c?.] 

LM.  with  Vol. — London  Mathematical  Society's  Proceedings;  1866  to 

1885  ;  lii  vols.    [B.  M.  C  :  Acad.  4265,  2J 

M.  with  Vol, — Miitbematische  Annalen,  in  Verbindung  mit  C.  Neumann 
begriindet  durch  R.  F.  A.  Clebsch  unter  Mitwirkung  der 
Herren  Prof.  P.  Gordan,  Prof.  C.  Neumann,  Vols.  L=S ;  and 
Prof.  K.  V.  Miihl,  gegcnwiirtig  herausgegeben  von  Prof.  F. 
Klein  und  Prof.  A.  Mayer,  Vols,  10,  «fcc.  Leipsig,  1869—1885  ; 
25  vols.    [R.  M.  C.  :  P.P.  1581.6.] 

Man.  with  Year. — Manchester  Memoirs,  or.  Memoirs  of  the  Literary 
aud  Philosophical  Society  of  Manchester ;  1805  to  1884; 
m  vols.    [B.  M.  C. :  255.^.,  9-12,  and  Acad.  1360.] 

Me.  with  Year. — The  Oxford,  Cambridge,  and  Dublin  Messenger  of 
Mathematics;  1862  to  1871;  5  vols.  Continued  ag — The 
Messenger  of  Mathematics.  Editors :  W.  A.  Whitworth, 
M.A.,  C.  Taylor,  D.D.,  R.  Pendlebury,  M.A.,  J.  W.  L. 
Glaisher,  F.R.S. ;  Cambridge,  1872  to  1885;  Li  vols. 
[B.  M.  C. :  P.P.  L565./).  and  463.] 

Mel.  luith  Vol. — Melanges  mathematiques  de  I'Academie  des  Sciences 
de  Saint  Petersburg ;  1849  to  1883 ;  S  vols.  [B.  M.  C. : 
Acad.  1125/9.] 

Mem.  with  Year. — Memoires  de  I'Academie  Imperiale  des  Sciences  de 
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Saint  Petersburg;  1809  to  1883  ;  M  vols.  [B.  M.  C.  : 
1809-30,  T.G.  9^  14-20;  1831-59,  Acad,  1125/2;  1859-83, 
Acad.  1125/3.] 

Mo.  with  Year. — Monatsbericht  der  Koniglich-Preussichen  Akademie 
der  Wissenschafteu  zu  Berlin ;  185G  to  1881;  continued  as — 
Sitzungsbericlito  der  Koaiglich,  &c. ;  1881  to  1885;  vols. 
[B.  M.  C. :  Arad,  855.1 
N.  with  Year. — Nouvelles  Annales  do  Mathematiques.  Journal  dcs 
Caudidats  aiix  Ecoles  Polytcchnique  ot  Normal.  Redige  par 
MM.  Terqueni  et  Gerono ;  Paris,  1842  to  1882;  4J  vols. 
[B.  M.  C. :  P.P.  1544.] 
No.  with  Year. — Nova  Acta  Rogiio  Societatis  Scientiaruui  Upsalioiisis  ; 

1775  to  1884;  2<j  vols.    [B.  M.  C. :  for  1775-1850,  lA  vols., 
T.G.  (Uj^  13-19;  for  1851-1884,  12  vols.,  Acad.  1070.] 
P.  with  Year. — The  Philosophical  Transactions  of  the  Royal  Society  of 
London;    1781   to   1884;    IM  vols:  vols.  ZI  to  124 

[B.  M.  C. :  It.R.  2021. j7.] 
Pr.  tvith  Vol. — Proceedings  of  the  Royal  Society  of  London;  1800  to 
1885;  as  vols.    [B.  M.  C.  :  for  vols.  1  to  23,  Acad.  3025,  21  ; 
for  vols.  24,  &c.,  B.R.  2101.^2.] 
Q.  itnth  Vol. — Quarterly  Journal  of  Mathematics ;  20  vols.  Cambridge, 
1857-78;  Editors:  J.J.  Sylvester,  F.R.S.,  N.  M.  Ferrers, 
F.H.S.,  G.  G.  Stokes,  F.R.S.,  A.  Caylcy,  F.R.S.,  M.  Hern.ite, 
F.R.S.;  1878-85,  N.  M.  Ferrcr.s  F.r's.,  A.  Cuyley,  F.R.S., 
J.  W.  L.  Glaisher,  F.K.S.    [B.  M.  C. :  P.P.  1500  and  251.] 
TA.  with  Vol. — Transactions  of  the  American  Philosophical  Society  ; 

Philadelphia,  1818-71;  14  vols.    [B.  M.  C.  :  Acad.  1830/3 
and  T.C.  UUl  HJ 
TB.  ivith  Vol. — Transactions  of  the  Royal  Society  of  Edinburgh;  1788 
to  1880;  29  vols.    [B.  M.  C.  :  T.C.  ihJi.  1  and  ll.h'.  2099.^/.] 
Tl.  tvith  Vol. — Transactions  of  the  Royal  Irish  Academy;   1780  to 

1879;  m  vols.    [B.  M.  C. :  Acad.  1540  and  U  H.  2099.5r.] 
TN.  with  Vol. — Transactions  of  the  Royal  Society  of  New  South  Wales  ; 

Sydney,  1807-83;  17  vols.    [B.  M.  C. :  Acad.  1971.] 
Z.  with  Fo/.— Zeitschrift  fiir  Mathematik  und  Physik,  herausgegeben 
von  Dr.  0.  Schlorailch  und  Dr.  B.  Witzschel ;  Dr.  0.  Schlo- 
milch,  Dr.  E.  Kahl,  und  Dr.  M.  Cantor;  Leipzig,  1850-1883. 
28  vols.   [B.  M.  C. :  P.P.  1581.] 
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a.  c. 

= 

arra/  coorHimtm, 

T.  eq. 

alg. 

— 

algebraie. 

imag. 

ftp. 

application. 

1:  c.  m. 

anal. 

mmalptieal. 

num. 

ar.  p. 

— 

with,  progremm. 

o.  e. 

c.  c. 

Cartejian  coormMtm. 

p.  c. 

cn« 

conttruetion. 

p.  d.  e. 

oond. 

tmiUim. 

p. «. 

cunr. 

curvature. 

perp. 

d  c. 

differential  ealrulut. 

pL 

d.  c. 

differential  equatioiu. 

d.  i. 

tUfinit$  inttgrmL 

q.  c. 

eq. 

equation. 

rad. 

ex. 

txample  or  «K«r«M». 

sd. 

ext. 

extmuion. 

aol. 

1 

syn. 

f.  d.  c. 

f\>titf  (fiffrraie'  ealnth'^. 

ta. 

f.  d.  0. 

finite  difftrtHC«  equation. 

t.  c. 

gM». 

fttmetrieal. 

ig.  c. 

g.p. 

geometrical  fngrtuimi. 

tg.  e. 

gn- 

general. 

th. 

generalization. 

tr. 

h.  0.  f . 

hifhe$t  emmon  factor. 

txanaf. 

i*  0. 

iitUgrat  «aletUt$», 

indeterminata 
imaginary. 
lotre$t  commm 
mmerieal. 
oblique  eoorHn&tat. 

pohir  cr.'-rtfitiaf'-i . 
partial  difference  e^ttat 
polar  eqtiatitit, 
perpendimb^.  ■ 
plane. 
proUem. 


rrnUm, 

solid  or 
tolutioM. 

(afile. 

trihneiir  coordinates, 
tangential  eoordinatm. 
tangential  egmtiam, 
theorem. 

treatise  (•.r.,more 
tratt^ormatiom. 


16y. — Tho        numu  that  tkrto  aHMn  tmitrtko  tamo  kmiimf  loUl  J»  fitmd  tit 

18 — 2 1 . — Meant  that  ono  artielo  on  the  iuiffect  vill  be  found  in  each  ^  the  four  eottsecutite  volumes. 


BeferenoeB  to  the  SjnopBU  stand  first,  and  are  the  numbers  erf  Artides, 

not  of  Pages.  An  asterisk  (*)  is  prefixed  where  snch  numbers  will  be  foond. 

The  unclassified  references  following  a  principal  title  commorly  refer  to 
papers  on  the  general  theory  of  the  subject ;  but  some  }>apcrs  are  occa- 
sionallj  indaded  amongst  these  of  which  the  titles  are  too  long  for  inser- 
tion, and  do  not  admit  of  abbreviation. 

Subjects  which  mi^^ht  well  Imve  been  included  under  the  same  head- 
ing appear  sometimes  under  different  ones,  foi-  the  folluvvin"^  rtasons  :  — 
Exigencieti  of  space  have  decided  the  insertion  of  the  number  of  the  volume 
only  of  the  particnlar  work  in  question,  and  a  snbeeqnent  examination  of 
the  Index  or  that  volume  is  required  in  order  to  find  the  page.  It,  there* 
fore,  became  desirable  not  to  change  the  original  title  of  the  paper  when 
thei'e  was  danger,  bj  so  doing,  of  making  it  unrecognizable.  When,  how- 
ever, the  same  snlojject  appears  in  two  parts  of  this  J  ndex  nnder  different 
names,  cross  references  from  one  to  the  other  are  given.  Some  changes, 
however,  linve  been  made  wluu  the  pvnonyni  was  perfectly  obvious  ;  for 
imitance,  when  a  reference  to  a  journal,  published  fifty  years  ago,  is  found 
under  the  heading  of  "  Binary  Qnantics,*  the  actnal  title  of  the  article  will, 
in  all  probability,  be  "  Homogeneous  Functions  of  Two  Variables,**  and  so 
in  a  few  other  instances. 
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Abacus  of  the  Pythagorcaus  :  Ti-30. 
Abelian  cubics  and  symmotrical  uqua* 
tions :  Q.^). 
of  class  v/(-31i  Mil82. 
Abelian  equations:  AJi8_:  CLQ^  lUKl: 

M.lHr  Mo.77.92. 
Abelian  functions  :  see  "  ILypcr-elliptic 
functions." 
•Abel's  formula  for  F{x-\-hj)-\-F(x—iy): 

2705.  Mii^ 
•Abel's  theorems:   ir,72:  C.94 :  J. 9.24. 
61,90:   IMAli    M.8.17 :  V.Sl, 
fii:  Pr.30.34. 

c}>{x)-\-<t>{y)  =  ylr{.r/{y)-\-y^f{x)}:  An. 

•Abscissa:  1160. 

Acceleration  :  Me  tr  65. 
•Algebra:  1—3^0:  A.tr20. 

application  to  geometry  :  J  P.  1. 
foundation,  limitations :  AJ.6 :  CP.T^ 

8^:  qs, 

history  of,  in  Germany  :  Mo.67.7Q. 

Algebraic  :   Calculus  :  N.81. 

definitions :  ('.37. 
forms:  C. 84.94:  Af.l5. 
coordination  of:  J.7>). 
whose  Hessian  vanishes  identically : 
M.IO. 

in  theory  of  cubics :  M.8. 
formul.-B:  rr.12.  Q,5. 
functions:  A. 10,31:    IM.:   L.50.51  : 
M.IO:  1027 

applied  to  geometry:  CL22: 

number  of  constants  :  iLtLL 

as  partial  fractions  :  Z.9. 

rationalization  of :  A.69. 

representation  by :  J.77.78. 

resolution  into  factors  :  A .46. 

theorems  :  iLS2  :  M.1,6. 
synthesis :  C.16:i. 
Algorithmic  geometry :  N.57. 

Algorithm:  re  definition  of  (-^j  : 

of  higher  analysis  : 

of  arithmetical  functions  :  Ga2^ 


Alternants  of  4th  order,  co-fuctors  of : 

ALL 

Alternate  numbers :  LM.lOj. 
AUeniatiiig   functions  :    AJ.7 :  C.12, 
22:  J .83  ( Vajidermond's)  :  Me. 

Altitudes,  determination  of:  A.12.19: 

M.tm.l.^:  N.4.'>. 
Amicable  numbers  :  A.70. 
Anallagmutic  curves    and    surfaces  : 

C '.87  :  N.64  (quartic  surface). 
Anallagmatic  pavements  :  E.10. 
Analysis  :    A.l  :    An.-''0  :    C.3.11.12  : 
J.f  7  :  P.14:  Q.6.7. 
ap  to  geometry  :  LL23  :  JP.4. 

Analytical :  aphorisms :  A ./i :  LliL 

combination  theorem  :  J.ll. 
functions  :     Ac.6  :    th3An.82  :  Ld- 
'jrange,  trJ  P.3. 
system  of,  and  series  from  it :  An. 
tr  84.. 

•  geometry  :  4001—6165  :  A.2.11.38: 

QAj  JP.9  :  L.72  :  M^:  Mem. 
LI:  2Lii^  tr  11.12. 

theoremsand  problems :  A.8.52:  J.-Ui. 

plane  and  solid  in  homogeneous  co- 
ordinates :  Z. 15.16. 

of  three  dimensions  :  CM.4. 
metrics  :  Q.7,8. 

theorems  :  A .8.    treatise :  C.13. 
Angles  :  conterminal :  Mr  74 

•  of  a  central  conir  :  4:375. 

division  into  ii.  and  n  +  1  parts:  A.70. 
of  five  circles  or  six  spheres  :  Me. 79. 

•  of  two  circles  :  4180. 
problems  on  :  P.  1791. 

two  relations  between  five  :  A. 20. 

•  trisection  of:  6325:  A.4.34 :  C.2.66. 

Hi  :  fiAh  :  Mo-72  :  N.56.76. 
Anharmonics :  LM.2.3. 
•Anharmonic  pencils  of  conies :  4809 
—21. 

•Anharmonic  ratio:  1052,4648: 

corresponding  to  roots  of  a  biquad* 
ratio  :  N.ttO. 

•  ofaoonic:  Q.4:  offonrtangents:  4986. 

5  q 
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AnharmoQic  ratio  (continued) : 
of  It  linos  in  space  :  Mc^IlL 
of  i  points  in  a  plane  :  A.l :  C.77. 
sextic  :  LM.-2.00  :  Q.37,38. 
systems  :  riiM  lO. 
•Annuities:  ^(^2  ■-   A.2-:   Ac.l :  CP.3: 
■T.h;^  ■•  I  I— '2  t  .  P.  1788,  -89,  -91, 
-94,  1800,  -10  :  N.47. 
Anticaustic (by  refraction) ofa parabola: 
N.83.85. 

•Anticlastic  surface :  5623,5818. 
Aplanatic  lines,  lerauiacates,  caustics, 

&c. :  th  L  JiO  :  N.4o. 
Apolarity  of  rational  curves  :  MJilx 
Apollonius's  problem  :  A .37  :  M .ti. 
Approximation  :  iLLl :  N.d6. 
algebraic :  J.76. 

to  functions  represented  by  integrals  : 
C.20j. 

of  several  variables  :  C7Q. 
successive:  M<'rn.:W. 
Apsidal  surfaces :  Q.16. 
Arabs,  mathematics  of:  C.39.60. 
Arbitrary  constants  :  C.15 :  L.80 :  in 

d.e  and  f.d.c,  TI1:V 
•Arc,  area,  &c.  :^— quantification  of  : 
1244,  5205. 5874, 6015. 
relations  of :  G.16  :  C .80.94 :  I.. 46. 
Area  with  a  rectitiable  difference  and 
areas  with  a  quadrablo  difference : 

•Areas  :  and  volumes  in  t.c  and  q.c  : 

4688 :  Q.2. 

•  approximation  by  ordinates :  2991 — 7: 

('-78:  CUM 

•  between  3  lines  :  4038 :  Mo.75. 
ext.  of  meaning  :  CD. 5. 

Arithmetic :  A.5,l8 :  Ti-.')0. 

ancient :  C.71 :  XJiL 

degonre,  ext.  of  the  notion  :  r.04. 

higher:  J.35. 

history  of :  C  I  7. 

of  Ibn-Esra:  trT^.41. 

of  Nicoma(jue  de  Gerase  :  An■.^7. 
Arithmetico-gcometric  mean  :   Mo.58 : 

•Arithmetic  mean :  21 :  CD.S    of  a 

quantities  :  1^22  :  LiJl^ 
•Arithmetical   progression :       :  thL. 
liiL  Pr.lO. 
and  g.  p  when  jk  (the  number  of  terms) 

is  a  fraction  :  A .35. 
when  the  terms  are  only  known  ap- 
proximately :  C.96. 
Arithmetical  theorems :  AJji:  C.93,97;: 
Cn.H  r  G.7.18  :  L.63:  of  L£.m., 
N.57 :  Gergonne,  LLiL 
Arithmetical  theory  of  algebraic  forms : 
J.92.93. 

Aritbmographe  polychrome :  C.51,5iL 


Arithmometer :  L  16 — 18. 
Aronhold,  theorems  of :  gzJ.73. 

Associated    forms  :  systems    of  : 

gzAJ.l  :  CJiii:  Cp.6. 
and  spherical  harmonics  :  Mc.8.j. 
Astroid  of  a  conic  :  A. 64. 
•Astronomical  distances :  p  a. 
•Asymptotes  :  5167  :  A.p.  c  15.17  :  CM. 
1:  M.11  :   N.68 :  thsy.48j  and 

•  of  conies  :  1 182, 4490,  t.c  4683  :  tg.  c 

4904,  -66  :  M^^  'l  :  Q.3,8.  ^ 
of  intersections  of  quadrics  :  y.73. 
of  imaginary  branches  of  curves : 

C\f 

Asymptotic  :  chords  :  A.LL 

•  cone  of  a  quadric  :  5616:  E.30,  g.e  HL 

•  curves :  5172. 

lines  of  surface:} :  A.60.61 :  R-84. 
law  of  some  functions :  Mo.65. 
methods :  M.8j. 

•  planes  of  a  paraboloid :  5625. 
planes  and  surfaces  :  CliiL 

Atomic  theory  and  graphical  represen- 
tation of  invariants  and  covari- 
ants  of  binary  quantics  :  AJ.lj. 

Attraction  :  of  coofocal  ellipsoids  : 

Mc.82. 

of  ellipsoids:  CD.4.9:  J.  12.20.26.31 : 
JP.L'>:  L.44j.45 :  M  H>r  N.76 : 
Q-2,7.17. 

of  eUipsoidal  shell :  L12 :  JP.15 :  Q.17. 

of  paraboloids  :  L^lil^ 

of  polyhedra :  lAisL 

of  a  right  line  and  of  an  elliptic  arc  : 

An.59  :  CD.3. 
of  a  ring  and  of  elliptic  and  circular 

plates  :  LL^  :  Z.ll. 
of  spheroids  :  iL12  :  J  P.8  :  LuZ6  : 

M.-.n  31  :  V.ilvonj)  l± 
of  solids  of  revolution,  Ac.  :  An.56 : 

CD,;:, 

solid  of  maximum  :  TlLfix 
theorems  :  Q.4.17. 
theory  of :  L.44.6. 
•Auxiliary  circle  :  1160. 
Averages  :  1.7,9. 

•Axes  :  of  a  conic  :  gn.eq4687  :  A  .30 : 

K  At^  ■  (Mi:  Q.q.c4;  t.C  5.S.15 
and  2li :  Me.a.c  64,71 :  2^.43,48,58: 
t.cQ.12. 

•  construction  of :  1252  :  Me. 66- 

•  cn.  from  conj.  diameters:  1253: 

A.  13.20 :  M.^  8-j  •  N.67.78. 

•  of  a  quadric  :  5695 :  A. 30  :  An.77  : 

G.O  :  J.2.64.82  :  N.4;?.51.  cn  68. 
69.74. 

•  rectangular,  nine  direction  cosines 

for    two    systems  :     5577—8 : 
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•Axis  :  of  perspective  or  homology  : 

975. 

•  of  reflexion  :  1007. 

•  of  similitude:  1046,4177. 
Axonometry  and  projective  collineation 

in  space  :  M^L  Z.  12.21. 

Babbage's  calculating  machine :  C.99j. 
Barycentric  calculus  and  right  line  con- 
struction : 
Batteraent  de  Monge  :  Ti.H2. 
Beltrami's  theorem  :  AA^ 
•Bernoulli's    numbers  :    1539  :    A.S  : 
AJ.5.7  :  An.59.77 :  C.54v,.58.,.8L : 
(L2_:  J.20.21.28..:>8.81. 84.^5  (first 
62).88.92  :    LAI.4;.7.9;    Mi^Zii  : 
gzMem.83:  N,76:  Q.0.22. 
application  to  series  :  see  "  Series." 
and  interpolation  :  C.H6. 
and  their  first  2iia logarithms:  CV  V2 
and  secant  series  :  A.l  .3.35 :  C.4.32. 
bibliography  of  :  A  J .5. 
indeterminate  representation  of :  Z. 
liL 

new  theory  of :  C.83. 
theorems  on  :  E.2.8  :  N.77. 
Bernoulli's  series  :  1510. 
Bcssel's  functions  (see  also  "  Integrals 
of  circular  functions"):  •1-75 : 
M.3.4.9.14.16 :  Q,.20,21. 
representation  of  arbitrary  functions 

by  :  Af  -«>- 
squares  and  products  : 
tables  :  ZJL 
Bonnet,  two  formulte  of :  £LL 
Bicircular  qnartics:    LM.3.99 ;  P.77 : 
Pr  y.  •  Q.19,:  TT  t>4 
focal  conica 

with  collinear  triple  and  double  foci : 
LM.12.14. 

nodal,  mechanical  cn.  of :  LM.3. 
Bifocal  variable  system  :  M.Ki. 
Bilinear    forms :     J.G8..84.86 :  L.74: 

Mo.»>;.)).Se.7t. 
congruent  transformation  of :  Mo. 
ZL 

four  variables  :  (121  :  Mo.83. 
relation    between    two   and  their 

(juadric  and  quartic  system :  M.l . 
reciprocals :  CL22. 
reduction  of :  C.78.02. 
Bilinear  functions :  GM.ll. 
polynomials  :  C'.77. 
trilincar  and  quadrilincar  systems : 

E.5. 

Billiards,  theory  of  :  T^  H3. 
Bimodular  congruences  :  LL2h 
Binary  and  ternary  quadratics :  N.C4.05. 
•Binary  cubics  :  1G31 :  AAl :  (11*2 :  QJJ  : 
J.27.53.41  :  Q.1.11. 


Binary  cubics— (con/mued)  : 
automorphic  transf.  of  :  LM.H. 
and  quadratic  forms  :  (i-21. 
system  of  two:  ILZ:  QAl:  LiL13: 

resultant:  Q.6. 

tables  and  classification  of :  A  .31. 
transformation  by  linear  substitution : 

Binary  forms :    An. 56, 77  :  At.65  :  G. 
2.3.10.16,:  .1.74 :  M.2.3.20:  Q.14. 
and  their  covariants,  geo. :  iL22» 
ap.  to  anal,  geometry :  L.75. 
ap.  to  elliptic  functions  :  A. 1.5. 
ap.  to  Euler's  integrals :  C.47. 
canonical:  iLM:  Mi21. 
evectant :  Q.ll. 

geo.  interpretation  or  ap. :  C.78 :  G. 

IZj  M.1',22,. 
having  the  same  Jacobian :  C94. 
having  similar  polar  forms  :  M  -8. 
in  a  cubic  space-curve :  -T  86. 
in  twoconjugateindeterminates  :C.97. 
most  general  case  of  linear  equations 

in: 

iq)  groups  of :  M.2IL 

with  related  cocflicients :  M  12. 

transference  of,  when  not  of  a  prime 
degree:  M.21 . 

transformation  of :  M.4,9. 

typical  representation  of :  An.68,69. 
Binary  homographics  represented  by 
points  in  space,  applied  to  the 
rotation  of  a  sphere  : 
Binary  nonics,  ground  forms :  AiL2. 
Binary  octics :  th('.l>6  :  M.l 7;. 
Binary  quadrics :    (^47  :    tL3 :    .1.27  ; 
L.59.77 :  M.U>,17-:. 

construction  of,  through  a  symboli- 
cal formula:  ('-57. 

indeterminate,  integral  sol.:  J.45. 

for  a  negative  determinant :  No.81  : 
illiLI  (table) :  LlU.  :  M.l 7.. .21. 25. 

partition  table:  A.T.t. 

ri'presenting  the  same  numbers:  LJiS^ 

transformation  of:  C41. 

with  two  conjugate  indetorminates  : 

cm 

•Binary  quantics  :  1636 :  An. 56  :  C52 : 
CiliL 

(2u — l)-ic,  canonical  form  of:  Q.20. 

derivatives  of:  Q.15. 
•    discriminant  of :  1638  :  Q.ll>. 

rt eduction  of  :  .1-36  :  I  j..'i2  :  Q  7. 

transformation  of  :  CM.l :  f  hK  28- 

in  two  polynomials  U,  V,  prime  to 
each  other  and  of  the  same  de- 
gree :  N.85. 
Binary  quartics  :  and  their  invari- 
ants •  A  18- C; .LL  J.JJ :  M.19:Q.7. 
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Binary  q^nartics — {continued) : 

condition  for  perfect  square  :  EJlfL 
or  quintica,  with  three  equal  roots  or 

two  pairs  of  equal  roots  :  P-t)8. 
and  ternarj'  cubic,   correlation  be- 
tween: An.7t). 
Binary  quintic :  (i.M. 

canonical  form  for :  Q.19. 
Binary  sextics  :    taA  J.4 :  C. 64,87,96a : 
G.U:  M.2.76.77. 
syzygies  of :  AJ.7. 
Binet's  function :  L.75. 
Binodul  qnartic  with  elliptic  function 
coordinates  :  A.1.f>. 

•Binomial :  coefficients :  28a.3(>6— 7  : 

A.1.2:   (;.14  .    AT«^m  9X-  N.th60, 
61.70.86:  / 
sum  of  selected  :  M''.8r>. 

•  equations:    Miil  :   AJii:    At.6r».68 : 

C.10.44:  G.5i.lO:  T..'.7  ^  LM.ll, 
12.16. 

irreducible  factors  of :  An.69. 
v^—l  =  0  :  sec  "  Roots  of  unity." 
equivalences  to  any  modulim  :  C.25. 

•  theorem:    12r^— 36  :  A.B.geo.  61  :  C. 

AltA  t'l).7:  CM.a:  (;.V2  :~JT.4.5, 
28.05 :  Me.71  :  N.42,. 


P.l 6.16.95.96:  TI.12. 
generalization  of  :  J.l :  N.''j7-: 


^7.50.71.78: 


•Binormal :  572;{. 
Bipartite  functions  and  determinants : 
f^Mlri. 

Bipartition,  repeated  :  Mel. 4. 

•Biquadratic:  equation    (see  also 

"Cubic  and  biquadrntic") :  4^2 
— f)01 :  A  .1.1 2. 16.2:n:U. 39.40.41. 
•tr..69 :  AJ.l  :  (■A1.1.4ti...47:  (LL 
—7.13.21:  J .90.  Me.62:  N.44.58,. 
59,60.63,78,81,83:  g.7,28 :  Z.6.8. 

cond.  for  two  equal  roots :  E.44. 
and  elliptic  functions  :  ('."i7 :  L..!"»8. 
rctluction  to  canonical  form  :  (i.^. 
re<luction  to  a  reciprocal  equation  : 
T..63. 

solution  of:  A.51.56:  C.49.82 :  L. 
ZH:  Q.19:  numerical, LliiL  with- 
out eliminating  the  2nd  terra. 


AJil» 


les,  J.l 


4:  variables, 
metrical,  A.  19.70. 


tngono- 
of 


and  sextic  eqs.  in  the  theory 
conies  and  qua<lricR  :  J  .53. 
•       values  which  make  it  a  square  : 
4911:  CLl  : 
function  with  four  variables  :  An.  .filL 
involutions:  CA^H. 
Biquaternions  :  AJ.7  :  Ii^l.4. 
Biternary  forms  with  contnigredient 

variables :  M.l . 
Borchardt's  functions:  J -8*2. 


•Brachistochronc  :  3037,  3044:  LM^ 
ManJil^  Mp.8«1  Mi«iil22^  N. 
77.80. 

Brahmins,  trigonometrical  tables  of  the : 
TE.4.  ^ 

•Brianchon's  theorem  :  4783 :  A.f>3 :  C. 
82^  CM.i  LLiLi  J.84.93 :  gxN. 
82: 

and  analogues :  CD.7 :  Q.9. 
on  a  quadric  surface :  CSS: 
on  a  sphere :  A  fiO. 
•Brocard  circle  and  Lemoino's  point : 

4754c :  gzN.85. 
•Burchardt's  factor  tables  p.  L:  erra- 
tum, A.,2iL 
•Burmann's  theorem,  d.c :  1559. 

Calculating  machine :  Pr.37. 
Calculus  :■■     algebraic,  which  includes 
the  calculus  of  iraaginariea  and 
quaternions :  C91. 
of  chemical  operations :  ErJ2^ 
of  direction  and  position:  AAA:  H. 
pr6. 

of  enlargement :  AjL2. 

of  equivalent  statements :  8ee"LiOgic." 

of  forms  (Invariant  theory) :  CD.7i, 

8.9,. 

of  infinitesimals,  third  branch  of : 
viz.,  given  i/ and  t/,,  to  find  x: 

TE24. 

of  limits,  ap.  to  a  system  of  d.e:  C.15^ 

of  Victorius :  Z^lfi-. 

of  other  subjects  :  see  the  subject. 
Calendar:  J.3,9,pr3 22. 

Jewish :  J.f  28. 
Canal  surfaces  :  A. 1,10. 
Canon-arithmeticus  of  Jacobi  C.39,63 : 
IiJi4^ 

Cantor's  theorem :  jVL22- 
•Cardioid:    b=a    in    5;}28,    Fig.  129 : 
A.59.63.68 :  IMA^  MgJiL  ^LML 
and  ellipses :  Pr.6. 
•Carnot's  theorem  :  4778. 
•Cartesian  oval:  5341—5358:  Afi9-  C. 
&I :  LM.  1.3^.99 :  Me.75 :  Q.l :  Me. 
2^1  Q.12.cn15. 
area  of :  EL2L 

cq.  with  triple  focus  as  origin  :  E.9.23. 
foci :  E.7. 

functional  images :  Q.IH. 
mechanically  drawn  :  LM.5.6 :  Q.13. 
perimeter:  R.21. 

rectific.  by  ellip.  functions:  C.8C>.87  : 
T.M.5. 

through  4  jxjints  on  a  circle :  LM.12. 
with  2  imaginary  axial  foci :  LM.3. 
•Cassinian  oval:  5313:  Me.77,8:^:  N.57. 
analogous  surfaces :  An.fil. 
radial  of :  R  26 
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Csssinoid  with  n  foci,  rectif .  of :  1148. 
Catacanstic  and  diacanstic  of  a  sphere : 
.TP-17. 

Catalecticant  of  a  binary  quantic :  £. 
37  38 

Catenary:  5273:  Me.64.66.68. 
by  parabolic  trigonometry  :  Pr.8. 
revolving : 
•Cauchy's  formula  ix:  2712. 
closed  curve  theorem  :  Mn.ft5. 
various  formula) :  C.27|o. 
•Caustics:  5248—9:  AcA:  LM:  P.57. 
dZi  Pr.8.14t.l5:  Q.1.2,3cn8.9.12. 
by  Buccessive  reflexion  from  spheres : 

identity  with  pedals :  7.1 1. 
of  a  cardioid  :  Me  R:{. 

•  of  a  circle :  5248  :  LLI12. 
of  a  cycloid :  AJi£L 

of  an  ellipse,  focus  at  centre :  lAL 

of  infinitely  thin  pencils :  J .98. 

of  refraction  at  a  plane  surface :  N.47. 

radii  of  curvature:  N.t>'>. 

surfaces  and  singularities :  J. 76. 
Cells  of  bees:  KM: 
Cell  structure :  TiAf.K?. 
Centimetre  -  gramme  -  second    system : 

Centrals,  theory  of :  J.243. 

Centre  of:  curves  and  surfaces:  L. 

4£L  Q.IQ. 
a  circle  touching  two :  A>2i. 
geometrical  figures :  A.Ul. 
harmonic  mean  :  J .3. 
mean  distance  of  curves  and  surfaces  : 

N.th8  85:  Q..33. 
mean  distance  of  points  of  contact  of 
parallel  tangents,  ext.  of  th. :  L. 

•  similarity:  947. 

•  similitude:  1037. 

•  similitude  of  3  circles  :  1046  :  4176. 
similitude  of  2  quadrics  each  of  which 

circumscribes  the  same  quadric : 

Centres,  theory  of :  -T  24. 
Centro-Viaric  methods  in  anal,  geometry: 
J.55. 

•Centroid :  formulai  for :  5884—5902, 

6015:  .TP  -2t;-  43 
aj>d  its  use  in  stereometry :  A 
of  common  points  of  two  conies  :  A  3. 

•  of  circular  arc :  6021 :  hi.  13. 
of  a  dice :  N.63. 

•  of  frustruras  :  6048,  Ac. :  A  .33. 

of  a  gauche  curve  after  development 
on  a  right  line,  locus  of  :  ( !.88. 

of  algebraic  curves  and  .surfaces : 
An  .68. 

of  a  frustrum  of  a  prism :  LJi^ 


Centroid — {continued)  : 
of  a  frnstmm  of  a  pyramid :  Me. ZD : 
N.76.. 

of  oblique  frustrum  of  a  cone :  E.33. 
of  a  perimeter :  A  .51. 

•  of  plane  curves  :  5887  :  iL21 :  0.12. 

•  of  spherical  and  other  areas :  5898, 

6051 :  UKl:  L.39.42,. 

•  of  surface  and  solid  of  revolution  : 

5896—9:  AJ.3:  T.  30. 
of  a  trapezium  :  Q.9. 

•  of  a  triangle  :  QhLi  A.52.r>8. 
•Cliangi*  of  independent  variable  :  1760— 

1816:  AUi:  CM.l  :  02:  L.40.58  : 
Q.  1.2.10:  ZJi 

•  from  X,  y  to  r,  &  1768. 

•  from  X,  y,  z  to  r,  6,  4>:  1783. 

•  in  a  definite  multiple  integral :  2774— 

ILl  A.22.41. 
in  transcendent   definite  integrals : 

in  the  theory  of  isotropic  means :  C.34. 
Characteristics:  K.5 :  J.71 :  Al .6. 
of  conies :  A.l :  C.67.72.76.83.> :  .TP.28r 

TiM.9 :  M.15:  N.66..71. 
of  conies  of  5-point  contact :  IL2L 
of  cubic  systems  :  C.74j. 
of  curves  and  surfaces :  C  73. 
of  quadrics:  OliZ:  .IP-SH.  N.68. 
relation  between  two  characteristics 
in  a  system  of  curves  of  any  de- 
gree: ('.62. 
surface  groups  defined  by  two :  f '  79  : 
=  1,  v=L  ('78. 
Chart  construction :  Mel.2 :  N.60,78n. 
Chemico-algebraic  theory :  A.T.l . 
Chemico-graphs :  AiLL 
Chess  board,  ths  and  prs  :  A  .56 :  E.34. 
42.44. 

Chessmen,  relative  value  of:  : 
Mel.3. 

Chinese  arithmetic  and  algebra :  C51  : 

X.63. 

•Chord :  joining  two  points  on  n 

circle:  4157:  A. 43. 44:  K.22. 

•  of  contact  for  two  circles  :  4172. 
Chronology :  il.H't. 

•Circle:  4136— 90c.c:  AJ.3th 4.9.25.27. 
th47 :  ('-94:  J.14.17:  Q.19:  TK. 
thO. 

•  approximate  rectification  niul  (pirulra- 

ture:  60I9,  Ac:  A.2,t'>,g(ul:i.l4, 
43^  J  3-2  •    .Me. 75.85 :    N,4^  : 

arc  of :  see  Circular  arc. 

area  of  segment:  <''035  :  A  ■27.39.4  k 

•  chord  of :  41  ■"»7  -8. 

•  chord  of  conUct :  lOl  7  :  4138,  -72. 

•  coaxal:  1021—36:  A  t>V 
configuration  of :  C.9:t-j. 
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Circle — {continued) : 

•  cn.  from  ^conditions:  231: 

•  (.'ote.s's  properties  :  H-Jl  ?  A.l  I.  ext.  to 

ellipse  ail:  ILLi:  TLL 

•  cuttiiiff  three  at  fjivcn  angles:  4185: 

LM.:?.5 :  N.83.. 
division  of:  A.27.:?7.41  :  Atl'J:  K.l. 
■SI :    G.6 :    C.h:..1<:^  :  J.27.r>4,56: 
N  .53.54. 

and  theory  of  numbers :  J.UO.84^.87 : 
N  5fi 

ths.  on  sura  of  sqs.  of  perpendicu- 
lars, A'c.:  HJ94— 8. 

•  eight   circles   touching    three,  en: 

41H'I  :  Mr!.;]:  Q.5. 
eight  through  tipoint-s  of  intersection 
of  il  conies  :  Q  lO. 

•  c(iURtion    of :    41 3t) — iS,    p.c  4151 : 

:  Tl.2tK 

•  general  c(|.:   t.c,  4691,4751:  tg.c, 

4'Xw3. 

Euler's  th.  extended  to  ellipse:  A .51. 

five-point  th. :  K.5. 

four  pairs  of  circles  through  (i  points 

common  to  'A  circles  :  Q.'.». 
four  points  concyclic,  condition :  A. 

44:  N  84. 
geometry  of :  A.<)7  :  Z.24. 
groups  of  points  on  :  A  .14. 
in  tn-metric  point-coordinates  :  Z.27. 

•  and  in-quudrilaterol :  733  :  VD.9. 
lines  of  e<^iui-dirtcrent  powers  in  two 

circles  :  A.liL 

•  of  curvature:  1-254,5134:  A.31.63:  J. 

p.cN.84. 

•  polar  of  yy':  4KW,— 64. 
rectangles  of :  /i.l4. 

ring  of,  touching  two  fixed :  J.30 : 

Mc.78. 
six  points  th. :  Q.8. 
and  self-con j.  triangle:  A. 41. 
and  sphere,  geo. :  Mo.S'i. 
system  through  a  point  on  a  plane  or 

sphere :  (t1<'». 

•  tangents  :  4137— 4.;.4160  :         :  P.  14. 

connnon  to  a  circle  and   conic : 
cuA.Ol*. 

•  common  to  two  circles  :  953,41 71 : 

on  A  .34. 

•  locus  of  a  point,  the  tatigeiits  from 

which  to  two  circles  have  a  given 
ratio  :  gen. !>(!.") — 6. 

•  three:  IM»7— lM'.)3t.;.l"4.]— .M  .  n^:W. 

•  prs.((u  i;j<,Hiu  )  :  IMIV* :  AlAli  :  L.  Ri. 
through  mid-point."^  of  sides  of  a  tri- 
angle :  see  Nine-point  circle. 

•  through  'A  points  :  4156,473^;. 
through  3  points  on  a  conic:  AJl: 

touching  a  conic  twice  :  UAi:  N,65. 


Circle — {rontintied) : 

•  touching  3  circles,  on :  946,1049 : 

A.24.26.2X.35 :  Anilfi^  C.60  •  Me. 
62  :  N.6;j.65,66,84 :  Q.8. 
touching  the  4  circles  which  touch 
the  sides  of  a  spherical  triangle : 
A  4. 

and  triangle,  ths  and  prs :  A.3'.>.57 : 
T.M  15-  Q.4. 

•  two;  eq.  for  angle  of  intersection; 

4180-1. 

•  theorems:  984—1045:  Q.U:  sec 

"  Radical  axis  "  and  "  Coaxal  cir- 
cles." 

and  two  points ;  Alhazen'spr:  A J.4. 

Circulants:  final  expansion  of:  MeHTt. 

of  odd  order :  Q.18. 

•Circular:  arc:  length,  centroid,  «fec. : 

6019. 

with  real  tangents  :  2LL 
graphic    rectification   and  trans- 
position of : 
cnbics,  involution  of  :  ]..M.1,7. 

chord  of  curvature  of:  E.  cnSiL 
and  elliptic  functions  in  continued 
fractions :  CI). 4. 

•  functions  :  606  :  A. 17  :  J.  16. 

points  at  infinity :   see  "  Imaginary 
ditto." 

relation  of  Mobius  :  LM-H  :  X.76  :  Q.2. 

•  segment :  arc,  chord  and  area :  6035  : 

Circulating  functions  :  P  18. 
•Circum-centre  of  a  triangle :  4642  :  tg. 
eq  4883. 

•Circum-circle  :  of  a  triangle:  713. 

4738 :  tg.  eq  4895  :  A.51.5^. 
coordinates  of  centre  :  4612. 
hypocycloidic  envelope  of  Ferrers  : 

N.70. 
and  in-conic :  N.79. 

•  of  a  polygon  :  Z4d— 8  :  A.liL 

•  of  a  quadrilateral :  133;  y.79. 
Circum-cone  of  a  quadric,   locus  c>f 

vertex  :  N..V2. 

•Circum-conic  :  of  a  triangle  :  4724  : 

tg.cq4892:  An .57. 

•  of  a  quadrilateral :  4<397  :  At..'-»4. 

locus  of  centre  :  R  l- 
Circnm  cubic   of  a  complete  quadri- 
lateral :  (i.l"  :  q.5. 
•Circum  -  parallelogram  of  an  ellipse: 
4;i67. 

Circum-|K'ntagon  of  a  conic  :  M.5  :  \.f'>7. 
Circum  •  polygon  :  ——  of  a  circle  : 
7^;_H  .  CD.l  :  Mo  84) :  N.66 

of  a  conic  :  M.-j5. 

of  a  parabola : 

of  a  cuspidal  cubic:   Ti>f  P'  •  ditto 
quart ic  :  KM.H. 
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Circum-quadrilaleral :  of  a  circle  : 

K  :{;>-  RJiL 
of  two  circles  :  N.ti". 
Oircum-rhombus  of  un  equil.  triangle  : 

Circum-triangle :  of  a  conic :  N.70. 

•  locua  of  vertex  :  4800  :  iLUiL 
of  a  triangle :  J.30. 

•Cissoid:  53U9— 12:  A.»32.<)0  :  N. 43.85. 
tangents  of  :  f  <M.2. 
Cissoidal  curves  :  A  ..">(>. 
Clairaut's  function  and  equations:  Pr. 
2iL 

Clinant  geometry :  Pr.l0.11.;.12.15. 
Closed  curves  :  Me.ZZ :  geo  tb  Q.4. 

•  and  movingchordjUolditch's  th:  524-1 : 

gzMe.78 :  Q.2. 
ext.  to  surfaces  :  Me.Hl. 
quadrature  of :  A  til  :  N.4:^ :  Crofton'a 
thsAii^  C.65.68 :  E.:W,.. 

ti«Ji/,  t  =  0,  t'  =  0  being  tbe 

tangents  from  IiM.2. 

•  rectification  of :  5204. 
Closed  surfaces  :  -TP-'jl  - 

♦Coaxal  circles  :  1021— 36  :  4IG1— 70:  Q. 
5., :  reciprocated,  4558. 
~l*oncelct*a  limiting  points:  4165: 

th.r.s'ti. 

Coaxal  conies :  Q.IO. 

Cochleoid,  {x-  + »/-)  tan ' ^  ^  =i^ry:  A. 70. 

•CoeiBcients  :  detucbed  : 

•  dilTerential :  1402. 

•  indeterminate :  'I'^l. 
•Cogrcdieuts :  1653. 

•Collincur  and  concurrent  systcni.s  of 
points  and  lines  :  067  :  A  liU  :  (j.21. 
Collintatiou  and   corrclution :    JiL22 : 
prM.lO. 
and  reciprocity  :  M.23. 
"  gleic  bstimmigkcit  "  of,  in  space : 
Z.24.2H. 

multiple  c.  of  two  triangles  :  A.2,70. 
of  plane  figures,  ground  forms  :  J. 24. 
paradox :  Z^^tL 
•Combinations:  01—107:  trA.15:  CI '.8: 
ilAii :  J.5.13.21,.34.38.th53  :  M^: 

-  - 

ap.  to  determinants  :  JP.28. 
complete,       with  repetitions  :  C.92 : 

N.42.74. 
compound :  Man.ZlL 

•  C  (rt,  r)  an  integer  :  iilifi  :  li  42. 

6' (»,»•)  when  it  is  fractional:  A .70. 

•  C  (».  >•)  =  C  ( » - 1 .  r- 1 )  +  C  (n^  r) : 

C  {ta  +  ,n',p)  =  2^C  (m,  r) .  C  (m,p-r) : 


Combinations — {rontiniwd) 
•    problem  or  theorem  :  105 — 7  :  A  .21  : 
QM:  CI).2. 4,7,8-.:  Lh:  J.3,45..:Hi: 
L.38  :  Mom. 11 :  N.53.73:  /  1-^ 
of  Eulerand  its  use  in  an  e({. :  Ti.'Aii. 
of  1 , 2,  ■ . ■      each  c.  having  a  sum 

>«:  G.  10.20. 
of  dominoes:  An.2iL 
of  ii  dice  each  with  p  faces  :  TE.21. 
of  11  points  in  space  :  Ti  40 
of  observations :  L.5Q. 
of  planes  through  a  system  of 
points :  N.57. 

Combinatorial :  products  :  AJijL 

systems :  LtlitL 
Combinatory  analysis  :  A.2,50.70  ;  J.ll, 

22^  McMn.50 :  KSiL 
Commensurable  quadratic  divisors  ;  N. 
4L 

Commensurables :  TE.23. 
•('ommutative  law :  1489. 
•Companion  to  the  cycloid  :  5258. 
Complauatiou  formula :  A.4^. 
Complementary  functions:  C.  1 0  :  J.ll. 
i    Complete  functions  :  C.86  :  J.18-J. 
Complete  numbers :  Mo.tVJ. 
•Complete  primitive :  3163. 
I    Complex  axes  of  a  quadric  :  Z.19. 
Complexes :  L. 44.47  :  M.2.4. 
of  axes  of  a  quadric  :  X.H3. 
iu  combinations  and  permutations  : 
A  v>l 

of  1st  and  2nd  degrees  and  linear 

congruences  :  An.Zli :  1^  51  :  M.2. 

IL:  N.85:  trZ.27. 
linear:  N.H5  :  Z.18  :  of  an  in-conic  of 

a  quadrilateral :  ( i  .2 1 . 
of  2nd  degree:   0.8.17.18:  cn  J.93 ; 

MJ:  N.72«. 
j       of  2nd  degree  with  a  centre :  L.82. 
of  2nd  degree  of  right  lines  which  cut 

two  (juadrics  harmouicallj- :  23. 
quadratic  ray-  &  web-complexos:  J.98. 
of  >ith  degree,  singularities  :  ^1.12. 
and  congruences,  spherical  of  2nd 

degree,  their  circles  and  cyclidcs: 

.T.l>9. 

and  spherical  complexes,  ap.  to  liucai* 

p.  d.  e  :  M  •'■ 
tetrahedral  in  point  .«pace : 
Complex  numbers:  A  '2h-  C .00.99:  G.ll: 

J.22.35.67.93;  L.54.7o.8U;  MJii: 

Mn.70:  Q.I. 
from  the  3l8t  roots  of  unity  :  Mo.70. 
fi"om  the  »ith  roots  of  unity  :  .1.40 : 

Mo.70. 

index  and  base  of  a  power,  geo :  Z.5. 
1       prime  and  from  roots  of  unity  :  J.35 : 
taMo.75. 
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Complex  numbers — {cvntinued)  : 

prime  aud  from  the  5th  roots  of  unity: 
Mo.ta  iiiL 

resolution  of  A^-^-B^-^C^  =  0,  and 

when  li  =  a :  L.47. 
from  the  roots  of  unity ;  class  num- 
bers:  .T.fin:  Mo.61.t):k70. 
in  theory  of  residues  of  5th,  8th,  and 
12th  powers : 
Complex  unities  :  C.96.V'9  :  -T  ^^V 

Klein's  groups :  J.5<"). 
Complex  I'oots  of  an  algebraical  eq : 

M.l :  N.-Uj:  of     =  L  Mo.57. 
Complex  variables,  functions  of :  An. 
59,68,7U8l'.8:^:  G.3.6  :  J.54.73.83 : 
MJii :  Z.Bi.lO. 
especially  of  integrals  of  d.e :  J. 
75. 7t). 

Composite  functions  of  a  higher  order : 

Composite  numbers  :  for  construc- 
tion of  factor  tables  :  A  . 45, 
groups  of :  J.ZiLi  LMJi:  McxIS* 
**  Comptcurs  logarithmiqnes  "  :  C.40. 
•Concavity  and  convexity :  5174. 
Concentric  circles  :  Tj  M "  1 4. 
ii  quadrics,  intersection  of  :  IL3^ 
♦Conchoid:  5320:  A..^)5 :  N■4.^■ 
Concomitants    of    a    ternary    cubic : 
A.T.4. 

•Concurrent  lines  and  collinear  points 
i>(.}7-7<) :  AML 
th.  on  conic  aud  triangle:  E.35. 
•Concyclic  conicoids  :  995:  Q.ll. 
•Cone :  1 150— 59, 6U43 :  A  IH :         :  Me. 

and  cylinder,  sapcrfiros,  tr:  An .57. 
general  d.o  of  :  E.18. 
intersection  of  two :  N.64. 

•  oblique:  eq  559H  :  JjL  Me.8(). 

•  sections  of :  1150 — 9. 

•  and  sphere  :  5652  :  th.sMc.'>4. 
superfices  of  oblique  frustrura  :  J. 2. 
through  m  points  and  touching  G — m 

lines :  liM.l. 
volume  of  frustrum  :  AcAl :  N.13. 
Configuration  of  lii  points  and  M  planes : 

(3, 3)iB  and  unicursal  curves  :  M^2L 
♦Confocal   conies  :  4550 — 8,  biM)7,  tg.e 
5005  :  J  .54:  LM.12.13  :  Me.66,t>8. 
Z3j  N.HO  r  Q.IO  :  TE.24 :  ZJL 

•  Graves'  theorem:  4555:  Griffith's  ext. 

LM.15. 

•  tangents  of :  4555. 

•Confocal  quadrics  :  5656—72  :  AJi :  CD. 

4,5,9,:  G.16:  M.IH:  thMc.72:  Q.3. 
relation  to  curves  and  cones  :  CD.4.9. 
volume  bounded  by  threo  and  the  co- 
ord, planes :  A.36. 


Confocal  surfaces:  Mr.66. 
Conformable  figures  :  A.59 :  LM.10:  M. 
19:  Z.17. 

Congruences :  C.51.88 :  th  and  apj.19  : 
thMe.75:  y.50:  ^M. 
binomial :  AJ.3 :  C.61 :  expon.  to  base 
3,  M.n.4. 
classification  of  roots :  C.63. 
Cremonian :  TjM.14. 
irreducible :  .T.4<). 

and  irreducible  modular  functions : 

CM. 

linear:  LMJb  of  circles  in  space :  (v.93. 
numerical :  An .60 ;  multiplication  of, 

of  Ist  degree :  AJliL 

in  several  unknowns  :  fi-.'ift. 

sol.  by  binomial  factorial:  Mem.44. 

transformation  of  modulus  :  M«^l. 

^  N.59. 
with  composite  modulus  :  K-30. 
of  2nd  degree :  C.62» :  Mpm  31  :  re- 
duced forms :  C.74. 
of  3rd  order  and  class  :  fjM.hi. 
higher,  with  real   prime  modulus  : 

An.83:  J.31.54,99. 
resultant  of  systems  of  linear:  CSS. 
and  trigonometrical  functions:  J.LL 
aj2-|.y2=  I  (mod.  p):  J.19. 
x'  =  1  (mod.  p) :  J.31. 
Congruent  divisors  of  a  number,  no.  of  : 
A  37. 

Conical  functions :  M.18,19. 
•Conical  surfaces  :  5590 :  A .63  :  Ac.5  : 
LM.3.: 

through  fi  points,  locus  of  vertex  :  J.Of?. 
•Conicoids  :   5599  :   A  .48  :  Q.tg.c9,  q.c 

and  t.c  liL 
50-point :  Me.66. 
•Conies:  4iJ.32— 5030:  A.1,,5,17.31.3-2,60. 

^  cm :  G.  1.2.3.21 :  J.20,:^.32. 

45,69,86 :  M.17.19:  N.42.4;jv,44,. 

4.5,7 1;,753,82  :  1!^:  Q.8.  tg.c  9 : 

Z.I8.21.23. 
anharmonic  correspondents,  problem 

of  ^  conies  and  ii  lines  :  N.56. 
of  ApoUonius :  L.58. 

•  angles  connected  with  :  4375. 
arcs  similar  to:  N.44. 

•  areas  of  (see  also  "  Sectors  ") :  4688, 

6097—6121:  KAH:  t.cQ.2. 

•  auxiliary  circle :  1160. 

•  centre  :  coordinates  of  44')2,  4267, 

t.c  4733  and  4742 :  tg.efj  of  4901 : 
ths  and  prs  N.4o. 

•  locus  of  4520,  5028. 

•  chords  of:  4315.4322;  p.c4337  and 

CD.l :  Mc.66:  Bco  also  "  Focal." 
catting  an  ellipse  at  a  given  angle :~ 
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Conies  :  chords  of — (cantintted) : 

•  intersecting:  1211',  4317. 
moving  round  an  ellipse  :  A.43.44 : 

•  chord  of  contact :  4124,4281 ;  4609— 

4721. 

•  and  cnrcle,   intersection   th :  12(53: 

AJ.2:  N.tU. 
collinear  relation  to  circle  :  ZJ^ 
and  companion  (juadric  :  Aii.faJ :  JI'.7. 
conjoint  lines  of :  L.38;. 

•  conjugate   diameters:    1193  — 1213, 

4;J46;  ths  1278-85:  CM.l : 
N.42.  ths  41.69 :  Q.3. 

•  parallelogram  on  :  1194:  4367. 
relation  to  ellipse  when  equal :  A. 18. 

conjugate  points  :  Q.8. 

•  construction  of:  1245,4822:  A.28.4^?: 

K  -2ft :  OA:  N-59.73  :  with  help  of 
circle  of  cur  v.  A  .•24. 

•  from  conj.  diameters :  1253:  A  52 

•  contact  of :  4527—33  :  A.1,60:  C.78 : 

IV.34. 

at  2  points :       :  N.74, 

•  do.  with  each  of  2  conies  or  circles  : 

4803-6:  CD.5.6 :  E.31,34. 
4-pointic  with  a  quartic  :  M  V2 

•  5-pointic:  5190-1 :  C.78; :  E.5,.23 : 

J  21 :  P.52L 
with  surfaces :  C.91.. :  P.70.74. 
convexity  from  focal  property :  iLM^ 
criterion  of  Mobius:  .1.89. 

•  criterion  of  species:  4464—77;  t.c 

4689  :  5000. 

•  curvative:  centre  and  radius  of: 

4534—49  :  geo  1254—66 :  thsMe. 
Za:  N.79.85. 

•  geocn:  1265:  A.17. 

•  chord  of:  1259,-64:         locus  of 

mid-point  A.70. 
fts  curves  in  space  :  tr  A  .37 :  M.64. 

•  definitions  :  1 160. 
degenerate  forms  :  LM.2o. 

•  diameters:  1214, — 35:  eq  4458:  cn 

Mn.66  •  N.65 

•  director  circle :  goo  1217,  eq  4693—5 : 

n-n  K-40-  LM.13:  N.79. 

•  directrices:  1160:  trA.(>3:  LM.ll. 

•  eccentric  values  of  coordinates  :  4275 : 

(^M.4. 

•  eccentricity:  1151,4200. 
elementary  formula :  Cf.9. 

•  ellipse  and  hyperbola  :  4250—96. 

•  equations  of:  4251,4273;  p.c  4336; 

tg.c  4663,4870 :  ^2. 

•  general:^  4400,4714.4719;  t.c 4755 

and  4765 ;  tg.c  4664  and  4872 ; 
p.c  4i93:  t.o  AJil:  CP. 4.5 :  t.C 
G.6.7 :  Miim^  N .43.45,65.  (See 
also  "  ConicB,  general  equation.") 


Conies :  etj nations  of — {conthmed): 

*  intercept :  4498. 

*  equations   of  parabola :   4201  ;  t.o 

4775;  p.c  4336. 

*  general:  14:30,4713;  t.c  4656  with 

4689;  tg.c  4974  with  5000. 

*  ay  =  A/38  and  derived  equations  :  4697 

—4719:  qA. 

*  ay  =  h§^or  LM  =  R- :  4699, 4784 :  N. 

41^  S+LP  =  0,  A-c. :  4707. 

*  La-  +  Ma- + ^y  =  0 :  4755,  ^65 :  Mc^ 
equation  in  p  and  j* :  Q.13. 

*  equi-conjugates,  gcn.eq  :  •l'A91. 
formulffi:  .1.39^  N.6:>. 

from  oblique  cone :  li.38. 

*  general  equation ;  cond.  for  a  circle : 

*  4467:  t.c  4691  and  Mfiiia:  Q.2: 

from  eq.  of  axes  :  N.57. 

*  cond.  for  an  ellipse :  4464 ;  t.c  4689. 

*  cond.  for  a  hyperbola:  4468;  t.c 

4689:  A  .39. 

*  cond.  for  a  rectangular  hyperbola : 

4737  ;  t.c  4690 ;  tg.c  5000. 

*  cond.  for  a  parabola :  44^30 ;  t.c  4696, 

4735,  4746  and  4775 ;  tg.c  5000. 

*  cond.  for  two  right  linos:  4469, 

4475,  t.c  4662. 
generation  of  :  N.75  :  Z^23. 

by  a  moving  chord  of  a  circle  :  A.34. 

*  Mnclaurin's  method  :  4830  :  LMA. 

*  Newton's  method  :  4829. 
graphic  problems  :  'HJiiL 
Halley's  pr  :  N.76. 

harmonically  in-  and  circum -scribed  : 

intersecting  m  4  points  :  JJiiL 
intersecting  a  surface  in  5  points  : 

with  Jacobiun  =  0 :  M.15. 
limiting  cases  :  4465 — 77:  Mo. 684. 

*  normahs :  1 1 71  ,sd5629— 32 :  A.lt;,24,32. 

cn  -13.47 :  An.  cn  64. 7d:  C. 72.84; 

J.  cn  48.56.62  :  Mr.68  :  MiiL2  :  N. 

70.81  :  qSl  y^.l  1.1 8.26. 
circle  through  feet  of:  N.80. 
cutting  off  the  min.  or  max.  arc  or 

area  :  N.44. 
dividing  ellipse  most  unequally : 

*  eccentric  angles  of  tho  feet  of  four, 

th:  4334. 

*  equations  of :  4286,  4483,  4512. 

*  intercepts:  4294:  segments;  4309, 

4-^86. 

least  distance  between  two :  A .2 1.38. 
number  of  real :  .1.59  :  N.70.72i. 
number  cut  by  8  lines  in  space :  J. 

number  under  doublo  conditions  :  C. 
5  R 
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Conies — ir//nitnyt'^f{} : 

fjctai^ram  :  l.S\:2. 
*    pa.->)rjt<  ihpvui/h  eiven   fK^ifi'-i  and 

lOlirhlTl'^  J^lVeli  llIiC-  :  Cn  — 

^  fcx  i  of  a  ronic  ;  Q.O. 

ifxjirit-,  f-nvc'lop  of 
axe--,  ^'.7t^ 


'  •       t»o  from  -r  y':  :  eri^eq  it--'^. 


A.2; 


Do.  of 

of  pole  of  a  line  : 


ApointM,  Ifx-a 
477". 

^p'fints  and  touching  a  line:  cn 

[K>int»  and  touching  a  circle 
twice:  N 

3  ixjints  and  touchinj?  a  line  :  Q  0. 

li  jK^intH  with  ffivun  f'xrus  :  cu  A..V4. 

2  pointH  and  touching  a  line  :  Q.;^. 

2.  fK>intH  and  t^^uching  2  lines,  locus 
of  c<jntre :  G.Z. 
four  huch  conies,  th  :  Q.8. 

1  point  and  touching 'd  lines :  Q.8. 
parame  ter  of :  N-4:{. 
perpendicular  fn^rn  centre  on  tan- 
gent: ll'J'i,  i'.jiid — 7:i. 

ditto  from  fwi :  1178,  4:iw, 
of    points  : 
of  li  points  :  A.4^> :  G.l. 
of  'J  pointH  and  If  lines  :  G.7.8. 
of  Lt  pointH  :  Mn  tW"). 
|>encif  of  :  M.ll>. 
and  polur,  Desarfincs'  th:  X .fi i. 
]Hj\o  of  cliord  joining  ■''lUi,  ^il/<  ■  4^320  : 

paralM>la,  42 IH. 
properties  ol':  1271:  A.4,25.70  :  p.cJ. 

quadrature  of :  TK.O. 

and  qumlricH  :  A  :{«* :  L.42  :  N.58y6«>;, 

thh  geo  interpretation  of 

variableti,  N .«>»>. 
rectification  of:   0071,   C084:  : 

reduction  of  «,  u'  to  the  forms 

4yy.j. 

series  of  :  A.  cn  G2  and  tki 
Boven  point.s  of:  C.94. 
similar :  '1^22. 
six  points  of  :  A .r»2  : 
systems  of  :  C.02.>>'j :  MJi :  N.t>fl  :  of  2^ 
Q.7:  of  4,  LJil. 
and  orthogonal  lines:  y.71. 
and  (|uadricH  :  /  fi- 
tangcnts  or  polar:  1167—9,  428<}— .\ 
47'.*0:  gn.eq  4478:  :  cnCD. 

S:  CM.l.  p.cq  A:  N.79. 
intercepts  on  the  axes  :  4292. 
two  at  the  origin,  eq  :  4489. 


4.->.^.  A. 
A.:v3.. 


tx        — ±  cn  1 


do.  for  f«ral»U:  421 -x  cn  li>2  : 

ratio  of  L::  gth^,  124;3. 
qu-idratic  for  m  :  4Glo :  parai-cla. 

4:^2". 

quadratic  for  abaci»«ae  of  pJinta  of 

contact ;  4:312 :  parabola.  4216. 
{•ubKrud  e<^{aal  angles   ai   focoe : 

11^1.  12:^:  CM.± 
locus  of  x'y' :  A 
segments  of :  4i»7. 
at   the  ^  tan<^,  ^ox^: 

4799. 

tangent  curves  of:  Z.lo. 

•  theorems:  12o7  :  A-.'>t :  J. 16  :  L.44: 

MJl:  4^72,»4 :  Q  4.6>,7  t.c  : 

hy  Pascal,  l>caarques,  Camot.  and 

Chasles,  A..'>3. 
conic  and  triangle,  (^o. 
3  circles  tench  a  conic  in  A,B.C  and 

all  cut  it  in  D;  A.B.C.D  are 

concyclic,  J.3*L 

•  three  :  47u7,  471<J;  in  contact,  ^'yi, 

•  Jacobian  of  :  5023. 

•  touching :  a  conic  and  line,  cond. : 

^/<j17. 

a  curve  twice  :  J.4»'>. 
curves  of  any  order :  CJ^ 
five  curves  :  C.o^i. 

•  four  lines:  4>ii">4:  locus  of  centre. 

4772.  i»28  :  locus  of  focus,  5^.»29 : 
y.4.3.67. 
a  lines  :  N.Ol. 

a  group  of  liu'  s.and  having  a  given 

chai-acteristic  and  focus  :  A ■49. 
a  f^uintic  curve  in  Q  points,  no.  of : 


two  circles  twice:  4-S<!>6. 
two  conies  twice:  48'J3. 
two  sides  of  the  trigon :  4784 — 
4308. 

transformation  of :  G.IO. 
two  :  4936— 5«j30  :  N.-'^S. 

with  common  chords  or  tangents : 
4700— 

common  elements,  cn  :  A.68. 
with  common  point?  and  tangents: 

4701— Z  :  Lku  :  ZA± 
at  infinity  :  4715 — 6. 
common  pole  and  polar,  cn  :  4762. 
condition  of  touching :  4942,  t.c 

5021. 

intersecting  in  4  points  :  4700  :  A. 

32 :  at  X.  A. 16. 
points  of  intersection  :  tg.c  4973  : 

cn  A.69. 
reciprocal  propertiee :  £L2£. 
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Conies 


-two — {continued) 


•  reduction  to  aP+y'-^z-  =  0  and 

cu;*+/3t/--f-y2»  =  0  :  4995. 

•  six  chords  of,  eq  :  4941. 

•  tangents  of,  fonr:  eg  4981 :  J.75:Q.3. 

•  under  5  conditions :  4822  —43 :  L.10,o9. 

d  conditions,  cn  :  C.59. 

Z  conditions  in  space :  CLfiL 

Conjugate:  functions:    apLM.12 : 

TI.17. 

linos  of  surfaces  :  CD .9. 

•  points  :  1006,  5181 :  in  ellipse,  A  .38. 
point- pair  of  a  conic  :  Z.17. 
tetrahedrons  of  a  quadric,  each  ver- 
tex being  the  polo  of  the  opposite 
side:  N.()0,8o. 

triangle  of  a  conic  :  N.83. 
Conuexcs  (i,  n)  correspondincf  to  d.c : 
Am. 
in  space  :  Mcl.6. 
linear:  MJJL 

of  1st  order  and  class  in  simple  invo- 
lution: G.20. 
of  2nd  order  and  class  :  G.19. 
analogucin  anal.  geo.  of  space:  M.14. 
Cono-cunei:  AJL 

Constant  coefficients,  theory  :  1.23. 
Constant  functions  and  their  deriva- 
tives :  A. 15. 
•Contact  and  circle  of  curvature :  4527, 
5188,5134:  A.30. 

•Contact  of  curves :  5188 :  cir.  of  curv. 

AJia :  (132  :         :  :  Pr.ll  : 

with  a  parabola :  Z.2. 

with   faisceaux   of  doublj  infinite 

curves  :  C.83. 
with  surfaces :  L.78 :  with  triangles, 

Contact :  of  lines  with  surfaces  :  L. 

3Ij  Q.1,17:  'A±L 
of  an  implexe  with  an  alg.  surface : 

(m 

of  quadrics :  LMJL 

4-pointic  on  an  algebraic  surface :  M.9. 

of  spheres  :  JP.2. 

of  surfaces  :  lAi  JP.15:  P.72.74.76 : 


Q.12. 
ru  ord 


of  3rd  order  between  2  surfaces :  C.74^. 
problem:  of  Apollouius,  A. 66:  sphcri- 

cal,  At.l9a. 
transformation  :  C.85 :  MJIIL 
Contingenco  angle  of :  see  "  Torsion." 
Continuants  :  AJ.l :  Mc.79. 
•Continued  fractions  :  160—87 :  A.18.33, 
55.69  :  An .51  :  gzC.99  :  CxM.4  :  th 
E.30 :  G.10.15  :  Jir;b;il4  and  ap, 
18,53,80  :  L.50.58,65  :  LKAi :  Mo. 
ZZj  M<:-m.aptoi.c9.13:  Mo.66:N. 
42.tr49.o6.66 :  Q.4  :  gco_02: 


Continued  fractions 
J  1     .   ,1  1 


(contintted) : 
and  ^—  * —  ^ —  ] — :  A.42:  J .3. 


1   1 

■c-1-.^-t-l-l-     ■C  +  24-' 

1  1 


6>a-fl:Mi<LL 
and 


A.3O2. 


2+\   \    and  a-f  ?!  1'    :  E. 36.33. 
 ^H-iH-  q-\-q-h 

ascending  :  A .60  ;  ZJiL 
algorithm  j)„  =  ap„  iH-fc;»,,-2:  IBS  :  J. 
69.75. 

do.  ap.  to  iiolution  of  trinomial  eq : 

AM. 

combinator  representation  of  the  ap- 
proximation :  A.18» 
development:  Ac.4:  ('.87 :  M>^'m.9. 
fore'  and  log(H-a-):  CM. 4. 
for  e  oxp.  a-\-bx-{-Cie^-\-  :  C.87. 


for 


1- 


J.27.28. 


for   U8ina-+Ycosa-+W;  U,V,W. 

polynomials  in  x  :  J. 76. 
for  {m+  v'n)+p;  N.45. 
for  powers  of  binomials :  QALl :  Mdm. 

infinite :  A.33t. 
itumerical  values :  Q.13. 
Eisenstein's,  Wallis's,  M^m. 

liL 

periodic  :  A.19  (2  periods),  03  :  GJii : 

J.53  :  N.42.ia.45,46.:. 
reduction  of :  J.  ki. 

•  reduction  of  a  square  root  to  a  :  19.'")  : 

A. 64:  ML 
do.  of  a  cube  root :  A .8. 
do.  of  an  nlh  root :  A.O-t. 
Contingenco.  angle  of  :  5725. 
Continuity,  principle  of :  CP.8 :  in  rela- 
tion to  Taylor's  and  Maclaurin's 
theorems,  L.47. 
•Continuous  functions  :    1401  :    A. 15  : 
Ac.Sg :  C. 18^20,  and  discontinuous 
4<.>,  of  integrals  of  d.o  li3u  TA.7. 
Continuous  manitoldness  of  'J.  dimen- 
sions :  TiM  H 
•Contragredients  :  1813. 

Contraposition  :  E.29. 
•Contra variants  :  1814 :  G.12,  of  6th  dcg 
liL 

*  of  two  conies  :  4990  and  5">27. 
•Convcrgonts  :  160—87  :  gzC.98  :  nn.5  : 

J .37.57.58 :  N.4<). 
Convex  polygon,  intersection  of  diags  : 
N.80. 
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•Coordinates,  transformation  of :  4048 — 

51.4^71.5574—81. 
•Coordinate  systems:  4(>*>1— 31.  5453, 
5501-6  :  £Llfi :  J .5.45.50  -.  IthLLL 
ap.  to  caustics  :  An. 02. 

•  arcal:  4013:  Me.8(>.82.  pn  eg  £L 
aiial :  N. 84^.85 :  Q.IO. 

•  biangular:  5453—73:  Q.9,8,13. 

•  bilinear  :  ap  5341  : 
bipolar: 

bipunctual :  AiLL 
Boothian  :  see  tangential. 

•  Cartesian  :  40<H. 

dual  inversion  of  c.c  and  t.c  :  Q.17. 
central :  ZJliL 

curvilinear  :  AM. :  An.57.64.(l^70. 
Z3_:  C.48.54 :  CP.12:  G.IO.  and 
hS.lh  :  L.-R>,51,82:  MiimJi5  :  Q.19  : 
on  a  surface  and  in  space,  An.69g. 
71.73:  including  any  angle.  J .58. 

•  eccentric  values  of :  4275,  ^AiSS :  CM.4. 
elliptic  :  A.34.4<i.. :  -T  !"i.'> :  QJ  :  Zu2£L 
Fuchsian  functions  of  a  parameter  : 

hyperelliptic  coordinates :  J.65. 

•  one-point  intercept :  4026. 

•  two-point  intercept :  4025. 
linear:  Zl2L 

mixed  coordinates :  A.13. 

parabolic  :  CoO. 

parallel:  N. 8 4^.85. 

pedal :  MeJiiL 

pentahedral :  Me.66. 

of  a  plane  curve  in  space  :  LM.13. 

•  polar:  4003,8d5506:  Me^Tfi. 
polar  linear  in  a  plane  :  ZiJlL 
c|uadrilinear :  Me.62.64>;. 

•  quadriplanar  or  tetrahedral :  ad5502, 

ap  A  53  :  Q.4. 
surface:  C65,HI. 

•  tangential:  4^319,4870 — 4915,  5030: 

Mo.81  :  Pr.9:  0.2,8. 

•  tangential  rectangular,  or  Boothian: 

'i02H. 

tetrahedral  point  coordinates  :  Z.8. 
triaxial  :  A.iU. 
trigonal:  LLIA:  ^ 

•  trilinear  :  4>06  :  Al^Q  :  Mo.G2.64 :  N. 

63:  0.4.5,6  :  conver.sion  to  tan- 
gential. 4876. 
trimetrical  point:  A.67. 

Coplanation :  Z.ll. 

of  central  quadric  surfaces  :  Z.8. 
of  pedal  surfaces  :  Z.8. 
Coresolvents  :    Q.6,l0,14  :  non-linear, 
TN.67. 

Correlation  of  planes:  J.ZQ:  An. 75.77  : 

LM.5,6.8.10. 
Correlative  figures,  focal  properties: 


Correlative  or  reciprocal  pencils  :  MJJ2. 

CorresfHjndence :  principle  of :  geo 

thAn.71  :      eitC.78'80.ex83.85» : 

of  algebraic  figures  :  M.2,8. 

application  to  Bezout's  tb  C.81  ;  to 
curves,  C.72  ;  to  elimination,  N. 
73  ;  to  evolute  and  caustic,  y  .71. 

complementary  theorem  to :  C.81. 

determination  of  the  class  of  the  en- 
velope and  of  the  caustic  of  a 
curve :  C22. 

determination  of  the  degree  of  the 
envelope  of  a  curve  or  surface  of 
11  parameters  with  n — 2  relations : 
C.83,. 

determination  of  no.  of  points  of  inter- 
section of  'Z  curves  at  a  finite 
distance  :  LJ!ii :  C.75. 

determination  of  the  number  of  solu- 
tions of  iL  simultaneous  algebraic 
equations  :  C.78. 

determination  of  the  order  of  a  geo- 
metrical locus  defined  by  alge- 
braic conditions :  C.82,84» 

forms  :  M.7. 

multiple  in  2  dimensions  :  G.IQ. 

of  curves:  QM:  P.68 :  Q.15. 

of  two  planes  :  LM^ 

of  points  :  TiM  ij ;  C.62  on  a  curve  : 

Q.ll  on  a  conic:  MJ^  on  two 

surfaces. 

for  ^^^1^®      ^  points  and  jti  rays  : 

of  two  variables  (2,2) :  Q.12. 

of  2nd  deg.  between  2  simply  infinite 

systems  :  An.  71. 
Correspondent  values,  method  of :  P. 

1789. 

Corresponding  points  :  in  some  in- 
volutions :  LM.3. 
on  two  curves  :  M.3. 
on  two  surfaces  :  C.70. 
Corresponding  surface  elements  :  M.ll. 
Cosmography,  graphic  method:  y.82.79. 
•Cotes's  theorem :  circle,  821 ;  areas,  2995. 
analogous  ths  :  CM .3. 
Counter-pedal  surface  of  ellipsoid:  AJLL 
Coupures  of  functions  :  n.99. 
•Covariants  :  1629.  4936—5030 ;  C.80.81. 
th90:  G.1.20  :  Q.5,16  :  J  .47.87. 
[♦a :  t.hM.5  :  N.59,  :  ap  to  Lc  C.56. 
binary: 

of  binary  forms  :  An. 58  :  C.82 ,86.87  : 

G.17:  L.76.79 : 
of  binary  quadrics,  cubics,  and  quar- 

tics  :  An .65  :         :  Q  IO. 
of  binary  quantics  :  K21 :  Q.4.5.17. 
of  abinaryquartic:  J.53:  quintica,  An. 
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Covariants — {coniinued) : 

and  contravariants  of  a  syBtem  of 
sironltantous  forms  in  n.  varia- 
bles ;  to  find  the  number  of:  C.84. 
of  quantics  :  An.r>R :  binary,  AIaHL 
of  a  septic,  irreducible  :  C.87. 
sextic:  G.19. 

of  a  system  of  binary  cubo-biquadra- 
tica  ;  number  of  irreducible  co- 
variants:  C.87;. 

of  a  system  of  2  binary  quadratic 
forms  ;  number  of :  C.84. 

of  ternary  forms  :  0.1 9o. 
•   of  two  conies :  4989,  5026  :  of  three, 
QIO. 

Covariants  and  invariants  :  An.6iL 
of  binary  forms  :  An. 58, 59, 61, 83  :  C. 

66.69  :  reciprocity  law,  C'.86. 
of  a  binary  octic,  irreducible  system : 

C.86,93. 
of  a  binary  quintic  :  C.96. 
of  a  binary  sextic  :  C.96j. 
as  criteria  of  roots  of  equations  :  An. 

Cribrum  or  sieve  of  Eratosthenes :  N. 
43.49. 

Critical  functions:  see"  Seminvariants." 
Criticoids  and  synthetical  solution  :  E. 

9,26,32. 

•Cubature  of  solids :  see  "  Volumes." 
Cube  numbers,  graphic  cn  of :  : 

M&M  :  tables  to  12000,  lA^ 
Cube  root  extraction:  A.22,64 :  J.ll : 
N.44.58. :  TLL 
•Cube  roots,  table  of  (2  to  30):  p.6. 
Cubes  of  sums  of  numbers  :  iLZL 
Cube  surfaces :  Pr.l7. 
Cubical  parabola :  Q.6,9. 
metrical  properties  :  M^2L 
•Cubic  and  biquadratic  equations  :  483 — 
m-.   AAh  :  No.1780:    An .58 : 
C.Keo41,9Q:  J^JUli  IlLQ.:  AL3: 
E5iEr~ZT8j  Arabic  and  Indian 
methods, 
Sturmian  constants  for  :  Q.4. 
mechanical  construction :  LM.2i. 
Cubic  and  biquadratic  problems:  Aii.7<)^. 
Cubic  classes  which  belong  to  a  deter- 
mining quadratic  class,  number 
of:  A  19. 

Cubic  curves  :  An. 73 :  A  J. 5, 15,27  :  C. 
aZ:  thCD.7:  CP.ll:  G.1..2.14. 
2ii:  J.ll,32.34.th842.63.geo78,90: 
L.13,H-,45  :  MAh  :  Ul^L&mTS^o. 
geo56:  N.50.67.geo72j :  P.57.58  : 
Pr.B,9  :  Q.4;,5  :  k.gc6T5,22. 

classification  of:  Q.lb. 

and  conies  which  touch  them  :  J.36. 

coordinates,  explicit  functions  of  a 
parameter: 


Cubic  curves — {continued) : 
48  coordinates  of :  £Jil  ii. 
with  cusps  :  A .68. 
degeneration  of :       :  M.13.15. 
derivation  of  points  :  T.iAf.2. 
with  a  double  point :  M  f> :  with  two, 
AT.3. 

with  double  and  single  foci :  Q.14. 
Geiser's :  J.772. 

generation  of  :  G.ll :  LM  :  M.5;.6 : 
by  a  conic  pencil  and  a  projective 
ray  pencil,  Z.23  :  linear,  JJi2^ 

and  higher  curves  :  A.7(). 

mechanical  construction  of :  LMA 

number  of  cubic  classes  which  belong 
to  a  determining  quadratic  class: 
A.19. 

nodal,  tangents  of :  LMJ2» 

of  third  class  with  3  single  foci :  Q. 

14.16,. 
18  points  on  :  E.4. 

inflexion  points  of :  J.38  :  M.2.5  :  N. 

73.th83.85. 
12  lines  on  which  they  lie  in  threes  : 

K22. 
rational:  AJiB: 

referred  to  a  tetrad  of  corresponding 

points :  Q.15. 
represented    by  elliptic  functions : 

JP.34. 

and  residual  points  :  E.34._.. 
resolved  into  3  right  lines :  M.I 4. 
and  right  lines  depending  on  given 

parameters  :  J. 55. 
16  cotangential  chords  of :  Q.9. 
and  surfaces :  J.89. 
synthetic  treatment :  7^  9-1 
tangential  of :  P-58  :  Pr  O. 
tangents  to  :  cnE.25— 7,tli828 :  LM^ : 

03, 

with  a  double  point  or  cusp  :  M.l. 
forming  an  involution  pencil :  LM. 
13,. 

their  intersections  with  cubics  or 

conies  :  QAl  :  T1.26. 
through  a  points  :  C.c!i36.37  :  IlIA  : 

two  cubics  do.,  (^D.6:;. 
through    points  :  Q.5. 
through  2circuIarpointsat  x  :  cnZ.14. 
transformations  of :  C.91. 
♦Cubic  equations:  483—91  :  A.  1.3— 7.11. 

22. 25,.  32.  37. II.  42.4k..  prs47,<l8: 

An  55:  C.num46.85:  CD.t.6:  E. 
G.12.16:  J.27.56.90 :  LJSL8: 

K3:  Uvm.26 :  N.4.:>.th52.th56.C4. 

6<3.70,.75.78.H1.84:  TE.24:  'ILL 

See  also  **  Cubic  and  biquadratic 

equations." 
and  division  of  angles  :  A .15. 
in  a  homographic  pr  of  Chasles  :  C.54. 
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Cubic  equations — {/'oniinu/'d) 

irreducible  case:  A .30,39.41 .42:  No. 
I  JlMh  AJ.l,:  r..->,S  :  J .2.7:  L.7r': 
N.<>7 :  in  real  values,  A.iiL  by 
continue*!  fractions,  A 

roots  :  condition  ofequiility  :  T^-HO. 

di^finition  of:  tli A.:U. 

geometrical  constrnction  of :  C.44, 

Hi:  Arab,  m.s.!*,  J.l'l.-. 
integral :  N.7."k 
f»ower-.sutn.s  of :  C.54.55. 
B(] uarcs of  difTerenccs of :  An.ijfL Q.3. 

•  solution   of:  Cardan's  formula: 

MIj  A.14.kl.g/>2:  Me.8:.. 
Co(  klo\s  :  CM.2.3.~ 

♦  trigonometrical  :  iSiS.:  A.19  :  N.tjl. 

r>7.7i :  tr  :.. 

by  differences  of  roots  :  .T-4'2. 
by  continued  fractions:  A.  10.39. 
by  logarithms  :  ( '  fit). 

by  a-  =  1  -j-Zi  :  QM. 

*  mechanical :  •M'29  or  f'.79. 
numerical :  r.4-t'. 

Cubic  forms  (sec  also  "  Binary  cubics  "): 

tb8J-27- 
ternary:  J.28.29  ;  JP.31.32. 
(juateriiary  :  tranyf  J..'>8  :  P.OQ :  Pr.lO  : 

(livision  into  five,  J .7H. 
Cubic  surfaces  :  Ac. 3.") :  thsAn  T).') :  C. 

97..98  :  a±l:  J.r>3.Go.t;>^.o'.>.88.89  : 

M.H:  M.>  .Mi  •  N.r,9  :  P.<)9  :  ZM. 
classification  of :  MJA. 
double  sixers  of  :  Q.IO. 
with  1  d<jublo  points  :  M.S. 
"  gobbe  "  :  (j.l  U7.21. 
hypt'rboloidal  projection  :  £iiL 
22  lines  of:  C.52.tj8.70  :  Jji2  :   Ti  89  • 

M  t>3  •  Q.2. 
21  lines  and  Ih  triple  tangent  planes 

of :  An.Si :  and  3fi  double  sixers 

Q.18. 

locus  of  centre  of  quadric  througb  8 

points  :  Me.H.>.. 
model  of:  CP.  12.  ' 
polar  ny.stems  :  M.2r>. 
properties  of  situation  :  M.8. 
III  quaternions  :  AiLii. 
reciprocal  of  Steiner's  surface:  N.723, 

singular  points  of :  RillL 
triple  tangent  planes  :  CD.i^. 
Cubo-biquadratic  e<is.,  no.  of  irreducible 
forms:  C.y7. 
•Curvature:  12o4— 8  :  5134.5174:  A.l. 

28.4^]  :  Uil  :  Me.ti2...r(>-^.72.75  : 
N.thOO.r.9  :  Q.t.r^.l2. 

•  circle  of :  I'l'A — o,  olLtL:  A.cn3Q.37 : 

J.C8. 


Curvature — {continu^/f) : 

•  at  a  cusp  :  ol^i2  :  N  71 

•  at  a  double  point :  5187  :  Q.3. 
dual,  evolute  and  involute:  Q.  10. 
of  aji  evolute  of  a  surface  :  C  so. 

of  higher  multiplicity  (Riemann): 
Z.20.2 1. 

•  of  higher  order  :  51 88— 91  :  M.7.16. 

of  third  order  :  C.2t>. 
of  intersection  of  2  quadrics  :  Aii-fl3- 
mean  :  LLii± 

•  at  a  multiple  point :  5187  :  C\*i8. 
of  orthogonal  lines  :  JiijiL 

•  parabolic :  5818. 

of  a  plane  section  of  a  surface  :  C.78  : 

spherical :  A. 25. 
•Curvature  of  surfaces:  5818— 2t> :  A.4. 
20.41.57  :  An.fand  th.stjl.64:  C. 
th  25. 49.  tVij.thstk;,H7,6S.eeo74,84  : 
JXIT7.M:  JILLL:  L.44.72.:  p.c 
Me.71  :  Mel  3  :  Q.12  : 

•  average,  specific,  integral,  Ac.  :  5826 

—30. 

axis  of  curvature  of  envelope  of  a  dis- 
placed plane :  C.7o. 

approach  of  2  axes  of  finite  neigh- 
bouring curves  :  ( '  86. 

circular  and  spherical :  see  "Tortuous 
curves." 

constant :  J .88  :  (L2.    mean,  C.76.  L. 

41.53;  neg.,C.6o.M.16;  pos.,G.2u; 

total,  C.97j. 
Euler's  theorem  :  gzC.79. 
Gauss's  the. 12:  analogy         :  Q. 

liL 

ap.  to  aneroid  barometers  :  C.86. 
indeterminate:  CD.Z. 
and  inflexion  :  trA.19. 

•  integral :  r>826. 

and  lines  :  An. 53.59  :  LAL 
mean  =  zero  throughout :  Mo.66. 
and  pencils  of  normals  :  C.70. 
and  orthogonal  surfaces  :  P. 73. 
of  revolution  :  Ti  41  :  Z.21.22. 
skew  :  Z.26. 

sphere  of  mean  curvature  of  ellipsoid  : 
A  4;v 

•Curves  (see  also  "  Curves  algebraic " 
and  "  Curves  and  surfaces  ")  : 
5100:  A.2.1 6.32.66  :  An.5;t.54^  : 
C.geo72.9l  :  J.14.31.:U,.63.64^70  : 
L.38.44.ths57  and  tU  :  M.16  :  N. 
p.c61,  71,77,85a  cn  from  p.c. 

from  Abel's  functions,  p  ~  2.:  M.l, 

Aoust's  problem  :  A. 2,66. 

arcs  of,  compared  with  lengths  :  JP. 
2i 

of '  allineamento  "  :  (L2h 
analytical  method :  LM.9.16. 
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Curves — {continued) : 
whose  arcs  and  coordinates  are  con- 
nected by  a  quadratic  equation : 

whose  arcs  are  expressible  by  elliptic 
or  hypcrelliptic  functions  of  the 
1st  kind:  'A^ 

argument  of  points  on  a  plane  curve : 
LM.15. 

bicursal :  LM.4,7. 

with  branches  :  imaginary,  CM.1,Q.7: 

infinite,  Q.:?. 
2  characteristics  defining  a  system 

of  algebraic  or  transcendental 

curves :  (3.7H. 
least  chord  through  a  given  point  : 

class,  diminution  of  :  N.ti7. 

closed  :  see  "  Closed  curve." 

of  2-point  contact  with  a  pencil  of 
curves  :  MJL 

of  3- point  contact  with  a  triply  infinite 
pencil  of  curves:  M.lU:  4r-point 
do..  LM.8. 

whoso  coordinates  are  functions  of  a 
variable  parameter :  Mc.hii :  ellip- 
tic, .1.0 1 :  N.iiS. 

cutting  others  in  given  angles  or  in 
angles  whose  bisectors  have  a 
given  direction  :  C.5b,83. 

and  derived  surfaces  :  An.-VJ.Sl. 

derived  from  an  ellipse  :  AJJL 

determination  from  their  curvature: 
P.83.H4. 

from  projicrty  of  tangents  :  \J>1. 
determination  of  the  number  of  curves 
of  degree  r  which  hivve  a  contact 
of  degree  7t  <  mr,  with  an  »i-tic, 
and   which   satisfy  \  r{r+'S)—n 
other    condition*;,   and  similar 
problems :  (-.'.G^ji. 
defined  by  a  differeufial  cijuatiun  :  C. 
81.1H).9:j,98  :  L.81.82. 
do.  algebraic    and  an  analogous 

space  theorem  :  L.7«3;. 
0,,-|-<^  =  0,  EeJAj  p  oc  r2,  Mem. 
2A  :  p"  =  A  sin  to,  y.76. 
diameters  of :     4.0  :  N.71 :  and  sur- 
face, (■■■<)0. 
eq  obtained  from  tangent :  N.45. 
whoso  equations  are:  ;/ =  "x^-*",  A.14, 
JiL      —  u  (ti—l)'{n—x)  («— y), 
X  and  V  constants,  C.t>3. 
•      rc/)  =  «  sin  0,  A^:  1/ =  r  (.r).  2:32;?. 
linear  functions  of  the  coordinates  : 

equidistant,  tangents  to  :  cnZjZE. 
wnosc  evolute  and  involute  arc  equal : 

cxtenniou  to  space :  CLSii. 


Curves — (continued) : 
a  family  of :  X.72. 

four,  witli  two  common  points  :  Q.9. 
generation  of :  geoJ.o8.71  :  M.lft. 
by  intersections  of  given  curves  : 

by  coUinear  ray-systems :  ZJiL 
geometrical :  AJll :  two  laws,  ('■84. 

relation  to  harmonic  axes  :  C.7i->t. 
"  gobbe":  of  zero  kind,  G.ll :  rational, 

higher  plane:  A.7Q :  L.61,63. 
homofocal  :  N.8I. 

defined  by  intersecting  conies  :  C.37. 
intrinsic  equation  :  GP.B  :  Q.5. 
joining  two  points  :  pr  li.CV^. 
with  multiple  points  :  CLiU: 

with  three  of  higher  degrees,  cn 
An.:>8. 

H-tic  with  m.pof  H— 1th  order:  C. 
auLi  XJiiL 
network  of :  ('.67. 

pencils  of :  A ■>]■"> :  of  3rd  order,  ZJiL 
P+Pi^  =  K.U. 

with  a  constant  polar  subtangent :  N. 
with   several  "  points   d'arret  "  :  N. 

in  a  power-serios  of  sines  :  J ■3. 

•  of  pursuit :  5247  :  C.97. :  N  83. 
of  "  rac(  ord(?ment  "  :  -1  P  1 
rational  :  A..",t> :  G.thK.,ltj:  M.9,18. 

generation  of  :  Cr.l2. 
reciprocal  of :  iLiJl 

of  section  :  A .43. 

of  a  scries  of  groups  of  points,  ths : 
C.73,. 

with  similar  evolutes  :  Mc.rid. 

•  singularities  of:  5187:  An^  :  C.78. 

hii:  ClLli:  iJil:  J£J. :  L.37.45  : 
T.Mi) :  M.8— 10,,16:  y.o0.80  81., ; 
Q,2,7  :  higher  singularities,  ifiii 

of  the  species  1  :  C.973. 

sextaciic  points  of :  JLLjSiL 

on  surfaces  :  .see  "  Surface  curves." 

systems  of:   An .01 :   tj.l3 :  M£l82: 

theory,  C.t)3it.'j4. 
and  surfaces  :  A. 73  :  AcZ: 
tangential  polar  eq  of  :  Q  l. 
theorems  or  problems  :  A.prl/Jlj.prs 

32and  41^  G.L.:  J.l  :  klij 
re  arc  CP  and  chords  Cl\  PM,  CMT 

Mt'm.lO. 

to  describe  curves  which  shall  have 
equal  arcs  cut  oil  by  a  fixed  pen* 
cil  of  lines  :  Mcm.lQ. 
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Curves — {ronlinned)  : 

re  litiua  drawn  at  all  points  of  a 
curvo  ut  the  8amo  inclination  to 
it:  iLLL 

tracing  apparatus  :  LM.  t. 

transformation  of  :  CD. 8  .-  LM.l  : 
sralene  Q.13  :  M.4.-JQ.'21 :  of  U- 
ics  which  cut  a  quartic  in  the 
points  of  contact  of  its  double 
tangents  :  J..V2. 

and  transversals  :  J.  17. 

under  given  conditions  :  P.88. 
Curves  algebraic  (see  also  "  Curves  and 
surfaces  ") :  C.99.ths60  and  M  : 
('M.4:  G.1.4.5:  J.12.47..!>9:  KJiO. 
81,cn8;3. 

represented  by  arcs  of  circles  :  J£.2£L 
with  axes  of  symmetry  :  N.H*). 
of  2nd  class  and  '2ud  order  :  (t.l. 
of  8rd  class  and  4th  order  :  G.4. 
of  3rd  class  and  curves  of  3rd  order  : 

sUiH:  L.7H. 
of  4th  class  with  a  triple  and  a  single 

focus  :  Q  20... 
of  6th  class  :  Ac. 2. 
of  class  it  and  order  m,  two  laws  : 

(VH-> 

common  points,  a  system  of  :  J.^tL 
generation  by  right  lines  :  J. 42. 
and  homothetic  conies,  ths  :  .1.53. 
lemniscatic  :  AikoH. 
manifoldness  of :  M.IO. 
*    mechanical  construction  of  an  n-tic  : 
r>4u7  :  LM.7. 
with  a  mid-point :  .1.47. 
number  of  points  of  contact :  C.82. 
number  of  interseetioris  :  C.76  :  M.lo. 
projective  involution  :  M.3. 
remarkable  group  of  :  M  JiL 
species  determined  :  M.23. 
symmetrical  expression  of  constants  : 

theorems  :  two  metric,  M.ll  :  Mac- 

laurin's,  N.o'j. 
Curves  and  surfaces  -.  M.8 :  N.59  : 

gn  th8C.4»>  and  G.4  :  algebraic, 

An.77  ;  JT49  and  L.55. 
"  arguisiano  ":  (r.l2. 
curves  having  the   same  principal 

normals  and  the  surface  which 

the  normals  form  :  C.SSj. 
of  same  degree,  a  common  property  : 

satisfying  conditions  of  double  con- 
tact:  C.Hi). 
Curvilinear  angles,  ths  :  L.44,45. 
Curvilinear  triangles  :  A.6L  :  ILiiL 
Curvital  functions  :  C.60. 
Curvo-graph :  A.l. 
•Cusps:  5181:  Mcm^:  Q.IO. 


Cusp.s — (ronttnued)  : 

construction  of  8  cusps  of  3  quadric 
surfaces  when  I  arc  given  :  J.26. 

•  keratoid:  6182. 

•  ramphoid  :  5183. 

Cyclic:  curves:  A  .37  :  Z.cn2.2fi.27. 

functions  :  A. 69.  and  hyperbolic  32, 
interchanges  (higher  algebra)  :  Man. 

projective  groups  of  points  :  M.13.20. 
number  of  do.  in  a  space  transf. : 
CJKl 
surfaces  :  Z14. 
systems :  C.7fl 
Cydides:  N .66.70 :  EcJL2:  Q.9,12. 
reducible :  TiM.'2. 
and  sphoro-quarticH :  P.71. 
♦Cycloids  :  .'.2.^0  :  AXi :  N..52.82. 

and  tro<'hoids  on  surface  of  sphere  : 

M.^m  2  j  •  Q.19. 
surface  of,  th  of  Archimedes  :  Me. 

Cycloidal  curves  :  ^  9, 
Cyclosis  in  lines  :  IxiLiL 
Cyclotomic  functions  :  C.90i: 
♦Cylinder,  frustrum  of  :  6048. 

circumscribing  a  torus  of  revolution: 

and  cones,  intersection  by  spheres, 
ths  :  J. 5 4. 

and  hemisphere  :  P.12. 
Cylindrical  functions:   A  .56  :    An-23 : 
M.5.16  :  and  d.i  M.S. 

of  1st  and  2nd  class  :  \f  1  - 

/  (x)  analogous  to  the  spherical  func- 
tion P" (cos 

representing  a  function  of  2 variables: 
M 

•Cylindrical  surfaces  :  5591 :  LM.S*. 
quadrature  of  :  A  9. 
Cylindroids  :  At.19,39  :  Me.80  :  ZJih. 

Decimal  fractions  :  approximation 

by  :KJiL 
error  in  addition  of  non-terminating : 

repeating:  A.16.33..56:  G.9:  Mfi^ 
M«M.5 :  N.42.49.74. 

-  where  p  is  one  of  the  first  1500 
P 

primes :  A  .3. 
Definite  integrals  :  sec  "  Integrals." 
Deformation:  of  conies  : 

of  a  cache-pot «  iLSL. 

of  a  one-fold  hyperboloid:  K.30. 

of  surfaces  :  C.68,70  :  GJd :  : 

•De  Moivre's  theorem  :  7M  •■  A.6,11. 
Demonstrations,  reduction  to  simplest 
form:  CL82. 
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Derivation  :  applied   to  goo   pre : 

An.r>4. 

of  analytical  functions,  gz  :  (L22s. 
of  a  curve  :  An.r>2. 
Derivatives  :   see  "  Differential  coeffi- 
cient." 

•  Arbogast'a:  1536:  QllA  :  112:  L. 

a2:  extMo.78:  Cjii :  Pr.ll  :  Q. 

Schwarzian :  CP.lSj. 
Descriptive  Geometry  :  An.  g3j  L.39  : 

•Detached  coefficients  :  28. 
Determinants:  ithi:  A. 44,56,65  :  apAn. 
52  :  J.22.tr51,.72,7:3,74.89  :  C.86  : 
CP.8 :  a.l.4.8.tMQ:  LM. 

Mc.62,78,794.83 :  N.51,69.ap 
ZlL  Pr.8  :  Q.8:  'VK.-2H  :  'A.U) 
and  algebraic  *'  clefs  "  :  (v.36. 
of  alternate  numbers  :  LM.ll. 

application    to  :    algebra  and 

geometry,  A.5l,5Q.5o. 
contact  of  circles  and  spheres  :  N. 
r.o. 

cylindrical  surfaces  :  AJiM. 
equations  :  Q.19. 
geometry :  fM)i,i9..,77. 
surfaces  of  revolution  :  A. 58;. 
arithmetical:  CL2ii :  LM.IQ  :  Me.  78 : 
Pr.l5. 

of  binomial  coefficients  :  7a. '24. 
catalogue  of  papers  and  treatises  :  Q. 

of  Cauchy  ("aleph") :  G.17,. 
combination  of :  LULiL 
combinatory  analysis  of  :  CL3&. 

•  composite  :  hlih  :  J. 88,89. 

•  compound  :  bhh  :  A  J  6  :  LiLlJ: :  Me. 

in  conies :  J.89,92. 

with  continued  fractions :  J.69. 

cubic  :  GJh  fiM-13  :  and  higher,  IL 

cycle  of  equations  :  G.U. 

of  definite  integrals  :  L^:  Z.ll. 

development  of :  An .58  :  iLBh :  in 
binomials,  G.IO :  in  polynomials, 
G.13,15 :  and  ap  to  resultant  of 
2  eqs,  G.21. 

division  problems :  AJilL 

double  orthosymmetric  :  Z.26. 

and  duadic  disynthemes  :  AJ.23. 

elements  of :  G.10,15. 

equation  in  which  a^,,  =  Oyp :  C. U. 

of  even  order,  analogy  between  a  class 
of:  J.52. 

of  figurate  numbers  :  G.9. 

functional:  CD.9:  J .22.69,70,77,84  : 
M.1.18;  MeJQ :  Q.l  :  of  binary 
forms,  :  of  a  system  of  func- 
tions, L.51. 


Determinants — (am  t  in  tied) 
function  in  analysis  for  a  certain  de- 
terminant of  It  quantities  :  C.70. 
gauche  {a„  =  —a,p)  -.  C.88.89, :  CD.9  : 
J.32.38,5o.th55 :  L.r>4.. 

involving  ^1,  &v. :  Q.15,16,1L 

of  lower  determinants  :  J-fil- 

of  minors  of  given  determinant:  tlfifi, 

•  minor  :  5M  :  G.l. 

•  multiplication  of :  562.  52^} :  A.14.59: 

number  of  terms  in  :  LM.IO. 

partial:  C  97. 

persym metric :  MiL82, 

with  polynomial  elements  :  Me±Ssi. 

of  powers  :  A  .1.4. 

quadratic  forms  of:  J.53.89 :  LJiii: 

ditto  of  negative  dets. :  JJiZ  :  LiiO: 

;iL22_:  Mo.62,75. 
of  rational  fracrtions  :  McJii 
resolution  into  ((uadratic  factors  of  a 

det.  formed  from  two  circulauts  : 

Mo.82. 

of  the  lii  lines  joining  the  vertices  of 

two  tetrahedrons  :  J .62. 
of  sixth  order:  Me.84. 

•  signs  of  the  terms:  557 :  E^:  Mo. 

skew:  Q.8,18. 

of  squares  of  distances  of  points  :  Q. 
LL 

Sylvester's  det. and  Euler's  resultant: 

An  .59. 

symmetrical:   G.l:         :  MJii :  th 
Me.  Sa:  Q.14,18. 
and  Lagrange  s  mterpolation  :  LM. 
13. 

ap  to  a  pr  in  geo  :  Z.20. 
of  nth  order  and  « — 1th  power  X 
sq.  of  a  similar  determinant : 

AlA 

theorems  and  problems:  A.I  .3 :  An. 

pr60:   G.2.4n.62.12.16 :  J.pr66,pr 

81 :  K5LM  :  MJJi  :  MiLia  :  iL65 : 

Q.l.pr2,15:  Z.7.prdl8. 
transformation  of:  An.Z3^  G.lO.f Ifi : 

of  product,  hSiL 
unimodular,  cn  :  Z.21. 
for  verifying  a  system  of  d.e  :  CL23. 
with  a  diagonal  of  zeros  :  Me.73. 
Developable  cylinders,  motion  of :  Man. 

Developable  surfaces :  A.69  :  MJLfi:  Me. 

circumscribing  given  surfaces  :  Z.13. 

circumscribing  2  quadrics:  C.67,th8 
^,gz63  :  CD.5. 

5  S 
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Developable  surfaces — (continued) : 
of  a  conical  screw  :  A>>9. 
edge  of  regression  :  Ll12^ 
of  first  Z  degrees  :  UiL 
through  a  given  cnrve  which  develops 

into  a  circular  arc  :  li  ^ifi. 
through  a  gauche  curve  :  C.97. 
mutual :  JJ^ 
quintic:  QM  :  CIL^ : 
of  surfaces  having  principal  lines  of 

curvature  plane :  Lliid. 
Development  of  tortuous  curves  :  prs 

M^m, 

Diacauatic  of  a  plane  :  N.75. 
Diagonal  scales  :  TiM.6. 
Diametral  curves  :  CLiL2. 

of  constant  sectional  area,  prs :  N.43. 
Didon,  proposition  of :  C.8(>. 

Differences  :  and  differential-quo- 

tients:  A .49.53  :  Nm 
equations  of  mixed  :  .TP  H  :  N.85. 
parameters  of  functions  :  C.95. 
•Differential  Calculus:  1400—1868:  J. 
ll,.12.13,.14>..ir),.16:  Me.66^ :  Q.4. 
reciprocal  methods  :  CD. 7.8. 
•Differential  coefficients  or  differential 
quotients  or  derivatives  (see  also 
Differentiation  ") :  1402, 1422— 

of  algebraic  functions  :  Mel.l. 

of  log»  and  a' :  A.l ;  of  ^"  and  a' :  N. 

M.3  ;  of  7/  cxp  |;^) : 
calculated  from  differentials  :  AJ.lt). 
of  a  composite  function  :  1420:  >Jth, 

of  exponentials  and  logarithms  :  1422 

—7:  AJJ^  y.o0.o2.8o. 
of  a  function  of  a  function  :  1415:  A  9r 
in  terms  of  derivative  of  inverse 
function,  Mt'm.^i2. 
of  a  function  of  two  independent 

variables  :  1815. 
of  irrational  functions  :  P-IH. 
of  products  whose  factors  are  con- 
secutive terms  of  a  series  :  Me.31. 
ratio  to  the  function  at  the  limit  oc  : 

successive  or  of  nth  order :  1405, 1460 
—72,  2852—91 :  Ai4^  :  AjuJlL  : 
G.18:  MA^  ZLS. 
of  a  sum,  product, or  quotient:  1411. 
independent  repres.  of:  M.4. 
of  a  function  of  a  function  :  G.13  : 

11  =  4,  1419. 
of  functions  of  several  variables  : 

of  a  logarithmic  function  :  A .8. 
of  a  product :  1460,  1472. 
and  sammatioD  sjinbols :  J.33.tha32. 


of  {/(^)}" 


Differential  coeflBcients  of  nth  order — 
{continued) : 

of  (a'+^T  :  2860;         ,  1467. 
(1— ar')*-»  (Jacobi):  1471, 

^4-.:  1-^69;  rri.  U70.  J.8; 
(a  +  bx+cj-)\  2858; 

cos"*/-,  A.9;  ^  or. 


tanz  : 
1461, 


sin 

cos 
tan 


xi,  2862 ;  sin-'jT,  2854—5  ; 
^  1468,  apy.9. 


6",  Cy  :  1463—4  ;  e"**,  CM^ 
e-*'  :  2861,  A  .30:  e"  cob  hr,  1465. 
*"-Mogar:  1466;  e'*"**cos(«  sin  a), 

2856. 

of  nth  order  with  x=0  in  the  result: 
tan  'r.  sin-'i-.  (sin  -'a-)3,  2865—9  ; 

mcoB-^r,  2871—7; 


cos 
sin 


m  8in"*.r 


cos 


(l+iri) * T  » j^"^  m  tan-'r.  2883 - 7 ; 
x'e'"  cos  br,  2889—91  ; 


■sin  {j-  or  y)-f  cos  x 
1  +  2!/ cos  J"  4- 


•Differential  equations  (D.E.)  :  p.460. 
3150  —  3637:  A.l. 52.67:  AXTT 
An.SO,:  C.8,15.23.29.42.54.7".83 : 
CM.3  :  E.9:  J. 1.36.08.64.66,74.75, 
76.78.86.91 :  L.38,52,56:  TiM.4.ia: 
M.S.  12,25  :  Man.79  :  Me.31 :  M^m. 
3i1:M£lS4:  NJ2^:  EcJ.:  TI.13  : 
Z.4.16.27. 

Abel's  th(.H3rera  :  J.90. 

algebmic  :  An. 79  :  C.86. 

with  algebraic  integrals  :  1.84,. 

approximate  solution  :  C.5. 

by  equations  of  differences  :  L.32i 

•  by  Taylor's  theorem  :  3289. 
of  astronomy:  C.9,29  :  2A. 
asymptotic  methods  :  C.94  :  Q.5. 
Bessel's  numerical  solution  : 

•  Complete  primitive  :  3163 — 6  :  iL2L 

no.  of  constants  :  CP.9. 
with  complex  variables :  Mo. 85. 
of  a  conic  :  E*3iL 

continuous  and  discontinuous  integ- 
rals of : 

for  a  conical  pendulum  :  A  .84. 
relation  between  its  constants  and 

the  constants  of  a  particular 

solution : 
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D.  E. — (continued) : 
of  curves  having  the  same  polar  sur- 
face :  An. 76. 

•  depression  of  order  by  unity :  3262 — 9. 
with  different,  total  integrals  :  L.84. 
of  dynamics  :  C.5.26.40.? :  LlLii  :  Gi 

4^  L.37,49.52.5.>..72.74 :  M.2.17. 

2rt:  miA :  Pr.  1  27T~P:54.55.63. 
ap.  to  engineering  :  .1 P-  i- 
and  elliptic  functions  :  L.49. 
elliptic  :  G.19  :  }iL2L 
olliptic  multiplier :  Af  -'21. 

•  exact :  3187, 3270-5:  QA^  C.1.10.11. 
of  families  of  surfaces  :  JUslTL 

with  fractional  indices  :  JIM 5. 

of  functions  of  elliptic  cylinders  :  M. 

general  methods  :  L.81. 

•  generation  of  :  3150. 
geometrical  meaning  of  :  Q.14. 

•  homogeneous:  3186,  323-t,  3262—8: 

C.13:  CM.4  : 
hyperelliptic :  J. 32, 55  :  MqJ12. 
of  hypergoometrical  series  :  J .56,571, 

7^ 

integrability  of:   ZJJi:  immediate, 

whose  integrals  satisfy  relations  of 
the  form  F  [<^j-]  =  f^  Fx:  C.93. 

whose  integrals  are  satisfied  bv  the 
periodicity  modulus  of  elliptic 
integrals  of  the  first  kind  :  i£i 

integrating    factors  :    pp468  —  471. 
3394:  C.6B,.97. 
orrdit-\-Qdy  +  Kdz  :  Q.2. 

integration:  by  Bessel  s  function: 
Me.80. 

by  Gamma  function  :  TK.20. 

•  by  definite  integrals:  3017—28: 

CJ2:  LIL 
by  differentials  of  any  index  :  C.17 : 

by  elimination  :  ('P.O. 

by  elliptic  functions  :  An. 79.82  :  C. 

41:  jr.2i. 

by  separation  of  operative  symbols : 

/  15. 

•  by  series:  3604-16:  C.  10.94:  LM. 

Me. 79  :  Q.19:  TI.7. 
by  thcta-functions  :  C.9l>. 
irreducibility  of:  iLi!2. 
isoperimeters,  pr :  Mt'm.50. 
of  Lame  : 
of  light :  MJx 
in  linear  geometry : 
of  motion  :  ('.55 :  of  elastic  solids, 
Q.13  :  of  fluids,  ( '  P. 7  :  of  a  point, 

with  integrals  "  monochrome  and 
monogene  "  :  C.40. 


D.  E. — {continued)  : 

•  Parseval's  theorem  :  3628. 
and  p.d.e  of  first  order  :  J .23. 
particular  integrals  of :  CM. 2  -.  alge- 
braic, C.Ht). 

relations  of  the  constants :  C.93  : 

in  problem  of  n  bodies  :  An. 83. 
of  perturbation  theory  :  Mem.83. 
with  quadratic  integrals  :  J -99. 
for  roots  of  algebraic  equations :  P. 
fii.  Pr.l3. 

•  rule  for  equivalence  of  two  solutions 

3167. 

•  .singuUr  solution  of  :  3169—  78, 3301— 

6,  3401-3:  C.19,94 :  £1\L2 :  JP. 

IS:  M^:  ]^ran.83.84 :  Q.12.14. 
of  sources  :  A  J. 75. 
of  a  surface  :  iL2. 

satisfied  by  the  series  l±2q-^2q*± 
2*/+ Ac.  .  2Vq-\-2V(f-h2V<r+ 
&c. :  L^:  LMa 

satisfying  Gauss's  function  F{a^,y,x): 
LM, 

synectic  integrals  of  :  C.4Q. 

and  tortuous  curves  :  L.53. 

transformation  of :  An.52. :  CD.9 :  in 
curvilinear  coords :  J.8f5. 
D.  E.  linear :  A.28,35.40,41 .43.45.46.53. 
59.65.69 :  Af3-  AUTAuMM^- 
At.Z5:  C.7t.293,58,73,84.88.90,.9l3. 
92^1-:  CD.3.4^.9:  CP.9.10  :  "GT. 
li  :  J.23.21.25.40.42.55.63,70.76, 
79,80,81.83,87,88,91,98  :  L.38.64 : 
M.5.11.12  :  MgJ5:~P.48.50,51  : 
Pr.5s.iaj.l9.,.20 ;  Q.8:  Z.3,7.9. 

without  absolute  term,  condition  of 
solutions  in  common  :  C,95, 

with  algebraic  integrals  :  C.9().97  :  J. 
80.90 :  M'21. 

determination  of  arbitrary  constant : 
At.65:  Q.19,. 

argument  it  parameter  interchanged 
in  the  integnil  :  .1.78. 

bibliography  of  :  A.T.7. 

with  coefficients  that  are  algebraic 
functions  of  an  independent  varia- 
ble :  C.92,94. 

•  with  constant  coefficients  :  3238—50  : 

An.64 :   CM.1,,2:  E^:  ULM: 
hA2^  N.47.84. 
with  periodic  coefiicients  :  C. 9 1,92  : 
doubly  periodic:  C90a,92,98a :  J. 

with  rational  coefficients,  algebraic 
integrals  of  :  llliii :  J  P.:!2,3i. 

with  nitioiial  coeffuicnts,  upon 
whose  solution  depends  the  quad- 
rature of  an  irrational  algebraic 
product:  C.91i,  923- 
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D.  E.  linear — {continued) : 

with  variable  coefficients  :    CLS2  : 
J.66.68.76 :  L.80.81. 
which  connect  a  complete  function  of 
the  1st  kind  with  the  niodnlus  : 

cm 

homogeneous:  Ac.l  :  .T.9Q  :  Mo.82. 

integrating  factors  of :  C.97.08. 

integration  by  Abelian  functions,  C. 
22  :  J .73  ;  by  finite  differences, 
Q.l  ;  by  series,  .1.76. 

which  admit  of  integrals  whose  loga- 
rithmic differentials  are  doubly 
periodic  functions :  hJ}L 

whose  particular  integrals  are  the 
proaucts  of  those  of  two  given 
linear  d.e :  A.41. 

irreducibility  of :  J.76. 

Landen's  substitution,  geo  :  JL^L 

Malmsten's  theorem  :  J.40. 

singular  solution  :  J.73.83,84. 

transformation  of :  C.91 ,96. 

•  n  variables,  Ist  order  :  3320—32:  C. 

14.15  :  cm:  J.20,80  :  LM. 

n  variables,  2ud  order  :  :  2  varia- 
bles, CLm 

a  variables,  any  order :  Mom .13. 

•  Fdx-\-Q<ly-\-Iid2  =  0.  P,QM  \uvo\y\x\g 

X,  y,  z,  3320  ;  geoM.lt) ;  P. 
Q,  R,  integral  functions  of  a*  onl^, 

Q.l 9.:  P  =  (a«-  +  6/--'  +  A'C.)" 
Q,  R  similarly  with  y  and  z,  Q.  20^. 

•  Xdx  +  Ydy + Zdz  +Tdt  =0:  condition 

of  being  an  exact  differential, 
3330. 

vdt-\-ydx+zdy  +  tdz  =  0:  A  .30. 

*D.  E.  of  first  order,  linear :  p4<37 :  CLB6  : 
G.13  :  algG.18; 

•  exact:  3187. 

•  homogeneous :  3186. 

integration  by  a  ])articular  integral : 

reduction  to  a  continued  fraction  of  a 
fraction  which  satisfies  a:  C.98. 

•  separation  of  variables  :  318o  :  CM  1 . 

•  Mdx  +  Ndy  =  0 :  3184  :  N.74,77. 

•  (ax  +  hy-^c)  dx-\-((i'x-\-h'y-\-c')dy  =  0: 

3205,p471:  L.nP. 
(a.r  +  fcy  +  c)"<ijr  +  ( a  V  + 1 '«/  +  c') "dy  :  A . 

^P^^'q  ~  ^  *  ^'^  Ijeing  quartics  in 

x,y:  C.66:  T.M.ft  :  ME  79. 

/{x)dx  .f(y)dy  _  0  /  (^)  of  1st  deg.. 
F(x)        F(y)        '  Fu)ofothdeg.- 


D.E.  of  first  order,  linear — (conitnued) : 

•  Pidx-\-P^y  +  Qixdy-ydx)  =  Oi  P,, 

Pj  being  homogeneous  and  of  the 
pth  deg.  in  X,  y,  Q  homogeneous 
and  of  the  gth  deg. :  3212. 
P„  Pj,  Q  different  linear  functions 
oix,y  :  C.78.83  :  L^:  Ul^ 

•  y*+Py  =  Q.  where  P,  Q  involve  x 

only:  3210. 

•  »/,+  Pt/  =  Qi/-:  3211. 
yy  -\-Py-¥Q:  M^m.ll. 

Q,  B  are  functions  of  x  :  M^m.ll. 
y,+a  +  &y+y9  =  0: 
y,x^{m  +  x)  ='Ky'/m—x  :  A .42. 
y»  =/(!/):  y,=/(x,y):  AnJSj 

^        '  {Sy-D 

sin  y-\-F{x)  cos  y+i>{x)  =  0  : 

•  M,+fcu2  =  «r'"{Riccati'a  eq.) :  3214: 

C.11,85:  (m=  — 6)  E.7  : 
ext28  :  JP.U  :  :  EJH  :  Q.7, 
11.16. 

allied  eqs  :  LJd  :  Me.78:  Q.12. 
sol.  by  continued  fractions:  Mem .18. 

by  definite  integrals  :  JJiL 
transformation  of :  Mp.83. 
•D.  E.  of  first  order :  3221—36  :  A  99  : 
C.40,45.66 :  MJL 
two  variables  :  An.Zfi:  17.40 :  M<?m. 
(i2  :  N.oO :  singular  solution,  J.'SS. 

•  Clairaut's   equation,    y=pJf  +  r(p): 

3230:  CM.3, :  Me.77, 
integration  by  second  order  d.e:  A.4fi. 
homogeneous  in  ^  and  y  :  3234. 
reduction  to  alinear  form  with  respect 

to  the  derivatives  of  an  unknown 

function  :  C.87. 
related  transcendents  :  Ac.3. 
separation  of  variables  :  CD.9. 

•  singular  solution  :   3230 :    A.o6,58  : 

CP. 9  •  JL^:  Me.73.77. 

•  solution  by  differentiation  :  3236. 

•  solution  by  factors  :  3222. 

transf.  by  elliptic  coords  :  J. 6.5. 

verified  by  a  reciprocal  relation  be- 
tween two  systems  of  values  of 
variables :  C.15. 

dx^-\-dy-  =  ds-  and  analogous  eqs  : 

•  adx-\-hdy  =  d«:  3287. 
dxi-^dy^-\-dz^  =  dn2:  LM. 
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D.  E.  of  first  order — (continued) : 
F{u,u,)=0:  C.93. 

•  *<^(p)+yV'(r)  =  x(p):  3226. 

D.  E.  of  Bccond  order,  linear :  A.20. 
32.55.64 :  An.63.79.82. :  C .82^.90. 
91.93«,97  :  .7.51.74:  LJifi  :  Me.h  : 
M.ll :  Mo.64  :  Z.5. 
with  algebraic  integrals  :  C.9Q  :  J .81. 

•with  doubly  periodic  coefiicients : 
Ac.2. 

homogeneous :  M^22i 

integration  by  Ganss's  series  :  Z.19. 

transformation  of :  An.52. 

•  y"  =  a  :  3288. 
y"  =  Py  :  02. 

•  y"-\-a^  =  Q:    3522/5  ;    geoMe.66  : 

Q  =  COB  nx,  3526 :  Q  =  (),3523— 4. 
y"  =  Ay  {a+2bx-\-cxi)-'2  :  L.44. 

•  y"  =  o«+lrt/:  3281. 
xy"  =  y: 

(iTteg)         wv  =  0,  Ac:  CM.S,. 
a.2(y"4.52)=p(p_l)y: 

y"  =  { /i + n  (n-fl)  kWjt }  i/  (Lamd's 

eq.)  :  085. 
y"  =  ^o+y</>i+!/'<^i+<fec.,  when  Ac. 

are  trigonometrical  series  :  C.98. 

y"  =  y  (e'+c-')-^:  L.46. 
y"  +  tw-y  =/(m) :  EJL 
3/"  =  ay+^Z'  («) :  AA!L 

•  J/"  =/(!/):  3257. 

•  y"  =/(x,  y)  (Jacobi) :  3285. 

y"  +  pi/'+n/  =  0 :  C.85.90 :  Q.19. 

y"  =  *hj'—nxy  :  A. 53. 

ari/"-}-»n?/'  +  na*y  =  0  :  L.45,78. 

!ry"+y'  +  ^e"i/  =  0:  C.39. 

jcY'  +  ^J/' =  2/:  An.51:  CD. 

tr*t/"+2*-V +/(»/)  =  ^  ■'  A.28.30. 
y'-^F(y)  ^  =  0:  3284: 

•  (a-i-bx)y"+ {c+dx)y'-\-{e-\-fx)y  =  0: 

A.58. 

(a+&ar-)sfV'+  (c+«c")  (f+gx") 
y  =  Q  (Pfaff) :  3598  :  J  2.54 :  and 
like  oqs.,  Z.2.3  :  with  Zt  =  0,  A .38. 

9-2  (a-bx)  y"-  2x  (2a-bx)  y' 

±2  (3a— 6*)  y  =  6ft2  :  A.28.30. 

xy"-\-y'+y{x-\-A)=0:  xMe.81.84. 

^y"+y'-^y  i^-A)  =  d.     ^^y^-.  Me. 

82. 

zY-  2xy^-\-2y  =  x^yf-i :  A.28.30. 


D.  E.  of  2nd  order,  linear — {coniinved) : 
«y"  +  (r+ga')y'  +  (p+tJa-  +  wi2)y  =  0  : 
A  .23:  Z.8.9. 

•  (l-a;2)  y"_  xy'-^-q^y  =  0  :  3282. 

•  (1  +  o*'^) '/" +axy'±  qhj  —  0 :  3283.3594. 
2x (\-x^) y"- y'  +  n («  + 1) y  =  0 : 
x{\-x)  y"+  i-lx)  y'  +  iV  y  =  0  :  Me. 

(w+jr)  (« -l-a-)  y"  + («»-»»)  y' 

-Xil(»j+a;)2y  =  0  :  jUiL 

(nw:2+«a-+p)y"+(9a;+»')y'+«y  =  0  : 
.TP  13-  Z.i. 

\fxy"+A\y'-\-Bny  =  0,  fiy"+A\y' 
+2i\ny  =  0,  and  /iy"-f  JXy'+P/i 
=  0;   with   X  =  a-|-fcar+rir2  and 
/X  =  6-}-2cjr  :  A.42v 

d,  {{x-x^)  yr}-xy  =  0  : 

•  y"+Py2+Qy  +  I?  =  0.  P,Q,J2  being 

functions  oT  x  :  3280. 
Py"-¥Qy'-\-Ity  =  0:  AjlL 
zy"u-\-az,y"'.-\-f{y)  =  0  :  Mc.71. 
D.  E.  of  second  order:  Ac.l  :  An. 22: 

nL2R :  C.67.69.8Q.91  :  .1.90:  L.39: 

LM. 11, 12,13.16  :  Z.I 5. 
with  algebraic  integrals  :  C.82. 
derived  from  linear  eq  :  Me.ZlL 
with   elliptic  function  coelRcients  : 

Ac.3,. 

in  the  neighbourhood  of  critical  points : 
CL82. 

polynomials  which  verify  :  AcA 
solution  by  definite  integrals  :  A.27. 
by  factors :  C.G8. 

by  Challis's  method,  and  application 
to  Calc.  of  Variation.s  :  A. 65,66. 

yy"=iy'2  +  22)y2. 

Myy"+Ny'2=f(x):  N.79. 

•  y"  +  Py'  +  Qy'^  =  0,  P,  Q  functions  of 

X  :  3276. 

•  y"+Py'+Qy'"  =  0:  3278. 

•  y"+Py'--\-Qy'''  =  0:  3279. 

•  y"  +  Q,j'-^-\- =  3277. 

Jj,+  — 7,+7  =  0,  whore  I  is  Bessel's 

X 

function  :  .T-56. 
D.  E.  of  third  order,  linear:  C.88i;  Q. 
7.8.14 :  MJLL 
y'  =  y'"  :  JP.15  :  iti  =  Ua, :  0.3. 
a;Y"— J/  =  0:  ZiL 

y"'=  3m.r2>/"  +  6m(/iH-2)a-y'-t-3m(/x-|-2) 
(M  +  l)y: 

y'"  =  x"'  {Axhj"  -\-n^y'  +  Cy) :  AM. 
D.  E.  third  order :  An.83. :  C.98,:  M^ 
•D.  E.  of  higher  order,  linear :  3237—50: 
A.65:  C.973:  iM  :  MA: 
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D.  E.  of  higher  order,  linear— {con/.) 
of  orders  p  and  ni+p,  th  :  C  43. 

i/u  =  'i/x— !/:  AJ. 

•  y,^=/(^) :  3256. 

y«x  =  (a+^r)  ly  :  J.  10. 
jr^"i/„,^=  a'"y  :  \  :,V2. 
=  1/  :  A  .12. 

«"i/„  =  ±i/:   by  definite  integrals: 

C. 4^.49 :  UlL 
y^s  =       :  bj  definite  integrals : 

I'"" ^1/ 2«»)jj- =±  «/ :  by  Bessel's  func- 
tion :  M  '2. 

y„  =  +  :  A .28.38. 

=  ^u-i/  +Jiij  :  A.:{3. 

■<■//  =  iju-\-'ihf"\i :  by  definite  in- 
tegrals :  J.IL 

j/m  =  AiTiju -\- Bfifr  +  Cy  :  A. 53 :  M.3. 
y„  =  :  A. 

29.30.33.3b. 
^yn^  +  ayH-\i  =  bjty:  JL2  :  ZJiL 
•ryw— ?/f«-i  ,x+n>v^v  —  0  :  A.4Q. 
a-.Vnx-f-X.v  ,..1  r  =  -f  (-f.Vr+M.'/)  :  A .80. 
.'I-'y^  +  i/f/  «-!  ,= /■"(^/'l/x-h^y) : 
3r'2y^-\-q-^iy  =  p  (;)  — 1)  «/  «_i  x  : 

•  y«x-|-rti.ViM-l'x-K...+a»»/  =0  :  3239  :  A. 

•  ditto  =/(^):   324:3,  351(5:    a,  ...a» 

functions  of  j*.  32.i7  : 
a  fractional  and  uU  lower  orders 
integral :  J^  '.^C} 

(rf,+a)-i/=/(x):  ('^r.4. 

•  ditto  =  &" :    3528  :    ditto  =  sin  : 

3529. 

•  (p-\-q'rynr-\-ni  ip-^'pT'^y  ,-1 

■j-dny  —  /{'t) :  3250 :  with  p  =  0, 

-\-a„y  =  0:  AAL 
-!-/</ =  0: 

•D.  E.  of  higher  order :  3251-^9. 

•  y«  =  3258. 

•  y^  =  F{y^-rr)  :  32G0 

P!/i«  +  Q  =  0,  where  P,  Q  are  func- 
tions of  rf*,  1/.  and  the  first  n  —  l 
derivatives  of  //  :  J .31. 


D.E.,  nimaltaneous  Bystcm  of:  An .69, 
82.84:  C.10,4:i:, 47,92, :  CM.l:  LM. 

Harailtonian :  Q.14. 
integration  and  inversion  of  the  in- 
tegrals :  (  '  2H. 
Jacobi'-s  :  rD.3. 

•  method  of  multipliers :  335^3. 
numbLT  of  arbitrary  constants:  Me. 

77- 

•  reduction  of  order :  3350. 
redaction  to  a  P.D.  eq  :  CLtL 
theorem  of  Abel :  QJ^L 

theorem  analogous  to  Lagrange's 
in  the  Perturbation  theory:  L. 
5L 

theorem  of  a  new  multiplier  :  JJiZ, 
transformation  and  integration  of : 
T..4.V 

•  /2<  =  ax-\-ly  and  j/j/  =  eJc-\-dy  :  3354 

and  a  similar  example. 
•D.E.,  simultaneous  linear :   3.340—59  : 
A. 1.4-  (\9.92  :  E.5  :  y.tj6.84. 
Pfaff's  method  :  CJA  :  i2: 
transformation  of:  J.98. 

P,-xP     P^-^Jp- p^-zP 

•  ir,-|-P(a.t  +  fcy)  =  Qandy,  +  P(c.r+dv) 

=  i2:  3348. 

•  /.f|-|-2(r  — 1/)  =  f  and  /y,-t-(j-4-r>y)=  f^: 

3349. 

•  equations  in  ^,  j-ji,  ^k,  Ac.  .  yt,  yu, 

Ac:  3357. 

•  homogeneous  in  ar,  y,  s...and  their 

second  derivatives  only  :  3358. 
•D.E.,  simultaneous  first  order:  334<? — 
4ik  ('.43:  J.48:  Pr.(>2. 

•D.E.,  symbolic  methods:  3470— 303G : 
CD.l  :  P.r.l  r  Q.3.17,-. 

•  F{d,)u=Q:  3515. 

•  «2,+  a-it  =  Q  and  similar  :  3522. 

•  exceptional  case  of  the  inverse  pro- 

cess :  3526. 

•  reduction  of  an  integral  of  the  nth 

order :  3^>30. 

•  a.f "•]/,», +6/'j/„-f  Ac.  =  Q;  3531. 

•  ny„t-\-by^,-\-&.Q.— /(» *,sin^,cos^):  3535. 

•  a7ri'"2  +  fc7ri''=-|-A<;.  =  Uj-|-«i+Ac. : 

3540. 

•  J''(7r)'*  =  <^:  3541. 

•  lleduction  to  the  form  (ir+.t,ir*~'-h 

. . .  -f  A») H  =  Q,  where  II  =  MJjt 4- 
Ndy  +  kc. :  3546. 
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D.E,,  symbolic  tnelhods — (continued)  : 

•  F  [rd„  ydy,  ...)u  =  SAx'^y" 3558. 

•  to  transform  (a+6jr-f...)it„-|-(a'4-t'ji! 

+  ...)n,„_i;,+  +  ...&c.  =  Q  intothe 
symbolic  form :  and  the  cou- 
vereo :  3571,  3573. 

•  u+a,<^(D)f,u+&c.=  [7:  3575. 

•  to  transform  u-{-<p{D)  e'^u  =  U: 

3579—80. 

•  to  reduce  a  homog.  eq.  to  the  form 

ynx-\-qy  =  X:  3585. 
•Differential  expressions  :  1407  :  prAn. 

EEL 

algebraic:  An.Z2:  M.9,  by  homog. 
coords. 

transf.  of:  LM:  Q.I62 :  M£l62, 
Differential :  formula),  theory  of :  L. 

functions,  theory  of :  (160. 
expressions,  linear :  J. 85. 
parameters  of  funciions  :  C.GG,78. 
quadratic  forms:   An. Hi  ■  transfor- 
mation of,  A. 16. 

•  resolvents  of  alg.  eqs  :  3031 — 7:  An. 

tia:  CLai:  LM.1.9,U:  M.geo  t.l8: 
Me.75.82 :  Man. (55.84  :  Q.O.I  1. 

•  of  y-ny''--{-{n-l)x  =  0,    &c.  : 

3633—0  :  M.tn.05, 

of  y'"  +  hyr-j-cx  =  0:  Q..17. 
oimyi-^ay^+jy)  =  a^:  Me.82. 
Differentiants  in  terms  of  diflbrences  of 
roots  of  parent  quantities  :  AJ.l. 
•Differentiation  :  (see  also  '  Differential 
coefficients')  14<>2— 82  :  CM.l. 

•  formula:   1411  —  72:   An.  59-    r  D  •>  • 

CM.l  :  Pr.9. 
by  the  method  of  "  Rates  ":  Mc.ZiL 
general,  i.e.,  with  any  index  fractional 
or  imaginary  :  An.bE.:  A .1.3  :  CD. 
'%,4,5  :  L12  :  I£JJi:  Li»i> :  KJii  : 
OXi:  TE  14,15:  ZJfi :  change 
of  independent  variable,  JP  15. 

•  under  the  sign  J :  22.53 :  A.17. 

successive:  A.20:  Q.12. 

when  the  function  becomes  infinite : 

Digits  :  calculus  of :  Sbonimsky's 

th:  J.30. 
frequency  of  in  numbers  :  AJ.4. 
origin  of:  L.39. 

Diophantine  analysis:  see  "Partition 

of  numbers." 
Di-polar  geometry :  Z.27. 
•Direction  ratios  and  cosines  :  5511— lA 
Directive  algebra :  iLfiiL 


Directrix:  of  a  conic:  1160:  gn.eq 

A.25  :  E.30 :  Afe.HOr  t.cQ.13. 

of  in -parabola  of  a  triangle  :  Mo.80. 

of  a  curve  :  A.20 :  J.2. 

of  a  parabola  :  gn.cqE.29. 

of  a  qnadric  :  N.74.75. 
Discontinuity:  in    curves:   CM.4  • 

in  fractions  :  ATun  4A 
in  maxima  and  minima :  CD.3. 
Discontinuous  functions:  AJ.:  C.lSs, 

28^  fT.19:  J. 7.10:  LM.O :  Man. 

4Sj  T1.21. 
Discriminant :  1627,  1638—9, 1644 :  Ac. 

L  J.90:   LM.2 :  UA2:   N.59 ; 

Pr.14:  Q.10,11. 
of  an  algebraic  d.e  of  Ist  order  in  4. 

variables,  and  of  its  complete 

primitive:  An. 84. 
of  alg.  eqs.,  resolution  into  factors  : 

M.24. 

of  alg.  functions  :  iL21. 

applied  to  conies  and  quadrics  :  A. 

of  bin.ary  (juantic  :  An.5iL 
of  a  binary  sextic  :  An .08 
of  a  qunrtic  :  y.83. 
of  a  ternary  quadratic  form  :  Me.68. 
•Discrimiiiatitig  cubic:  1849,  5093:  G. 
Hi:  .1.20.71. 

•  proof  of  real  roots  :  1850:  A. 29. 
Displacement :  theory  of  :  X.82. 

of  plane  figures  :  ('.80:  X.73. 

of  an  invariable  dihedron  :  Me.85 : 
infinitesimal  ditto,  C.84. 

of  an  invariable  figure  :  C.51,52a,66, 
92.:  .1^20.  l:74,75.   

of  a  figure,  two  of  whose  points  slide 
on  two  curves  :  C.82. 

of  a  solid:  L.40 :  determination  of 
the  normals  to  the  lines  or  sur- 
faces described :  C.(\'2 

of  a  system  of  points :  C.78. 
virtual  displacement :  J. 11. 

infinitesimal :  of  an  alg.  surface :  C. 
2£L 

of  bodies  only  defined  by  4  coordi- 
nates :  (173. 
of  a  parallelogram  :  C.97. 

•Distance :  between  ^points :  4034 — 5, 

t.c4601  :  Q.7:  sd5508.  5510:  Bomo 
relations,  GJL 
correspondences  for  quadric  surfaces  : 
tAt  10. 

of  a  point  from  a  lino  and  from  a 
plane :  A. 57. 

•  of  a  point  from  a  plane  ixi  a  given  di- 

rection :  5559. 
relations  : 
•Distributive  law :  1488. 
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Divisibility  :  GJM:  ILS:  iL32:  N.67.7-t. 

of  decadic  numbers  :  Z.'2'2. 

of  numbers  of  the  form  2-"*  + 1 :  M^1.5j. 

of  a  quotient  by  the  powers  of  a  fac- 
torial :  r  !H 

of  — ^)''  +  (  — •/)"  :  Me.7'.>. 

Division  :  prJ.47  :  prL.'>0. 

•  abridged  :  il:  arithJ.;)!  :  N.4oi.46i, 

0J.5-t.07, 81  :  algy.42. 
by  7Aov-i7;  rule  for  remainder: 

•  effected  by  determinants  :  .'">H1. 
Fourier's  rule :  N'-02. 

of  planes  and  spaces  :  J.  1,2. 
of  a  rectilineal  figure  and  of  a  spheri- 
cal  polygon  :  J.lCt.. 

•  of  a  right  line  into  equal  parts  :  950. 
and  trunsformatiou  of  plane  figures  : 

A.4j. 

of  trapezium?,  pyramids,  and  spheres : 
A.11. 

of  triangles:  A.11.17. 
Divisors  :— of  an  integer,  number  of : 
C.IH) :  N.titi. 
of  integral  rational  functions:  Mem.5L 

•  Newton's  method  of :  4r>l>. 

of  a  polynomial  with  commensurable 

coefficients  :  N.70. 
rational,  of  '2i\d  and  3rd  degree:  N.45. 

•  sum  of  :  377  :  Ac.f-t :  L.5(),57. 
sum  of  powers  of:  L.08. 
of^-  +  Ai/'  :  L.l'.'. 

Double  algebra :  LM.15. 
Double   function,  laws  of  change  of 
higher  order :  A  .-Jl. 
•Double    |»oint.s  :    51 7^  :    ?»-tic  with 
^«        3),   V.Qo  ;    with  ^I'l  — 1) 
(»— 2),M.2;  Clebsch's  thsof  these 
quanticji,  C8t :  «-tic with i{m  —  1) 
(*/t— 2)— 2  double  points,  Ti.8<). 
of  plane  curvos  in  cubic  space :  7.  -A- 
in  a  loc  us  defined  by  alg.  conditions : 

of  a  pencil  of  curves  :  An.84. 

of  plane  curves  in  cubic  space :  7.28. 

in  the  projected  intersection  of  2  quad* 

rics  :  X.S4. 
of  tortuous  curves  :  MJL 
Double  relations  :  A.rtO. 
Double  tangents  :  An  01  :  J. 49  :  P.59  : 
Q.4: 
of  a  (  artt'sian  : 

of  an  »»-tic  :  M.7  :  number  =  in  (u — 2) 

(h2-9),  J .40.63;  N.Oo.^ 
ofaquartic:  Lliil:  .T-49.00,68,72  :  M. 

Li   N.67  :    P  r>l  •    Pr.ll:  with  a 

double  point,  M.4,6 :  reciprocity 

of  2B. double  tangents, 
to  the  surface  of  centres  of  a  quadric : 

Drilling,  shape  of  hole : 


Dual  relation  between  figures  in  space: 

j.m 

Duplication  of  the  cube,approx. :  Pr.20. 
♦e  (see  also  "Expansion"):  Ud  :  N.67. 
68; :  geo  meaning  E.4:  X-oo. 
combinatorial  definition  of :  A.l}. 

•  incommensurable:  290  •  LLiL2  :  IaALL: 

Me.74. 

and  w,  numerical  th :  Q.I 5. 
e" in  fractions:  L.80:. 

e      Ac. :  CP.6. 

•e" :   ZSd :   A.T.7  ;    in  transformations : 

CM.4. 

C'^:  A .33. 
•Edge  of  regression  :  5729 :  tg.eC.71. 

•  radiu.s  of  curvature  of:  5742. 
Eisenstein's  theorem :  G.16. 
Elastic  curve :  C.I8.19:  J  VM. 
Elementary  calculation  :  \  4.0. 

•Elimiuants:  5S;>.  1626. 

and  associated  roots :  L^f-^6. 
of  two  cubics  :  J  .64. 
degree  of:  G.ll,  two  eqs  12 :  J  ±2.31. 
•Elimination:  582—94:  A.-2a :  Ac.6.7 : 
C.12.87.90 :  CD.3,,6 :  (^M.3:  G. 
15.17  :  J.34.4;j.60:  i£^:  L.41.-U: 
LM.ll :  M.5.11 :  y.42.4o,.46,8<:>, 
82,8a,. :  Q.7.thl2  :  ZJi^ 
problems:  C.S4.97 :  Uth:  iL12 :  Q. 
8.11 :  in  metrical  geo,  A.tiil. 
•Elimination  of  x  between  two  equations: 
586  -94:  (•■12  :  CM.2 :  J.15,27: 
Mn.81 :  y.43,.76i.77. 

•  by  Bezout's  method:  586:  A.79 :  J. 

iilL  Mp  64  r  y.74.79. 
t       by  cross  multiplication  :  f  ^^  1 . 

•  by  the  dialytic  method  :  087  :  K»22* 
in  geodetic  operations  :  ZJL 

!  •    by  h.c.f  :  59a  :  J  P  H. 

by  indeterminate  multipliers  :  HAf  1 . 
j  •    by  symmetrical  functions  :  588. 

degree  of  the  final  equation :  J jliL: 
L.41. 

Elimination  :  ap  to  alg.  currca  :  M.4. 

ap  to  in-  and  circum -conies  of  a  poly- 
gon : 

calciuation  of  Sturm's  functions :  C. 

•  of  functions  :  3153  :  C.84.87  :  Me. 73. 

with  linear  equations  :  At  .V^. 
with  linear  differentials  :  LJM. 
with  11  variables  :  (^P-5. 
resultants,  comparison  of :  UJ. :  and 

interpolation,  J.57. 
transformation  and  canonical  forms  : 

CHiL 
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•Ellipse  (see  also    "Conies"):  1160, 

4250:  cnl245:  gooQ.9. 
theorems  :  A.30.47.pr845  :  N.76  :  Mc 

Cullagh's. 
cq.r+r'  =  2a :  AJL 
equal  chorda :  tg.eE.22. 
of  maximum  surtaco  :  N.fif). 

•  as  the  projection  of  a  circle :  4921 : 

N.75-. 

•  rectification  of :  6083—96 :  A.3.22.27. 

2LL  AL3£L:  graphic :  Mdl.l :  N. 
43 :  TJEL4  :  Zlfi_:  when  e  is  very 
small,  Tr.9. 

representation  by  a  circle :  An.ZiL 

•  quadrature  of :  6108,  6113;  t.c4688: 

A. 46  :  of  sector  6098,         :  of 
segment,  6103. 
and  triangle :  thQ.4. 
•Ellipse  and  hyperbola  :  1160, 4250  :  A. 
24.28. 

theorems:  A  23  •  CM^  :  N.85. 
sectors:  14- 
•Ellipsoid:  5600,6132:  A^:  iliCIL2 : 

prC.20  :  L^:  cnM  '20  •  HJL 
centro-surfaco :  CP.12:  LM.3. 
culwture  of  some  derived  surfaces: 

AJ2. 

•  and  enveloping  cone  :  5664 — 72 :  Q.6. 
generation  of  (Jacobi) :  C  D.3. 

•  of  gyration  :  5930 :  of  inertia :  5925— 

and  plane  of  constant  segment,  th  : 
K32. 

•  of  revolution :  5604 :  area,  N.4-2. 
a  locus  in  space  :  Q.16,17;. 

•  ({uadrature  of :  6143 :  J.17:  Z.l :  of 

zone,  AJi2. 

•  volume:  6144,-8:    A  4fi 
Ellipsoidal  geometry  :  AJil:  LRf.4. 

surfaces  :  G.17. 
•Elliptic  functions :  2125  :  A.l,12i.l6.21. 
35.-i8 :  trAc.5.6i.ths7? :  An. 6 1.84  : 
C. 46  506.90.96.97  :  CD.2.3,.5 :  CM. 
^7^23:  OL:  J.2,3^.4,.6.8.16.26. 
27,30:,32,35.37.39,46.72.83,  :  jp! 
2a:  1.  55,56.61:  LM.7,lo729 :  M. 
3  11.12,pr25  :  Mo.79,80,81,82i  : 
Mo.81.&23,83a.85  :  N ■77.„784.79: : 
P.31,34.75.78  :  Pr.6,9,lO,12.23^  ; 
CTa7.19  :  Z.2,,11,27. 
of  first  kind:  A.12.21 ;  0.16  :  .T.93  • 

with  complementary  moduli  exten- 
sion of  a  theorem  of  Lagrange : 
An  83,. 

normaTforms  of  3rd  and  5th  de- 
gree:  M.17,. 
replaced  by  one  of  second  kind :  J -55 
representoid  by  gaachebiqimdratics : 
C83. 


Elliptic  functions — {contimied) : 
of  first  and  second  kind  :  C-IQ. 
as  functions  of  their  amplitude :  JP. 
LL 

representation  in  a  simple  form  : 

series  by  which  they  are  computed : 
J.16.17. 
of  second  kind  :  J  9.'^. 
mechanical  representation:  McJJL 
reduction  to  first  kind  from  same 
modulus:  A  .^><1. 
of  second  and  thin!  kind,  expression 

by  d  function  :  Z  IP. 
of  third  kind  :  C .94.96  :  CD  R:  J.U. 

41^  LM-13. 
addition  of:  A.47,geo64  :  A.T.7  :  C.59. 
ZS_:  J.35.41.4^^.88.>.90:  IMMI 
M.17  :  Me.80.84  :  Q.18:  Z.l. 
of  Ist  kind.  ZlM  :  SfdTcTnd,  Me.81. 
2nd  kind  bv  n  series  :  Me .83. 
application  of :  C.857,86i,892.90.93.94it. 
to  algebra :  J. 7. 
to  arithmetic  :  n.08  :  L.62ii. 
to  con  focal  conies  :  Z.7}. 
to  geometry:  QAl:  J.38.53. 
to  in-  and  circum-circlea  of  a  poly- 
gon :  Tj.45. 
to  rectification  :  Ti.45. 
to  spherical  conies  : 
to  spherical  curves  and  quadrature: 
An. 50. 

to  spherical  polygons  with  in-  and 

circura-circlos :  LiAQ^ 
to  spherical  trigonometry  :  Q.20. 
•   approximation  to :  2127—32  :  P.60.62. 
arithmetical  consequences  :  Ac..5. 
anthmetico-geometric  mean  :  J. 58,85, 

arg  sn  a  and  (arg  sn  a)-,  as  def.  inte- 
grals :  Q.19. 

in  complex  regions:  Z.283. 

development  of:  2127—32  :  IM  :  Ist 
and  2nd  kind,  CL22. :  with  respect 
to  the  modulus  of  X  {r),  fi  (ac)  and 
their  powers,  C.86. 

development  of  an  imaginary  period 
when  the  modulus  is  small 
enough :  An.ZiL 

differentiation  by  periods  and  invari- 
ants : 

discriminant  of  modular  equations  : 
M.8.9. 

doable  substitution :  J.15. 

.±r     2iv      ±,      2K  .  2K 
A  '  am —  cos     am  —  sin  — 
ir  IT  n 


5  f  A^am  —  *(lc  :  J-37. 
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Elliptic  functions — {continued) : 

cqs.  for  the  division  of  :  Mo.TIl 

formula? :  A.J.rt  :  J.  1  ">,:k).">0  :  : 
Me.78.HU.So  :  Jac-obi  :  Q.l<>, 

hL.  from  conforal  conic^.L.M.ll ; 
differential. Mc.S-2  ;  for  sn,  en,  dn, 
of  i<-|-u  +  ic,.Miii<i 

Galoiu'  resolvent :  M.18. 

geo.  problems  :  M.19. 

goo.  properties  :  L.43.45 :  P.52.54. 

geo.  representation  :  A. 22 ,01  :  An. 60. 
M:  ASJhl  :  C.19  213:  JJlI:  L.U, 
Zfi  :  in  solid  geoTBS:  of  Ist  kind, 
An.:,.\  r  (;.70:  CD.l:  .TP.'28  :  L. 
43.4:>,.46.78  :  of  3rd  kind,  AM. 

identities:  M^UL 

imaginuiT  periods :  AJA 

infinite  double  products,  AxLt :  with 
elliptic  functions  as  quotients, 

inversion  of:  lA:  JiijLt: 
KE' -H KE- KK  =\n: 

of  iK:  Me  .S:.. 

modular  f<|uations  :  GAl^:  •T--^>8  : 
LM.'.'.IO:  Af  VI 

modular  functions:  A.lljllL:  G.12 : 
J.72,8:i  :  L.4<\:  M.17.18:  differen- 
tiatiim  for  mo<iulu8  of  am,  LM. 
Li  :  expansion  in  powers  of  modu- 
lus, .I.  tl :  formula.*,  Ti.rU-  relation 
between  the  modulus  and  the 
invariant  of  a  binary  quartic,  Z.lil 

multiplie:ition  of  :  C.88., :  J.U.:.}1^.41. 
7i.7ti,.s  1. 8(3,88,  :  M  S  ■  Mo.:.7,Si, : 
and  division,  YaJLo.  :  formulaj,  trA. 
3li:  iL!^  :  J.:{9.48 :  complex,  M. 
2a:  Mo.62  :  Q.19,2"  :  mod.- v/*, 
J -48. 

periodicity  moduli  of  hyper-elliptic 
integrals  as  functions  of  a  para- 
meter: J. 71, 91. 

subsidiary,  j<m  («,  k) :  LM.15. 

products  of  powers :  Mom.ZL 

quadriqnadric  curve :  Ar-'2.'). 

g-formula  for  sin  am  :  LM.ll. 

^-series :  and  f85.j:  for      4-  coeffs.: 

2K  n 

Q.21. 

reduction  of:    An.64:   in  canonical 

forms,  J.o3. 
relations:  A.t»Z:  J.56 :  between  E' 

(k)andF(k):  Uia. 
representation  by  power  series :  .1.54. 
representation  of  quantities  by  sin 

a  m  (u  +  jo,  k) :  J.4.j. 
series :  C.9^>. 

an  8m,  cn  8u,  dn  8a  in  terms  of  an  u, 

tables:  Pr.33. 
8n,cn,  and  dn  of  u-t-v-f  IP:  LAf  l.T 


Elliptic  functions — (continued)  : 
spherical  triangle  of :  Q.19. 
and  spherical  trigonometry  :  Q.17. 
substitution  of  1st  order:  JJIk 
and  theory  of  numbers  :  L-.^8. 
transformation  :  An.o73.-'>8,t)0  :  Ac.3  : 

C.49.f79.tB0.82 :  CD.:j.5:  J.3.34. 

3o.fo0.5o.&7.8.8.89 :  LM.9.11 :  M. 

14,19,,22:  Mc.83.tr84:  Eiuil :  Q. 

13.20. 
of  1st  kind  :  A 

of  Ist  and  2nd  kind  as  functions  of 

the  mod :  L.4');. 
of  3rd  order:  LM:  Me.83. 
of  7th  order,  S(iuare  of  mod  :  J.  12  : 

LM.13. 
of  Uth  order:  At. 5. 
of  the  orders  H,  13^  17^  and  12j  J. 

12,16. 
cubic  :  (^64  :  Q.13. 
and  division:  J.Zii:  M.25. 
of  a  double  integral,  &c. :  Me. 75. 
llermito's  ;  tables  :  iL22» 
Jacobi's  :  LM.lo:,,16  :  J-87. 
linear  :  dJil^ 

modular,  of  Abel :  ap  to  goom :  C. 

l& :  to  conies,  C.79. 
modulus  of  in  a  function  of  the 

quotient  of  the  two  periods :  An. 

pertaining  to  an  even  number :  J. 
14. 

quartic  :  Q.12. 
bv  roots  of  unity :  J.6. 
of  rectangular  coordinates  :  I-AI  IS. 
and  of  functions  in  theory  of  Cate- 
nary :  A  .2. 
triple  division  of  and  ap.  to  inflex.  of 

cubics  :  A. Ill 
Weierstrass's  method :  AJ.6. 
•Eraanents  :  1654. 
Empirical  formula?,  calculation  of  :  Me. 
TIL 

Engrenages  :  L.39,40» 
"  Ensembles,"  theory  of :  Ac.24. 
•Envelope:  5192:  A.24,prs56 :  C.45.86. 
p.d.cCM.4:  G.ll:  Mjiil^  Mc.64,72:  N. 

44.59.68.74. 
application  to  perspective  :  A  .9. 
class  of  (Chasles).  th :  C-85. 
from  ellipse  and  circle  :  LM.15. 

•  of  a  carried  curve :  5239. 
of  conies,  theorems  :  N.45. 

of  chords  of  a  conic :  X  .48:  subtending 
a  constant  angle  at  the  focus, 

of  chord  of  a  closed  curve :  K2d :  cut- 
ting of  a  constant  area,  £LiIL 
of  curves  in  space  :  LuSiL 

•  of  a  curve  with  u  parameters  :  5194. 
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Envelope — {continued) : 
of  directrix  of  a  parabola  : 
of  geodesies  :  M.  14.20. 
imaginary,  of  the  conjugates  of  a  plane 

curve  :  C.7o. 
of  pedal  line  of  a  triangle :  Q.IO  :  do. 

of  in-trianglo  of  a  circle,  Q  B.9. 
of  perpendiculars  at  extremities  of 

diameter  of  an  ellipse  :  N.-k>. 
of  a  plane  :  C.35. 

of  planes  which  cut  a  quartic  gauche 
curve  of  the  2"  in  i  points  of  a 
circle  :  An. 71. 

of  planes  perpendicular  to  radiants  of 
an  ellip.soid  at  the  surface :  An. 

of  plane  curves  :  G.11,12  :  singulari- 
ties of,  LM.22. 
of  polars  of  a  curve  :  J.58. 
of  a  quadric  :  Q.ll. 
of  a  ripht  lino  :  N.63,79.83  :  Q.13. 
cutting  two  circles  harmonically : 

sliding  on  two  rectangular  axes  : 

of  a  Simson  line :  E.29,3i. 

of  a  sphere  :  C.67 :  JJiii :  touching  3 

spheres,  lLii£L 
of  a  surface  :  CM.l :  M.ri :  degree  of, 

of  a  surface  of  revolution  :  L.6r>. 

of  tangent  of  2  variable  circles  :  N. 

Enveloping    asvmptotic    chords  and 
polars  :  A.14-,ld,17. 
•Enveloping  cone  :  5664 — 72. 

of  an  rt-tic  surface  :  Cl).4. 
•    of  a  (|uadric  :  5697 :  th  of  Jacobi,  J. 
L2  and  CD.3. 
of  a  twisted  hexagon,  locus  of  vertex  : 
A. 10. 

Enveloping  line  of  class  cubic:  invo- 
lution th,  E.29. 
Epicycloids  :  J. I  :  Miim^ :  N.  t5.46.60: 
TE.24:  thsX.15. 
centre  of  curvature :  N.59 :  plane  and 

spherical,  .IP.  14. 
double  generation  of :  N.69. 
reciprocal  polar  of :  geoK.19. 
•Epi-and  Hypo-cycloid.s :  5266—72 :  LM. 
4^  Z.18. 
and  derived  curves  :  Z.17. 
tangential  properties  of  :  absPr.34. 
•Epi-   and   Hypo-trochoids  :  5262 — 5: 
LM.4. 

Equality  and  similarity  of  figures  :  J.52. 
•Equations   (see   also    *'  Linear  equa- 
tions"): 50-67.  211-222.  400— 
594:  A.6. 18.57.58.60.61. 6.>,67:  tr 
AcUi^-:  AAJLi  An.51.51-^:  C.44. 


Equations — (continued) : 

47.59.62.68.91 .97.99t:  nM.3 :  CP. 
4^  :  J.13.16.34:  L.67,.69 :  M. 
14.21  :  Me.76  :  Mo.79.t8o  :  N.67. 
68.th655.67.  and  80:  P.  1799. 

(For  Binomial.  Biqu.idratic,  Cubic, 
Cubic  and  bi((uadratic.  Linear, 
Quadratic,  Quintic,  and  Trans- 
cendental equations,  see  thoso 
heading.'*.  Other  kinds  will  bo 
found  below.) 

Abel's  properties :  C.91. 

algorithms  for  solving  :  M.3. 

whose  coeflRcicnts  are  rational  func- 
tions of  a  variable  :  J.LL 

of  degree  above  the  4th  not  soluble  : 
J.83. 

whose  degree  is  a  power  of  a  prime  : 
An.61  ;  C.48:  L.68. 

•  derived:  A.22 :    in  d.c, 

1708-12. 
developments  :  An.61. 
differential  operators  in :  LM.14. 
Eisenstein's  theorem:  LM.7. 
extension  of  theory  of :  C.58. 
fundamental  principles  or  theorems 

A.l.n  :  C.96.97  :  L.39.  U) :  J.23. 
Galois'  theory  :  QM. :  (L12 :  M.18.23. 
of  geometry:  C.68 :  homogeneous, 

KM. 

generic :  Q.4,5. 
[ariot's  lawoT :       :  extC.98. 
homogeneous,  reduction  of  a  princi- 
pal  function   which   verifies  a 
characteristic  homog.  c(\. :  VA'^u 
14^ 

identical :  .1.27. 

impop.sible:  Man.51. 

in  geo.  mean  of  roots :  N.45. 

in  quotients  of  roots  :  N.45. 

in  sums  of  the  C  (»i,2)  roots  of  another 

CO. :  y.4,3. 
inpoluoility  of  quintics,  &c. :  J.l. 
irrational  :  Muri.51. 

•  with  integral  coefficients  :  liij^  :  C.24 : 

J .53  :  complex,  .1.53. 
irreducible:  An.51 :  Mo.80  :  of  prime 
degrees,  A .1.7. 

•  linear:  see  "  Linear  equations." 

•  miscellaneous  :  2LL 

numerical:    C.ln.12,.32.78,81  :  G.13: 
.1.10:  L.3ti.3^^.41.83. 
and  commensurable  quadratic  fac- 
tors :  L.45. 

of  nth  degree  with  two  real  roots : 

from  obnorvatioiis :  A.21» 

•  with  only  one  positive  root :  411  : 

cm 

of  payments:  A.34.36 :  CD.l :  CM.2. 
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Eqaations — (continued) : 

•  reciprocal:  -IM:  A.M:  C.16;:  of  a 

qoartic.  N.t^. 
reduction  of :  C.97  :  ('0.6  :  to  recipro- 
cal eqs.,  A.:\r,. 
relation  to  linear  d.e  and  f.d.e  :  LJlfL 
roots  of :  see    Roots  of  equations." 

•  Himultaneous  (sec  also  "  in  two  or 

three  variables"):  59^21X582: 
02^:  LMJi:  thsX.t-S  and  81: 
Quadratics,  N.60. 
deaucible  the  one  from  the  other : 

of  the  form  ir'"-j-f/"-|-z"'  =  a  :  N  46. 

•  solution  of  :  45.54.59.211.466—533. 

5Hj-  A  AM  :    trAn  59  -  C.3^.5^.62. 

64a:  J.4.27,.87  :  Mo. 56.61. 

•  by  approximation  :  Itilii — 533  :  A  3()r 

Ar.4-  C.n.l7.45.6u.79,.H2  :  E.4 : 
CLa:5LLL22:  MeJi>i:  y.51,62.7a.. 

H  >.84  :  Sa.iA  r  P.5  :  Q.3  ;  TI.7  : 
7  ^^  A 

•  Horner's  method  :  533  • 

•  Laprange's  method  :  52^  :  (\9l. 

•  Newton-Fourier  method  :  527 — 8: 

A  J  4-  Mp-66-  N. 46.56.60. 

69.79. 

Weddle's  method :  Z.7.8. 
by  continued  fractions  :  IMSL 
by  definite  integrals  :  Af^  81  :  P.64  ■ 
Z3. 

by  dimini.shing  the  powers  of  the 

roots :  C.  i\. 
by  elimination  of  integers:  N.70. 
by  geometry :  C.87. 
by  imaginary  values  :  J.2Q. 
by  infinite  scries  :  J .33. 
by  interpolation :  C5. 
by  logarithms  :  C.95. 
the  one  by  the  other:  L122:  Tj.71. 
by  radicals  :  C.58  :  Q.15. 
by  series:  Aaitl:  C.49.52 :  JAi 

Mvm.'Xi. 
by  transcendents:  An.63  :  Q.5. 

•  by  trigonometry  :  4K0  •  A.I . 

a  nonic  eq.  which  has  this  charac- 
teri.stic :  A  given  rational  sym- 
metrical funt  tion  6  (a,  fi)  of  two 
roots,  gives  a  third  root  y,  such 
that     a=e{(i,y),     fi  -  d{y,a), 

symbolic,  non-linear :  LL22. 

systems  of:  LLtil:  G.  11.18:  LM.2.8 : 

Q.ll:   M.19-   Z.14.18  (see  also 

"  Linear  equations.") 
transformation  of :  <^<U, 

•  in  one  variable :  45—58,  214—16,  HKl 
— 550 :  approx  A.j2j1 

graphic  solution :  (.'.65. 
«.in.'l_^_^_0:  A 11. 59. 


Eqaations — (continued) : 

j/jr-fg  =  0  :  number  of  real 
roots:  C.98. 
ar** -I- =  0  and  derivatives: 
K.65i. 

a;— ..  +  1  =  0  irreducible 
if  u  be  a  prime :  T..56. 

(.^— 1)!  +  1  —      :  T..56. 
(^'•-a'')^(-r)  =  0:  y.82. 
(H-^)"{l+&*)  =  0  when  sr  is  amall: 

•  in  two  variables  :  59—67.211.217—8 : 

A .20.25 :  CiL^  J.14:  N .47^.48. 
6^1  Pr.8.  Q.18. 
of  any  degree  with  a  variable  p&ra- 

meter :  L.59. 
implicit :  Mi-m  30. 
numerical  solution :  ZJ2lL 

—  a  and  x^-^ry-  =  b  :  A .48. 
in  three  variables  :  gn.sol,  fili :  A. 1.64: 
N.47:  MJiZ:  by  acubo-cycloid,  C.69. 

•  {y—c){z—b)  =  a^,   sym  in  x,y,s: 

21^ 

•  y^+z^+yz  =  a2,  &c.,  sym  :  220. 

•  yr  =  a2,  Ac..sym,andi  =  cy-|-2>s 
«3tc.,  sym :  221—2. 

z-yz  =  ±a^{(l-yi)(l-z3)},  Ac. 

sym :  AJiL, 
cue+hy-^'Cz  =1  a'x-\-b'y-^c'z  =  V, 

x^  +  y^-^z^  =  L  by  trigonometry  : 

A  .6. 

•Equiangular  spiral:  5288:  Me.6-2,:  N  .69.70. 
Equilateral  hyperbolic  paraboloid  and 

derived  ray-system :  Z.23. 
Equimultiples  in  proportion:  Gl. 
EquipoUences,  method  of :  y.69;,70i,737, 

Equipotential  curves  :  Mfi.h2  :  BrJLL 
Equipotcntial   surfaces:   (L2^:  geoJ. 
42.^  MJl 
of  ellipsoid : 
Equivalence  of  forms  :  C.88.9') :  .TP1>9 
Equivalent  representation :  Z-2ii 
Equivalents,  theory  of  :  A  44. 
Eratosthenes"  crib  or  sieve  :  N.4;^.49. 
Error  in  final  digit  of  decimals:  <V44>; 

At>^  74-  N.-.6. 
Errors  of  observation  :  A. 18.19  :  An.58 : 
C^  :  iP^:  >L5ti:lLIl};TE.24. 
Errors  of  constants  :  MaillL 
•Euclid,  enunciations  :  p.  xxi. 

axiom  11 :  J.l ;  1.47 :  new  proof.  QML 
II.  liandlli^   Me.8<} ;  VT  7  .  Q.ll 
new  proof,  Q.9. 

XI.  ,  Ac.  Me.71  rKL2&  :  AAQ. 

XII.  ,  Ac,  tL2;  criticism  on  :  Q.7,9. 
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Enler's  algorithms :  AJi2^ 
•Baler's  constant :  2744- :  Pr.15,16.18.19. 

20,  Table  2L 
and  Binet's  function  :  C.77  :  L»ZL 

Enler's  equation  :  iL22  :  integration  of 
it  by  the  lines  of  curvature  of  a 
ruled  hyberboloid,  N.75. 

Euler'a  equations  of  motion  solved  by 
elliptic  integrals  :  Q.14. 

Euler's  formula  for  (l+rrTLAi. 
♦Euler's  integrals:  2280-2323 :  A^: 
Ac.1.2:  AnJ^  C.9.17.':»4.95.th9tj: 
J.lo.21,.45 ;  ILM  :  Mo.H3  : 

•  5(Z,Tn):  2280:  AnJi2:  GiL 
r(n) :  see  "  (}amma  function." 

ap.  to  series  and  functions  of  large 

numbers  :  JP.16. 
sum  formula  and  quadratic  residues  : 

Euler's  numbers  :  AJJi :  An. 77  :  C.66, 
83:  J.79.89 :  vTshM :  Me.78.80. 
Evectant  of  Hessian  of  a  curve:  E. 

•Even  and  odd  functions :  1401. 
•Evolute:  6149  —  59,  5165:  An.53.61 : 
C.3Q:  Q.3,11. 
analogous  curves :  IlTQj. 

•  of  a  catenary  :  5159. 

of  a  cubic  curve  :  Q.ll. 

of  a  cycloid :  Ax3iL 

of  an  ovoluto,  in  inf. :  LJi2 :  McBQ. 

•  of  an  ellipse :  4547,4958 :  n.H4:  JM.52. 

632, 

and  involute  in  one :  hAh. 
of  the  limafon,  rectif.  and  quadr.  of: 
E.40. 

of  n^adve  focal  pedal  of  a  parabola : 

oblique,  direct  and  inverse  of  differ- 
ent orders :  C.Hn. 

•  of  a  parabola:  '^549.4959:  Q^:  N.rt.^.. 
rectification  and  quadrature  of :  AA. 
of  surfaces :  LL24. 

of  symmetrical  bicircular  quartics : 
Q.18. 

•  of  a  tortuous  curve :  5731 :  AJilL 

•  angle  of  torsion  of  evolute :  6754. 
integrablc  equations  :  L.43. 

•Evolution :  3iL 
E  (a-)  =  integral  part  of  x    QJtQ.  L.67. 

•Ex-circle    of    a    triangle :    711.963  : 
4749 :  A.64:  thy,60. 
locus  of  centre,  th :  Q.9. 

•Expansions  of  a  function  in  a  series 
(see  also  "  Series  "  and  "  Sum- 
mation ") :  AJib  An.7 :  thsAJ. 
3  and  4j  C.7.13. 17.20 :  CMJl: 
Uhl:  L.38.46.76 :  M.lfi  :  Mol.3: 
M«^m.33  :   N.82.83  :   num,  03  : 


Expansions  of  a  function  in  a  series — 

•  of  circular  functions:  2955:  A.ll : 

CM. 3;  L.36 :    Q,12 :  of 

imag.  arcs,  J.6. 
coefficients  of :  gn  form,  CLBii :  gn 

property,  J.41. 
connected  with  a  2nd  order  d.e :  CLa : 

L.36,37i. 

of  denominators    of    convergonts : 

C.4^:  .IP.21. 
of  exponentials  :  J. 80. 

•  of  explicit  functions :  1500 — il. 
extended  class  of:   C.82 :  approxi- 
mating to  functions  of  very  large 
numbers,  L.78.... 

of  faculties  of  the  variables  :  M<?m.31. 
of  implicit  functions  :  1550 — 73. 
of  Jacobian  functions  :  An.fr2. 
of  Legendre's  functions,  X„ :  A  n.75. 
with  limits :  C  'M 

of  another  function  :  1559:  C .95.96. 
of  periodic  quantities  :  C. 62,63  :  JP.ll. 
of  powers  of  the  variable:    At.57 : 

C.19  :  LJiL 
of  powers  of  a  polynomial :  C.86 :  J. 53. 

88,. 

of  powers  of  another  function :  M^m. 

33_: 

within  a  given  interval  according  to 
the  mean  values  of  the  function 
and  of  its  successive  derivatives 
in  this  interval :  C.90. 

by  Bessol's  function  :  J.67 :  M. 10,17  : 

•  by  binomial  theorem :  125» 

•  by  factorials  :  3730. 

•  by  generating  functions  :  3732. 

•  by  indeterminate  coefficients :  232. 

1627—34:  A. 3. 
by  logarithmic  method :  C.9j, 

•  by  Maclaurin's  th  :  1524. 
by  a  series  :  C.93,95. 

Expansion  of:  alg.  functions :  C.89 

Z.46. 

Eisenstein's  th :  J.46. 
»i  alg.  functions  from    eqs  :  G.ll. 

(l-|-a*)"  in  an  integral  series:  A.65. 
(l-a;)(l-^3)(l-*3)...  :   n.9t> : 

(l-a-)(l-x2)(l-a^)(l-^8) ...  .  Me.80. 
(l+it)(l+2.c)  ...(l-htT^II/):  C.25  :  J. 

(l+a«±6^-|-...-hLe-i)-':  Aifi. 
{(a;-a.)a+...-K^-a,)2)-i.  0.95.. 

(l+a.g  +  ^^')":  Q.18. 
(l-2aa:+ar3)-»:  L.372. 

2LtJ 

(l-2a»-|-a3a2)'  »  :  U.86j. 
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Expansion  of — {continued)  : 

(x — s}"'  in  powers  of  s- — 1  :  C.86. 
(a-t-y)<">: 

»Jth  derivative  of"  >' — :  A.-i^. 

j  \xi  powers  of  t,  when 

V  —  :  1565. 

•  Benioiilli's  numbers  :  1545. 
circular  functions  :  Q.5. 

an  arc  in  linear  functions  of  sines  or 
tangents  of  fractions  of  the  arc 
in  g.p :  L.43, 

powers  of  arc  in  powers  of  sines  :  J.ll. 

•  n  :  2i13l— 2,  l^ib,  2l'G0-2  :  MeJ^ 

•  powL'i  s  of  TT  :  Me. 78  :  n'-,  8.'>8  :  tt"', 

•  sin     and  cos     in  powers  of  d:  764, 

15:31 :  A.5.29  :  LLM. 

•  sin"^  and  coh''d?  in  sine.s  or  cosines  of 

multiple  arcs:  772—4:  A. 24,55 : 
rM2:  CD.:?:  J.l..',.14:  N.71:  TL7. 

•  sin  lid  and  cos  n&  in  powers  of  sine  or 

cosine  :  758.  775 — 79, 1533  :  CH2  : 
(\M.2:  Me. 76:  Mem.13.15.18  :  N. 
73.^,83 :  Q.4  :  couvergeucy  of  the 
series,  1.4. 

•  cos  hB  in  powers  of  cosfi:  Q. 

•  sin-'j; :  1528.-64  :  L2Ii:  N.74:  re- 

mainder, /-Ij. 
COs"aj! :  A. 11. 

•  tana-:  1525,2913,-17:  AJii :  CM: 

KM. 

•  COtx  :  2911,-16:  CMi  Q17. 

•  sec  a- :  1026  :  A. 16  :  LLSS  :  ^Liil  : 

Q.17. 

•  cosec  a:  :  2914,-8. 

•  tau-'.^  :  ZM. 

•  tan  nd  :  7(>0. 

•  a'^sin  r  in  dillerences  of  sin  x  :  3749. 


)ix  ^  cos  ap"  :  A. 4. 


sni 

cos 

(1— /iC08</»)^  =  2a„co8  2u<^:  A.21. 
(a'i-\-b-i—2ah  cos  <t>)ex[).—im-\-\):'rE.'j. 
(a+?/ cos  ^  +  c  cos  <^>')"'*  in  cosines  of 

multiples  of  <P  and  fp' :  J.LL 
cos  k  COS"'  (cos  « -|-a) :  (?.15. 
sin 
cos 

y  in 


(d-}-^  +  ...+5„-i):  A .34. 
powers  of  r  when  x  =  .  ^ — - . 


Expansion  of — (continued) : 

•  do.  when  *  =  1^ :  1570. 

i/ 

AcotA  in  powers  of  sin^^:  Q.6. 
cot-' (th— 1)— CQlz!(.;«  +  l)  :  A .47. 
differential  coefficients  by  f.d.c  and 

the  converse :  .116 
elliptic  functions  :  A  H> 

and  of  their  powers  :  C.83  :  cos  rtmj', 
L.64. 
equations  :  L.50. 
exponential  functions : 

•  e  =  limit  of  (1  -1-.^) 1590;  A.3.23:  Q.7. 

•  e':  C.30  :  N.48. 

•  '^^:  15:59,  1543—4. 
e'±\  B*=H- 

•  e**  in  powers  of  j/e**  :  1571. 
(ae'—l)-^:  At.57. 


796.1558. 


sm  (I/+11) 


i^'—e- 


2962. 


e  exp.  ^Xar-f 
e"'  cos  hx  :  798. 


810 

e""  ^^bxdx,  and  summation  of 
cos 

the  series  :  J.41. 
«  exp.  sin  ar :  1.529. 
e  exp.  g  8in~'.f :  1535. 
0  exp.  log  (r-f-a- sin     :  1557. 
eexp.— ^(-r,y,:...)  :  C.'>6i. 
*  exp.[.f  exp.[x  exp,  &c. :  J. 28. 

fractions  :  248. 
functions  :  ■ 

Al{x),  Ah(x),  AL{x)  ( Weierstrass's  func- 
tions) in  powers  of  the  modulus  : 
C.82,.h5.86 :  L79i 


n 


by  Taylor's  th  :  CMA 


({x+h)  (see  Taylors  th) :  1500-9. 
1.520:  Abels  th.  1572;  Stirling, 
1516;  Boole,  1547:  A  J  .3. 

f{x)  (Maclauriu)  :  1507  :  3759. 

f[z^h,y+k) :  1512,  1521. 

f{x,ij):  i:>16,  1.'.23:  Mo.3. 

/(O)  (Bernoulli) :  1510. 

<P{a-\-hx -If cx^ -{-...)  (Arbogast):  1536: 

^  (Cay ley):  15.55. 

f  {z-\-x  <p{y)]  in  powers  of  x  (La- 
grange) :  1552 :  T.aplace's  thi 
1556. 
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Expansion  of — {continued)  : 

•  fiy)      powers  of  ^  (7)  (Burmann) : 

1559. 

•  f>(r')  (Ilcrschel) :  3757. 

•  3740;  A»»  :  3761. 

•  A-u,  and  A-H  ,:  3741—2. 

•  in   differential  coefficients  of  w  : 

3751. 

•  A"**"  and  A-O"" :  374:3—4. 

•  n„  in  differences  of  u  :  3752. 

•  j^«,(ij5  in  terms  of  ti^,  ?<i,m.j,  &c.  :  3778. 

a  function  of  a  coraplox  variable  :  M. 
12. 

a  function  of  a  function  :  AJ.2.3. 
functions  of  infinitesimals  :  (iA2. 
a  function  of  a  rational  fraction  :  At. 

65. 

a  function  of  li  variables :  €.60^ :  J. 

a  function  of  ?/,?/'  in  nscendin;;  powers 
of  .r,/:'  when  y  =  i;-!--**^!//)  and  f/'  = 
z'-\-x'0{ij'}  as  in  1552:  .1 -4H- 

holomorphic  functions :  M.21 :  by 
arcs  of  circles,  C.94. 

•  implicit  functions  :  551.  1550 :  Tj.81  . 
intejjrals :  A.l :  of  linear  d.e,  Aii.71  : 

of  log  if,  AA. 

•  logarithms:  152-9:  NH2. 

•  log  il±;e),  log  &c. :  155-9. 

•  log  y  and  log  y"  in  powers  of  azl  when 

y'^—ay  +  h  =  {):  1553—4. 

•  log  (a +       «2-h...):  1537. 

•  log  ii  ±2  a  cosr.+a^)  2922. 

•  log  (1+ncosx):  2933. 

•  I«6  2^C^(|]:2927. 

•  logrd+x):  2294.  2773. 
higher  integrals  of  log  x  :  A  t. 
numbers  :  AT  '21 . 

•  a  polynomial :  137  :  21,2^. 
a  quartic  function  :  A .35. 

Exponents  :         :  P.  1776. 

reduction  for  d.i :  ('.16. 
Exponential,  th  :  m :  N-5-2. 

functions :  liJJL 

replaced  by  an  infinite  product :  (,'.99. 
Exponentials,  successive  of  Euler :  L.  k'i. 

Factorials:  calculus  of:  LJiZ  :  N. 

^  2l22^  Q.12:  Q.f8. 

geom.  i.e(H-jr)(l  +  r.r)(l4-r^)...;  C. 

•  notation:  94,2451 :  Q.2. 


Factorials — {continued) : 
reciprocal  :  CI 7. 
treatment  by  limits  :  JJ12. 
1.2^.3^..n":  Me.  78. 

•  «!  =  r(l+n)  :  2290. 

approx.  to  when  a  is  large  :  C.9.50: 
J  .25.27  : 

ii!  =  n"e?-''>/(2HTr)  (Stirling):  Q.15. 
{2^'"'vl  m'"''  }-'  :  rAT  3 

•  I  theorem :  m 

z  ■  't  ■  b  . . . 

C(n,  r)  when  iL  =  a  +  t/9:  J -43. 

Factors:  1—27. 
in  analysis  of  integral  functions :  M. 

application  to  rotations  to  indicate 
direction:  JL23- 

•  of  composite  numbers  :  274  :  J.ll. 
complex  :  C.24. 

c<iuul.  of  integral  polynomials :  C.42  : 
L.56. 

•  of  an  equation  :  AQO :  Ui  :  condition 

for  a  factor  of  the  form  j;" — a", 
A.  55,63. 

irreducible,  of  an  integral  function  ac- 
cording to  a  prime  modulus  p 

CM. 

linear,  resolution  into:  N.82-2. 

of  polynomials  and  geo.ap  :  J .29,89. 

product  of  an  infinite  number  of :  A. 

»t.  St*-  ^ 

cos  -  cos     cos     ...  :  N.70. 
2        4l  0 

radical,  of  numbers  :  C. 24.25. 

Ax^-\-ny"-\-Cz^,  th  of  Lagrange: 

AiLiL 

of  x-2-fyyi  z=  ±1  :  A  .33. 

of  a-'— f/":  thQ.15,16,.. 

•  of  .<■»«— 2.r"y"  COS  110 -\-y^  :  8()7. 

of  85"— 2h  COS  nd+x-"  :  CP.U  :  Mo.7r>. 
{l-x)  (l-,2)(l_a,1)...:  CL21L 

•  tables  of  (Burchardfs)  p7  :  to  4100, 

geo.  properties :  JL22. 
transformation  of:  A .57. 
of  irm  01  :  Me.79. 
Faculties,  analytical  :  J.7.1  l.:i:}4.35.40. 
4-t.51. 

coefficients  of :  A.9.11 :  At.ZiL 
divisibility  of  :  A  .48. 
numerical,  of  2nd  order  :  A!<?m.3H. 
series :  /-4. 
•Fagnani's  theorem:  6088:  A .26:  LM. 
5.13.23  :  ZX 
curveshaving  Fagnanianarcs:  LM.ll. 
stereometric  analogy :  Z.I7. 
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Faiscoaux  :  of  binary  forma  having 

tlie  same  Jacobiau  :  C.93. 

of  circles  :  r.76. 

of  conies  :  /.'iO. 

curvature  relations  :  Z.l "). 

formation  of  :  CLia  :  C 

interHOCtions  of :  N.72  :  degree  of  the 
resulting  curve,  J.71. 

of  lines  and  surfaces  :  y.53,83. 

plane  :  N.;)3  :  defined  by  a  first  order 
d.c,  C.86. 

of  tortuous  cubics  in  connection  with 

ray-compleies :  ZJ^ 
Pan  of  Sylvester  :  K.33. 
Faure's  theorems  :  G.1.19  :  and  Pain- 

vin's,  N.61. 
Fermat's    theorems  :  of    (iV**-'— 1) 

of  JR^-l-y"  =  2"  being  insoluble  when 
11  18  an  odd  prime,  Ac  :  An.52: 
C.gz84  and  9(3^.91  :  J.-t0.87 :  TE. 
2L 

analogous  theorem :  J.3. 
case  of  a  =  Lt :  J.9. 
and  periodic  functions:  Mo. 76. 
x+if^z  D,  rHy'2=D'-:  Mom.-26. 
of  the  semicircle  :  A.27.30.31 :  gzA.31. 
method  of  maxima :  C.50i. 
Feuerbach's  :  th  of  the  triangle,  Me.84: 

circle,  AJAL 
Fifteen  girl  problem:  E .34.30 :  Q.8,9. 

Fifteen  "  puzzle  :  \J '1^ 
Figurate  numbers  :        ;  A. 5,69. 
Finite  differences,  calculus  of :  3701 — 
38:30  :  A.  13.18.21.1.3:  C.7(>:  J.ll-., 
I2.133.11;.15,.lti:    .Nfp.SJ :  M.q.'>r 
Mt'm.l3:  Xjiii:  thsP.ltj,17. 
ap.  to  complex  variability:  An.82 : 

ap.  to  i.oq,  An  TiO. 
first  and  nth  diflerenccs  :  3706. 
Ahi  =  0  :  An.73. 

A"0-  :  37  W:  Q.0.8.9:  Herschel'a  table, 

A-  0-  +  U  (m),  table  of  :  (MM3. 

d-u„.  Ac,  in  a  function  of  Au^, 

A^Mo,  Ac. :  y  .61  ■ 
A"  u  in  successive  derivatives  of  u : 

3761  :  NJi 
Al''  and  Bernoulli's  numbers  :  An. 59. 

fttt:= AH,- A     ujii^^u:'-  &c. 

2  . 2 

AcJL  ~ 
Asinjf  and  Acosjr:  CM.l. 
Finite  difference  equations  :  AJ.4:  An. 
bS^  CD.2  :  CM.  1.3.4:  CP.6  :  JP. 
til  L.83 :  P.60:  I'r.lO. 
of  integrabic  form  :  C.54. 
of  mixed  differences :  Q.IO. 


Finite  difTorence  eqs. — (coniinued)  : 

of  the  kind  u,,,=  u,. ,,,«,:  CMA 

linear  :  A  J.7  :  An.fiO:  At.fi.i : 

first  order,  constant  coefficients  : 

r.H. 

determination  of  arbitrary  con- 
stants :  A.ii7  :  AUlIi  :  iLl. 
integration  to  differences  of  any 

order:  J.12. 
with  variable  coefficients  :  C.17. 

partial :  

constant  coefficients :  C8. 
linear  of  2nd  order  :  C.98. 
of  physics :  C.73. 

Finite  differences :  exercises  :  No. 

44.47. 
formula  :  CHS:  Q^. 

sum  and  difference:  J.'>8. 
of  functions  of  zero  :  TI.17. 
K{n,  r)  value  of:  Q.9. 
integrals :  C.39.57"rjP.4» :  LAA. 
expressed  by  definite  integrals : 

An^ 
2e'y  :  AAa 

inverse  method  :  r  74  ;  P.7. 
involving  l/l :  Me. 78. 
of  powers  converted  into  d.i :  JP.17. 
Fleflecnodal  olanes  of  a  surface:  Q.15. 
Flexure:  AJ^:  Mr,2, 
of  ruled  surfaces  :  An  AS. 
of  spaces :  LM.9. 
of  spherical  surfaces  :  Mc.77. 
•Fluctuating  functions :  2965a :  : 
MjiUi  TI.19. 
Fluents:  P.  1786. 

of  irrational  functions:  P.16. 
•Focal:  chords  of  conies:   1226,  4235, 
4339. 

circle  of  conies  :  Ml^I.2. 

•  distances:  4298:  N.64. 
pedal  of  a  conic :  N.66. 

•Focal  properties:  of  conies:  1163, 

1167—9,  1181.  1286-8,  4298— 
4306,  43:36—45,  4378,  4382,  4516, 
4ooO— 58,  4719— 2L  5008  —  16: 
•  CD.7. 
of  curves:  CD.?. 
of  homographic  fignrea  :  N.71. 

•  of  a  parabola :  1220, 1223-6, 1^230—4. 

4231,  4235  —8  :  LL2i 
of  a  quadric  surface  :  An.59 :  N.  58. 
Focal  quadrics  of  a  cyclide :  Me.85 . 
Foci :  J.64:  y.42.44,.S3,85 :  Q.2.a.c9. 

•  of  conies  :  1160:  trA.2.5,63.64.cn69 : 

gzC  22  and  L  .39  :  CP.3:  69.74. 
/•8.81.82:  t.c(pJ3,12and45:  gen. 
eg.  y.48. 

analogous  points  in  higher  plane 
curves:  lAHL 
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Foci :  of  conies — {continued)  : 

•  coordinates  of:  4616, 
eq.  of:  LM.ll  :  nrE-tO. 
exterior :  "N.79. 

•  tofiadthcm:  Q.2o:  from go.eq, 5008. 
through  four  points:  N.83:t. 

•  of  four  tangents  :  5029  :  ^'  fl:^- 
locus,  a  cubic  :  M.5. 
negative:  A.t3l2. 

under  three  conditions  :  Q.8. 
of  curves:  C.82:  nth  class. 80T.59.79. 
of  cones :  N.79. 

of  differential  curve  of  a  parabola : 
_  A  .58. 

of  in- conic  of  an  »i-tic,  locus  of : 

of  lines  of  curvature  of  an  ellipsoid  : 

ofquadrics:  N.42,66,74,75,78. 
of  quartics :  .I-5t). 

of  the  section  of  a  <iuadricbjaplanc  : 
y.6t.70. 
by  another  quadric  :  ^.47. 
of  surfaces  :  (74  :  of  revolution,  N. 

•Folium  of  Descartes  :  5360  :  N  44. 
Forms,  theory  of  :  M.18  :  of  higher  de- 
gree, Mum :  IV.38. 
reciprocity  principle  :  An. 56.  . 
Formula}:  G.15.19. 
for  log  2j  Ac.  :  Me. 79. 
in  the  Fund.  Nova  :  Me  7<t. 

•  of  reduction  in  ix  :  1965  :  Mc.!^. 
Four  colors  problem  :  A  J  .2^. 
Four-point  problem  :  E.5,6.8j. 

Four  right  lines  not  2  and  2  in  same 

plane:  .1.5. 
Fourier- Bessel  function  :  J-69  :  M.3. 
•Fourier's  formula  in  i.c:   2726  —  42  : 
CM.^  :  J.36.69  :  L.36  :  MA  :  Me. 
23j  g2Z.9. 
ap. to  calculationof  differentials  :  .1.13. 
•Fourier's  theorem:  alfi :  52h:  An. 50. 
Zij  J.i:{:  M.19,:  Me.77.82.83. 
ap.  to  a  function  of  a  complex  varia- 
ble: M21 

Fractions :  AJ.:j. :  G.9.nrl6  :  UiS  :  L.IO. 
continued,  decimal,  partial,  vanishing, 

&c. :  see  each  title, 
number  expressible  by  digits  ^  n: 

cm 

reduction  to  decimals  :  A.1.25. 
transformation  into  decimals  :  A.ll. 
•FruUani's  formula :  2700 :  T.An>. 
Fuchsian  functions :  C.92;.93,94j.95,96. 
Fuchs's  theorem  on       »/,  »/:)  =  0  :  LLIJIL 
Functional  ociuations  :  C'M  'A :   J .90  : 
TE.14. 
/.<f^x=fx:  C.88. 

f.4^  =  i+fx:  cm. 

f  ./c  =  F.  fx,  to  find  4> :  MiSiil3L 


Functional  equations — (rontinucd) : 

fiV  •  <t>i^ +/■:!/  •  "^s'^  +  Ac. 

=  /i.''  •  'Pi'J        .  <hy-\-&c. :  UL 

4.,  +  ^.»  =  ^/^^^'  +/''-^-^i/:  i4fi. 

f/ix,  6}  <p  d6  =  F{x),  to  find  ^  : 

Pr.8. 

cx-\-d   

/(.i-)=/(8in^):  cm 

Functional  images  in  ellipses  :  Q.17. 
in  Cartesian  ovals  :  Q.18. 

Functional  powers :  M(mi.:.t8. 
symbols :  Q.4. 

Functions:  A  28 :  A.]  6-  A  n.79:  C.43. 
lil  :  CP.l  :  J.16.prs71.74.84.87. 
91:  IlAIi  :  M«>.7r  Mo.80.Sl  r  Rlj^ 
16.17.62:  Pr.ll: :  pr8Z.26. 
algebraic,  alternating,  analytical,  cir- 
cular, circulating,  conjugate,  con- 
tinuous, curvilal,  cyclotoraic,  de- 
rived, discontinuous,  elliptic,  even 
and  odd,  exponential,  Fuchsian, 
gamma,  generating,  hyperbolic, 
implicit,  infinite,  imaginary,  in- 
tegral, irrational,  irreducible, 
isotropic,  iterative,  monodrome, 
monogonous,  monotypical,  non- 
uniform, periodic,  polyhedral, 
quantitative,  rational,  representa- 
tive, transcendental,  trigono- 
metrical :  see  the  rc8f)ective 
headings. 

analogous :  to  algebraic  functions : 

to  circular  functions  :  ('.84. 

to  Euler's  :  LL8ii :  M  19. 

to  functional  determinants  :  .T-75. 

sine  and  cosine  :  Q.16. 

to  modular  lunctions  :  Ac  2  :  r!.93. 
connected  by  a  linear  c<j. :  C17. 
condition  of /(■<•,  i/)  being  a  function 

of  ^  (.!•,  »/):  A  .21. 
development  of:  see  "Expansion." 
defined  by  d.e  :  JP.21,28. 
differing  very  little  from  zero  :  li^lA, 
errors  of  geometricians  :  .1.16. 
expressed  by  other  functions,  remain- 
der: C 

fractional :  iLS :   the  variable  being 

the  root  of  au  equation,  N..-»6. 
from  functional  equations  :  Mi21. 
from  Grauss's  equation  : 
with  lacunsB :  C.96. 
Lagrange,  tr :  J  P.  5.7. 
5  U 
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Functions — (continued) : 
linear:  C.9Q. 

with  linear  transformations  inter  se  : 
M.19.20. 

whoso  logarithms  are  the  sums  of 

Abel's  integrals  of  the  1st  and 

3rd  kind :  0.92. 
with    non -interchangeable  periods  : 

M.2Q,.21.2o. 
number  of  values  of :  C.48. 
do.  through  permuting  the  variables  : 

JP.10,,18:  L. 50.60. 
of  two  variables  :  Ar.3  :  C.90.96^. 
made  constant  by  the  substitution 

of  a  discontinuous  group :  C.97. 
which  arise  from  the  inversion  of 

the  integrals  of  two  functions : 

C.92,. 

whose  ratio  has  a  fixed  limit :  OA, 
f{x,y)  siich  that  is  »ym- 

metrical :  iLL 
of  three  variables  satisfying  the  d.e, 

AF=0:  Art 
of  three  angles,  th.  re  Ist  derivatives  : 

of  4  and  a  letters  :  Ti.r>f>. 

of  4,  5,  and  d  letters  :  L..V). 

of  Z  letters  :  C.57,9oa. 

of  6.  variables  which  take  only  6  diffe- 
rent values  through  their  permu- 
tation, not  including  -^symmetri- 
cal permutations  :  AMH. 

of  tt  variables  :  C.21  :  Mo.8:^ :  with 
2ft  systems  of  periods,  C.97. 
analogous  to  sine  and  cosine  :  Q.16. 
number  of  values  :  J.85. :  do.  by 

permutationof  the  variables:  0.21^. 
obtained  from  the  inversion  of  the 
integrals    of    linear  d.  e  with 
rational  coefficients  :  C.SKX.:  JJi^. 

of  an  analytical  point,  ths :  C.95t. 

of  a  circular  area  from  a  given  inte* 
gral  condition  : 

of  imaginarv  variables  :  C.32.48 :  JP. 
21:  L.58,59a,603,6l3,62  :  LM.geo 

a. 

of  large  numbers,  approx. :  C.20j. 

of  a  real  variable,  connexion  with 
their  derivation  :  M.23,24. 

of  real  arguments,  classification  ac- 
cording to  their  infinitesimal 
variation:  J. 79. 

of  the  species  zero  and  unity :  C9"). 

of  a  variable  analogous  to  the  poly- 
nomials of  Legendre :  C.9.">. 

allied  to  Pfaffians  :  Q.16. 

rationally  connected : 

with  recurring  derivatives  :  LM.4  : 


Functions — {continued) : 
which  relate  to  the  roots  of  the  equa- 
tion of  division  of  a  circle  or  of 
n'-l  =0: 
representation  of :  C.92j  ;  M.17 :  one- 
valued,  ZjiL 
approximate :  ZJL 
by  an  arbitrary  curve  : 
by  BesseKs  functions  :  MjL 
by  definite  integ^s  :  AcJL 
by  elliptic  functions  :  An.R2. 
by  Euler's  sum-formula:  J.o6. 
by  Fourier's  scries :  Mo.85}. 
by  graphic  methods  :       :  imag., 

by  infinite  products  :  Z.2i> 

y  =  e^^,  constant  and  r  a  positive 

integer:  A .42. 
y  =  j-e^: 
reproduced  by  substitution  :  C.19. 
resolution  into  factors :  Ac.65 :  C.19, 

aO:  CP.U  :  J.18. 
satisfying  the  eq.  aF  =  0 :  CM^ 
singularities  of : 

whose  successive  derivatives  form  an 
arith.  prog. :  An, 71, 

systems  of:  MQi28:  of  two  inter- 
connected, 

of  two  systems  of  quantities,  cor- 
relative and  numerically  equal : 
C.98. 

which  are  neither  rational  nor  reduci- 
ble to  irrational  algebraic  ex- 
pressions :  C.18,. 
whirl!  are  of  use  in  elliptic  functions 

and  logarithms  :  No-/>R. 
which  take  a  given  value  in  a  given 

position :  AnJii 
which  have  no  derivative  throughout  a 

certain  interval :  An.ZL 
which  vanish  with  their  variables: 

TI.16a. 
as*:  An  63. 

{('*^)'}'         so  on,  and  the  corres- 
ponding inverse  function : 
arising  from  V'(4— 2arz-J-«^ :  iL2. 


cje+d 


/(u,z),  u  being  an  implicit  function 
of  an  imaginary  variable  i :  fV.42. 

f{jr),  formula  of  analysis  : 

fix)  =  0,  y  =/  (x).  th.  repiy):  K2Su 

^Wscl,logr(*):  2743. 
(a)  of  Jacobi : 


r; 
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Functions — {continued)  : 

Beasel's,  7(ar)  =  —  Tcos  (*  oos  6)  dS 
n  JO 


22  23. t2  23.42.82 
Cauchy's  nombers ; 

cosine  integral ;  Ciq  e  |  ^^?-^<ie : 
Dirichlct'a  function, 

elliptic ; 

•    Euler's  ;  B  (I,  m) :  2280. 

expon-integral ;  Ei  qs\   ^dx  :  A. 

10 :  t.AP.70. 


=  -r—     810**  0> 

li"'»rJ» 


cos(e  cosu)  <{a>:  An. 


32 


&2 


10  X 

=  •915965,594177...:  M^mRH. 
r  («) :  see  "  Gramma  function." 
Jacobi's 

(:>'->)«p2;;:-(f): 

O.59,.60 :  L.47.50. 
Laplace's  Y  ")  :  MJA 


k2 


V   T   /  2-  3 


log-integral ;  Li  q  =  f 

Jo  log  X 

x3 


(fee. 


Legendro's  X,  :  see  "  Legendre." 

P.wherej%exp(-'^)^.  =  ^v^: 

Q.10. 
P"  (cos  jO.    =  0  : 

n(z)s£«'e-'d*;  V'(z)s(i,logn(2): 

sine-integral;  Siq=\  taP. 
2  f  e  exp  i-z')  F{z)  dz  =  0:  CL23- 


Functions — (continued)  .- 

Jo  -v/jl— J)2  8in2  ^1 

X,  Y,  &c.,  such  that  SXYda  =  0  and 
and  that  any  function  can  be  ex- 

Eanded  in  the  form  aX+&Y+&c. : 

•Gamma  function,  T  (n) :  2284 :  A.4.6.61 : 
An.69  ;  C.35.92.96  :  J.35,82.90. 
a^57:  L.42.46.52.55 ;  g,9 V  Z.lj 

application  of  this  and  other  trans* 

cendents :  (186. 
of  a  complex :  MiL84. 

•  curve  y  =  T{se)  :  2323. 

•  deductions:  2286—2316:  A .10. 
derivatives  of :  Q.6. 

of  equidifferent  products  :  JJM. 
of  an  infinite  product :  J.39. 

•  =limt.  of  ^^Mt:  2293:  A .30. 


n 


logarithm  of:  2294,2768: 
numerical  calculation :  2771. 
as  a  definite  integral :  2768. 
negative :  CD.3. 
numerical  calculation  of :  2317. 
the  function  ^  (if)  =  J,  log  r  (x) 

—70. 
reciprocal  of :  Z.25. 
reduction  of :  .T-40- 
transformation  of :  2284, 2318 
r(H+l)  =  ^  (2ir)  e-»i»*i(l  +  e)  (Stir- 
ling):  C.50i. 

IT 


2743 


*r(wO  r{l— >h)  = 


sin  mw 


2313 :  AcJL 


•r(*)  r  («+^)  ...  r(a;+^):2316: 

L.55,56. 


r(a-)  =  P(.r)  +  Q(a-):  Ac^ 
„  1 


r(*) 


OA 


Gauche  cobics :  CL82 :        :  N.623. 
3rd  class,  theorems  :  U& 
number  of  common  chords  of  two 
An.70. 

through  five  points  :  1L8IL 
through  six  points,  cn  :  N.66. 
Gauche  curves  :  ('.70,77,90,. 
Mn.82 :  th8N.53j. 
classification  of :  ULliiL 
on  a  cubic  surface  :  (',f<2 
of  a  developable  surface,  singulari- 
ties: An.70. 
differential  invariants  of:  .TP, '28, 
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Gauche  ciirvcH — {ronfinn^d) : 

intersortion  of  two  flnrfaccs  having 
comnion  multiple  points,  singu- 
larities of  :  (\HU. 

on  a  one-fold  hvperboloid  :  An.l  :  C. 
.V2.r>.3. 

metric  properties  of,  in  linear  space  of 

n.  dimensions  :  M.19. 
representative  curve  of  the  surface  of 

principal  normals  of  :  C.SO. 
of  the  zero  species  :  C.So. 
Gauche  helirnids  :  md.  of  curv. :  N.4o. 
in  perspective:  .1 1'.'JO. 

Gauche:  in-polvgons  of  a  quadric  : 

C.82o. 

perspective  of  algebraic  curves  :  r.8Q. 
projection  :  KM'k 

quadric:  N.67 :  and  orthogonal  tra- 
jectory of  grneratrices  :  tliN.48. 

quartic:  :  CJii:  Ti.70. 

S  points  of.  Z  points  of  a  ganche 
cubic  and  8  associated  points : 

unicursal.  a  class  of :  C.83. 
surface :  y.>»l. 
sextic  curve :  C.76. 
surface:  .TP.17:  L.37.72. 
deformation  of:  CJ)7. 
which  can  be  represented  by  a  p.f.d.e 
of  the  2nd  order : 
Gaussian  periods  of  congruent  roots 
corresponding  to  circle  division  : 

•Gauss's  function:  see  "  Hypergeometric 

function." 
Gauss's  theorems :  J.!?. 
•Genenil  methods  in  anal,   geometry : 

4111. 

General    numerical    solution   of  any 

problem  :  LM.'J^. 
•Generating  functions:  3732:  .T.Hl  ;  N. 
8L:  i!lLii 

and  ground- forms  of  binary  quantics 
of  first  ten  orders  :  A  J  .23.3. 

do.  of  binary  12-ic  and  of  irrc<lucible 
syzvgies  of  certain  quantities : 
A  J  "4. 

of  some  transcendental  series  :  At.^iii. 
for  ternary  systems  of  binary  forms, 
ta  :  AJ..'». 

•Geodesies:  577'..  .'837—55:  AJi2 :  C. 

4O...41.0*;  p.c97  :    ('0.5:  iiAR  :  J. 

:  M  JO  -  Mo.71  :  N-45.60  :  Q. 
1.5:  Z.lH.2tK 
of  cubic  surfaces,  loci  :  CD.ti. 
curvature:  5S  W  :  C.42.H0  :  L.12. 
on  an  ellipsoid:  M .2' >. 

•  radius  of:  577t),  584t». 
duals  of :  Q.12. 

•  equations  of  :  5837. 


Geodesies — {coufinued) : 
flexure  of :  C.66. 

forms  from  cn  of  their  polar  systems : 
Z.24.. 

•  geometry :  5855. 

problems:  A. 8:  An. 6^  GP.6:  J.53.: 

T..49 :  Ty.73,. 
on  a  quadric  or  ellipsoid:  C.22-  :  CD  ^: 

J.liL  L.4r. 4 1.44.48.57:  M.35  :  N. 

Z4L 

Joachimsthal's  theorem  :  J.42. 
and  corresDonding  plane  curves 

and  lines  of  curvature  :  L.463  :  N. 

•  pd  constant  along  such  :  5842. 
shortest  lines :  .7.2^. 

•  through  an  umbilic :  5850. 
on  a  right  cone :  A.tV.*. 

•  radius  of  torsion  of:  5848:  EJ?'Pv+ 

P  =  0,  MfiJiL 
sections  :  jL2. 

•  shortest  linos  on  surfaces :  5838 :  J. 

on  a  spheroid :  J.43. 
triangles:  Mo,82- 

best  form  of :  N.55. 

reduction  of  arc  of  a  small  one :  An. 

511 

Geodesy,  spherical  problems  :  A.25^.63. 
representation  of  one  surface  upon 
another :  An. 70. 
Geodetica,  integration  of  its  eq :  An. 

,53. 

Geography,  comparative  :  A. 57. 
•Geometrical  conies:  1150 — 1292  (see 
Contents  p.  xviii) :  G.l :  Mc.62. 
G4.71.73  :  Q.IO. 

Geometrical .-  constructions  :  LM.2. 

definitions  :  JLL 

dissections  and  transformations  :  Me. 
drawing :  AJuL 

figures,  general  affinity  of :  JJiL 
forms  :  G.l  :  of  2nd  species,  G.3,4. 

•  mean  :  22:    CD.S  :  Pr.29. 

approx.  to  by  a  series  of  arith.  and 
liarm.  means  :  X .79. 
paradoxes  :  Z.24. 

•  progression:  SL:  A.pr2.6  :  G.ll :  N. 

51. 

a  property  of  1.3.9.27  .. :  A .3.3. 
proportion,  theory  of  pure  :  A .62. 
quantities  and  algebraic  eqs  :  ('.29. 
reckoning  (Abzahlenden) :  M.lQ. 
relation  of  the  5th  degree :  M.2. 
relations,  ap  of  statics  :  J.21> 
signs  :  Z.14. 

•  theorem.s  and  problems  :  920 — 1102. 
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Geometrical — {continued)  : 

theorems  :  J.ll :  Ti.46  :  N.743 :  Law* 
son's,  Man.lSu 
method  of  discovering  :  J  R. 
from  a  principle  in  alg. :  LM.ll. 
problems :  At.25.3'2. 
transformations  : 

and  ultra-geometric  quantities  :  C.52. 
55. 

Geometry :  of  the  Ancients :  AtJ22. 

comparative,  ap.  to  conies  :  N.65a. 
of  derivation  :  An. 54s. 

•  elementary  :  920—1102  :  J.6.10  :  : 

y.62». 

principles  of:  AMI  -  C5fir  G.11.14. 
21b  LM.16:  Me.f,2 :  Zl2Q. 
enumerative  :  AcX 
higher:  A^:  No.  73 :  prsA  55. 
instinct  of  construction :  .CL5BT  Q.2. 
der  Lage :  Z-6- 

linear:  A^22:  ap.  to  quadrics,  MJiL 
linear  and  metrical :  M  5. 
of  masses:  JP.21. 

and  mechanics,  on  their  connection  : 
Li.  78. 

organic,  of  Maclaurin  :  Tj.57. 
plane,  new  anal,  foundation :  MA 
plane  and  solid,  analogies  :  1l2&  :  N. 
65a, 

plane  and  spherical,  ths :  M<^m.l5. 
of  position  :  :  QJ.  :  nnnlTE.Q. 

theorems:   An  55:    J.31.34.38.-tl» : 

TE.28. 
5  points  in  space :  CJS£2. 
in  lieu  of  proportion  :  CP.IQ. 
of  space,  abstract:  Pr.14.18;  aphor- 
isms, J.243. 

•  of  three  dimensions :  5501 — 6165  :  N. 

Glissettes  :  problem  :  Q.ll. 

centre  of  curv. :  :  rad.  of  curv.. 

Golden  section  :  AA 
Goniometrical  problems :  Q.7,15. 
Graphic  calculus :  ('.9,9. 
Graphs  (Clifford's) :  T.M10. 
application  to  binary  quantics :  LM. 

172, 

to  compound  partitions  :  A1LS6. 
Grassman's  life  and  works  :  M.14, 
Greatest  common  measure:  see  "Highest 

common  factor." 
Greatheed's  theorem,  D.C  :  rAf  l, 
Grebe's  point :  A .58. 
Green's  theorem.  &c. :  J.39.44.47 :  TE. 

26. 

•Griffith's  theorem  (Conies) :  6006. 
Ground  figures,  single  and  double  rela- 
tions :  JJiS. 


Groups  :  A J.l :  LMJ :  M. 13,20,22. 
cyclic,  in  Cremona's  transf.  of  aplano 
An  .82. 

in  a  quadratic  transformation  :  An. 

discontinuous  :  C.94. 

of  linear  substitutions  :  AcA. 

of  finite  order  contained  in  a  group  of 
quadmtic  substitutions  :  C. 97,08. 

of  finite  order  contained  in  the  semi- 
cubic  groups  of  Cremona :  C.99. 

Fuchsian:  Ac.la. 

formed    from  a  finite    number  of 

linear  substitutions :  C8iL 
of  interchangeable  elements  :  J.86j. 
introduction  to  the  theory  of  :  Me.62.. 
Kleinean  :  C.93. 

of  many-valued  functions :  Man. 62. 

modular  eqs.  (Galois) :  M.14.18. 

non-modular :  Man.(j.>. 

of  points  Gil  on  a  sextic  with  5  double 
points :  M.8. 

primitive:  C.72.78.96 :  Ti.71. 
for  the  first  M  degrees  :  C.75 
degree  of,  containing  a  given  sub- 
stitution :  J.  79. 

(P)j6o  (n)36o  of  the  figure  of  six  linear 
complexes  of  right  lines  two  and 
two  in  involution:  An.83. 

principal,  classification  of :  C.73. 

of  substitutions:  C.67.8-^.94:  M.5; 
isomorphism  of,  {JLM* 

of  168  substitutions  and  septic  equa- 
tions :  M.20. 

transitive :  CL22j  LSQ :  X-S-i. 
•Guldin's  theorems  :  5879  :  Mp.H5. 

Harmonic  axes  :  of  curves :  C.743. 
of  a  system  of  right  lines  and  planes : 
(;.4. 

Harmonic  centre  for  a  sj'stem  of  4 points 
in  relation  to  a  given  pole :  7^  9.0 

Harmonic  division  :  of  a  conic  :  Ct.IO. 

of  a  quadric :  (i.lQ. 

*  of  a  right  line  by  a  circle  and  chord  of 

contact :  9itiB- 

Harmonic:  hexhcdron  and  octalie- 

dron  :  ZAiL 

•  pencils  and  ranges  :  933^  4649  :  Q.G. 

•  of  4  tangents  to  two  conies,  locus  of 

vortex  :  498 

•  poiutH,  system  of  four:  1<)63:  y.51. 
polar  curves  :  A  •"'<  > :  M  9 

*  progression  or  proportion  :  El :  cxt 

of  th,  A.31.43.tr41 :  C.V.]    Mf^  8i) : 
N.85  :  Z.3.14:  sum  of,  Pr.20. 
divergency  of  :  A .  1 . 

♦  section  by  a  quadric  and  polar  plane : 
!  5687. 

I    Harmonics  in  a  triangle  :  A.57. 
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Hcrmite's  ^  function,  linear  transf.  of  : 

•Helix  :  5756  :  A.tU. 

conical :  N.  13,53 :  rectif.  of :  y.45. 
on  a  twisted  cono:  A.1JL 
relation  with  cycloid  :  r.51. 
•Hemisphere,  volume,  &c. :  6061. 
Herpolode  of  Poinsot :  (-.99. 
Hesse's  surface,  <fec. :  Z.19. 
•Hessian  :  1630:  J.8<J:  curve,  MJJL 
covariant  of  binary  quintic  form  :  M. 
2L 

of  a  quaternary    function:    Q.12 ; 

cubic,  Q.7. 
of  a  surface :    nodes  of,  J. 59  :  con- 
stant of, 
Hexagon :  thN.65. 

Pascal's  :  see  "  Pascal." 
in  space:  J .85.93. 
•Hexahedron  :  9(»7. 
Higher  algebra :  An.54  :  N.55.J  (Serret) : 
Q.45. 

Higher  :  analysis  :  A. 25  :  Ci.l-i. 

arithmetic  :  J .6,9  :  N.hl. 
geodesy:  /.1 9  :  trZ.l^s. 
geometry  :  A.IO:  N.57 :  Z.6.17. 
planes  :  A .47. 

variation  of  simple  integrals  :  7.  ^2 
•Highest  common  factor:  3li:  A.3 ;  M. 
Tjj  N.42.44,4.5o. 
of  2  complex  numbers:  no.  of  divi- 
sions :  L.46,48. 
of  2  polynomials  :  CM  4 
remainder  in  the  process  :  C.42. 
Holditch's     theorem :     sec    "  Closed 
curve." 

Holomorphic  functions  :  ('.99  :  CL22- 

development  in  series  :  C.94  :  M  21 . 
Homalographic  projection :  N.61. 
Homaloidal  system,  n-tic  surface  and 

an  (n — l)-plc  point:  ilAlL 
Homofocal :  conies  :  tbN.49a :  loci 

relating  to  parallel  tangents,  C. 

62,6;?,. 

quadrics  :  (  '.50 :  L.th51.60 :  N.th64, 
ZiL:  Pr.33.. 
paraboloids :  A  .35. 

and  conjugate  surfaces,  tr :  Z./j. 

common  tangents  of :         :  L.46. 

quartic  surfaces,  triple  system  of,  in- 
cluding tlie  wave  surface  :  N.85. 

sphero-conics :  L.6(>. 

surfaces,  and  /i  &iu-i'-\-v  sm-i"  =  a-  -. 

Homogeneity  of  formulae  :  ('.96  :  thsN. 

Homogeneous  coordinates :  (r.la.8 :  Z.15. 

metrical  relation :  G.ll. 
Homogeneous  functions  :  see  "  (^uan- 
tics." 


•Homogeneous  products,  J?  (n,r) :  98 — 

Q.6,9,1Q. 

•  and  sums  of  powers  :  53S :  E.39,40. 
nomographic  aivision  of  three  tangents 

to  a  conic  :  MiiUL 
Homographic  figures  :  threoC.94  :  thQ. 
3:  N.58,68.pr61. 
corresponding  points,  th  :  liJaL 
focal  properties :  LM.2j. 
relation  of  roots  :  N.73. 
•Homographic:  pencils:  4651. 

•  systems  of  points  :  1058 — 73. 

on  quadric  scrolls  :  Q.9. 
theorem  of  a  conic  :  y. 48.49. 
transformation:  X^:  of  angles.Q.IdL 
Horaography:  Me.62 :  N.60:  Z.2L 
and  perspective :  N.69. 
and  rotations,  correspondence  of :  M. 

Homological  polar  reciprocal  curves : 

frr.44. 

•Homology  :  225  :  G.3,8:  ILfci  : 
conic  of :  (^-94. 
of  sets :  Q.2. 

•  of  triangles  :  975  :  Me .73. 
•nomothetic  conies  :  4523 :  N.64.th68. 

with  the  same  centre :  C.66. 
•Horograph  :  5826. 

•Hyperbola  :  theorems  :     A.27.46  : 

CD.l  :  N.42,. 

•  with  asymptotes  for   coord,  axes: 

4387:  Me.  73. 

•  aayrnptotic  properties  :  1182. 

•  conjugate :  1160. 

•  construction  :  1247. 1289. 
eccentric  circles :  A.44. 

•  quadrature  of.&c. :  6118  :  A. 25.26.27; 

N  4^t :  TLI  (multiple  areas). 

•  rectangular:  4392:  Aj2&:  under  4 

conditions,  AJL 

•  segment  of  :  6118  :  iLfiL 
•flybcrbolic  arc.  rectification  of:  6115: 

LLih  :  P.2. 11.59. 

•  Landen's  theorem  :  6117  :  LM.11.13.. 
•Hvperbolic  functions:  2180:  AJ^:  G. 

Li  :  M<^m.30  :  N  64. 
analogy  with  the  circle :  An.5L 
ap.  to  evolution  and  solution  of  eqs. : 

A.;w. 

construction  of  tables  of:  J.liL 
generalization  of :  A .35. 
•Hyperboloid  :  5605  :  ISii :  Me.66. 
theorems  :  geoG.4 :  J .24.86. 

•  one-fold :   o605 :   of  rotation,  A.70 : 

L.39 :  M.18:  XJ>S. 
parameter  of  a  parabolic  section  of : 
N.75. 

•  two-fold:  5617:  A.18,tbs27. 
conjugate :  CD. 2. 

equilateral  and  of  revolution  :  Ap.5. 
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Hyperboloid — {eontinnpd)  .- 
•    generating  lines  of :  5607. 

and  relation  to  ruled  surfucos  :  Zl2^ 
of  revolution :  IL22^ 
Hyperboloidic  projection   of  a  cubic 

"gobbft":  An 
Hypercycles :  C.94s. 
Hyperdeterminants  :  GILS  :  J.n4-a.42. 
Hyper-elliptic  functions  :  A.  16  :  AJ.5a. 
Z  :  AnJO:  C.4i>H.(3-2,.67.1*2.94.97  : 
ClUi  :  J.25.27.:{L\4<j.47.o2.r>t.75, 
76.81.85:  LJiii  M.3.n.l3  :  Q.10,19. 
of  1st  order  :  J.12.16,.35.98. 
containing  transcendents  of  2nd 

and  3r{f  kind  :  JJiL 
inultiplication  of  :  AcJi :  M.17.20. 
transformation  o£:  AcJl:  ( p  =  2), 
M.15. 

transf.  of  2nd  degree :  M.9  :  McLlifi. 
transf.  of  3rd  degree :  M.1.19]|. 
transf.  of  5th  degree  :  M.I6.17.20. 
of  3rd  order  (p  =  4)  :  MJiL 
of  Ist  order  and  3rd  kind  :  J.65,68,88. 
of  Ist  and  2nd  kind  :  An.58;:  .7.93  : 

in  series,  M.9. 
of  3rd  kind,  exchangeability  of  para- 
meter and  argument :  »Liil. 
of  nth  order,  algebraic  relations  :  C. 
99,. 

Gopel's  relation  :  An.S2> 
addition  theory  :  M.7. 
addition  th.  for  Ist  order  in  a  system 

of  confocal  quadrics  : 
approximation  to :  P.G0.62. 
cnoire  of  moduli :  CSH. 
divi.sionof:  C.68.98  :  LJa :  MX 
bisection :  C.7ih  :  trisection,  An.76 
M  9 

generalisation  of :  C .84.98. 
geo.  representation  :  Ti.78. 
inversion  of  :  C.99  :  J.70. 
in  logarithmic  algebraic  functions : 
M.ll. 

and  mechanics  :  J. 56. 

periodicity  moduli :  A^fiS :  An.7(). 

periodic:  iLll2_:  of  the  1st  class,  LM, 
12 ;  with  four  periods.  An. 71. 

with  quartic  curves,  4  tables  :  M.IO. 

reduction  of,  to  elliptic  integrals : 
Act:  C.85>.93.99  :  J.55.76,79.86, 
82^  M.15:  TI.25. 

transformation  of  2nd  order,  which, 
applied  twice  in  succession,  pro- 
duces the  duplication  :  C88. 

transformation:  M.7,prl3. 

of  two  arguments,  complex  mult,  of: 

Hyper-elliptic  ^-functions,  alg.  charac- 
teristics :  JiL2ii. 


Hyper- Fuchsian  functions  from  hyper- 
geometric  series  of  two  variables : 
Lm 

Hyper- Fuchsian  groups  :  C.9S^. 
Hyper- Jacob ian  surfaces  and  curves  : 

LMJi:  ILll  :  Pr.26. 
Hyper-geometric  functions  or  series : 
2i>JLi  A.55.57  :  J.l.>;.75  :  MJl :  Q. 
lib  Z .8.20.27. 
as  continued  fractions  :  291 — 2  :  J.66. 
of  two  variables  :  C.90..91.95  :  L.82j. 

extension  of  Riemann's  problem : 

of  nth  order:  CL2fi  :  J.71.72: 
and  Jacobi's  polynomials  :  C.89. 
square  of :  ■T.3. 
Hyper-geometric  integrals  :  J.73  : 
•Hypocycloid :  5266. 
with  2  cusps  :  ZJ^ 
with  ^  cusps  :  iM :  Mfl.83 :  y.70j,75. 
Hypsometric  tables  of  Bessel :  Pr.l2. 

•Icosahedron :  907:  M. 12.25  :  and  star 
dodecahedrons,  Z.18. 
Icosian  game :  Q.5. 

•Imaginary:  quantities:  223:  A .20, 

22_^  h  square,  A JJ:  :  C.  18.24.25. 
88^.94 :  JP.23:  N.63.64 :  P.1,0.31. 
ap.  to  primitive  functions  of  some 
derived  functions :  N.63. 

•  conjugates  :  223  :  modulus  of,  227. 

•  logarithm  of:  2214:  UiUL 
curves  :  Q.7. 

exponents :  Ax6- 

integrals  of  d.  e  :  C23. 

prime  factors  of  complex  numbers 
formed  from  the  roots  of  irreduci- 
ble rational  equations :  Z.IO- 

irftnsformation  of  coordinates  :  Q.7. 

variables :  C.963 :  polygons  of,  (".92. 
V\/a  +  ib  in  the  form  «  +  «»/:  A.55. 

tan~'  {$+ir))  in  the  form  -r-^iy :  A .49. 

^  (a^.  y)  +  >'+     y)  =  I'lj),  to  deter- 

mine tp  and  i :  A  1 0. 

•  geometry  :  4916  :  A.32..61  :  CJil  : 

(^D.7.8:   J.55.70 :  M.ll:    M^Hl  • 
N.70,.72., :  TE.16. 
of  Lobat.schewski :  ri.5 :  J.17  :  N. 
683. 

of  Standt :  MA 

use  in  geometrical  drawing :  J.I. 

•  circular  points  at  infinity  :  4717. 4918, 

4935  :  tg.eq4998,  5001  :  Mo  t\H :  Q. 
3.8.32. 

•  coordinates  :  4761  :  C.75 :  Afii.n.79  : 

homog.Q.18. 
elements  m  geometrical  constructions, 
and  apparent  uncertainty  there- 
from : 
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Imaginary — (continued) :  I 

•  liues  through  imnginary  points:  4761, 

4722—:}. 

problem,  Newton-Fourier :  A.T.2. 

•  tangents  through  the  focus  of  a  conic: 

4720— 1.500S:  AJ1± 
variables,  generating  polygons  of  a 
relation  between  several :  JP.30. 

x-\-iy  =  X'X-^iY,  and   the  lemnis- 
eatic coordinates  of  the  nth  order. 
Iraplexes  of  surfaces  :  C.80.. 
•Implicit  functions  :  of  ono  independ- 
ent variable.  <p  {nj) ;  values  of  <pt, 
1>^,  <J»Jx  :  1700—6. 

•  the  same  when  tf*        =  0  is  also 

given:  1718—9. 

•  ^r,  yir.  j/j,  when  =  0:  12Q7— 

lii:  »/«/.  AnJiS. 

•  ^2.(h,»/,=):  1720—1. 

•  ^(-f,  y.  3.^)  when  A  eqa.  connect 

x,y,z,$:  1723. 

•  of  two  independent   variables : 

tjrz  when  p  (j-,  I/,  z)  =  0 :  1728. 

•  fp^  {.r  y  z),  'pv,  P^-,   when  ^{r,y,s) 

-  0:  1729—32. 

•  p  (/-,  y,  z,  ^,  ij)  when  ii  eqs.  connect 

■',y,^,tl--  1736. 

•  of  iL  independent   variables:  1737: 

An.r,8. 

transf.  into  i.sotropic  means  and  trig. 

series  :  C.38. 
transf.  into  explicit  functions  :  ( '.38. 
defined  by  an  alg.  eq. :  ('.47. 
determined  by  the  intinitesimal  cal- 
culus :  C.34. 
•Increment:  1484. 

Incommensurable  :  numbers :  JP. 

15^  X.43. 
limits  of  numbers  :  N.Bl. 
lines  :  N.4t :  in  ratio  ■v^S  :  1,  A. 3. 
•Indeterminate  coefficients  :    232, 1527 : 

•Indeterminate     equations    (see  also 
"Numbers"  and  "Partition"): 
188—94:  C.10.tb78,88  :  G^:  J.9>. 
Mpm  U  :  N.44.4o,pr57,59,.7rj8; 
81.prs81,85  :  TK  2. 
ap.  to  a  geo.  problem :  M^m.20 :  ZlJI^L 
impossible  class  of  :  N.63. 
linear:   JP.13:    hJl:    Ki3 :  ££1: 
ZJJI 

•  with  2  unknowns  :  138—93  :  A.3.7  : 

.7-42  :  L.63.69  :  M><m.31. 

•  with  3  unknowns  :  194  :  GL2* 
with  Ik  unknowns  :  C.94  :  N.52. 


Indeterminate  equations — {coniinited)  : 
and  congruences :  Pr.ll. 
quadric  :  J.4o  :  in  a  unknowns,  y.84. 
quartic :  geo.cnL.63. 
quintic :  J.3. 

quadratics  in  two  unknown  integers  : 
x'-ay'  =  ±1  :  A.  12.52  :  E.23.28  : 
XI2;  by  trig.:  L.(>4-66  :  N.7g. 
^J-a  y^~b  :         :  L.37.38  :  M6m. 

2a. 

=  ±  4,a=5(mod8): 
x*  +  y'  =  (a'  +  i^  (136^  An.:>:^. 
jr  ^     _  0  .  gcoA.o5. 
{n-¥4)x-—ny'  ^  y.83. 

-i-hx  -  y'  :  L^TlL 
ax'--i-hx  +  c  =^y^  :  iLL 
2il  +  2i+I  =  »/^:  X.78. 
ax"  +  bry  +  cy*  =  0  :  geoC.9. 
x^+uxy-ny^=  \  :  N.83. 
3^—if  =  ry  impossible:  N.4fi. 
cur*  +  hxy  +  cy-  +  dx  +  cy  +/=  0  :  C.87. 
quadratics  in  three  unknown  integers : 
jr  f  t/'  +    =  0  :  gcoA.55. 
x3  +  yJ  =  z*:  A,22^:  KM:   tL15  : 
solution  prior    to  Diophantns, 
C.283. 
x2  +  a2r  =  r«: 
ax^  +  hy'=z^:  OS 
flf-  +  ay^  =  z  :  N.78. 

a:»  +  a(/-  +  t)»=  »/:  N.78,. 
(xi  +  ky')  z  =  a  j-  +  Iky  :  J.i2. 
{a,b,c,d,e,jjxyzr'  =  t  :  Pr.l3. 
x^-t-T+mz-^ii'':  M<?1.4;  =^+L 

quadratics  in  four  unknown  integers  : 
xi  +  y^±z^  =  t^:  C.66:  N.48;  3c^  +  2t/' 

+  3s5  =  <,  L.69. 
y^^zUtiz^^)':  N.78,. 
quadratics  in  five  unknown  integers  : 
x^-¥by'  +  C2»  +      =  H,  with  the  follow- 
ing values  of  b,  c,  d  -.  1,1,1 ;  2,3,6 ; 
T.-i.'^-  1.1.2;    1.1.4;  1.1.8;  2,2.2  ; 
2,4,8;  4.4.4  ;  3.4.12  ;         :  1.2,4; 
1.4.8;  2.2.4;  2.4.4;  2.8.8;  4A^; 
4.4.16;    4.16.16;    8.8,8;  8.8.16; 
8.16.16;   16.16.16;  L^:  2.3.3 ; 
3.a.3a  ;   Ljki :   1.3.3;  L.60„  iii : 
1.1.3;   1.2,6 ;  2.2.3;  2.4.6 ;  4^ 
12j    1.1,12;   2.2,12 ;     1.4,12 ;  1, 
3.4  ;  3,4.4  ;  4.12,16  ;  3.6':6r5;3.3  ; 
3.3.12;  3,12.12;  12,12.12  ;  LJLJ  : 
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Indeterminate  equations — (rnnflmwd)  : 
lA/>i  2.3.t) ;  5.5.5 ;  LJii:  1.5.5; 
1,0,6  ;  1.9,9  ;  l,»,n ;  •2.».2»  ;  L.65, 
557with  c  =  aUlJA2  and  L.58. 
+  hij^  +  +  tir-=M,  with  the  follow - 
ingvalues  of  a,  b,c,d  :  2,2.3,4  ;  2^ 
Mi  3^3.3,4;  1,2.6.(> ;  2.3.4.4; 
hMs  2,2.3.3 ;  L.65 :  3.4,4,4 ; 
3.4,12,^^8;  LM. 

'2+/^+:2  +  e=4«:  hM. 

a^*^bijZ  +  C2'  +  dt-  +  ery+fzt  —  u,  with 

the  following  values  of  a,  b,  c,  d, 
e,f:  1.2.— 2.2.1.2;  L.G3  :  1.2.3,3. 
1.3;  2,2.3.3.2.3;  1.1.6.ti,l,6  ;  LJii: 
2,3,2,3,2.2  ;  2.5,2,5.2.2 ;  [..64  U, 
2,2,0.2;  1.1.1.1.0.1;  l.l.l.l.U  ; 
2,2.3.3.2.0 ;  1,1,3,3.1.0;  L.63 ;  3.5. 
10,10.0.10;  2.3.15.15.2.0 ;  2.3.3.3. 
2.0;  L.66. 

2^-f3/^-h332-HiZj-f  2.vs=M:  hM. 

s^jj^+  23  +  2lt2  +  2uv  +  2l?2  +  ^2  =  ic  : 

icy  +  yz  +  zt  +  tu  =  v  :  C.62.j :  LJiL 

quadratics  in  seven  unknown  inte- 
gers : 

x^  +  ay^  +  bz2  +  ct--¥du'  +  cv- =  10,  with 
the  following  values  of  a,  b,  c,  d,  c  : 
4.4.4.4.4;  1.4.4.4.4;  2  2.4.4.4;  LL 
4,4.4;  1,2.2,4.4;  1.1.1.4.4;  1.1.2. 
2jri.l.l.l.4;  4.4.4.4.16;  Ti.65 : 
1.1.1.1.1;  1.1.1.1.2;  1.1.1.2.2; 
1,2,2,2,2 ;  2.2.2.2.2;  2.2.2,2.4;  3^ 
3,3,3:  L.64. 

higher  degrees  : 
cubic :  AiL2- 

a;3  =  t/2+a:  N.7&.,83  ;  with  a  =  17, 

ie3+!/-''  =  <'2-^:  N.78,.80. 

af3+j£!+s-Hii:?  =  0:  A .40. 

O^t-f  ?,yl  =  z2:     C.87.91.94;    N.79  : 

a  =  7,6  =  -5,  L.79. 
x\±2"'y^  =  22  and  similar  eqs :  L.53. 
!r*+aa:2»/2+yi  =  22:  Mom. 20. 

C.883. 
x5^^  =  aao.  L.43. 

x'|+y^  =  s',     impossible  :    0.823  : 
L.4O4. 


Indeterminate  equations — {continued)  : 
ji-tic   solution    by   alg.   identities ; 
C.873. 

ic'»-f7/"  =  2"  impossible  if  u  >2  (Fer- 
mat's  last  th.) :  A  .26.58  :  AnJili 
C.24.89.90..98: 

.f^"-i/*«  =  2.-:  LAiL 

t(j;"'-f6j/"'  =  cs":  N.794. 

.c"'=j/"  +  l,  impossible:  N.50.70.71. 

«;2— aj^  =  s»:  C.99. 
simultaneous : 

jr  =  ii2;  x  +  l=2y2;  2x+lz=3wi- 
N.7H. 

.«;2+a=(/2;  //2-a  =  32 :  CL28. 

;c2-|-j  +  2  =  >/2;  a.2_^_0_.2.  N.76. 
a.c+&>/-)-c2  =0  ;  Atjz-\-Bz£-\-Cxy 
=  0: 

jc24-yj_~i  =  □  .      u;2-y2.f82=  g  ; 

—-^•-  +  2/- +=2=  □  :  iL2!L 

.c2+a^»/  +  i/2=  □  ;  y2-|-ay;-t-g2— □  . 
22  +  (T2*  +  *2  3=  □  :  E.20.21. 

^4-i/+s=a;     a-^+;/-+s2=  □  ; 

six  eqs.  in  nine  unknowns  :  N.50. 
exponential,  *  "  =  y'  :        :  Z.23. 

•Indeterminate  forms  :  1580—93  :  A. 26  : 
A  J.l  exponential:  J.l :  MCxTii : 

N.48.77 :  —         iT'.l  .-  i  L.41. 

0  00   

•  42:K46:-^  when  .e  =  oo,  1592: 

0«,  J.11.12:  0  cxp  0*,  JJL 

•  with  two  variables  :  1592rt. 
•Indeterminate  multipliers  :  213,  1862, 

3346:  N.47. 
•Index  law  :  1490. 
Indian  arithmetic,  th  :        :  calculation 

of  sines,  N.54. 
•Indictttrix  :  5795 :  CJ}2.   IIslIIi  N.74. 

•  a  rect.  hyperbola,  condition  :  5824. 

•  two  coinciding  lines  :  5825. 

•  an  umbilicus  :  5819. 

to  determine  its  axes  :  L.78.82. 

determination  of  a  surface  from  the 
inditatrix  :  AJiSL 
•Indices  :  2S. :  N.76..77.H.78. 

in  relation  to  conies  :  N.723. 

of  functions,  calculus  of :  JP.15. 
•Induction  :  22^  :  OjJii  :  GJii  : 
•Inequalities :  330—41 :  A.1.24. 

in   integrals:  Mi$L3  :  f.d  .c.  Mdm.59. 

(I  ?02>»'':  N.60. 

5  X 
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Inequalities — {continued) : 
a'  >x  :  A.LL 

if  ^-\-yi  =      .>•"•+»/•"  ^  z"^:  A.^>0. 

goo.  mean  of  u   mimbors  <  arith. 

mean  :  322  :  N.^i^- 

Iiifinito  :  (.'qualities  :  MJii :  prG.22. 

functions  :  An.71  :  J..'.t. 

from  gnomonic  j)rojec-tiou  :  Afo.'"''r>. 

linear  point-manitoldncsa :  iM.l-"<.17, 

20.21^:i:{. 
point-mass  :  Nf 'j:^- 
products  :  1^  :  rs.fiP. 
value  expressed  by  r  functions  : 

AcA 

exhibiting  circular  arcs,  logarithms 
and  elliptic  functions  of  the  1st 
kind  :  J. 7:3 :  Ac.4. 
use  of  iu  mathematics  :  C.73. 
•Infinitesimal  calculus  :  l  k>7  :  M.11.18. 
Infinitesimal  geometry:  An..'>9  :  LLSi 

of  a  surface,  formulas  :  CtAli. 
Infinity,  points  at  on  alg.  surfaces  :  C. 

•Inflexional  tangents  :  57S9  :  A .35. 
of  a  cubic  curve  :  E.:30  :  J.38.ojH. 
Inflexion  curves  :  7..10. 
•Inflexion  points  :  51 7o:  nM.4  :  J.  tl. 
of  cubic  curves  :  J.2>S  :  axis,  E.31. 
Ilerse's  equation  :  N.Sl. 
Inscribed  figures  : 

In-circle :  of  a  quadrilateral,  locus  of 

centre :  A  .h'l. 

•  of  a  triangle  :  70U.  9oo,  474-7 — :  tg.c 

4i?>?'J:  CM.l. 

•  in-centrt- :  109,  t.c4<3-29.  tij.e  k5b2. 
In-conic  :  of  a  circle  :  tbJ.'Jl. 

four  of  a  conic  :  tirJ.ol*. 

of  a  developable  «iuartic  :  An.iiiL 

of  a  polygon  :  MjIiL 

of  a  quadric  :  .1.41 . 

•  of  a  quadrilateral :  tg.e4007 :  N.6il : 

four, 

•  of  a  triangle:  4739— 4»3,  tg.e4887: 

A.2^  N.50;  mas.  A.a  :  Q.2  :  lat. 

rect.,  E.34. 
In-cubic  of  a  pencil  of  six  lines  :  Q.9. 
In-hexagon  :  of  a  circle  :  A.22. 

•  of  a  conic :  47bl :  N.57.H2. 
In-parabola  of  a  triangle :  CD.?. 
In-pentahedron  of  a  cubic  :  Ac.i5  :  M.5. 

•In-polvgons :  of  a  circle:  746:  CM.l: 

'.T  3-> :  x  r,0- 
regular  of  15,30,60,120.  Ac.,  sides  : 
Ar>L>. 

do.  a  and  U  sides  :  LMJil 
do.  17  sides  :  TT  13. 
do.  four  of  311  sides  :  N.78. 
do.  62  ti  and  IU  sides,  relation :  A.40. 
43.45.43. 


In-polygons — (continuetl) : 

two  stars,  one  double  the  other : 

of  a  circle  and  conic  (Poncelet) :  Ci.l . 

•  of  a  conic:  4*>22  :  thsN.47:  rnTN.Hg. 

•  with  sides  through  given  points, 

cn  :  4823  :  An.ol;. 
semi-regular:  Nr>3. 
of  a  cubic  (Steiner) : 
of  a  curve  :  Q.7. 
of  a  polygon,  th  :  ri)..'). 
of  a  quadric  with  sides  through  given 
points  :  LM.22. 
In-quadrics  :       of  a  developable:  Q.lli: 
quartic,  An.ilL 
ti  of  a  quadric,  '2.  touching  i:  An.t>9. 

•In-quadrilateral:  of  a  circle:   73;^ : 

AA:  cnE.21  :  area,  ILM:  P.  14, 

•  of  a  conic  :  47<.>9. 
of  a  cubic  :  2Lii4. 

In-sphere  of  a  tetrahedron:  AJlL 
In-spherical  ouadrilateral : 
In-square  :  of  a  circle  :  JJiiL 
of  a  quadrilateral :  A  .6. 

lu-triangles  :  of  a  circle  :  P.71. 

with  .sides  through  given  points  : 
.I.4.'> :  X  4^t 
of  a  conic :  J.2 :  Mjiccullagh's  th,  N.fi.'V. 
with  given  centroid  :  tL2jL 
similar :  A .9. 
of  a  triangle  :  thsQi^l. 
two  (Steincr's  *' Gegenpunkte  ") : 
.T.<;2. 

In-  and  circum -circles  :  of  a  poly- 
gon :  N-45. 
distance  of  centres  :  A..32. 
of  a  quadrilateral :  Fu.ss's  prMel.3. 

•  of  a  triangle  :  9:'..">  ■  A .38. 

•  distance  of  centres  :  936,  4972  :  eq, 

44544. 

In-and  circum-conics  :  of  a  pentag^on: 

y.78,. 

of  a  polygon  :  J .64,70  :  regular,  Z.14. 
of  a  quadrilateral :  ti!}  theorems,  N. 

45;  :  N.76. 
of  a  self -con jugate  triangle :  Me.SI. 

•  of  a  triangle:  4724,  4739:   An .52 ; 

G.22,. 

In-  and  circum-heptagons  of  a  conic : 

A  3 

In-  and  circura-pentagon  :  of  a  circle: 
A.22.43. 

In-  and  circum  -  polygons  (sec  also 

"Regular  polygons"):  of  a 

circle:  LOii:  XM:  P.U  :  Q.H. 

•  sura  of  squares  of  perps.,  &c. :  ths 

1C>99. 

ditTerence  of  perimeters,  ths  :  N.43,. 
of  two  circles,  respectively :    LL^ : 
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In-  and  circnm-polj'gons — {coni'mued)  ; 
of  a  conic:  KA:  ellipse  An^:  An. 

5Z:  IM.:  N .57,84. 
of  two  conicB  :  C.90. 
of  a  curve  :  C.78. 
of  a  homonymous  polygon  :  A. 50. 
In-  and  circum-quadrics  of  a  tetra- 
hedron :  eqsN.Oo. 

In-  and  circum-quadrilaterals :  of  a 

circle :  A.iii. 
of  a  conic :  4709 :  and  pentagon  ths, 
2L4a. 

In-  and  circum-spheros  :  of  a  tetra- 
hedron: iS.7t?. 
of  a  regular  polygon  :  AJ12x 

•  of  a  regular  polyhedron  :  910. 

In-  and  circum-triangles  :  of  a  circle 

(Castillon's  pr) :  Q.3. 
equilateral,  of  another  triangle  :  Me. 

and  square  of  an  ellipse  :  A .30. 

•  of  two  conies  :  4970  :  y.80. 

•  envelope  of  base  :  4997. 
respectively  of  two  conies  having  a 

common  pole  and  axis  :  CD. 4. 
♦InstAntaneous  centre  :  5243. 
•Interest:  296—301:  and  insurance,  A, 

2fL 

Intcgrability  of  functions  :  An.50.73  : 
LLiE:  J.59.79 :  JP.I7:  L.49,. 
criterion  for  max.  and  miu.  values  of 
a  primitive :  A^■.^2■ 
•Integral  calculus:  1900—2997:  A.ext 
18.2(3 :   Euler's,  A^:  C.14.42 : 
Newton,  CD.8  :  0.19:  L.47 :  Me. 
72.74.75 :  Mem.18.36. 
paradoxes  :  C.44. 

•  theorems,  &c. :  27<X>— 42  :  A.45  :  C. 

13  :  L.geo.ap50,50  :  Mc.77  :  M(5m. 
prsl5,30. 

Integral  functions :  C.88.8&.98 :  a.4.22a: 
h  r  f  of 

with  binomial  divisors  :  J. 70. 
and  continued  fractions  :  An.77. 
reciprocal  relation  of :  A.67. 
•Integrals  or  Integration  :  1908 :  A.1.2. 

4.5.0,10.23:    Ac.l.32.4-t:    C.90 : 

CD.9  :  CP.3  :  J.2.4.8.1 7.25.3(3.30. 

61.92:  JP.9.10.11  :  L^:  M.6.16. 

73,75  :  Mt^m^  :   IM 4,36.37  :  Pr. 

7,39:  Q.11,13:  Z.7,tl.l5.18:.22,.23. 

•  approximation  to  :  2127,  22(32,'  2991  : 

A.9.14 :  C.97:  rW.'l  :  G.3:  J.l, 
1(3.18,37.48  :  L■^0. 

•  Gauss's:  2997 :  C.Ht:  M.25. 

by  the  principle  of  Abel's  derivative  : 

•  by  differentiating  under  the  sign  of 

integration  :  225;^. 
by  elliptic  functions  :  G.ll  :  Ij.46. 


Integrals  or  Integration — (conttnttcd)  : 
from   orthogonal   surfaces*  theory : 

LJML 

by  PfafiTa  method  :  A.47. 

by  series  :  Mo.  71. 

by  substitution  :  A. 18. 

by  Tchcbychcf's  method :  L.74  :  M.5. 

comparison  of  transcendents  :  Mr.79  : 

complex,  representing  products  and 
powers  of  a  dciinite  integral :  J. 

connected  with  trinomial  integrals : 

coiivergency  of :  M.13. 

definite :  applied  to  Euler's,  &c. : 

JJJL 

with  finite  differences  :  J.UL 
from  indefinite :  J.41.51.52. 
whoso  derivatives   involve  explicit 
functions  of  the  same  variable  : 

determination  of  functions  under  the 
sign  I :  J  P.  15. 

•  difference  between  a  sum  and  an 

integral:  2230:  GiL 
division  into  others  of  smaller  inter- 
vals :  A.4. 

•  eight  rules  for  definite  integration : 

2245. 

equations  for  obtaining  functions  as 

integrals  :  J.79. 
expressible  only  by  logarithms :  An. 

m 

extended  independently  of  the  con- 
ception of  differentials :  A.Ol. 

formula)  of:  A.l  :  J. 18.19  :  M.4:  Me. 
Zii:  Mo.85 :  N.85 :  failure  of  f, 

CM.2. 

and  gamma- function  :  LM.12 :  Z.9.12. 
higher,  of  composite  functions  :  A .20. 
with  imaginary  limits  :  C.23 :  J.37. 
use  of  imaginaries  in  :  M.14. 
inverse  method:  CM.4:  Ci'.4.5:  Ti.78. 
involving  elliptic  functions  :  Pr.29  : 
Q19. 

•  limitsVi  2233-44  :  L.74. 
multiplication  of :  Pr  23. 

number  of  linear  independent  of  1st 

kind:  An .82. 
of  alg.  differentials   by   means  of 

logarithms  :   M().57 :   An.75 :  C. 

90, :  J.12,24,78,79:   Mo  H4:  iLSl 

(see  "  integrals  "). 
of  algebraie  surfaces:  C.91*3:  iL2jl: 

octic.  A II .52  :  rubatiire,  ( '>0. 

•  of  circular  functions  :  1938—97:  2453 

—2522:  No. 1 799:  l.M.i  :  M.6  : 
Mem.9. 
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Integrals  or  Integration — (continued)  : 
Bine  and  cosine  :  G.O  :  M.ll. 

•  of  exponential  and  logarithmic  func- 

tions :  2391-2431:  E.17.18. 

•  of  circular,  logarithmic  and  expo- 

nential functions:  2671  — 2643 
(sec  "  Integnils  "). 
of  a  complex  function  :  A.tlil:  th  of 
Cauchy,  Ac .84. 

•  of  a  closed  curve  :  5204  :         :  K2a  : 

Z.17. 

of  differentials  containing  the  square 
root  of  a  cubic  or  biquadratic  : 

•  of  discontinuous  functions :    2252 : 

tL^:  LM.G. 
of  dynamics :  L.52.55.58. 
of  explicit  functions,  determination  of 

algebraic  part  of  result :  An.61. 

•  of  functions  which  become  infinite 

between  the  limits  :  2240  :  iL2l}: 
JP.ll : 

of  infinite  relations  :  MJA 
of  irrational  alg.  curves  by  loga- 
rithms :  An  .01. 

•  of  irrational  functions  :  2110 — 20: 

:  AiiM:  C. 32^.89  :  L.53.t)4 : 
:VIi'm.30. 

•  limits  of :  1903,-6,  2233,  2775. 

•  for  quadrature  of  curves  :  5205 — 11 : 

C .68.70  :  circle,  J.2 1,23  :  JP.27. 
triple  integrals :  JJjiL 

•  of  rational  functions  :  2021-  32^  2071 

—2103  :  LSLl  :  N.73. 

•  of  rational  fractions:   1915:  CIL^: 

Mcm.3:^ :  N.72. 

of  total  differentials  :  C.99;. 

of  transcendental  functions  :  JP.26. 

of  two-membered  complete  differen- 
tials :  J. 54. 

periods  of :  C .36.38.75, :  G.75, :  JP-27,. 

•  principal  values  of  infinite  definite : 

2240 :  A.68. 
properties  by  elliptic   coordinates : 

quotient  of   two   dA  of  the  form 

dij  .  dz  :  J.67. 

reduction  to  elliptic  functions  :  An. 

m :  LM.12  :  Mc.77.78. 
residues  of :  J  P.27. 
Biemunn's  of  first  kind  :  An.72i 
singular  values  of:  A.ll. 

•  successive:  2148:  L.62 :  2nd  order, 

M^and  Z.ll. 

•  summation  of :  2250  :  Lil :  JP.12.21. 
tables  of  definite,  by  B.  de  llann,  note 

on:  C.47. 
and  Taylor's  theorem  :  Mo .84. 
theorems:  L^:  E^:  Q.10,12. 


Integrals  or  Integration — {contiyiued) : 

•  transformation  of :  224^52:  AJil : 

CM .4  :  J.fl5.22,36  :  LJJfi:  ALIUI: 

.Q.I. 

•  variation  of  arbitrary  constant :  2247  : 

whose  values  are  algebraic:  J. 10 : 

.IP.Ur  T..38. 

.VLGEBRAIC  FCKCTIONS.     Indtfitlilt;  : 

unclassified:   An  .75  :  C.9o^  :  J.  12,24. 
78.79  :  Mo.84  :  N.8r 

•  simple  functions  of  jc^±a- :  1926—37  : 

a",       :  ^  (a2-x2),  AJja :   ,  ]-„ 


-r.  An.6S. 


*   fractions  involving  a  binomial  surd 
2008—19. 

1 


:  M^m.13. 


(z-— a)  ^(x'—b) 


:  Q.18. 


v/(l+^) 
l-x» 


X 


2015 :  L.80  : 

:  Mom.lO. 


(x3+8)v/(z3-l) 


AJL 


and  deductions  :  2021 — 8. 


a;"±l 

a-- (a  +  ^jr")'':  2035—60  :AJM:  Mt^m.U. 

1 


2061—5:  J.36. 


1 


•   i  .  A.40:  :  2(X>;. 

(f— aKlJ-— 6)«  1)- 

•  functions  of  (a  +  U+cjc-) :  2071—80: 

210:l— 9. 

a-"  A  r- 

 ;  ; —  ;  A.sAi. 

•  functions  of  (n  +  bx'-+cr^)  2081—5. 

•  functions  of  {a  +  bj:''+cr^') :  2<)86— 

2102. 

rational  algebraic  functions  of  irra- 
tional ones  : 

•  integrated  by  rationalizing:  2110— 

2<i 

reducible  to  elliptic  integrals,  viz.  : 
rational  functions  of  v/X|,  v'A'j,  and 
n/ A'e  : 

•  where  X4  is  a  quartic  in  a* :  2121 

—41. 

•  F(^,  y/X,) :  2121  :  T.M  8,  r  hJO^ 

•  ^  :  2133-6 :  LMi  LM.14. 
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Integrals  :  algebraic — (continued) . 

-1^:  LM:  Mdl.3. 

CLSS:  CD.l  :  EJJfi:  JLliL 


Fix)  v/X, 
1 


C.51. 


2141 :  L12_L  Mim^ 


v/X, 
1^(^X3) :  LifL 

 L_  :  Mfi^ 

Jacobi's  functions :  Q.18. 

^±a-^) 

sundry:  CiL2:  L.47. 

Limit 8  0  tol: 

Baler's  :  see  "  Eulcr'a  integrals." 
2^(l-a:)"-»:   2280:  :    LLlfi : 

J.11.17,. 

similar  forms:  2342—4,  2352,  2356 
—67. 


IM-l 


:  2367 :  AJiL 


1— X     l  —  x" 

{l-\-ax)P 

 ^(b-«L)!  : 

{l  +  v/d  +  ax)}-'"*^'* 


«;■'♦»  (1—*)""' 


 1  

(a— ^^^(l— 

Limits  0  to  CO: 


:  L.56-7. 


L42. 


, Ac: 2309—12, 2345—55:  A .38: 

LJJ  :  Q.12  :  ZlA^ 

— .  2364. 
i^'  +  a^)" 
X-*-':  AT«^-83. 


l-i-y''+a;' 


i2n 


,  2n  >  a  >  0  :  N.48. 


a?- 


- 1 


2  (N' 


Ac:  A.16. 


idl,  and  12  similar  :  A  .35. 


Integrals  :  algebraic — {coniintwd) : 

*   «'"-^{  (Cauchy):  2712; 


l4-2j'cos(/>-f 

dodu  ctions  from  this  involving  in- 
te  grnls  of  the  forms 

dx  and 


 tta;  and  j  n 

Jo  1 — X  J  — :  

^  J  oin 


A.3i. 


sm  an 


Other  limits : 


p    F(x)dx     f*  JV)^.  pofiQo 


I, 


(a— ta-)«a;  — 'Jx  : 


sm  a 


I  l—2x  cosa+a^ 


(?ar=/(a):  geoN.85. 


CIRCULAR  FUNCTIONS.  Indefinite: 

•    sin  X,  sin"'ar,  &c.:  1938— i9:  sin"a;,&c., 
1954—7  :  cos" a;,  N.74. 

1  Tn  1 


1951:  J.9; 


(a +  6008*)"' 


a+6  cos  as 

1958 :  Mo.BO. 

•  products  and  quotients  of  sine  and 

cosine  and  thoir  powers  :  1959 — 
80^2066—70:  A.49. 

•  binom.  funcs.  of  sin  and  cos :  1982 — 92. 

•  ditto  of  tangent :  1983,  1991. 

•  _F(sina"^C08x)_^  AJ2: 
a  cos  a;-|-6  sin  .r  +  c 

J.19,32. 

•  {a+2tcosa;+cco8  2jr)-*:  1993; 

,  2029. 


x-"—^  cos  »^4-l 
F  (cos  x) 


 :  1996. 

(a,  +  ti  cos  jr){a^-\-lu  cos  a')...&c. 

a  function  of  sine  or  cosine  in  a  ra- 
pidly converging  series,  and  suc- 
cessive integration  of  it :  J  .4, 15. 
  sin»<^   .  ^  11 

(l-Z;Bin0)v/(l— t-C082«^)  ■  *. 

(sin  amx)^  :  J. 81. 

V{\-k^  sin2  i  (a+.»)  sin2  i  (a- a-)}  : 


sin"fl5 


:  AJI :  with  w  =  L 
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Intcgrala :  cihcclar.  Indef. — {cont.): 

•  _llIL^y(,)  (Fourier):  272(>— 42  : 
z  or  Bin  a; 

Limits  Oto  ~: 

•  sin" a;:  2453— 5,'*245S,  2472  :  JL22j 

•  tan»— 2457. 

•  sin-jJCOBP*:  2459—65. 

•  cos'  a;  :  2481,  2484—22  :  L.43. 


cos"'' jr  sin  ux 


=  ^  and  similar :  A. 59. 
494. 

and  similar:  2496 


sin  X 

a;  cob""^«  sin  na; :  2494 
 1 

—2501,  2344. 

rna''-'*-'a;  sin*-'  z  ^"^  px  ;  and 
COS 

sin'-'a-sin^or:  2585 — 8. 
X  cot  ax  :  A  .34  :  No.  19  ; 
3rtanf7r(l— 6ar):  5340. 

Limit  a  0  to  v  : 
8  in  "a;  cos'*  a; :  2459. 
sin 
cos 
sin 


sm  n«       pa: :  2467 — 9. 


(      Va-      nx  :  2474—82,  2493. 

\  cos  /      COS  ' 

8in'"a-(f„/(c08ar)  :  2495. 

cos  a  {x—a  sin  x) :  L.41  :  0  to  2^^  C.39. 

cos  {a+nx)  cos  (b-\-nx)  cos  {c-{-qx) :  C. 

,  T^  v"'o-=  P'-.25:  with  a  =  1,2506 
and  Q.11. 

fl!  aina?  or  sinx  sin  ra*  or  cosrx  n^n-t  n 

 1 —  , —  :  i!bit)  -y. 

1— 2a  cosx+d-* 

( 1 — 2a  cos  X  -I-  a-)"  ^  ' 

xF(sinx  coax) : 

about  250  integrals  with  limits  cliicfly 
from  0  to  TT,  some  from  0  to  30 : 
Pr.25a.26.27.29.30.3 1.32^.33. 


COB  X 


Limits  0  to  cc: 

,  C08x2,  cos  (ax)2 :  2507—9:  Q. 


I2z  2602. 


(Bin\ 
Vcos  / 


'x  :  QiiSi  x" 
^  ^  cos 


Mo.72. 


Integrals :  clrculab.  0  to  x  — {eont.): 

*  !!f  fr':  2579-81. 

cos 


cos  bx 
sc-l- 


— ,  also  f 


cosx 


dz  :  AJiL 


8in"x 


2510  :  A  .30:  E  2r.  •  ^  ii  =  2 


and  3,  2511—2. 
•    COS7X-C03px.  o^i3_5. 

X  or  X- 
»    sin  nx  sin  &x 


and  similar :  2514 — 22. 


co8  2aJr  ain*** 


2722— a. 


<p  (sin  ax,  cos  bx),  reduction  of:  J.  15. 
» (sin  ax,  cos  ^x) .  j  03 


sm  ns 


2572  :        :  Z.7.8. 


•  2573:  A.10JL59J  L^-.  Me. 


a2+x2 

72.76 :  Z.7.8. 

X  sin  rx 


a-^  +  x2 
COS  rx 


:  2575  :  AJi)  :  .T.33. 
:  LJih  Q.18. 


:  A.ll  :   with  0(x)  =  x~. 


J./  \  sin 
(p(n)  rx 
^  cos 

a3+xa 

Ti.44i :  ^  (x)  =  tanzlcx,  A.ll. 

sin 
cos 


(axy 


and  similar  :  Z  13 


,     and  related  integrals  : 
(l-t-x2)  sin  6x  " 


1-^  :  Z.7.8. 
1  or  X  fin  ex 


:  26:30-2. 


(l  +  x-)  ti— 2a  cos  cx  +  tii) 

tan  '  ax    ^,        1   ,  X  . 

,^-:  J.jO.J;  —  tan  '  tan 
x(H-x2)  x^  a 

250-k 

tan  ■ '  ax — tun-'  bx 


-I 


Other  limits 
dx 


0  a-|-6  cos  x  +  c  sin  X 
A. 55. 


2505. 

,  lim.  0  to  2ir: 


f'tan  'x^^  deduced  from  (2416): 

Jo  1-t-x 


INDEX. 
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Integrals  :  circvlkh— (continued) 


'f^ :  2502. 


E^-^  dx,  where  F  U)  is  a  rational 

integral  circular  function  :  CMJL 
sine-integral,  &c. :  aeo  "  Functions." 

EXPOKENTI.VL  FUNCTIONS.    Indefinite : 
e*.  a'  :  1924;  a:-*'",  2004. 
e'{^(*)  +  ^'(r)}:  1998. 
eexp(^»2):  EJM. 

X  being  a  rational  integ.  Timet,  of  x  : 
e'X  :  J.13 ;      e^,    MiimJfil ;  c  exp 

^r^TT-^f   or  the  same  X  Z'  or 
+  (c+ci*2) : 

Limits  0  to  00  : 

•  e-"  «»  :  2284—91 :     see    "  Gamma 

function." 

•  e  exp  i—lac') :  2425  :  evaluation  by  a 

continued  fraction,  J. 12. 

•  other  forms  :  2426—31,  2595,  '8,  2601. 


cexp 


2604—6:  L.Sfi. 


1+X 


:  Z3  ;  ditto  X  hM. 


  and  the  same  X  a? :  A.l^ 

— a- 

e exp  {ax")  .Ei{±  ax") :  Q.18. 

Other  limit  a  : 
expon-intogral :  see  "  Functions." 
c  exp  (— j:2)  [  =  Erfc  $  (Gluiaher)J 

Me.  ZS, 
e-'^F{x)dz:  C.774. 


";.'-.0xp(-x2-g):C. 


12. 


F(rc*')e-"**i  AJJL 


Oa 


LOGARITHMIC  PUNCTIONS.  Indefinite: 

•  log «:  1950;  !B'"(log.r)'^",  2003— 6. 
se"log(l+a!),&c.: 

F(«)loga:: 

•  and  a  similarform :  2030—2. 
K  db  I 


Integrals  :  logarithmic.  Indef.— 

{continued) : 

f,  ^^^H,  type  of  several:  Mnm.lB. 
(1 — x.")'' 

Limits  0  to  1  : 

*  logi-:  2284;  «*^log^j",  2291. 

•  involving  log  -r  or  log  (1  i  a-) :  2391 — 

2403,  2416-22. 

♦  2416:  £1^  Mi  K4ML 

•  _l2R^:  2636:  Q.12; 

and  many  cases,  J.34. 

»  J-  log        :  2403  : 
X  1—x 


(x— 1)-.  2.3.  '^"-'1 


log  a; 


,  A.37. 


about  540  expressions  chiefly  formed 
from  Iog(l  ±  a;)  or  log  (1  ±  a^^) 
orlog(l+a-+*2)  orlog(l+.f2+x^), 
joined  to  a  single  factor  of  the 

form  X-  or  (1  ±  x")  or  i-^-^T 

with  integral  values  of  m  and  n  : 
A.39.40. 

about  280   expressions,   nearly  all 

comprised  m  the  form 
p 

ag^d— a-")'  (log a-)', 

with  integral  values  of  m,  g, 
and  t :  AM). 

about  12£l  expressions  of  the  forms, 
a"  (1— a;"/  (log 

as"*  (1— «") «  log  ar,  and 

— ^  ' —    log  X,  with  integral 

— 1 

values  of  m,  n,     7,  and  r  :  A.40. 

•  Limits  Oto  oa:  2423—4. 
Other  limits : 

•  ^og  (^-'^).  2408—12:  LJS:  Zl. 

a; 

•  I  log  Ji*.  limits  0  to  ^2-1 :  2415. 
X  1—x 

log-integral :  see  "  Functions." 

CIRCULAR-EXrONBNTIAL  FUNCTIONS,  in- 

definite : 

•  e«         Via;:  1999;  c» sin"  a; cos" 

\C08  I  '  * 

2000. 
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I n tegnil s  :  c  i  rcu la r- ex pon  e n ti a l— 

{continued)  : 

(e"8in  x)"-^  :  LlIA. 
Liviits,  0  to  X  : 

•  ^Zril5J^:  2o71.2:.01. 

•  c-"  sin  bx :  2583  :  0  to  L  M(<m.30. 

•  e-^x"      bx :  2577, 2589   L^  -.  ZuL 

COS 

•  e-"  ( \  ";b  :  2G08-1 1 :  AJ : 

Vcoa  / 

•  with  limits—  -  to  2612. 

2  2 

•  Bin  :  2593—2600. 

•  c-**  cos  mj;  sin" a; :  2717— 20. 

•  c exp (— g-x-) ^^'^1^  2bx,  and  similar: 

26U-8:  Z.1.10. 

•  c  cxp  I  —  ^a:3-|-      j  C03     I  X  &C. : 

2606:  Q.12. 


«  cos 


:  2619. 


X 


tlRCUL.VJl-LOGARITUMIC  FUNCTIONS 

2x"  cos  »^+l 


LimiU  0  <o  1 


Integrals :  circular  logarithmic— 

{continued) : 

log  ^Jjg  ^  and  log  >/(\-k^-  sin2 each 

with  the  above  denominator:  iJi2^ 

Limits  0  to  v  : 

•  log  (1— 2a  cos  a:+a2) :  2620—2  :  LJJS : 

•  cos  rx  log  (1— 2a  cosa-f  a'') :  2625 :  A. 

•  *  log  sin  « :  2637 ;  x  log  sin^  x,  2638. 

Limit 9  0  to  00  : 
cos  oje  ,     a       4  , , 

•  logd— 2aco8<-jf-)-a-)  .  .7^j3j 
l-l-j;^ 


•  log    /  logx,  and  similar :  26il 


cos 


—3. 


log(l-2rco8»-H^^)^       ^  ^ 

log  l^|£^gl:M,&  13  similar :  L.?3f 
log  sin*  log  cosic,  Ac.  [  limils  Oto  ~y. 

Limits  0  to 

•  logsina;:  2635:  :  ^23:  Q12  : 

0  to  nn-  and  similar  integrals,  A. 

•  ^^^(^-^'^^^^'•^ :  2633  :  0  to  TT,  2634. 

cos  K 

tan  X  log  cosec  x  :  £L2L 

log(l-f  >i-  8in-.f)    T  4g 
v/(l-A;3  8in3*)  ' 


2v 


I 

f. 

V 

r 


Other  limits 
'a+h  cos  J? 


oa — b  cos  X 


F  (cos  nx)  log  sin  -  cJ/; :  Z.IO. 

<2 


cos' log  tan  *  dr  :  A.lti. 


I, 


z**  log  (1—2  g  cos  x-\-x-)  dx,  and 


similar:  J.^\. 

exponential- LOGARITHMIC  FUNCTIONS 


0  e"— e-' 

"hi* 


log  (X'  +  u-)  tic,  &c. :  1^ 


ef"  \og{l— 2a  cos  x-^ Or)  dx-.UiL 


MISCELLANEOUS  THEOREMS  : 

♦  formula)  of  Frullani,  Poisson,  Abel, 

Kumraer,  Cauchy,  &c. :  2700—13. 

•  jV'(r)=/(6)-/(a):  1901-3:  AJiL 


r  :Me^ :  11=0,2700. 

J-  x" 

Pi'-r)  {^W}*"^-^-  2001-2. 


l^dx  {6  of  Taylor's  th) :  T.M  13 

0  of 

j*  F  (je)  rf^,  approx.  to :  C.97. 

]/{x-B)  dx  =         di/ :  CILL 

I"  <^        — ^-^-^(ie,  and  similar 

*  Me.75.76,77. 
jf{x)<p{x)dx:  IlM. 

r  UViU  ^  I   utlc     vdx  :  AJ.7. 
Jo  ■'o  ^0 
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Integrals  :  miscellaneous    th.  — 

(continued)  : 

I*  {u)n  du  : 

£  (tt+l-)*.3 /itt  =  (— 1)*  I*  (M)t.jciu: 

P,N  (*•)  P»  (af)     (P„.  if  =  Legendre's 
cocff.) :  Pr.2:^. 

(*  ?>  (sin  2£}cos  *  tZ^ 

=  1    <^  (C082  J-)  COS  x.  dx  :     A  .21  : 

J/  (^)  sin  a>KX  d  (log  .<  ) :  Miliii 

V  *  .r,  transf.  of: 

Jo  t'+x"^     sin  cos- 

^.?,^. 

iutcgrals  deduced  from 

s"-|-P3'  +  Q3  =  0,  and  y"  + 
(P+2iJ)  »/'+  {(^+E(P+2?)+iJ'} 
j/  =  0:  J.liL 

fn(x,y)Jw-:  :  MoJil  :  Q.7. 

•  if  /(:«:  +  t2/)=P+»Q,  th:27IO. 

[Upwards  of  B,000  dofinito  integrals  have 
been  collecUid  and  arrangtd  in  a  Ito 
volume  by  D.  Bicruns  de  llaan  ; 
Lcydcn,  1807  (B.M.C. :  8632.  ff.)J 

•Integrating  factors  of  d.o  :  pp.'klb — 471, 
3394. 

•Integrator  mechanical :  5450. 

Intercalation  :  (;M.3. 
•Intercepts,  to  find  :  4115. 
•Interest :  N.48.G1.64. 

Interi)olating  functions  :  C.ll. 
•Interpolation  :    3762  :    A.32 .61 .62.70  : 
AiL2  :  C.19,48.t)8.92  :  Ux  :  L.37. 
Mo.78  :  N.59.7r> :  Q.7.8. 
of  algebraic  functions,  Abel  s  th :  J.28. 
Cauchy's  method  :        :  C.373  :  L.53. 
by  circular  functions  :  N.85. 
by  cubic  and  quintic  ecjuations  :  (12^ 
formulte:  JL2:  C.99j :  iMo.65. 

•  Lagninge's  :  3768  :  J.1,84:  N.57,61. 
Newton  s :  N.57,61,71. 

for  odd  and  oven  functions  :  C.99. 

•  and  mechanical  quadrature :  3772 : 


Interpolation  — (ro?j//iiHe<f)  : 
by  method  of  least  squares :  C.373: 
iMcm.51>. 

♦  by  a  parabolic  curve  :  2992  :  C.37. 
Stirling's  series  :  Ato.68. 

and  summation  :  I.1L,12,14. 
tables:  l.llj. 

of  values  from  observation  :  McL2 : 
tr.  Mr>m.:)9. 
Intersection  :  of  circles  and  spheres  : 

1.-38. 

•  of  2  conies  :  4916  :  CD.5.6  :  N.66. 

•  of  2  curves  :  4116,  4133  :  CM .3  :  JJJi : 

LJiA:  by  rt.  lines,  Me.80. 

♦  of  2  planes  :  5528. 

of  2  quadrics  :  il^  N.68.. 
of  right  line  and  conic :  see  "  Right 
line." 

of  successive  loci,  ths  :  N.42. 
of  surfaces  :  J.  15 :  L.54  :  by  rt.  lines, 
Mo.8u. 

•Invariable  line,  plane,  conic,and  quadric: 

5856—66. 

•Invariants  :  1628 :  An.54j:  C.SSj :  ljL42  : 
G.1.2.15  :  J.G2.t)d.G9  :  L.55.61.76: 
M.3.5.17.19:  Mt^81 :  N.58.59i.69. 
llli2:  ErJ:  ^: 
of  binary  cubics  :  An .65. 
of  binary  forms  :  of  8th  deg.,  C.84  ? 
(t.2  :  M.5  :  simultaneous,  MX 
of  higher  tninsformations  :  J. 71. 
superior  limit  to  number  of  irre- 
ducible :  C.86. 
of  a  binary  (juadric  :  M.3. 

•  of  a  binary  quantic :   1648:    K.40 : 

Me. 79 :  of  two,  1650. 
of  a  binary  quartic  :  ^^3  :  Q  10. 
of  a  binary  quintic,  table  of  irreduci- 

ble :  A  .1.1. 
of  a  bi-ternary  quadric  :  J.57. 

*  of  a  conic:  4417:  4936—5030. 

*  of  two  conies  :  4936  :  N.75. 
of  three  conies  :  Q.IO. 

*  of  particular  conies  :  49-15. 
of  a  corruspondcnco :  tL2iL 
dillorential :   MJ21:   of  given  order 

and  degree  belonging  to  a  binary 
10-ic,  cm 
of  d.e  linear :  C.88  :  of  4th  order,  Ac. 
3. 

and  covariants  of  /(■<•-,  ?/")  relative  to 

linear  transformation :  G.17. 
of  linear  transformations  :  M.20. 
mutual  relation  of  derived  invariants  : 

J  .85. 

of  an  orthogonal  transformation :  J. 

tiij  LM.13. 
of  a  pair  of  homog.  functions  :  Q.l. 
partial :  LMjL 

of  points,  lines,  and  surfaces  :  Q.4. 
5  Y 
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Invariants — (cintiniud) 

uf  a  quadric  :  J.8<) :  of  two,  :  Q.6. 
of  u  ijuiiitic  :  of  r2th  order,  Q.l :  of 

18th  onlcr,  (M'-!  :  .T-.'.P- 
rclatcd  to  linear  equations  :  C^i. 
of  sixth  order:  ri.1'.'. 
skew,  of  binary  (juintics,  sextica,  and 

nonics,  relations  :  A.T-l . 
of  ternary  forms:  G.ll>j. 
transformation  tliLorem  :  M-8:  Ma.83. 
Inverse  calculus  of  differences  :  XJIL 
•Inverse  c«iuation  of  a  curve  or  inverse 

method  of  tangents:  .MOO:  No. 

1 780  :  .1  --M  ■  .Mt'm.9.  J6. 
•Inversion:  1<h»0,  .VJl-J  :  An.V.l  ■  C.9t,pr 

iiiii  LM.5:  Me.tU; :  tlifl^Liil:  l*r. 

SA:  problems  by  Jacobi,  J.89 : 

goo.  ths,  Q.7. 
formula):  An.r>:?:  Ijagrange's,  J.4'2,54. 
of  arithmetical  identities  :  G.23. 

•  of  a  curve:  .V212:  LLi  :  JJJ::  Pr.li. 

•  angle  between  nidius  and  tangent: 

0-212. 0219:  K.:'>i). 
of  2  non-intersecting  circles  into  con- 
centric circles :  K 

•  of  a  plane  curve  :  5212:  G^:  Pr-1  i- 
ofaquadric:  J .52.76  :  Q.ll. 

of  a  system  of  functions  :  An .71 . 
and  stereographic  projection  :  E.35. 
•Involute  :  5119,— 53,— 66. 

•  of  a  circle  :  53<}6  :  (  ?.26  :  successive, 

KILL 

and  ovolute  in  space  :  rD.(). 
integrals  of  oblique  :  C'-H5. 

•  of  a  tortuous  curve :  5753. 
♦Involution  :  l06ri :  A.55.63 :  gzAn.59 : 

At.63  :  CD.2  :  thCIMl:  lEECS: 

G.  10.20:  .T  ti:t-  N.53,64.65. 
and  application  to  conies  :  A.4,5. 
of  a  circle  :  Mc.'JG. 

of  a  cubic  space  and  the  resulting 

complex  :  Z.2 1. 
of  higher  degrees  :  0.99,  :  JM.72  :  of 

3rd  and  4th,  An.H-l-:  Z.19. 
of  numbers,  machine  for  :  ILIiL 
of  n-tic  curves  :  C.87. 
relation  between  a  curve  and  an  n-tic, 

the  latter  having  a  multiple  point 

of  the  n — 1  th  order :  ('.96. 
pencils  with  problems  in  conies  and 

cubics :  N.85. 
of  points  on  a  conic  :  XJi2. 
of  Ij  lines  in  sjmce  :  C.52. 
of  right  lines  considered  as  axes  of 

rotation  :  ('.52. 

•  systems  of  points  in  :  1826, 4828. 

ditto,  marked  on  a  surface:  (-'.99. 
Irrational  fractions  :  decomposition  of, 
J. 19 :  irreducibility  of,  Mcm.41  : 
rationalization  of,  AAB. 


Irrational  functionR  :  M.4  :  of  the  2nd 

degree,  C.i>8. 
Irreducible  functions  with  respect  to 
a  prime  modulus :  C. 70.90.93  :  L. 
I  73-,. 

Isobaric:  calculus.  N.Ro  :  homo^. 

functions.         :  algorithm.  X.S-t. 
Isogonal  relations:  A  .60  :  Z.18.  2LL 
do.  represented  by  a  fractional  func- 
tion of  tht!  2iid  degree  :  M.lH. 
representation  of  j;  =  "  X  and 

transformation  of  plane  figures:  N 
Isomerism,  pr :  AJ.I. 
Isoperimeters.  method  of :  N.47, 74,82. 

problems  :  J.l»  :  M  1 3  :  Mel. 

triangle  with  one  side  constant,  and 
a  vertex  at  a  fixed  point :  Cj^L 
Isoptic  loci :  Pr.37. 
Isosceles  figures  :  C87  :  JP.3Q. 
Isotherms,  families  of:  2L2tL 
Isotropic  functions  :  0.26^,27}. 
Iterative  functions :  Ll&^ 
•Jacobian:  ths  16«>J— 9 :  AUl:  th^JiL 

•  of  3  conicB  :  5023  :  LMA 

•  formulse:  d.c.l471  :  J.84.:  MsL&L 
function  :  one  argument,  [LI. 

of  several  variables  :  Mo. 82,- 
modular  cq.  of  8th  degree  :  M.15. 
and  polar  opposites  :  Me.64. 
sextic  equation  :  Q.18. 
system,  multiplicator :  M*LL 

Jacobi-Bernoalli  function  :  iLi2. 

Kinematics :  A.61  :  A  J.3 :  1L23_:  L. 
53.80 :  LM.thl7:  y.82.  ths  ha 
and  hi. 

of  plane  curves  :  A.55  :  1LS2  :  caus- 
tics, Z.23. 

parzvdox  of  Sylvester  :  Me.7S. 

of  plane  figures:  MiiL2li :  N.78,80.  : 
of  a  triangle,  lUbL 

of   a   point :    N.49.82 :  bary centric 
method,  Mel.  h. 

of  sliding  and  rolling  solids  :  XAJL 
Kinematic  geometry:— of  space  :  J. 
iKL 

of  similar  plane  figures :  Z.  19^,20.23. 
Knight's  move  at  chess  :  C 3 1.52. 74  : 
CIL2:  CM  3:  K41  •  N.54:  Q.14,. 
Knots  :  T£*2i2 :  with  ii  crossings,  EJJi 
•Kummer's  equation,  ijL  :  2706. 
rational  integrals  of:  M-24. 
an  analogous  eq. : 
Kummer's  16-nodal  qoartic  surface : 
£122:  J-84. 
figures  of :  M.18. 
lines  of  corv.  of : 
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Lamp's  equation  :  Ail12.:  C. 86.90.91. 
th892. 

Lamd's    functions:  0.87 :  J.56.G0.62 ; 
MJJi 

•Lagrange's  theorem  (d.c)  :  1552: 
C.60.77  :  OD.t;:  CM.3 :  Af.^l  i>- 
gzC.96  and  Mp.Ho  :  rzQ.2. 

•Lambert's  th.  of  elliptic  sector:  6114: 
of  a  parabolic  sector,  A.16,33,4B : 
Mn.78  :  Q.15. 

•Landen's  th.  or  hyperbolic  arc:  6117: 
£Li2 1 . 

Laplace's  coefficients  or  functions  :  see 

"  Spherical  harmonics." 
Laplace's  equation:  and  its  analon;uc.'», 

CD.7  :  and  quatemions,  Q.l. 
Laplace's  th.  (d.c) :  1556. 
Last  multiplier,  Jacobi's  th,  of  :  rj.45. 
Lateral  curves  :  A.58. 
•Latus  rectum :  1160. 
•Law  of  reciprocity  :  N.72  :  d.c,344C. 

ext.  to  numbers  not  prime  :  C.i>0. 
•Least  divisors,  table  of,  from  L  to  99000 : 
page  L 

Least    remainder  (absolute)    of  real 

quantities :  Mo.85. 
Least  squares,  method  of :  A.ll, 18.19  : 
AJ.l  :      C.34.:^7,40  :      CP.8.11  : 
GJii:      5L26:       L..52.53.67.75 : 
Mc.80,81  :  Mel .1,4:  gzZ.18. 
Legal  algebra  (heredity) :  N.till. 
•Legendre's  coefficient  or  function,  X„  : 
2936:     C.47.91 :     L.76.     gz79 : 
Me.80:  Pr.27. 
and  complete  elliptic  integral  of  1st 

kind:  Mfiiii 
rth  integral  of  and  log  integral  of: 

product  of  any  two  expressed  by  a 
series  of  the  saino  functions : 
Fr.27. 

Legendre's  symbol  =  Mel. 4,5. 

Leibnitz's  th.  in  d.c :  1460:  N .69  •  a 

formula,  Mo.68. 
•Leraniscate:  5317:  A.55,cn3 :   At.51 : 
thsE.4:  L.4^.47  :  M(;.68  :  N.45. 
chord  of  contact,  cu  :  ZJ^ 
division  of  perimeter:  C.  1 7  :  Ti.  43  : 
into  12 parts,  J.Zii :  irreducibility 
Ac.  of   the  partition  equation, 
J.394. 

tangents  of :  -114  :  ciiZ.12. 

Lemniscatic  geometry:  Z.2I2:  coordi- 
nates, ZJ^  ;  of  «th  order,  J.iiiL 

Lcmni.Hcatic  function  :  bi(|n:i(!riilif 
theorem,  multiplication  and 
trans [ormation  of  formulio,  J. 30. 

Lcxcll's  problem :  LM.2. 


•Limft<?on  :  5327  :  QM  yr.8i. 
Limited  derivation  and  ap.  thereof : 

Limiting  coefficients  :  C.37. 
Limits  :  theory  of,  Mr.68. 

of  functions  of  two  variables  :  M.ll. 

of  when    x  =  oo:  L.40: 

N.85  :  Q.5. 
Life  annuities :         :  en  of  tables,  P. 

5iL 

Linear  :  associative  algebra  :  A  J. 4. 

construction  :  Man. 51. 
coordinates  in  space  :  M.l. 
dependency  of  a  function  of  one  vari- 
able :  J.5t5. 
dependent  point  systems  :  fT.88. 
forms :   L.84 :   with  intcgnil  coeffi- 
cients, J. 86.88. 
function  of  it  variables  :  Ct.14. 

Z7*  =  V-  whore  U,  V  are  products  of  it 
linear  functions  of  two  variables : 
CD.5. 

geometry,  th  :  Mi22* 

identities  between  square  binary 
forms  :  M  -21 . 

systems,  calculus  of :  .1  P.25. 
Linear  equations:  A.51;,70 :  Ac.4 :  C. 
81.th94^  :  (i.U  :  J.3Q  :  .1  P.29  :  L.f 
39.66  :  Mo.84. :  y.51.75.8t>i :  Z. 

analogous  to  Lame's  :  £L2Sx 
with  real  coefficients  : 
similar :  N ■4^'-;. 

solution  by  roots  of  unity  :  C.25. 

•  systems  of  :  582    A.10.22.52.57  :  G. 

Ula  C.81,1'6:  T...^.8  •  y.46.,. 
in  one  unknown  :  C.90  :  0.9. 
of  «th  order  :  .1.15. 

•  standard  .solution  :  5g2:  Q.19  :  gen. 

th.A.12,. 

symbolic  solution  in  connexion  with 
the  theory  of  permutations;  C.21. 

whose  number  exceetls  the  number  of 
variables:  N.46. 
Lines  :  alg.  representation  of :  C.76. 

*'  do  fuits  et  de  tlialweg "  in  topo- 
graphy :  L.77. 

generated  by  a  moving  plane  figure  : 

of  greatest  .slo[)0  :  A .29  :  and  with 
vertical  oseuluting  jilancs.  C.73. 

loxodroniie  :  J.LL 

six  coordinates  of  :  CP. 11. 
•Lines   of   curvature:   5773:   A.34.37 : 
An.;>:;:  C.71-:  ('1).5:  1^  i'i^  M.l, 
3^.76  :  N.7i' :  Q.5. 

of  alg.  surfaces  :  Z.24. 

•  and  conies,  analogy  :  5854:  Me.(!_'. 


r    ■  -d  by  Google 


900 


INDEX. 


Lines  of  curvature — (cout{nttc(l) : 
dividing  a  surface  into  squares  :  C. 

of  an  equilateral  paraboloid  :  N.84. 
of  an  ellipsoid :  A.38.48  :  An.ZH:  ths 
Cmi  :  CM .2.3.4 :  JP.l  :  N.81. 
comparison  of  arcs  of,  by  Abel's  th  : 

An.<;i>. 

and  of  its  pedal  surfaces  :  Q.12. 
projection  of  :  /.  2. 
rectification  of:  An.ZiL 
generation  of  surfaces  by  :  N, 

and  geodesies  of  developables  :  LJi2i 

•  near  an  umbilic  :  5822  :  AJII :  Q.IQ. 

•  osculating  plane  of  :  o83o. 

•  plane,  condition  for :  5843  :  An.SS : 

C.36,.42,.9*>  :  iL22:  Mp  r>4. 
plane  or  spherical :  An.C>I :  C.40  :  JP. 
20:  hM. 

•  ofaquadric:  5833-  4:  C.2-2,.49.51 : 

G.li:  I^:  Me.l:  N.63..: 
TTU. 

•  constant  along  it :  5836. 
projected  from  an  umbilic  into  con- 
focal  Cartesians  :  E.19. 

•  quadratic  for  (/,,  giving  the  direc- 

tions :  5810. 
of  two  homofocal  quadrics:  L.45. 
of  quartic  surfaces  :  C.59  :  L  7fi. 
of  ruled  surfaces  :  C  28. 
spherical :  C.3G,;.42.j. 
and  shortest  distance  of  2  normals 

one  of  which  passes  through  an 

umbilic  :  Tj.55. 
of  surface  of  the  4th  class,  correlatives 

of  cyclides  which  have  the  circle 

at  infinity  for  a  double  line  :  £L22- 
of  the  tetrahedral  surfaces  of  Lam<?, 

Ac:  C.84. 
and  triple  orthogonal  systems  :  ?^f.3. 
•Linkage  and  linkwork  :  .'4<»0 — 31  :  E. 

28.30  :  M.-.75  :  y.75.78. 

•  3-bar :  5 130.  E.:j4  ;  4.bar,  Me.7(). 
conjugate  4-piece :  LM.9. 

•  for  constructing  :  an  ellipse:  5426. 

a  lemuiscatc  :  AiLL 

•  a  lima(;on  :  5427  :  3fe.76. 
X-  and  .c"' :  A.T.l  and  3. 

•  root  of  a  cubic  equation  :  5429. 

•  Hart's  :  5417:  LM.0.8,. 

•  Kerape's  :  5401  :  Pr.23. 

•  Peaucellicr  s  :  5410:  Kill:  LMJi:  N. 

the  Fan  of  Sylvester  : 

•  the  Invertor  :  5419. 

•  the  Multiplicator  :  5-107. 

•  the  Pentograph  :  .5423. 

•  tho  Plagiograph  :  5424. 

•  the  Planimeter  :  5452. 


Linkage  and  linkwork — {continued) : 

•  the  Proportionator :  5423. 

•  the  Quadruplane :  5422. 

•  the  Reciprocator  :  5419. 

•  the  Reversor :  5407. 

•  the  Translator:  5407. 

•  tho  Versor-invertor  :  5422. 

•  the  Versor- proportionator :  5424. 
Lissajons'  curves  :  A.7o :  M.8. 

•Lituus  :  5305. 
Loci,  classificatiou  of:  C.83.85  :  P.78 : 
Pr.27. 

Locus  of  a  point:  the  centre  of  a  circle 

cutting  3  circles  in  equal  angles  : 

the  centre  of  coUineation  between  a 
quadric  surface  and  a  system  of 
spherical  surfaces  :  AxiiiL 

dividing  a  variable  line  in  a  constant 
ratio :  gzAJJi. 

of  intersection  of  common  tangents 
to  a  conic  and  circle  :  N  .63,71*. 

of  intersection  of  carves  :  CM  2. 

ditto  of  two  revolving  curves  :  N.64. 

on  a  moving  right  line  :  L.49. 

on  a  moving  curve  :  Mem .18. 

the  product  of  2  tangents  from  which, 
to  2  ecjual  circles  is  constant : 

at  which  2  given  lengths  subtend 
equal  angles  :  AiJEs 

whose  sum  of  distances  from  3  lines 
is  constant:  A. 17.46 :  from  2 
linos,  y.64  :  from  lines  or  planes, 
A.19;,prs  and  ths31. 

whose  distances  from  2  curves  have  a 
constant  ratio:  An..58 :  or  satisfy 
a  given  relation,  A  .33  symbolic  f. 

Locus:  of  polo  of  one  conic  with 

respect  to  another  :  N.42. 

of  remarkable  points  in  a  plane  tri- 
angle :  A^isL 

of  vertex  of  constant  angle  touching 
a  given  curve  :  N.Ol. 

of  vertex  of  quadric  cone  passing 
through  6  points  :  N.63. 
•Logarithmic  :  curve,  5284 :  quadra- 
ture, N.45. 

integral :  A.9,,19  :  JLII :  ZjL 
numerical  determination  :  A.ll. 
of  a  rational  differential  :  .1.3. 

parabola :  CD.L 

potentials  :  M.3.4.8.13.16  :  Z.20. 

rational  fractions  :  A. 6. 

systems :  AxLL 

transcendents :  P.  14. 

waves :  LM.2j. 
•Logarithms:  LtL:  P.1792,  1787.  1806, 
12:  TE.26. 

and  anti-logarithms,  cn  :  1.124,24. 
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Logarithms — {continued) : 

•  calculation  of:  688:  A.24.27.42 :  LM. 

1.5:    Mf.74  :    KJil:    Fr.31i..32  : 

TE.6.U :  TI.6.8. 
Hujrghen's  method :  C.6fi;,68>;. 
and  circular  functions  from  definite 

integrals:  AJiiL 
common  or  Briggean  : 
constants  in  integral :  jk6Q. 
of  different  orders  of  numbers :  Tj.4r>. 
higher  theory  of  :  trA.15. 
impossible :  CM.] . 

natural,  or  Napierian,  or  hyperbolic  : 

A.25.26.57. 
of  commensurable  numbers  or  of 

algebraic  irrationals  :  C.9.5. 
base  of :  see  "  e." 

•  modulus  of  :  M8  :  AJL 

of  negative  numbers:  No.l784. 
new  kind  of  :  J  .70. 
powers  of :  CM.2. 

of  sum  and  difference  of  2  numbers  : 

with  many  decimal  places  :  N.67. 
of  2,  3, 5,  7,  Hi  and  e  all  to  2ti0  decimal 

places :  Pr.27. 
of  2,  3,  5,  ID  and  e  to  205  places  :  Pr. 

6.20. 

•  of  primes  from  2  to  1Q2. :  table  viii.,p.6. 
tables  of  log  sines,  &c.  cn  :  Q.7. 

Logic,  algebra  or  calculus  of :  A.6  :  A  J. 
3.7. :  CILa ;  :  Man.71 .76.82. : 
Q.ll. 

of  equivalent  statements  :  LM.ll. 
Logic  of  numbers  :  AAA. 
Logocyclic  curve  :  lliJi:  Q.3. 
Longimetry  applied  to  planimetry :  iL52* 
Loto,  game  of :  hAiL 
Loxodrome  :  cqA.21  :  N.61;:  Z.r>. 

of  a  surface  of  revolution  :  N.74. 

of  cylinder  and  sphere  : 

of  ellipsoid  and  sphere  :  A.ii2u 

of  paraboloid  of  rotation  :  A.13. 
Loxodromic  triangle  upon  an  oblate 

spheroid  :  A .27. 
Lucas's  th  :  G.14  :  analogous  f.,  G.13. 
Ludolphiau  number :  Mo. 82. 
Lunes  :  iL2L 
•Maclaurin's  th.  (d.c) :    1507:    AJL2 : 
CM.3j:  ,T.84 :  N.70. 

symbolic  form :  CAf.4. 
Maclaurin-sum-formula  :  .LLL 
Magical  equation  of  tangent :  Q.G. 
ilagic  :  cubes.       :  CD-I.  ^ 

c3'clovolute :  TA.5,9. 

parallelopipcd  : 

rectangles  :  A.65,66. 

squares:  A.21. 57.66:  CD.l  :  CM.4: 
E.8:  I^:  MeJ3:  IV.15.16 :  Q. 
6.10.11 :  TA.5.9. 


Malfatti's  problem,  to  inscribe  2  circles 
in  a  trianglo  touching  each 
other :  A.l 5.16.20.55 :  J.10.45,.76. 
77.84.89 :  LM.7  :  MJi:  EJi2:  Pr. 
fi:  QA'  TK24:  2L2L 

Malfatti's  resolvents  of  quintic  cqs  :  A. 

Malm's  surfaces,  th  :  .T.&t.88. 
Mannheim,  two  theorems  :  (LQ. 
Martin's  measure  of  distance  :  A. 19. 

Matrices:  EJd :  LM.4,16  ;  thMfi^: 
P.58.66 ;  Pr.9.14. 

andfu„ction/W  =  2£±f, 
Me.804. 

Cayley's  th  :  T.M  lfi-  Mp  R.V 
equation,  px  =  xq  :  C.992. 

of  2nd  order  :  liucar  eq.,  C.992 :  quad- 
ratic, Q.20. 

of  any  order  :  linear  eq.,  C.994. 

notation  of  :  Ui£L 

per  symmetrical,  th  :  'RM'i. 

product  of :  G.5,11. 

roots  of  a  unit  matrix  :  C94- 

whose  terms  are  linear  functions  of «  : 
LML 

*Maximum  or  minimum  :  58,  1830 :  A .4. 
13.22.35.49.53.60.,.7Q  :  C.17.24  :  J. 
4ii:  11125:  Me.l,geo5,72,76.81. 
m-.  X-4a:  ZJ3^ 

•  problems  on:  1835 — 40,  1847:  A.2. 

geol9,38.30:   gcoL.42 :  Mem.ll, 
a  paradox,  KJhL 
of  an  arc  as  a  function  of  the  abscissa : 
UL 

•  continuous :  1866. 

of  a  definite  integral :  Z.21. 

discontinuity  in  :  CD. 3. 

distances  between  points,  lines,  and 

surfaces,  geo :  At.65. 
duplication  of  results  :  Mc.80. 
ellipse  which  can  pass    through  2 

points  and  toucn  2.  right  linos : 

A  14. 

elliptic  function  method  :  M61.5. 
of  figures  in  plane  and  in  space  :  CM. 
LJl :  .1.24.:  Z.ll. 

•  functions  of  one  variable :  1830  :  ditto. 

with  an  infinity  of  max.  and  min. 
values  :  J.63. 

•  functions  of  2  variables  :  1841 :  M<^nr». 

iil :  Q.5,6  :  Lagrange's  condition, 
CM.o. 

•  functions  of  3  variables  :  1852  :  CD.l : 

prs  1860—5. 

•  functions  of  n.  variables  :  1862  :  L^: 

Mcm.59  :    Q.12  :  symmetrical, 
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Maximum  or  rainimnm— (con/inM<?(J) : 
of  in-  and  circam-polvgon  of  a  circle  : 
A .'29.30 :  do.  of  ellipse,  and  analo- 
gous th.  for  ellipsoid,  An-.V). 
indcterminatcs  :  CWl.l. 
in-polygon  (with  given  sides)  of  an 

ellipse  :  A.:*,0. 
by  interpolation,  f  :  A 
method  of  substitution  :  AJilL 
of  multiple  definite  integrals  :  M(jl.4. 
planimetrical  groups  of :  Aii 
of  single    integrals   l>etwecn  fixed 

limits  :  J..:>4.69  :  AL^L 
of  the  sura  of  the  distances  of  a  point 
from    given    points,   lines,  or 
planes :  3  Xrl. 
of  the  sum  of  the  values  of  an  integral 
function  and  of  its  derivatives  : 

solids  of  max.  vol.  with  given  surface 
and  of  min.  surface  with  given 
vol.: 

•  of  J  F{^,  y)d8,  &c.,  to  find  a :  3070—2. 

•  of  ff  Fix,  y,  z)  dS,  Ac.  to  find  S :  3078 

—80. 

Maximum  :  ellipse  touching  llines  : 

A.12. 

ellipsoid  in  a  tetrahedron  :  ZJA 
of  a  factorial  function  :  Me. 73. 
polyhedron  in  ellipsoid  :  A.32. 
of  a  product :  N  U. 
of  a  sphere,  th  :  N..j3. 

•  solid  of  revolution  :  3074. 
tetrahedron  :  in  ellipsoid,  A.32  : 

whose  faces  have  given  areas,  C. 

•  volume  with  a  given  surface  :  3082. 
ofH^;  A.36s:  QfC/*,  &c.,  A.42. 

o(ax-\-by+Scc.,  when  Jc^+y'-\- &c.=  l : 
N.4r). 

Mean  centre  of  segments  of  a  line  cross- 
ing three  others :  A.40 

Mean  distance  of  lines  from  a  point :  Z. 
IL 

Mean  error  of  observations  :  A^2j1  :  C. 
37-:  TL22. 
ill  trigonometrical  and  chain  measure- 
ments :  A^ili :  <> 

Mean  proportionals  betwoon  two  lines  : 
A. 3 1.34. 

Mean  values:  C.18.20.23,26,27. :  L.07 : 

LMJi:  M.6.7  :  Z.3. 
of  a  function  of  one  variable :  G.16 : 

of  i  variables,  C29. 
and  probabilities,  gco  :  C.87  :  L.79. 


•Measures  of  length  Ac. :  page  i, 

exactitude  of :  Z.6 :  do.  with  chain, 
7  1 

Mechanical  calculators  :  :   I.l»>  : 

£^ 

for  "  least  squares  " :  M^l.2. 

Mechanical  construction  of  :  curves : 

M^: 

Cartesian  oval :  AjLL 

conies:  AllJ>2  :  three, ILiS- 

ellipse :  A.65 :  ZlA. 

lemniscato  :  A .3. 

conformable  figures  :  AJJiL 

cubic  parabola :  N.58. 

curves  for  duplication  of  roots  :  A.48- 

{ai-xi)ly  :  Kia. 

surfaces  of  2nd  order  and  class  :  l^ZL. 

Mechanical :  division  of  angles  :  Q.4. 

measurement  of  angles  :  A.Vil. 

•  integrators  :  ^460 :  0.92,94.95  :  Pr.24«. 

for  A'<i/--|-yffy  :  Me.78. 
involution  :  AlA. 

•  quadrature  :  3772 :  A.58.59 :  J.6.63 

gzA.GOandCJga. 
solution  of  equations  :  Me.73  :  y.67. 
linear  simultaneous  :  Pr  ^gp, 
cubic  and  biquadratic,  graphically  : 
A1  ■ 

Mensuration  of  casks  :  A  .20. 
Metamorphic   method    by  reciprocal 

radii :  N..>k 
Metamorphic  transformation  :  N.46. 

Metrical :  system  :  K.^XX 

properties  of  figures,  transf.  of :  N. 

58^59.0<> :  .J.4. 
properties  of  surfaces  :  A .1.4. 
•Meunier's  theorem  :  o8CV9  :  g7.C.74. 
Minding's  theorem  :  Quatennon  proof  : 
T.M10. 

Minimum  :  theory  of  :  L.r>6:  prM.2'3. 

angle  between  two  conj.  tangents  on 
a  positive  curved  surface :  X.&.K 
area:  J. 67. 

of  circum-polygon :  CILiL 

of  a  hexagonal  **  alvi^jle,"  pr  :  N. 

circum-conic  of  a  quadrilateral :  A. 

13 :  An.>>t. 
circum-tetrahedron  of  an  ellipsoid  : 

^» 

circum-triangle  of  a  conic  :  Zji8  :  of 
an  ellip.se.  /.2.5. 

curves  on  surfaces  :  Ul:  sec  *'  Geo- 
desies." 

distance  of  2  right  lines  :  G.4 ;  of  a 

point,  ths :  Aii. 
ellipse  through  li  points  and  ellipsoid 

through  i :  iLfcL 
ellipsoid,  th :  Mo. 72. 
N.  G.  P.  of  a  binary  septic  :  AJ.2. 
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Minimum  :  theory  of — {continued) : 

Qumerical  valuo  of  a  linear  function 
with  integral  coefficients  of  an 
irrational  quantity  :  C.'j'S/A. 
perimeter  enclosing  a  given  area  on  a 

curved  surface  :  .TTh<^. 
questions  relating  to  approximation  : 
mi'i  :  Mdm.r)9. 
*    sum  of  distances  from  two  points  : 

sum  of  squares  of  distances  of  a  point 
from  three  right  lines  :  Z.1'2. 

sum  of  squares  of  functions  :  N.79. 

Minimum  surfaces:  eqA.38  :  G.14, 

22  :  J.81.8o,H7.ext78:  Alo.67,72  : 
projective,  M.l  t :  metric,  MJ^ 

algebraic:  MJi :  lowest  class-number, 
A n.79. 

not  algebraic  and  containing  a  succes- 
sion of  algebraic  curves  :  ('.87. 

arbitrary  functions  of  the  integral  eq. 
of:  CLML 

between  2  right  lines  in  space :  CLML 
generation  of : 

representation  of  by  elliptic  functions : 

of  a  twisted  quadric  :  At.52. 

liuiits  of  (Calc.  of  Var.) :  J .80  :  on  a 
catcnoid,  M.'2 :  determined  by 
one  of  the  edges  of  a  twisted 
quadrilateral,  Mo.Oo. 

variation  of  surface,  capacity  of :  Mo. 

Minimum  value  of 

^{A+B^-i-Cje'2+&C.)dx:  N.73. 

of  j  f/(djc--\- dy '+...)  whcM  the  varia- 
bles are  connected  by  a  quadric 
equation  :  J.:^ 

Models:   UkL32:   of    ruled  surfaces, 
Me.74. 

Modular:  equations:  An.79  :  of  8th 

degree,        C.48».4'.>a.6U  :  M.1.2  : 
Miolllijt:  see  also  under  "  Elliptic 
functions." 
degradation  of :  M.14. 

factors  of  integral  functions  :  CL2rL 

functions  and  integrals :  An.^Ll :  J. 
184.193.20.21,2:3,20:  M.20. 

indices  of  polyTiomials  which  furnish 
the  powers  and  products  of  a 
binomial  cq  :  LL2iL 

relations :  At.6o. 

Modulus  :  of  functions,  principal : 

of  series  :  C.17. 
•   of  transformations :  1604:  A.17. 
*Momoutal  ellipse :  5953. 


•Momental  ellipsoid :  5925,  5934 ;  for  a 

plane,  5936. 
•Moment  of  inertia  :  5903  :  AnJiii  :  At. 

42:  M^ 
»   of  ellipsoid  :  6150:  CIL8  :  J.16. 
by  p^metry  of  4.  dimensions  :  Q.16. 

•  principal  axes  :  5926,  5967,  5972  :  At. 

43. 

•  of  a  quadrilateral :  5951:  Q.ll. 
of  solid  rings  of  revolution  :  Q.16. 

•  of  a  tetrahedron  :  5957. 

•  of  a  triangle:    5944:   Mc^:   Q.6 ; 

polar,  N.83. 

•  of  various  lamina?  and  solids :  6015— 

6165. 

Monge's  theory  "  des  D^blais  et  dea 

Remblais  "  :  T.\f  .l4. 
Monocyclic  systems  and  related  ones  : 

Monodrome  functions  :  C.  U] :  G.18. 
Monogenous  functions  (Laurent's  th)  : 

Ac.45:  C.32,43. 
Monotypical  functions :  C.32. 
Monotnetic  equations  :  C.99. 
Mortality  :  A  .39. 
"  Mouse-trap  "  at  cards  :  Q.15t. 
Movements  :  .IP.  15. 

elliptic  and  parabolic  :  JP.3Q. 

groups  of :  An .69,;. 

of  a  plane  figure :  thAn.68 :  JP.20, 

2iL:  LM.3. 
of  an  iuvariublo  system  :  C.  t3. 
of  a  point  on  an  ellipsoid  :  A.T  1  ;  .T..')4.. 
relative  :  iLHJiJ:  of  a  point,  L.63. 
of  a  right  line  :  ('.89  :  N.63. 
of  a  solid  :  -TP -21- 

transmission  of  and  the  curves  result- 

ing:  JP.3. 
of  *'ahnlich  -  veranderlicher  "  and 
"  affin-vcranderlicher  "  systems : 
ZM  and  llL 
•Multinomial  theorem  :  132  :  Ma^ 
Multiple-centres,  geo.  theory  :  L.45. 
Multiple  curves  of  alg.  .surfaces  :  An. 73. 
Multiple  Grauss  sums  :  J.T^L 
•Multiple  integrals  :  1905,  2825  :  : 
AlL^   C.8.11  :    thsCD.l:  ihE. 
aiL:  J.69 :  L.39,4^'^.45>.10.th48.56: 
LM.8,:  Me.768:  Z.l3,3. 

•  double :  2710,  2734— i^TXKL  Ac.5 : 

AaJQ:  J.27a:  QM:  L.583:  Mdm. 

approximation  to :  J.6. 
Cauchy's  thoorv,  ext.  of  :  0.75,. 

•  change  of  order  of  integration  : 

2775:  AJiL 
expressing  an  arbitrary  function  : 
.T.43. 

reduction  of  :  J-45 :  Z.9. 
residues  of:  C.75|. 
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Multiple  integrals,  (\oiih]e—{continu€<l): 
J        { (^«-  (6*-/)  } 

same  with  log  of  numerator:  L.50. 

transf.  of  |  f  . 

J  J  v/(8in*i/— ainirfj  cos-Ur)' 

jm  ^ 

Lf'f'.  cos  iV  cos  jj-  ilw  dy 

C  ^^'{^+*»"+"^(f^sa+rcosi/r}* 

\[F  {a-^hx-^a,)dr  du  :  A.37. 


didu:  CM. 


"  liV. 

evaluation:  AJi:   by  Fourier'a  th. 

CALL 
expansion  of :  Q.8. 
Frullanian  :  LM.I'). 
limits  of :  LM  lft 
reduction  of :  An ..',7 :  L.41,39. 
by  transf.  of  coordinates  : 

i''F{;^+y*+...)f{a^^hrj+,„)d^dy 
...  :  L."i7. 

of  theory  of  attraction  :  CD.7. 
transformation  of :  2774  :  A. 10  •  ^Vn. 
i3:  No.l2:  CM.  t:  mL2 :  Mem. 
Q.  kl-2. 
an  indef.  double :  J.R..10. 
a  triple  integral :  *2774— 9  :  J.4'.. 
yi'f'ri-\-...+y^dir^:  LM.ll. 
triple:  2774:  A  .30 :  lA^ 
which  are  unaltered  in  form  by  truns- 
formation  of  the  variables :  J.15. 

jjf...dxdydz...: 


x'-^y''-^z''-\..djedijdz...whh 


different  limiting 
2b2o:  CMJi: 


equations  : 


some  other  integrals  evaluated  by  r 
functions:  282»3— 34. 

a"jc-\-b"y-^c"z)djc  dy  dz,  limits 
±  00  :  A,30. 


Multiple  integrals— (<ron<mue<f) : 
volume  integral  of 

jjjeexpi—x2—y^—z^),3r'y^z  djcdydz: 

jjj  ...P(ajr  +  hy'-^&c.)jt'y^  ..  dx  dy  . . 

with  limits  0  to  x  in  each  case 
(Pfaffj : 

d.r  dy  . 


II 


continuous  functions  :  TT  i>l . 
do.  with  u  =  ^  and  with  a  numerator 

fl ...  Fi>.!/.2    )PQdjr  dydz  ..tfhcro 
r=  ;l-^)-Ml-i/)*-  ... 
Q  y'="^t"^"...  :  LJ^ 

arising  from  (2604),  viz  : 

I  f  cip^-i:iJ-^J^(ie:  Pr.4-2. 

•Multiple  points:  5178:  CM.2    thd  1.=;. 
Me.2:  Q.2.6. 
on  algebraic  curves  :  An..V2  :  L.42  : 

'S.'AMkSI,  at  X 
on  two  curves  having  branches  in 

contact :  C.77. 
on  a  surface  :  J.'2'^. 
•Multiplication:        J^;  abridged,  N. 
liL 

by  fractions  :  Mp  KK, 
Multiplicator  equations  :  M.l,'>. 
Multiplicity  or  manifoldness  :  J.g4-.86 : 

Music  :  E.27i.28  :  Pr.37. 

Nasik  squares  and  cubes :  Q.S.l.'v. 
Navigation,  geo.  prs.  of  use  in  :  A.:>S. 
Negative  in  geometry:  No.l7£'2. 
Negative  quautities  :  At.w,') :  N.44i.67  : 

TE.1788. 
Nephroid:  in 

Net  surfaces:  J. 1.2  :  M.l  :  any  order, 

quadric:  J.70.82 :  M.ll. 

quartic:  M  7 

and  series  :  CLoi. 

trigonometrical  :  ZJ^L 

having  a  3-point  contact  with  the 
intersection  of  two  algebraic  sur- 
faces :  n  ;^ 
Newton,  autograph  m.8.8  of :  TE12. 
•Nine-point  circle:  904.  4764 :  A  .11  E. 
7,30,th35,pr39 :  G.l.ths4:  Mc(>4. 
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Nino-poiiit  circle — (conitnncd) : 
an  analogous  circle  :  A .51. 

•  contact  with  in-  and  cx-circlea  :  959  : 

Mn.H'2 :  Q.l:?. 
and  12-point  sphere,  analopy :  ILfilL 
Nine -point    conic  of  a  tctmiicdron : 
Mp.71. 

Nonions  (analogous  to  Quaternions) : 
C.97.98. 

Non-uniform  functions  :  C.HH. 
Nodal  cones  of  (juadrinodal  cubics  :  Q. 
lii 

Node  cusps :  Q.(). 

Nodes,  two-plane  and  one-plane  :  1iL22. 
♦Normals:  IIGO:  U±2— 3,  5122  :  A.13. 
ilL  riMli-  p.eMe.dt):  Z.cn2  and  3. 
of  envelopes  :  Mc.HO. 

•  plane  of  a  surface  :  5772. 

•  principal :  5722 :  condition  for  being 

normals  of  a  second  curve,  C.85. 
of  rational  space  curves  :  J .74. 
section  of  ellipsoid  (geodesy) :  A. 40. 

•  of  a  surface :  5771,  5785  :  (  -.52 :  CD. 3 : 

n.\f.2:  L.39,47.72  :  ILL 
coincident :  L.48. 
transformation  of  a  pencil  of  :  C.8S;. 
•Notation  (see  also  "  Functions  ") : 
A,n,C,F,G,n :  1642. 

•  A.P.,  O.P.,  BJi :  79,83.87. 

(n)  ^~)f  Jacobi's  function  (sec 

"  Functions 
2451. 


* 


a*  or  a"  * 


n+\  -    :  m 
h  +  c  + 

Bin,  Bernoulli's  nos. :  1539. 
C  (n,r)  or  C„,r :  9ii.  Othonvisc 
C  (n,3)  s  number  of  triads  of  2i  things, 
Sc. 

=  rtbcoeff.of  »th  poweror(l-|-»): 

also  Jacobi's  function  (ace  *'  Func- 
tions "). 

D  :  3489  :  iL,d,^,  &c. :  1405. 

dhj,d^\'-J^,&c.:  1407. 
dx 


1600. 


«    d  {uvir) 
d  i^yz) 

•A:  582,  1641,  3701  ;  A',  1G4.5 

•Zi' :  902,  3735. 

•e:  150,1151.  ^ 

.1  1.1 
c  exp  x-\-  —  or  e  .f  H  =e 

X         1  .c 
•/(«)  :  400,  1400 ;  /  '  {r),  m 
•/'(«)^(ie):  424. 1405. 


I 

r  *  — 


Notation — {continiml) : 
*<f>  (a^y)  ~  n  :  4t)5t) ;  *  (Xfiv)  or  U,  4CU5. 
•Gu,:  3732. 
•ff  (n,  r)  : 

•J:  im. 

^.G.F^  numerical  generating  func- 
tion. 

N=  h  (mod  r)  signifies  that  N—h  is 
divisible  by  r. 

*  \ji_=  n>  =  »!  :  94.  3713. 

*  ff  as  operator  :  35<-H). 

*  P  (n,  r)  or  P,.,,  s  n :  IKL  Also, 

P  (n,  r)  =  number   of  triplets  of  2t 
things,  (tc. 

*  1^  (*)  or  Z'(x)  =  dr  log  r  (.f) :  274:3. 

*  J2.  r,  Ta  :  909—13, 

*  t^,n,S^,,r.  534;  2940. 

*  sin  ',  Ac. :  626;  sinh,  &c.,  2180. 

*  2  :  3781—3. 

*  :  3499. 

^(n)  =  sum  of  divisors  of  il. 

l|jor  \       or  £?(^^)^  integer  next 

<  , 

d 

integer  next  >  . 
\d  d 

j  =  rth  coefT.  of  {\->rx)\ 

^  =  not  less  than  ;       =  not  greater 
than. 

(-«-)  =  denominator  to  bo  stated  after- 
wards. 

(  X  )         (  J  ):  1620. 

algeljraic  :  CP.3. 

for  some  developments  :  C.98. 

continuani^Qontd.  fraction  determi- 

UHUt. 

median  =  bisector  of  side  of  a  triangle 
drawn  from  the  opposite  vertex. 
enhjartoritd  :  Mc.78. 
suggestions :  Me. 73. 
♦Numbers  (soe  also  "  Partition  of,"  and 
"  Indeterminate  equations") :  349  : 
A.2.1»).2<?,58,59  :    AjcJi  :   AJ.4.G  : 
C.fl2,43.44,.4:.4.1\>0:  CM.l  :  G.IG. 
a2:  J.9i.39.404.|H,77;  tr.27i.28and 
29,:  JPAi:  L.37— 39.41.45.58^,59. 
liO:  LMJl:  Mcm.22.24;  tr(Euler), 
aH:  N.44„G2,79 :  Q.4:  TILiia. 
ap.  of  algebra,  .1  P.ll  ;  of  r  function, 
No.81  ;  of  inBuitcsimal  aualrsis, 
J.19  21. 
formula* :  L.<j4j.r>.'>j. 
relation  of  the  theory  to  Ls.: 

5  z 
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Numbers — {contiiiiu\l) : 

upproximution  :  tn^/X,  E.17  ;  to 

functions  of  larjj^e  numbers,  ( \^'2. 
binomial  cqs.  witli  a  prime  mod  :  C.&l. 
cube:  QA. 

<-ubir  binomials  :  ('.61^. 
detcrmitied  by  continued  fractions  : 
I. M  •■>'■>■ 

dibits,  calculus  of,  th  :  J .30. 

digits  terminating  a  power:  AJj^: 

Dirichlet's  th.  r       j  =  f  (m) :  | 

Dirichlet's  f.  for  class  numbers  as  | 
positive  determinants :  L.57. 

division  of  :  .l.V.\  :   Mel .3  :  Pr. 

7,l0  ;  by  Z  and  13^  A.2.j.20  ;  by 
tMu;2+/i7/^,  M^-m.lo  :  1M7,88  :  Q. 
19,-20. 

divisors  of  >/3  +  /l=-  when  il  =  4iu  +  li 

a  prime  :  .1 .1). 
divisors  arisinpf  from  the  division  of 

the  circle  :  L.OQ. 
4»i  -f  1  and  int  -\-  'A  divisors  of  a  num- 
ber :  T.M  l.x 
factors  of :  Mcm.41. 
Gauss's  form  :  hJiiL 
integral  quotients  and  remainders: 

hu-go,  analysis  of  :  A .2  :  C.2,29. 
mctho<l  with  continuous  variables: 

J.IL 
multiples  of  :  C2. 
non-pentagonal  th  :  J .31- 
uumbcr  of  integers  prime  to  ik  ia 

)i]~<p  (ii) :  r.  .'.7 
odd:  A.lo :  and  prime  to  all  squares, 

C07. 

Pcllian  equation:   prA.  k> :   TjM.15  : 

sol.  by  ell.  functions,  MuJiiL 
perfect :  ('.Hi  :  N.7'J. 
polygonal,  Fermat's  th.  of  :  P.fil. 
polynomials  hrtvingdetermiuatc  prime 

divisors  :  ('.'.'S. 
powers  of,  L2  theorems  :  N.-ki. 
prime  to  and  <  X :   A. 3, 29  ;  EJiS, : 

.].:U  :  N.45. 
prime  to  and  <   the  product  of  the 

Krst  u.  primes  :  A  .'jo. 
prime  with  respect  to  a  given  ar.p  : 

('  Vt 

prime  to  the  radix  having  multiples 
made  up  of  repeating   digits ; 

Me.7<). 

products  of  divisors  of :  Q.20. 

quadratic  forms  of  :  Mem ..'>:>. 

rational  linear  functions  taken  with 
respect  to  a  prime  modulus,  and 
connected  substitutions :  C.483. 


Numbers — {continued)  -. 

representation  of  by  forms  :  C.9'2  ;  by 

infinite  products,  A  1 
square  having  prime  factors  of  the 

form  ia+l  :  N.78. 
squares  of:  .1.84  :  Ml  3  r  Pr.(>i.7. 

three  in  ar.p  :  N  t)2. 
sums  depending  upon  E  (r) :  L.6Qj. 
sums  of  dij^its  :  Me.»>t3  :  TK.ld. 
sum  and  difference  of  two  squares  : 

•  suras  of  divisors:  222:  Ac.O  :  G.7  : 

L.r)3.. :  Mel.2:  M/-m.rn>. 

•  sums  of  powers  of  (see  also  "  Series  "): 

276.  293y:  An.61.(55:  thCD.5 : 
M(^  -!r>-  N.42,;56.70 :  Q.8 

ofcul>e8:  An.Oo :         ;  of  the  odd 
nos.,  A.fU. 

of  n  primes :  N.79; ;  4th  powers, 
AJA. 

of  squares :  A.ri7. 

of  uneven  orders  :  Mo..'>7. 
symmetrical  functions  of:  Q.7. 
systems:  'AAA;  history  of,  by  Hum- 
boldt, .T.4. 
theorems:   A.7.T  0.20.49 :   An.70;  C. 
2^;.4:^.83 :  CM2-  03  :  L.4^.52  : 
N.7o ;  Cauchy's,  gzC.53  ;  Eisou- 
stein's.  J.27.oO.S3"  LKl :  Q.5.6. 

Gauss's  on  X  =  '^^^^  C.9R. 

Lagrange's  arithmetical :  A. 47. 

+     in  terms  o(     :  N.7u. 
on  2-±l  :  C.Hb.S6  :  Me.76. 
2i  biqua<lratic  character  of :  C-j7, 

on  (h+1)'"— :  N.4t:  />..•  (it).L.69. 

•  on  11'— 2L(n  —  \y 6ic.  :  -2^  :  A^M. 
on  2»t  positive  numbers  :  y.4:3. 

on  P(m)+f:(^^^  pa)+  : 

on  the  greatest  product  in  whole 

numbers  of  given  sum.s  :  J.o7. 
on  an  odd  sum  of  12  squares  :  Tj.r)0. 
on  products  of  suras  of  squares :  tL2. 
on  1  squares  :  X..'»7. 
on  2j  4,  8j  and  hi  squares  :  Q.17. 
on  <r  ('0 +<>»('^  )  +  »  «te.  =  ».  where  a, 
a',  Ac,  arc  the  divisors  of  n  :  (^m.3. 
Numeration,  ancient  decimal :  C.«>.8,. 
Numerical  approximations :  N.423.5o. 
Numerical  functions:         :  3Li»di. 
simply  periodic  :  AiLL 
sums  of,  approximately  :  C96. 
which  express  for  a  negative  deter- 
minant the  number  of  cla.ssos  of  a 
quadratic  form,  one  at  least  of 
whoso  extreme  coefficients  is  odd : 
C.6'2,. 
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Obelisks :  A.9.11. 

Oblique  :  bevilled  wheels,  cn  :  J.2. 

•  coordinates:  4050.  5')1 1—9:  fKiii. 
cyclic  surface :  TI.9. 

and  oscnlating  circle  of  a  conic  :  G.22. 
Octahedron  function  :  Q.lO 
Octahedron,  centroid  of  :  LMiL 
Octic  equations  :  G.7.10 ;  and  curves, 
M.15.. 

Octic  surface  :  QM :  MJ; :  Q.l  t. 
•Operative  or  symbolic  calculus  :  14^3, 
3470—3028:  AJ.4:  (M7:  0.20.: 
J .5.59  :  LM.12. :  Me.82.8r> :  P.37. 
44.60—63 :  Pr.l0:.ll,,12,.13.:  Q. 

4AM. 

applications  :  fi.lOr  MciJ2. 
algebraic:  ULLi;  ap.  to  geometry, 

CM.1,2;  ±,  ('M.3. 
expansions :  Pr.l4g. 
formula):  C.393. 

•  index  symbol  :  14^o:  CD.H. 
integration  :  ('D.3  :  exMc.7<3. 
representation  of  functions  :   C.43  : 

CD.2. 

seminvariant  operators  :  Q.20. 

on  the  symbols  logi.^,  sin  ^,  cos  ar, 
sin'v,  cos  '^ :  A.9.11. 

theorems:  AJJ.:  CD.8..:  LM.ll :  Q. 
3i.ir),163 ;  from  Lagrange's  series, 
Q.16;  from  irpn — pun  =  pit,  CD..!L 

•Operators:  ih,  1405;  f*''',  1520— 1,Q.9;. 

•  (il-m)-\  &c. :  3470—85 ;  gz  of  3474, 

•  D(i)-l)  ...  (D-u+1) :  3489. 

•  n  =  irdr  +  Ifd,  -h  Ac. :  3500. 
expansions  and  formulae  for  : 

•  F  {xiL)  Vy  w  hero  J  J  =f{.t)  =  a-\-hx^- 

c..-^  :  34^. 

•  /(D)  iitr,  3494  :  v,  3495,  with/ 

as  above. 

7)"/(^7))  U  :  EJifi. 

•  {^(D)e"'}"Q:  3491. 
e'*'^i^(^),  &c. :  E.;i4. 

e''*' F(,>')=^F(^+1):  EJIfi. 

QF(rt,  a-):  Q.13. 

/{..•  +  /»I>)  .1  :  EJlfL 

•  f  ('?.  +  //)</>•<•  =     ('^  4-. v)V'.'/:   ^  lt>8- 

•  reduction  of  F(n-|)  :  3503. 

•  F  (tt)  U  and  Zil  (tt)  U  :  3509—10. 

•  r         »,./»»! :  3514. 
transformation  of  Vd^.  Udr...,&c  :  0. 

2L 

Orthocyclc:  Q.17. 


Orthogonals,  algebraic  system  of :  CLfiS. 

•Orthogonal :  circles  :  4170,  4182—4; 

of  in-  and  circum-circlcs  of  a  tri- 
angle, Q.18. 
circle  and  come  :  KT. 
coefficient  system  :  A.2.61. 
coordinates:  C.60 ;  curvilinear,  JP. 
2^ 

conies:  N.R4  ;  families  of,  A.r>3. 
curves  :  J .35  :  N. 52.81. 

system    from    logarithmic  repre- 
sentation :  Z16. 

•  lines  of  a  triangle  :  4633. 
lines  and  conies  :  CL22x 

•  projection  :  1087. 

in  metrical  projective  geomctr\- : 

of  a  circle  into  an  ellipse  :  A.2. 
of  a  triangle  :  E.30.3 1.36.37. 
substitution  :  .r.«>7  :  M.13  r  Z  9.4 
surfaces;    C.29.  spheres  36.51.;.59.72. 
79.87.thsl7  and  21  :  J.Ht:  ■IIM7: 
L. 4:?. 4t. 40.47.63  :    N.51  :    P.7:^j : 
ErJil:  019, 
cubic  eq.  for  :  C.76}. 
with  elliptic  ccxjrdinates  :    C.53 : 

and  isothermal:  0.84:  .TP.  18  ;  L. 
43.49. 

systems:  0.67,75, :  M.7 ;  condition, 
J      ;    fpiadric,  J. 76  ;  parallel, 

triple:    A .55  —  ^8:     An.63.77.H5  : 
('■alg-58.67;  cyclic.  G.2 1,22:  J  Jit; 
quartic,  82  :  /-23. 
trajectories  :  Ti.45  :  Me.80  :  Z.17. 
of  circles  :  Mo.85. 

of  circular  sections  of  an  ellipsoid  ; 

of  a  moveable  plane  :  Pr.41. 
of  u  moveable  sphere :  (1.42. 
of  a  surface  :  Mem.20. 
Orthomorphic  projection  of  an  ellipsoid 

on  a  sphere :  A  J  .3. 
Orthomorphosis  of  a  circle  into  a  para- 
bola: Q.20. 

Orthoptic  :  lines  of  a  conic:  A. 57. 

loci  of :  TiM.13  :   Pr.37  ;  of  2  tangs. 

to  a  (juadric,  Va.-U). 
surface  of  a  quadric  :  .1.50. 
Orlliotomic  circles  :  Ale. 64,66  :  Q.2. 

•Osculating  :  circle  :  5724 :  L.39. 

of  conies  :  A .70  :  N.60. 
of  a  family  of  curves  :  N.70. 
of  a  parabola,  ths  :  N.66. 
of  quadric  curves  N.43. 
of  t<irtuous  curves  :  N.81. 

•  cone  :  5727  :  angle  of,  5752. 
conic:  LM:  triply.  A.69  :  Z  IP. 

of  a  cubic  curve :  J. 68: :  Z.17. 
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Osculating — {rontinufi<l)  -. 
curves  :  Q.ll. 
helix  :  N.71. 

line  of  a  surface  :  C.82  :  J.81. 
parabola  :  N  Xl 

paraboloid:  .TP  Irir  y.82:  of  aquadric, 

•  plane:  fj721.  ec}  57:13:  and  radii  of 

curv.  at  a  multiple  point  of  a 
gauche  curvL-  :  An.U  :  C'.t>8. 
of  a  tortuous  c  iir\-e  :         -.  J .41. 63. 

sphere  :  M«^m.-20  :  X.7o  :  of  curve 

of  intersection  of  two  Hurfaces, 
cn  :  C.H3. 
of  two  curves  having  a  common 
principal  normal :  IiM-lf>. 
surfaces  :  (-'.7l»'.  degree  of  2h :  L.41. 
bil :  of  quadrics.  X.tlO 
Oval  of  Cassini  :  see  "  Cassinian  oval." 
Oval   of   Descartes :    see  "  Cartesian 
oval." 

Pan  geometry  :  G.5.15. 
•Pantograph  :  5423  :  M.^m  m  ;  TE.13. 
Paper  currency  :  A  4-2. 
Pappus,  prs  in  plane  geometry:  A .38 : 

•Parabola:   geo.  1220— 44:  anal.  4200— 
31L;  e(t('M.2:   N.42,.54.70 :  geo 
r\r4^  Mo  TT;  on  1249:  thaN.60. 
H3,71.76,8Ua. 
circum -hexagon  and  triangle:  CM.l. 

•  circle  of  curvature  of  :  12«ji>:  A.81. 

•  chords  of :  1239,  4224. 

•  two  intersecting :  1242. 
determination  of  vertex  and  axis : 

•  eq.  deduced  from  eq.  of  ellipse  :  1219. 
focus  and  directrix  :  N  4'.^ 

•  focal  chord :  423.V- 9. 

•  latus  rectum  :  1222  :  Mp.7.'). 

•  normal,  length  of :  4233—4. 
plane  and  spherical :  A  t;!). 

•  quadrature  of  :  1244:  A  :\-> 

•  and  right  line  :  see  "  Ritjht  line." 

•  segment  of  :  tX)7H  :  A.2''>.2'.». 

solid  geneniteil  by  it  :  N'.42. 
sector:  E  3o  •  N.57  :   Lambert's  th, 

in  space :  A.3- 

•  tangr  uts  :  see  under  "  Ponies." 

•  through  4  points,  cn  :  4.':i;»7 :  '^o 

•  triangle  of  A  tangents  :  1237,— G8  :  A. 

47 !  Me.7.')- 
trigonometry  of :  CD.^. 
•Paraboloid  :  otj21,  6126-41  :  :  Q. 

LL 

•  generating  lines  of  :  5624. 
of  eight  lines  :  C.Ht. 

•  elliptic  :  5622  :  AJi  :         •  BM. 


Paraboloid — (eontinwd) : 

•  quadrature  of :  6127 :  An .55. 

•  segment  of  :  6127-33  : 

•  hyperbolic  :  5623  :  A.l  1. 

•  of  revolution  :  6134. 

Paradoxes  of  De  Morgan  :  J.lla,12^.  13. 

Parallels  :  A.8.47  :  At.51  :  J.11.73  :  Mel. 

1^:  ^f«^>m.50j:  Z.21.22:  Thibaut's 

proof,  A.l 5. 
in  analytic  geometry  :  A.44. 
Parallel  curves  :  J.55.th832  :  T.M  3  :  Q. 

U: 

closed  :  A .66. 

•  of  ellipse  :  4960  :  :  An.60:  X.44-: 

Q.12. 

Parallel  surface  :  C.54:  LM.12. 
of  surface  of  elasticity  :  An.h7. 
of  ellipsoid  :  A  ,39  •  An.5a>;u:   K.17  : 

Parallelogram  with  sides  through  four 

given  points  :  A .39. 
Parallelogram  of  Watt :  AJ^  :  L-hii 
•Parallelepipeds  :  on  conjugate  diame- 
ters :  5648. 
diagonals,  <tc. :  CM.l. 
equality  of  :  A  .4. 

analogues  of  parallelograms  :  : 

on  a  s{)herical  base  :  N.4rt. 
system  of :  LM.H. 
Partial  differences:  question inanaly-sis: 

•Partial  differential  etjuations  (P.D.E.) : 
338<^-344o:  C\3,.l  1,16.78,95.96: 
thsCBJl:  J.^KS.&0.pn>26  :  JR7J0, 
LU  L.36.80.83:  M.U :  Z.6.8.18. 

•P.D.E. .  first  order  :  3399-3410  :  A.'Xl. 
tr50  :  An .55.69  :  C.14t.r>;V>K  : 
rn  7-  rM.l  -:  .T.2.17:  trlt^ : 
T.  75-  M.^'.ll.thJM:  Z^ 

•  com])lete  primitive  connected  with 

any  solution:  3K)5. 

•  derivation  of  the  general  primitive 

and  singular  solution  from  the 
complete  primitive:  ;>4"1. 

•  derivation  of  a  sitigular  solution  from 

the  differential  equation  :  34<»3. 

with  a  general  first  integral :  Me.7'<. 

integration    by  :  Abelian  func- 
tions :  ("  ^^'t 
Cauchy's  method  :  <'  81. 

•  Charpit's  method :  33'.K). 
Jacobi's  first  method  :  C. 79.82  :  and 

ap.  to  Pfafif's  pr,  -T  59. 
Jacobi-Hamilton  method :  MJL 
liie's  method  :  M.6.8. 
Weiler'a  method :  M.9. 

•  law  of  reciprocity  :  3  t-t6. 
and  Poisson's  function  :  C.91:. 
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P.D.E.,  first  order — {contintieil)  : 

simultaneous :  C.68.7() :  L.79 :  M.4,5. 

•  singular  solution  :  3+01 — 3  : 
svstemsof:  A.56 :  M. 11,17. 
theorem  of  Jacobi :  C.45. 

3  variables :  tT.r)4. 

•  It  variables:  3409:  AJi2  :  JM.:  LM. 

10,11. 

with  cotjstant  coefficients  :  Mj1L5. 
integration  by  calc.  of  variations  = 
(:.14. 

s  =  px+qy  +  F  (p,q):  ZA 

«-i/*z'2>"5"=/l:  ONfl. 

(l+P.+...+P-5t/„(Z.V'^=Q:  ZAZ. 

•P.D.E.,  first  order,  linear:  3381—95: 
reduction  to,  C.15  :  iT.Hl  :  Me. 78. 

•  Pzt  +  Qzv  —  ^  '■  '■^'■i^'i  ■   extension  to 

2t  variables,  3384. 
L{px-\-qy—z)—Mp—Nf{-\-B=0: 

cm 

a{yu-—zUy)-{-h{zUx—'XU2)-^c{xn„—yn^) 

•  Pt.+Qtv+  ...  -\-RU  =  S:  3387. 

•  y        ;  s,,=  *2-^j/2:  3390-1. 

•  (sc— a)  z,+{y-l)  Zy  =  c-z  :  3392. 

•  ^±ij^±^  =  2ax:  3393. 

•  simultaneous:  3396—  7;  ex.  3398: 

u  =  Vy  and     =  —     :  J  .70. 

•P.D.E.,  second  order:  3-^20—45:  AM 
C.54,.702.78,98  :  JP.tr22  :  Ll22 
M.Id:  Me.7(),,77 :  KSa 
:  transf.  of,  0.97. 
in  two  independent  variables :  trA. 
54:  tiiNiiia  :  CLii2 ;  transf.  of,  92 : 
M.24. 

in  4;  and  h  variables  :  Mcm.LL 

•  Rr-\-Ss+Tt=V,  Monge's  method: 

3423:  CM.3 :  Km-, 

•  ifr  +  Ss -\-Tt+U  jrl-a'^)  =  V :  3424, 

a4:34 — 40:  .T.61. 

•  Rr+SB+Tt  +  Pp+Qq  +  Zz  =  U: 

3442. 

r+<  =  0:   AJL:  CM.l  :  J.59.73.74 ; 

r+t+k  h  =  0:  MX 

•  r—an  =  {):  3433. 

•  r-a"-t  =  4>  iy,y),  &c.  :  3565. 
x{r-a^t)z=z2np  :  KLL 
r-fl2y2*/  =  0:  E.27.28. 
r=q^t:  C.98. 

r  =  3:  L22. 


P.D.E.,  second  order — {continued) : 
d,  {p  sin  x)-\-t+n  (n  +  1)  zsin^a;  =  0  : 

3 

f?,(j)j-)  +  fiy(^.r)  =  0: 

construction  of  explicitly  integrable 
equations  of  the  form  a  =  zX  (x,t/) : 
.n'.2H. 

s=,^^y^^'0^z:cm. 

U  i^HFiy)}"' 
a2J.JogX±X  =  0:  L.53. 
<»  +  7V  +  Q7-f-^=0:  Mc.76. 

•  «  +  aj9  +  t7-|-flt3=  F:  3444. 
iax-\-hy-\-r)  8±a\q-^hnp  =  0  :  A .33. 

=  0:  A.33.38. 

2^  {zS-pqY'  +  q  =  Fiy):  A2£L 

ri — flL:  gcoQ.2. 

•  P  =  (i  Z-^S)"  Q,  Poi.sson's  eq. :  3441. 
{\+r)t-\-{l-\-t)r—2pq8  =  0:  An.5:i.. 

•  qQ^r+p{l+p)l-(p  +  q+2pq) 

a  =  0  :  3432. 
482-|-(i-— /)2  =4^-2  :   approx.  integn., 

CLZ4. 

A8-\-Bq-^yir{r,p,q,x,y,z)  =  0:  OSi 
(logs)xy+a3  =  0:  OaiL 

u.  =  i?.  ^where^=|-^^^ 
L.38. 

•  ifu  +  tt^y  +  "2»  =  0  (sec  also  "  Spherical 

harmonica  ")  :  3551,  3626,  JJiii : 
Mo.  Th. 

•  tix+Uy+u.  =  a;?/3  :  3552. 

•  aHs-\'hnf-\-cne  =       &c. :  3554. 

•  xj^jx  +  aUx  —  q-Jf  U  =  0  :  3618. 

•  a2  (ti-jx  +  it^y  +  M-i)  =       :     3629  :    (12  : 

LM.7.. 

integration  bv  change  of  variables : 
C.74t. 

P.D.E.,  third  order,  two  independent 
variables  :  LM.8  :  N.83. 

P.D.E.,  fourth  order  :  AAu  =  0  :  C.CO. 

P.D.E.,  any  order  :  No.73 :  C.80.89  ; 
MJ.1.13. 

n 

x  "  Znx  — —  Zng  :  7j.7 . 

two   independent  variables :    C.75 : 


r; 
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P.D.E.,  any  order — (continued): 

an  J  number  of  functions  and  inde- 
pendent variables :  C.80. 

and  ap.  to  physics  :  JILLL 

of  cylinders :  Me.77. 

and  elliptic  functions :  J.36  :  hyper- 
ell.,  JJi2, 

integration  by  definite  integrals:  An. 

52:  CiLi:  T.r.t 
of  dynamics  :  Clii :  J.47. 
Hamiltonian:  M  -23:  Z.ll. 
of  heat :  L.48  ;  of  sound,  Ti.:^8. 
integrated  in  series  :  C.15,1G. 
of  Laplace :  (i.'2'.\. 

linear:  An.77  :  C.13.00  :  CD.9, :  CM. 

2^  J.t]^> :  JP.l'^,.: 
of  orthogonal  syBtems  of  surfaces : 

Ar.4:  (LZL 
with  periodical  coeflRcients :  C.293. 
of  physics  :  L.72,i7. 
P.D.E.,  simultaneous :  C.9'2.tli78:  LM  P  r 

M     •  Z  20. 
linear:  J-t»'>. 
P.D.E.,  system  of:  C. 13.74.81. 

a"z,.,  =  x^^z^,  :  A.oO.:>l.  by  5  =  e^'Jlr). 
2„  =  a:-?  Fi(i/)  +  4-F;  ( J/)  +  ...  + 

^2.,+('^^+(i2,-|-...)"=  =  0:  CM. 

th  =  HiU-^Kdy  +  Ldp+Mdq-i-Ndr-^ 
Ac.:  iJi. 

Partial  differentials  of  -  '  -  :  J.ll. 

•Partial  fractions:  235,  1915:  A.30.>'>(j : 
C.4^,49,.783:  LMJ:  G^:  J .1.5.9. 
10.11 .22.32.5U.:  J_l^:LJli:Mom. 
iL:  y.4:.,.t)4.69  :  Q.5. 
Partition  of  numbers  (see  also  *'  Num- 
bers" and  "  Indfterniinate  eqs.") : 
AJ.2.5.(; :  An .5 7.59  :  At.05  :  (\HU. 
8fj.90.9l  :  rVH-  J.  13.0 1.85:  M. 
Lt^  Mfln..V> :  Me.78.79  :  Mom.  13. 
geo.ap20.44:  Mel.l  :  N.t39.85  :  P. 
50.5<>.5H  :  Pr.7,b  :  Q.U.2,7,15  :  Z. 
2U.24. 

by  Arbogast's  derivatives  : 

of  complex  numbers  in  Jacobi's  th : 

by  elliptic  and  hypor-oUiptic  func- 
tions :  .1.13. 

formula  of  verification  :  Pr.24. 

into  2  s(juaro8  :  An.-'><>.-'>2,54  :  ('>^7  :  J. 
ill:  L.M.8.9 :  X.54,78,alg05:  odd 
squares,  Q.  1 9. 

into  .1  squares  :  J.4<) :  L..J9.00. 

intolsquares  :  C.W  f.  8H  •  Hr^:  q/L 
4  odd,  or  2  even  and  2  odd  :  Q.  19,20. 

into  ii  squares  :  C.97,98  :  J .35. 


Partition  of  numbers — (roniinntd) : 
into  ten  squares  :  r.riO  :  LjiiL 
into  p  squares  :  C. 39.90  :         :  N. 

and  an  integer :  LiJlL 
into  the  product  of  two  sums  of  sqs. : 

hJiL 

into  parts,  the  sum  of  any  two  to  be  a 

sq.  :  Mt'm.9. 
into  2  cubes  :  L.70. 
into  sum  or  difference  of  2  cubes  : 

into  ^  cubes  :  N.79. 
into  maximum  nth  powers  :  r.95. 
into  IjQ  triangular  numbers:  ('.62. 
formation  of  numbers  out  of  cubes  : 

UjL 

2.  squares  whose  sum  is  a  sq. :  : 
N..5(l. 

3  squares,  the  sum  of  every  two  being 

a  sq. :  KM. 
■i.  squares,  the  sum  of  every  two  being 

a  so. :  K  Ul- 
S  nos.,  tne  sum  or  diff*.  of  two  to  be  a 

sq.  :  Af«>m  1H 
2  sums  of  8  sqs.  into  8  sqs. :  Me. 

a  sum  of  4  sqs.  into  the  product  of  2 

sums  of  i  sqs.  :  Tf  •>! 
11  nos.  whose  sum  is  a  sq.  and  snra  of 

SOS.  a  biquadrate  :  E.  18.22.24. 
a  quaaric  into  a  sum  of  squares  :  N. 

80.81. 

n^—m'^  into  3/>^4-7-:  N.49. 

a  square  into  a  sum  of  cubes  :  y.07. 

a  culje  into  a  sum  of  cul>e9  :  E.22. 


into  4  cubes :  N.77 ;  into  3  or  A 
cubes,  A.iiiL 
n^-— 9m'2  or  its  double  into  2  cubes  : 

3  nos.  whose  sum  is  a  cube,  sum  of 
sqs.  a  cube,  and  sum  of  cubes  a 
sq. :  K2iL 

S  biquadratos  whose  sum  is  a  square 
E.20. 

of  u  into  L  ^  iL  &c.  different  num- 

ber.s :  E.34. 
of  pentagonal  numbers  :  C.96. 
a  series  for  the :  A .1.6. 
tables,  non-nnit-try  :  A  J  .7. 
theorems:  AJ.t> :  C.4i>.9<3 :  Me.7<>.S0. 
83  :  pr.  s^mra.  functions,  G  l" 
Partitions  :  lu  theory  of  alg.  forms  : 

number  of  for  a,  things  :  E.IO. 
in  planes  and  in  space :  J.l. 
Sylvester's  theorem :  Q.4. 
trihetlral  of  the  X-ace  and  triangular 
of  the  X-gon  :  Man  ..58. 
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•Pascal's  theorem  :  4781 :  AL2  :  CD.3. 
^  CM  A-  J  .a-^.^l. 09.84.93:  LM. 

Me.72:  N.44.52.82;  Q.1,4.5,9 : 
Z.6.10. 

extension  of  and  analogues  in  space : 
C.82.98:  CD.4.O.0 :  G.ll :  J.37.75: 

np.  to  geo.  analysis :  A.18. 
on  a  sphere :  A .(>< >. 
Steiner's  "  Gegenpunkte  "  :  J.5S. 
Pascal  lines :  E-:»>- 

Pedal  curve :  A.3o..36.52 :  .1.48.00 :  iLfi : 
Mc.80.81  :  Q.ll:  Z.5i.-21. 
circle  and  radius  of  curvature :  CLiii : 
Z.14. 

of  a  cissoid,  vertex  for  pole :  EX 
of  a  conic  :         :  LM  M  : 

central :        :  Mc.H3  :  N.71. 

foci  and  vector  eq. :  LM.13. 

negative  central :  K .20.29  :  TIM. 

negative  focal :  E.16.17.20. 

»»th  and  n— 1th:  KJiL 
of  evolute  of  lemniscate  :  E.30. 
inversion  and  reciprocation  of :  E.2L 
of  a  parabola,  focal  and  vector  oqs. : 

rectification  of  difference  of  arcs  of : 

7  a. 

which  is  its  own  pedal :  L-Of). 
Pedal  surfaces :  A.22.3o.3tj :  iLfi :  LLQ  : 
ZiL 
counter:  AUl 

volumes  of:  0.55 :  A.34  :  An  .63:  J. 
till  Pr  l2. 
Pentagon,  ths :  A .4  :  J. 5.56 :  N.53. 

diagonals  of:  A.57. 
Pentagonal  dcdccahcdron  :  A 
Pentahedron  of  given  volume  and  raini- 

raum  surface  :  Ii.57. 
Periodic  continued  fractions  :  A.62,68  : 
C.96g:  J .20.33.53 :  N.f.H:  Z^ 
closed  form  of  :  Aiii. 
representing  quadratic  roots  :  A. 43. 
with  numerators  not  unity  :  C9t>. 
Periodic  functions  :  A  .5  :         :  N.67  : 
gy>C.H9 :  Mo.84. 
cosar— ^cosSj^  +  Jcos  5^::  CD.3j. 
doubly:  C.32.,. 40.70.90 :  J.88;:  L.54. 
of  2ud  kind  :  C. 90.98  :"gzgj3. 
of  3rd  kind :  C.97. 
monodromic    and     monogonous : 
LLML 

with  essential  singular  points:  (\89. 

expansion  in  trig,  series  :  N.78. 
4- ply,  of  2  variables  :  J.Li. 
2«-ply,  of  n.  variables :  MaJiS. 
multiply  :  C.57,5H;. 
integrals  between  imaginary  limits: 

real  kind  of :  Mo.66.84. 


Periodic  functions — (continued)  : 
of  2nd  species  :  M.20. 
of  several  variables  :  CL43.:  J. 71. 
in  theory  of  transcendents  :  J.LL 
of  2  variables  with  ii  or  4  pairs  of 

periods :  C'.90. 
with  non-periodic  in  def.  integrals : 

QAiL 

Periodicity  theory :  M.18. 

Periods  :  cyclic,  of  the  quadrature 

of  an  algebraic  curve  :  C .80.84. 

of  the  exponential  e' :  C'.83. 

of  integrals  :  see  "  Integrals." 

law  of:  C.963. 

in  reciprocals  of  primes  ;  Mo. 733. 
•Permutations  :  Sli  Al. :  0.22:  <  n).7r 

L.39.t;i :  LM.lo :  Me.64.66.79 :  N. 

44.71. 76..81  :  qA  :  ZiAiL 
alternate :  L.81. 

ap.  to  differentiation  and  integration 
A.21. 

of  Ii  things  :  0.95  :  N.83 ;  in  groups, 

of  3oand  2q  letters,  2  and  2  alike: 
N.74.75n. 

jiumbor  of  values  of  a  function 
through  the  permutations  of  its 
letters:  C  .20.21  .■t4j.47  :  L  (>5. 

successive  ("  battemeut  de  Monge  ") : 
LM. 

with  star  arrangements  : 

•Perpendicular  from  a  point :  upon 

a  lino  :  length  of:  4094,  t.c44}24: 
oq408t;,  t.c4025  :  Kd5530, 

•  upon  tangent  of  a  conic :  431)6—73. 

•  upon  a  plane  :  5554. 

•  npon  tangent  plane  of  aquadric :  5627. 

•  ditto  for  any  .surface  :  5791 — 3. 
Perpetuants :  A  J  .  7a. 

•Perspective:  1083:  A.693:  CL3 :  thsL. 
37:  Me.75.81. 
analytical :  A.  11. 
of  coordinate  planes  :  CMJL 

•  drawing  :  10b3— 6. 

Bgurt'S  of  circle  and  sphere  :  A. 57. 
isometrical :  CPA. 
oblique  parallel :  ZJiL 
projection :  A.16,70. 
relief :  A.36.70 :  N.57. 

•  triangles  :  Qlli  K21i :  im  :  M.2o.l6: 

in  a  conic,  Al. 
Petersburg  problem  :  A.67. 
PfafE's  problem  :  A  .60:  LLM :  J  .6 1.82: 

MAI :  th  of  Jacobi,  J.57. 
PfafTians,  ths  on  :  Me.79.81. 
m  (see  also  '*  Expansion  of") :  C.95  :  E. 

iili:  N.42.45. 
calculation  of:  A.6.18:  :  : 

cn  J.3  :  Me.73.74 :  N.50.56.66. 
by  equivalent  surfaces  :  N.48. 
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n  :  calculation  of — (continued) : 

by  isoperimetcrs  :  X.4<}. 
by  loKaritbrns  :  S.'tt\. 
to  2LMi  decimiil  places  :  iUH ;  to  208. 
P.41  ;  toH:{:t.  A.21.;  to-K.XJ.  A.22  ; 
to  OOU,  A  •.>■'. ;  to  0'  >7.  Pr.t>.  11/22. 
formula'  for,   or   values  of  :    A.  12  : 
J.17:  L^:  ^f--2r>. 

n  =  2.+        approx. :  Me.66  ; 
=  -  log  JiL 

2 

functions  of :       :  A.l :  C.56,7-t. 

Ill :  E.27;  to  LM)  places.  LM.l. 
bypcrbolic  logaritbra  of  :  IiM.14. 
powers  of  IT  and  of  jr"' : 

•  incotnmensumble :  79't. 
Hcrics  for  :         :  TKJLL 
tbeorcra  on  s  and  e  -.  Q.15. 

n(^)sl_Q4-i^)  ...  {l  +  l»-l)-c}  :  AJjL 

U.  (•«)  and    imaginary*    triangles  and 

(jundrangles :  A  .M 
Piles  of  balls  and  Hbells  :  K^22. 
Pinseux's  tbcorem  :  Mo.H4. 
Plane  :  J.20.4.'> :  Mem.22. 

•  oquution»  of :  (j.c  5550,  p.c  5552  : 

Z.l. 

•  under  given  conditions  :  5560—73. 

•  condition  for  toucbiug  a  cone :  5700. 

•  ditto  for  a  quadric :  5(535,  5701. 
cond.  for  intersection  of  two  planes 

•  toucbing  a  quadric  :  5703. 
Ggnrc><,  relation  between :  AJih :  J .52 : 

M.3. 

kinematics  of :  Q.16. 
and  line,  problems:  CIL2 :  UA 
motion  of  :  JP.2  :  TiM.7. 
point-sy.stem8  :    .1.77 ;  perspectivo, 

representing  a  quadric  :  N.71 . 
•Plane  coordinate  geometry  :  — 5473. 
Plajiiraeter  :  A.f>H  :  Mcl.2.3  ;  Amslcr's, 
5 152.  C.77  ;  Trunk's,  A.44;  polar, 

A^:  Nm 

Planimetrical  theorems :  A.37.60. 
Pliicker's  complex  surfaces  :  M.7. 
Pluckcrian  characicristics  of  a  curve 

discriminant :  Q.12. 
Pltickcrian  numbers  of  envelopes  :  C.78j. 
Point-pair,  absolute  on  a  conic  :  Q.b. 

harmonic  to  two  such  :  Z.l 3. 
Point-piano  system  :  M.23j. 
Points  :  in  a  plane,  relation  between 

four:  A.2.2t). 

•  tg.eq  of  two  :  W<.;9,  t'.'13. 

on  a  circle  and  on  a  sphere  :  N".fr2. 
of  equal  parallel  trausvcrsals :  AJiL 


Points — (coniinurd) : 

four,  or  bncs,  ths  :  CD.R. 

at  infinity  on  a  quadric :  N.»>5. 

roots  in  a  closM  curve  :  N.fiH. 

in  space,  represented  bv  triplets  of 

points  on  a  line  :  I'^f  -* 
8y.«<tcms  :         :  M.e>.25:  X.r>8. 

of  cubic  curves  :  Z.l 5. 
three  :  coordinates  of,  N.42 ;  pr,  A  .8. 
•Polar :  1016,  4124  :  A  .28:  J-.'kS:  g2LM.2  : 
Me.*^:4,r>(? :  X.  72.79. 

•  of  conies :  4762  :  thsy..58. 

of  cubic  curves  :  J.»9  :  L.57  :  Mel.5  : 

curves,  tangents  of  :  X.43. 

•  developable  :  5728. 
inclinetl:  N.5!). 

•  line  of  two  points  with  respect  to  a 

quadric  :  5085. 
plane:  7.'?2 

•  of  a  (juadric  :  54578,  5687  :  An.Zl ; 

of  four.  l.M  13 
of  a  quart ic :  L.57. 
of  li  right  lines  :  A.l. 

•  subtangent :  51;i3. 

Polar  surface:  of  a   cubic:   J .80  ; 

twisted.  Z. 2:1.24. 
of  a  plane  :  (\'jO:  N.Oo. 
of  a  point :  N'-»>5. 
tetrahedron  :  J.78  :  N.65  :  Z.l 3. 
of  a  triangle:   A.  59 ;  perspective,  J. 

Pole:  of  chords  joining  feet  of  nor- 
mals of  conic  drawn  from  points 
on  the  evolute :  X-dO. 

•  of  the  line  Xa-^fiji  +  iry  :  4671. 

•  of  similitude  :  5.587. 
•Pole  and  Polar:  1016.  4124. 

Political  arithmetic:  trA.36— 38. 
Pollock's  geo.  theorems  :  Q.l. 
Poloids  of  Poinsot  :  CD  3. 
Polyacrons,  A-faced  :  i\ran.62. 
I'olydrometry  :  A.:38.39. 
•Polygonal  numbers:  2Bli  Pr.10.11.12^ 

Polygonometry  :  thsAn..')2  and  J .2.47  : 
AT«<m.3o. 

Polygons  (see  also  "  Regular  polv- 
gons  :  An.cn53.63:  JP.4.9  :  N. 
TAi  Z.ll  ;  theorems:  A.1.2:  C. 
26, :  prsCD.5; :  Mcl^  :  N.5^. 

•  area  of :  718,  VWl :  JjUk  :  y.4x.52. 
nrticuldted  and  pr.  of  configuration, 

tr:  An.SfcL 
centroid:  N.77. 

of  circular  arcs,  cn  :  A.3  :  J. 76. 
classification  :  Q.2. 

division  into  triangles  :  A. 1.8  :  L.38-, 

aiis:  TAf  13  • 
of  even  number  of  aided  :  L^LL 
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Polygons — {continued) : 
family  of :  Nm. 

maximum  witli  given  sides  :  J. 26. 
of  11+2)1  sides,  numbers  related  to: 
A  ■(;•■>■ 

of  Poucolet,  metrical  properties :  L.79. 
semi-regular:  JP.24;  star,  A.^  and 
L.7'J.80. 

sum  of  angles  of :  A.52  :  N  oO. 
Polyhedral    function    (Prepotcntials) : 
CR13,. 

•Polyhedrons  :  2{>fi  :  C.4^.;.60— 62  :  L3l  : 
JP.4.9;.1.V24  :  :  Man.oo  :  N. 

HA:   P.56.07 :  Pr.H.9.11..12:  Q.7: 
Z.ll.U;  theorems  :  E.3H— 42  :  J. 
liL  N.43;   F+S  =  E+2:  D()t>; 
A.24:  E.20,27a. 
classification  of :  0.51, o2. 
convex:  angles  of,  C.74 ;  regular,  A. 

diagonals,  number  of  :  N.O;}. 
Euler's  theorem:  J.8,14 :  M<?m.lil: 

minimum  surfaces  of  :  A. 58. 
maximum  :  regular,  CdL;  for  a  given 

surface,        :  Mcl.4. 
regular  :  ellipsoidal,  C.27  ;  self-conj., 

Ajj2.;  star,  A.62  :  thsC.26^. 
symmetrical  :  J .4  :  L.W. 
surface  of :  A.o3  ;  volume,  J.2t :  N..V2. 
Polynomials  :  geometry  of,  J  P.  28  :  th 

Q.14. 

determined  from  its  partial  differen- 
tial:  A.L 
product  of  two  :  N.41-. 
system  of :  L.-'iH. 

of  two  variables  analogous  to  Jacobi's: 
A.ir,. 

value  when  the  variable  varies  be- 
tween given  limits  :  C.98. 

Polyzonal  curves,  v/6'+s  ^F+=  0 :  TE. 
2.'). 

Porisms  :  Lis2:  P.1798  :  Q.ll  :  TE. 3,4.9. 
of  Euclid:  C.29.  »^..:>»j— 59  :  T.  55 
of  two  circles  :  Me.8k 
Format's  fourth  :  XMi. 
of  in-  and  circum-polygon  :  Me.83  : 

of  in-  and  circum-trianglc :  LM.6,9  : 

Poristio  equations :  LM.i.5. 
Poristic  relations  between  two  conies  : 
LA1.8. 

Position,  pr.  relating  to  theory  of  num- 
bers :  MiiL:L 

Potential:  thsAn.82  :  C.88 :  G.15  :  J. 
20.32,63,7U.th81.85:  M.2.3:  KJlLi 

of  a  circle :  J  .76. 


Potential — (conlinit<jd)  : 

of  cyclides :  C  K^ :  J.Gl ;  elliptic,  Me. 

cyclic-hyperbolic,  tables :  J.4,6a,7t,8», 

9   — 

of  ellipsoids:  LM:  MjlSIj  Q.14; 

two  hoinog.,  J.63.7U. 
elliptic:  J.47^. 

of  elliptic  disc,  law,  £zl:  Q.14. 
Gauss's  f.  and  theory  :  Z  H4. 
gz.  of  first  and  second  :  Tj.79. 
history  of :  J.86. 

of  homogeneous  polyhedra  :  ifiS, 

Jellott's  eq.  and  ap. :  Q.16. 

Newton's:  M.I1.13.1(). 

one-valued :  J .64. 

p.d.eof:  (:.90. 

Poncelet's  ths  :  /.H. 

a  related  integral  :  Ti.45. 

of  a  right  .solid  :  J.iiiL 

of  a  sphere :  Mc.Sl  ;  surface  of,  Mo. 

012  :  ZLL 
surfaces  :  iLM;  conicoids,  &c., 
vector  :  Me.80. 
Pothciiot's  problem  of  the  sphere  :  A. 
4  >■.  t7,5  k>. 

Powers:  angular  functions, &c. :  J.7j. 

and  determinants,  relation  :  ii.iL 
of  negative  quantics  :  Me.ZiL 
of  polynoniiaLs  :  J  I '-15. 
Power  remainders  :  M^2iL 
Prepotentials :  P. 75. 
Prime  divisors  of  (|uartica  :  J.3. 
Primt3  fiwtors  of  numbers:  J, 51:  N. 7 1,75. 
Prime-pairs  :  Me.ZiL 
•Primes:  349-378:  A.2.19:  AJ.7  :  fAn. 
tiiL:   U.th8l3.49.50.fG3.9(>j:  OAs 
J.thl2.thl4,20  :     L.52.54.th79  : 
TiM.2  :  AL:ii:       41  •  N. 46.56 :Pr. 
i :  (i^  :  up  to  lU'->,  Af  3 
in  ar.p :  /.<>. 

calculation  of:  J. 10 :  in  1st  million, 
M  2.-. 

in  a  comj)osite  number :  CL32. 
distribution  of,  ap.  of  recurring  series: 

division  of  a  prime  4u  +  l  into  sum  of 
squares:  J. 50  :  ditto  of  8u-|-3, 
7>t-f  2,  and  7)<  +  4,  .1.37. 

even  number  =  sum  of  2  odd  primes 
(?):  E.IO: 

Fibonacci's  problem  :  LM.ll. 

of  the  following  forms  and  theorems 
respecting  them:  4i:-|- 1^  4Ar-l-3  ; 
1..60:  6A:  +  1;  Hi:  8A  +  Li  L.61j, 
tii:  8 A: +3;  L.5S,i)0.6l4.62.; :  Hk  +  b 
or  Tj,  L.ii0.61  :  12^•  +  5_;  L. 61.63  : 
16;.-  + 3;  LM  :  \0k  +  7  ;  L.60.61  : 
16fc-i-ll;  L.60-62:  lliZ;-|-13_i  L. 
til:    20k +'3,  20k +7  :  L.63.64  ; 

6  A 
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Primes — {confinufd)  : 

2iJ:  +  \.  5.  or  Z;  L.Hh  :  2^  +  11 
or  lOj  LM:  24t+13i  LM  : 
40A-t-3;  •  40JI  -I-7  or  2:{;  L. 
60a.61, :  4«3A--t-ll  or  19j 
4<jA--t-'J7;  L.613:  120A+:n.61.79. 
or  1  iX> ;  1 0>8A:  -t- 67.  or  1 63 : 

LJLl:  vi^-\-kni  with  A- =  20,36^ 
56,  or  116.  and  it  an  odd  number; 
Lu^  :  4m--\-bn-  with  m  odd;  L. 

peneral  formula  for  :  C'.63. 
of  a  (;eo.  form,  limit  of  :  r.74. 
irreducibility  of  1 +2"  + ... +.<•''"',  when 

p  is  a  prime  :  .1.29,67  :     .^><1 : 
law  of  rt-ciprocity  between  two,  ana- 

loguo :  J  .9. 

•  logarithms  of  (2  to  109) :  page  d. 

•  number  infinite  :  3.'">7  :  Mo. 78. 
number  within  given  limits:  A  ■64. ; 

number  of  digits  in  their  reciprocals  : 

Pr.>2;.2:?. 

number  in  a  given  «piantity  :  Mo.59. 
product  of  Hj  th  :  N'74. 

•  relative  :  349— 5<:>,  3oo,— 8.  373  :  J.7Q: 

tables  of :  from  10«  to  100001699  :  of 
Ubi  of  the  10th  million  : 
of  cube  roots  of  to  iil  places  :  Me.78. 
of  Bums  of  reciprocals  and  their 

powers :  Pr  :<:v 
M—.n'W  for  a  prime  or  composite 
modulus  :  Q.9. 
totality  of  withirj  given  limits:  AJ.4: 

transformation  of  linear  forms  of  into 

quadratic  forms  :  C.H7. 
on  that  prime  number  X  for  which  the 
class-number   formed  from  the 
Xth  roots  of  unity  is  divisible  by 
X:  MslZL 
Primitive  numbers :  thC.74. 
Primitive  roots:  r  64  •  JP.ll  :  fT.  r.4  • 
taJ.45. 

of  binomial  eqs. :  thsL.4<[) :  ILii2x 
of  primes  :  J  .49. 

product  of,  for  an  odd  modulus :  J.31. 
of  unity :  (  '-92. 

Abel's  theorem  :  An..^6. 

divisors  of  functions  of  periods  of  : 
C.92. 

period,  Jacobi's  method  :  C.70. 
of  primes  :  J  .49 :  and  their  residues, 

Mc.8r>. 

sum  of,  for  an  odd  modulus :  J.31. 
table,  for  primes  below  20:01;  M^m. 

table  of,  for  primes  from  3  to  IQl : 
J.9. 


•Principal   axes  of  a  body :  59'26.'60. 
•72.77 :  Lh  :  I£Ah  :  hAl  :  ILM. 
Prismatoids:  A      ■  volume  of.  Zj23. 
Priam oids  :  A.:{9. 
Prism  :  volume  of,  A.6. 
•Probability:  .mi  A.U.19.47:  C.6o.97 : 
CP.9:  K.27«.3o :  G.17:  LliLi  J. 
26i.30,,3:{.:U.:j6.42..>0 :   L.79 :  N. 
51.73:  ZJL 
theorems  :  Bernoulli's  :        .5  ;  P.62  ; 
TE.1'.21. 

problems  :  A. 6 1.64:  CD.6 :  E.  all  the 
volumes:  CM6 :  L.37  :  Me.4.6 : 
Q.9. 

de  I'aiguille,  &c.  L.60. 
in  analysis  :  .J .6. 

on  decisions  of  majorities  :  L.38.42. 

duration  of  life  :  (' M -4l 

rouge  et  noir:  J.67. 
drawing  black  and  white  :  lAA  :  T-  41 
errors  in  Laplace,  p.  279,  and  Poisson, 

p.  20iL:  rP.6. 
games :  A.l  1  :  head  and  tail ;  C.94. 

•  of  hvpothesis  after  the  event :  JJiL: 

M^13. 

local:  RdS:  e^E.7. 

notation  :  TiM12. 

position  of  double  stars  :  Pr.lQ. 

principal  term  in  the  expansion  of  a 
factorial  formed  from  a  large 
number  of  factors  :  r.l9. 

random  lines :  Pr.l6  :  E.  frequently. 

•  repeated  trials  :  317—21 :  C.«.»4. 
8tati.<^tics :  L.^. 

testimony  and  judgment :  TE.21. 

Products  :  continued  :  Me.77j. 

of  differences  :  thQ.lo. 

of  A  consecutive  mtegers  :  N.62. 

•  of  inertia  :  5906. 

infinite,  convergency  of :  A  21  :  trausf. 

of,  LLiL 
of  linear  factors  :  C.9. 
of  ZL  quantities  in  terms  of  gums  of 

powers:  Me.71. 
of  2  sums  of  ^  squares  (Eulcr):  Q. 

16.17. 
systems  of :  Ti  .'ki. 

•Progressions:  79—93:  AnM :   C.20 : 

G.6t.7.11 :  of  higher  order,  G.12-. 
with  n.  =  a  fraction  :  N.42. 
•Projection  :  1075.  4921 :  A.3,6.12 :  prsJ. 

7(Li  Q.21.prl3. 
and  new  geometry  :  A^L 
central :  G.13 :  derivation  from  or- 

thogonal,  A  ■6-2. 
central  and  parallel,  of  quadrics  into 

circles  : 

•  of  conies  :  4921—35  :  J.3736. 
of  a  cubic  sorface :  MA 
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•Projection — (continiied) 

01  curves  :  J.66 :  Z.lSj:  loci  of  cen- 
tres, A.6. 
on  spheres :  Q.14. 
tangents  to  :  cnL.n?. 
of  a  curved  surface  on  a  plane :  J.67. 
of  an  ellipsoid  on  a  plane :  A  '>9. 
of  figures  in  one  piano  :  A.l. 
gauche :  N.86. 
of  Gauss:  Mdl.2. 

•  map  :  Mercator's,  1093  :  AJiQ. :  G  IS  : 

J£Mi  N.793. 

•  of  one  line  on  another :  5529 :  on  a 

plane, 

•  orthogonal:  1087. 
plagiographic :  A.8. 

of  ruled  quartics  :  Mx2x 
of  shadows  :  N.56. 
of  skew  hyperboloid  :  Mr.75. 
of  solids :  Man.SdL 

•  of  the  sphere :  1000  :  AJ.2. 

•  stereographic :  1090:  A. 30— 32  :  L. 

42,54. 

of  surfaces  on  a  plane  :  M.S. 

of  surface  of  tetrahedron  on  a  sphere  : 

•  of  two  rectangular  lines  :  4934. 
Projective :  correspondence  between 

two  planes  and  two  spaces  :  G.22. 
equations  of  a  surface,  relation  to 

tg.e:  EJL 
figures  on  a  quadric :  AA&± 
generation  of  alg.  surfaces  :  A. 1,2 :  of 

curve  forms,  An.l4 :  J.54:  Mi2ii : 

geometry :         :   An.75 :  At.752.78 : 
0.12—14.17:  J.S,:  M.17.18:  ths 
N.77:  ths  of  Cremona,  G.13-J.14: 
thZ.ll. 
loci  and  envelopes  :  QA^ 
and  P.D.  eqs. :  A.l. 
point  series :  J.91. 

and  perspectivity  of  higher  degree  in 
planes :  J.42s. 
•Proportion:  68:  A^:  G.6.13 :  TEA 
Pseudosfem :  G.IO. 

Ptolemy's  theorem  :  A.2.67  :  AL12  :  J. 
13:  LM.12. 
ext.  to  ellipse  :  A. 30  :  inverse  of,  A ..'">■ 
Pure  mathematics,  address  by  IL  J.  S. 

Smith,  F.R.S. :  LM.8. 
Pyramid  :   triangular  :   A.  1,3,2 1,28,32. 
M:  Ui:  vol  A. 14. 
vertices  of :  AJL 
and  higher  n-drons  :  prsA.9. 
and  prism  sections,  collmcation,  Ac. : 
A. 2. 

Pythagorean  theorem  :    A.ll. 17.20.24 : 
gzJ.26  and  N.ti2. 
spherical  analogue  :         :  KJi2. 


Pythagorean  triangles :  taA.l  :  E.20. 
•Quadratic  equations  :  45 :  A. 24; :  with 

imaginary  coefficients,  A .8. 
graphic  solution  :  Me. 76. 
real  roots  of  :  J.Ol. 
solution  by  continued  fractions  :  Ij.4Q. 
by  succt'ssive  approximation  :  N.74. 
Quadratic   forms  (see  also  "  Quadric 

functions"):   trA15  :  Ac.  7  :  C. 

85:   J.27.f39.r.4.5t>.76,86  :  L.5U. 

7^  M.6.23 :  Mo.(;8i.74^:  ths  An. 

54lj  .T  .^.'^  •  MJi!i  and  Z.16.19. 
Dirichlet's  method :  Mo.^ 
having  one  at  least  of  the  extrerao 

coeflBcieuts  odd :  L.07.60. 
Kronecher's :  li.CA. 
multiplication  of :  An.fiO. 
number  of  the  genera  of :  J.56. 
number  which  belong  to  a  real  deter- 
minant in  the  theory  of  complex 

numbers  :  J. 27. 
odd  powers  of  sq.  root  of  1 — 2i7tr+»?^: 

M(<1.5. 
positive :  A.II3. 
reduction  of :  J .39  :  L. '18,56,57. 
relation,  anal,  investigation  :  ZJLi. 
Quadratic  loci,  intersection  of :  AAjQ± 
•Quadratrix:  5338. 
tangent,  cn  :  N.76. 
of  a  curve  :  C.763. 
Quadrangle:  prA.55 :  (^95. 
of  chords  and  tangents  :  A^ 
differential  relation  of  sides  :  Me.77. 
dualism  in  the  metric  relations  on  the 

sphere  and  in  the  plane  : 
and  groups  of  conies  :  A.l . 
of  two  intersecting    conies,  area : 

metrical  and  kinematical  properties  : 

•Quadrature:  5871—83:  AJIQ  :  An.SOj: 
CD.th35.9 :  Eih  J  34 :  L  .Vt: 
Mem .24.41 ;  y.42,f55,54:  N.75: 
TI.l. 

approximate :  C.95  :  N.58. 

of  the  circle :  Me.  74 :  Pr.7,20. 

Cote's  method :  N.50. 

with  equal  coefficients,  f. :  C.90. 

Gaus.s'8  method:    A.32:  C.84.90a: 

J.gn55,56. 
from  integrals  of  differentials  in  two 

variables :  M.4. 

•  Laplace's  formula,  f.d.c  :  3778. 

of  a  small  geodesic  triangle,  Gauss's 
th:  J.10.58. 

•  by  lines  of  ermal  slope  :  5881. 
quadrics:   CU.l :  formed  by 

intersecting  cylinders,  An.t]5. 
sphero-conic :  J.  14. 
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Quadratures — {continued) : 

which  depend   upon    an  extended 
clasB  of  d.e  with  rational  coeffi- 
cients :  ('.92. 
•Quadric  cones  :  r>5l>0.r»618;54.'97  :  N.6G. 
locus  of  vertex  :  t -..Vi. 
through  six  points :  C.52. 
Quadric  functions  or  forms:  A. 13^.38 : 
C.44.55,78,8tVPr> :  J  ■47,:  JP.28. 
arith  32^  positive  22:  a1gL.7t : 
Mo.r»8  :    see    also    "  Quadratic 
forms," 
bipartite:  P.o8. 

in  coeflicients  and  in  indetenninato 
complexes  :  J  '24. 

equivalence  of:  C.93. 

in  It  variables  :  Mil^  :  disappearance 
of  products',  N.Ti.'j. 

quaternary  :  An.5t> :  :  M.5.13  : 

whose  det.  <  0,  ;  and  corres- 
ponding groups  of  hyperabelians, 

reduction  of  :  C.91 .03.96  :         :  to 

sum  of  squares,  Mel .5. 
represented  by  others  :  C.93. 
transf.of:  QM:  iJlA:  OA  :  IMM  : 

N  r.ti :  Q.17. 
reciprocal:  UaL 

invariability  in  number  of  pos.  and 
nog.  squares  :  J. 53. 
with  two  series  of  variables :  C.94. 
•Quadric  surfaces  :  5582 — 6703 :  A. 3^,4, 
12.U>.45.56:  An.52.geo60;  ALM: 
n.7fi  :  CD.3:  G.13,Ur^. 1.18.38. 
f42.t^3.G9,89  :  :   L.3lM3.r)0 : 

M.2.23  :  gcoMe.74 :  ]S..'>(3.;>7.58-:. 
59.,.G0.01.77 :  Z.5;^3. 
theorems:  An .54:  CRA:  J.54.85 : 

T..43  :  Mo.79  :  y.tj3,.G4,:  Q.2,4. 
problems :  An.Gl  :  r.60:  J.73:  N. 
58:  Q.IO. 
analogy  with  conies  :  Me. 72. 
anharmonic  section  of  :  G.12. 
bifocal  chords  of  :  ('0.5. 

•  central  equations :  5599 — 5672. 

•  central  sections  :  5650 :  area,  5650 : 

axes,  5651. 
locus  of  focus  :  N.66. 

•  non-central  sections  ;  5654. 

•  centre  :  N.75  :  area,  5655. 

•  centre,  coordinates  of :  5690:  A.M. 

•  circular  sections  :  5596,  5t>0l.'6.'l9  : 

C.43:  CD.l  :  CM.l:  E.30 :  J  .47. 
65,71.85:  N.51. 
common  enveloping  cone  :  G.6. 

•  condition  for  a  cone :  5699. 

•  conjugate  diameters  :  5637:  N.42.61 ; 

parallel,  G.l ;  rectangular  sys- 
tem, IlL^, 


Quadric  surfaces  :  conjugate  diame- 
ters— {contintted) : 

•  parallelepiped  on  them  :  vol.  564S  : 

sura  of  squares  of  areas  of  its 
faces,  5645 :  do.  of  reciprocals  of 
the  perpendiculars  on  its  faces, 
5644. 

•  sum  of  squares  of  their  reciprocals : 

56't3:  ditto  of  their  projections 

on  a  line  or  plane,  5646. 
construction   and   classification  by 

projective  figures  :  A .9. 
correlation  of  points  and  planes  on : 

CD.5. 

•  cubature  of :  6126—65  :  A.|4. 

•  diameters  :  5677,-88. 

•  diametral  plane  :  5636  ;  gn.eq,  5689. 
of  constant  sectional  area :  N.43. 
director-sphere  of:  Q.8. 
duplicate:  rD.6. 

•  enveloping  cones  of  :  5664 — 72,5697. 
equation  between  the  coefi's. :  J. 45. 
without  foci :  L-36. 

focales,  a  property  from  the  theory 
of:  T..45. 

•  general  eq. :  5673 :  CIUl  :  CM  A  :  LM. 

12.13:  M.l:  M&M. 

•  condition  for  a  cone  :  5699. 
condition  for  a  sphere:  Q.2. 
coefficients  :  AAx 

•  generation:  5607—24,  N.47.75 ;  Ja- 

cobi's,  J.73. 
homofocal :  hSiL 

indices  of  points,  lines,  and  planes, 
theory :  N.704- 

•  intersection  of  two :  5660,  C.64^ :  G. 

e :  M.15 :  QAO ;  ruled,  N.8;3 ;  with 

a  sphere,  ths,  K.64- 
parameter  representation  of:  M.15. 
tangent  to :  IiM.13. 

•  intersection  of  three:   5661,  iLI3  : 

TN.69. 
loci  from  :  A .27. 

•  normals  of :  5629-32 :  (LIS :  J.73.33 : 

N.63.78:  Q.8. 
oblique  coordinates  :  X.82± 

•  polar  plane  of  :  5681 — 8. 
Pliicher's  method  :  Jj.'iS. 

of  revolution:   N.72.&1 ;  through  h 

points,  iiii  and  79. 
self-reciprocal :  M.25 :  Z^22. 
sections  of :  J .74. 
similarity  of  two :  CD.S. 
with  a  "  Symptosen-axe":  A .60,61. 
system  of :  Q.15;  reduc.  and  transf., 

•  tangents :  5677  :  G.12. 

•  tangent  planes  :    5626, — 78 :  CM.l  : 

cnJ.42:  LM.U  :  KM. 
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Qaadric  surfaces — {continued) :  I 
locus  of  intersect,  of  three  :  LAI.15. 
througli  2  points  or  under  ft  condi- 
tions :  A.17  :  CD.-k:  J .24.62.68  : 
L.58.59 :  Q.8  : 
under  8  conditions :  r.62. 
through  12  points :  G.  17,22. 
through  a  twisted  quintic  curve :  E. 
'M 

transformation  of  two,  by  linear  sub- 
stitution into  two  others,  in  which 
the  squares  only  of  the  variables 
remain :  iL12. 

principal  axes  :  see  "Axes." 

principal  planes  of :  Ll^M  :  N.67,71 : 

and  their  umbilics  :  C  o  t. 
volume  of  segment :  Au21 ;  of  oblique 
frustum,  K.\9. 
Quadricuspidttla :  ri.70. 
Quadrilateral:  A.6.48 :  Me.fifi  :  th(1.5 : 
praN43. 

area  :  ILifi;  as  a  determinant,  N.74. 
between  two  tangents  to  a  conic  and 

the  radii  to  the  points  of  contact : 

A.  53,. 

bisectors,  a  property  :  N.75. 

•  and  circle,  geo.  -.  2^  :  Q.5. 

•  complete :  4652 :  A.24,69TALg^ ;  mid- 

Soints  of  'd  diagonals,  collincar, 
Ic.73. 

•  and  conic :  4697 :  N.75,76. 

•  and  in-conic  :  tg.c  4907 :  Q.ll. 

CD.  with  given  sides  and  equal  diags. : 
A.ll 

convcx  :  AJM ;  area,  Q.19. 

Desargues'  theorem :  Z.24. 

plane  and  spherical :  A^ :  Z-fi- 

and  quadrangle :  A.I. 

right-angled:  A.2,3. 

with  sines  of  angles  in  given  ratio : 

•  sum  of  scis.  of  sides :  th  924. 
th.  extonaed  to  Li  dimensions  : 

Qu ad ru plane  :  LM.I4. 
•Quantics:    1620:  ( ;.47 :  -T  r.6  •  T.Af  6 

N.4S:  Cavlcy  P.  54..:>6..^.:.9.G1. 

67.71  and'Zil:  Pr.7.>.8.9..11.1.j.l7. 

18.23  :    thsC D.6  :   J .53  :   N.53  : 

Q14;  Cauchy.  Pr.42. 
derivatives,  relation  between  1st  and 

2nd:  E.39. 
derivation  from  another  by  linear 

substitution :  (142- 
of  differentials:  J. 70.71  :  MiLfi2, 
index  symbol  of :  CD..">. 
integration  of  a  rational :  C97. 
in  linear  factors :  C.50 :  L.ths61 :  Q.6. 
transf.  of  aj^-\-by'-^cz'--\-dio^,hy  linear 

subst. :  JA^ 


Quantitative  function,  transf.  of :  CT)  3 
Quartic  equations  :  see  "  Biquadratic." 
Quartic  curves  :  An .76,79  :  At. 52  :  C.37. 
ths64.65.77.98 :  HD.b  :  a.14.16  : 
.T-59 :  M.thl. 4.7.12:  prN.56. 

and  Abel's  integrals  :  M.ll. 
binodal.  mechanical  cn.  of  :  E.18. 
characteristics  of  a  system  :  C.75. 
chord  of  contact,  eq.  :  M.17. 
classification  by  inf.  branches  :  L.36. 
with  cuspidal  conies  :  M.19. 
with  li  cusps  of  Ist  kind  :  AlLiiiL 
degenerate  forms  :  TjM.2. 
developable  reciprocated  :  Q.7. 
with  a  double  Une  :  A  .2  :  0.75. 
with  a  double  point :  M.19 ;  two,LL2L  ; 
throe,  Q.18;  three  of  inflexion, 

^nth  double  tangents  :  J.66. 

and  elliptic  functions  :  J. 57,59. 

of  1st  kind  and  intersections  with  a 

quadric :  An.69... 
generation  of  C.45  •  J.44  ;  3rd  class, 

J.66  and  /  IH. 
16  inflexion  points  of  1st  species  of : 

trZ.28, :  E  3t>. 
and  in-pentagon,  th  :  M.13. 
oblate:  C.74. 

parameter  representation  of :  M.13. 

penultimate :  Me.Zi 

with  quadruple  foci :  Q.18-J. 

rectification  :  C.873. 

and  residual  points  :  E.343. 

and  secants  :  MJjL 

singularities  of:  It^:  M.14. 

synthetic  treatment  of :  /■23. 

through  which  one  quadric  surface 

only  can  pass  :  An.61. 
trinodal :  thE.30. 
unicursal  twisted  :  TJ^f.^4. 
Quartic  surfaces  :  A  1-2:  (\70  :  0.11.12  : 

LM.3.19:  M.  1.7. 13. 18.20:  Mo.66. 

72  :  N. 70.873:  Q.  10.11. 
containing  a  series  of  conies  :  J .6 4. 
with  a  cusp  at  infinity  :  LM.14. 
with  double  conic  :    A.2 :    M. 1,2,4  : 

Mn.f.S. 

with  eq.  Sym.  dot.  =  0  :  Q.14. 
generated  by  motion  of  a  conic  :  J.61. 
Hessian  of  :  Q.  l 

and  2  intersecting  right  lines  :  M.3. 

with  12  nodes  :  Q.14. 

with  lii  nodes  :  J:gy73,b3,84,8.^^86,87. 

88 :    Mo.64 ;    principal  tangent 

curves  of,  M.23  and  Mo. 64. 
Steiner's  :  CM  :  J. 64,. 
with  a  tacnode  at  infinity  at  which 

the  line  at  infinity  is  a  multiple 

tangent:  LM.13. 
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Quartic  surfaces — {co»timud) : 

with  triple  points  :  M.24. 
Quaternions:  C.86,98, :  CD.4 :  : 
M.11.22:  M 0.6^.64 .81  :  RJd  :  Q. 
fi:  TE.27.28 ;  TI-21. 
ap.  to  linear  complexes  and  congru- 
ences :  Mf.HH. 
ap.  to  tangent  of  parabola:  AJ.la. 
elimination  of  ajiy  from  the  conditions 
of  integrability  of  Suadp,   »kc. : 
TE.27. 

equations:  C.98 ;  linear, 99j:  of  sur- 
faces,   Joachimstahl's  method, 

vp1>p  =  0:    TR.-28     qQ-qQ'  =  0, 
Ue.S'>i. 
finite  groups :  A.T.4-. 
f.  for  quantification  of  carves,  sur- 
faces, and  solids  :  AJ.2. 
geometry  of : 
integration  tlis :  Mo.85. 
transformations  :  Afttn.82. 

•Quotelet's  curve :  5249. 
Quintic  curves :  cnM.25. 
Quintic  equations:  AJ.tii,7  :  An. 65. 683 : 
C.-k?... 18.50.61. 62^ 73,80;.85:  J39: 
M.l:kU.t5:  1^   Pr.ll:  Q.3: 
TL12:  ~ 
auxiliary  eq.  of:  Man.l5« :  P.61 :  Q.3. 
condition  of  transforma\)ility  into  a 

recurrent  form :  K.35. 
irreducible:  AJ.7 :  J  -'U. 
functions  of  difference  of  roots :  An. 

reduction  of :  Q.6. 
resolvents  of :  C.63}. 
whoso  roots  are  functions  of  a  varia- 
ble:  QA 

solution  of :  An.Tii :  J.59.87 :         :  Q. 
2.18. 

Descartes'  method  :  A.27. 
Malfatti's :  AnJilL 
in  the  form  of  a  symmetrical  deter- 
minant of  four  lines  :  An.ZO. 
Quintic  surfaces  :  L^f■3■ 

having  a  quintic  curve  :  An. 76. 
Qnintics,  resolution  of  :  Q.i. 
Radial  curves  :  LM.l :  of  ellipse,  Q.18. 
of  conies,  catenary,  lemniscute,  &c. : 

Radiants  and  diameters  of  a  conic :  C. 

26. 

•Radical  axis  (see   also  "  Coaxal  Cir- 
cles ") :  9:.H.98t— 99,  4161  :  LM. 
2_:  Me.66. 
of  symm.  circle  of  a  triangle :  AJisL 
of  two  conies  :  Q.15. 
•Radical  centre  :  997. 
•Radical  plane :  5585. 


Radii  of  curvature  of  a  surface:  A.  11, 

55:  QA2:  ZJL 
principal  ones :  L.47.82  :  M.3  :  Me.SQ  : 
N.55. 

•Radii  of  curvature  of  a  surface :  5795 — 
5817  :  A.11.55  :  Q.12: 

•  ellipsoid:  58;n. 
flexible  surface :  L.48^. 

•  principal:   5814—6:   L.47.82 :  M.3: 

Me.80:  >L55. 
constant :  Me.64. 

•  for  an  ellipsoid :  5832. 

equal  and  of  constant  sign :  C.41 : 
Jii21:  L.46e.50. 

•  Euler's  theorem  :  58<)6. 

one  a  function  of  the  other :  An-6.'>  • 

C.84 :  LSL 
product  constant :  An.^ 
reciprocal  of  product :  Aji.52. 
sum  constant :  An.65. 
sum  =  twice  the  normal :  C.42. 
•Radius  of  curvature  of  a  curve  :  5134  : 

A.cn4.9.31.33:  CD.7:  J.2.45:  ths 

MJIi  N.62.74 :  q.c  and  t.c  QJL2  : 

ZJL 

absolute :  CM.l. 

•  circular :  5736  ;  ang.  deviation,  5746. 

•  of  conies:  1259:  AJi:  CM.l:  JJJii: 

LM:  M£^:  MliLi  :  N.45.t^. 
at  a  cusp  or  inflexion  point :  N.54. 
in  dipolar  coordinates  :  Me.81. 
of  evolutes  in  succession :  N.63. 
of  gauche  curves  :  N.66. 
of  a  geodesic :  L.i4  :  on  an  ellipsoid, 

AilLL 

and  normal  in  constant  ratio :  N.44. 

•  of  normal  section  of  ^ (/•,  y,:)  =  0  •. 

5817. 

•  of  a  parabola  :  1261, 4542. 

of  polar  curves  :  A.51  :  CM .2. 

of  polar  reciprocal :  N.67. 

of  projection  of  a  curve :  JLfil  ;  of 

contour  of  orthogonal  projection 

of  a  surface,  C.78. 

•  of  a  roulette :  52:35 :  N.73. 

transf.  of  properties  by  polar  recipro- 
cals :  L  66. 
of  tortuous  curves  :  Mtjm.lO. 
of  circum-sphere  of  a  tetrahedron  in 
terms  of  the  edges  :  X.74. 
•Radius  of  gyration  :  5904. 
Radii  of  two  circles  which  touch  three 

touching  two  and  two  :  A. 55. 
Radius  vector  of  conic :  .T.30  :  y.47;^ 
Ramifications:  E.30..33,4'>.pr37.th27. 

sol.  by  a  diophaiitine  eq. :  Mo.82. 
Randintogral :  J.ZL 
•Ratio  and  proportiou  :  fiS ;  compound, 

of  a'  .  b'':  gco.cnN.44. 
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Ratio  and  Proportion — {.continued) : 
of  differences  of  geo.  quantities  :  QASL 

•  limits  of:  21^ 

•  of  segments  of  lines  and  triangles, 

geo.:  929—32. 

•  of  two  distances,  geo. :  926—8. 
Rational :  derivation,  cubic  curve : 

AJ.3a. 

divisors  of  2nd  and  3rd  degrees  :  N. 

functions,  development  of  :  AiLa. 

Bationalination  of:  alg.  fractions: 

A.  13.33.35. 
alg.  equations  :  A.13  :   CD.8  :  J  14. : 

alg.  functions  :  A. 69. 

a  series  of  surds  (Fermat's  pr.) :  A  .35. 

Rational  functions  :  of  ik  elements  : 

M.lt. 

infinite  form  systems  in  :  M.18. 
Ray  systems  (see also  "Congruences"): 
L.6QJ4:  Mp  HH  :  N.60,6U. 
62,:  ZlIQ. 

of  1st  order  and  class  and  linear  pen- 
cils: J  67,69; : 

Ist  and  2nd  order :  Mo.65  :  M.lo.l7. 

2nd  order  and  class  :  J .92. 

3rd  order  and  2nd  class  :  iLM. 

6th  order  and  2nd  class :  J.93. 

2nd  class  and     nodal  quartics  :  J. 86: 
Mo.6t. 

complex  of  2nd  degree  and  system  of 
2  surfaces :  AL21^ 

and  refraction  theory :  Q.lij :  TI.lo 
—17.   

forming  a  group  of  tangents  to  a  sur- 
face :  /.IH. 

infinite  geometry  of :  Z.17. 
•Reciprocal  polars :  4844,  6704  :  : 
gzK.24  :  L21i  r^M.2  :    N.48.49  ; 
num.f(i.'21. 
•Reciprocal :  of  a  circle :  4845. 

•  cones  :  5664,  5670. 

•  of  a  conic:  4866—8. 

•  of  a  quadric  surface  :  5717 — 8. 
radii:  M.13. 

relations:  J.48,79,90 :  M.19,20. 

•  spiral :  6302^ 

•  surfaces :  6704-19 :       :  M.4,10 :  P. 

curvature  of :  L.77. 
degree  of:  CIL2:  TI.23. 
of  Monge :  C.42. 

•  of  quadrics :  gn  5705 ;  central,  5706. 
of  surface  of  centres  o    a  quadric  : 

of  the  same  degree  as  their  primi- 
tives :  Mo.78. 
theorems  on  conies  and  quadrics  :  L. 


Reciprocal — {eonlinued) : 
transformation,  geo. :  L.?!. 
triangle  :  th  Q.l ;   and  tetrahedron, 

Beciprocants :  LM.17it. 
Reciprocity  :  anal.,  A.7  :  geo.,  CD.3. 
•Reciprocity  law:  3446:  AJ.I.th2:  C. 

90j:  J.28,.39  :  LK2  :  MoJiS :  d.o, 
3446  and  AJ13. 
in  cubics  :  1'2 
history  of :  Mo.75. 

for  power  residues  :  C.84  ;  quadratic, 
C. 24.88  :  J .47:  CTTand  Mo.80. 
84.85 ;  cubic,  in  complex  numbers 
from  the  cube  roots  of  unity,  J. 
27.28. 

(quadratic  F"'  system  of  8th  degree : 

supplementary  theorem  to  :  J.44.56. 
•Rectangle  :  M.  L  of,  6015. 
•Rectangular  hyperbola  :  44392  :  Me.62. 

66.72  :  N.42.65. 
•Rectification  of  curves:  5196:   A.26 : 
Ac. 5 :   An.69:  CR.95 :  ('D.9:  G. 
U  :  J.14:  L.47:  N.ths 53,64. 
approximate  :  MA :  Mel .4. 
by  circular  arcs :  C.77,85 :  LlML:  M«5ra. 
30.. 

by  elliptic  arcs  or  functions  :  J.79 : 
AT<<m.30. 

by  Poncelet's  theorem  :  C.94. 
mechanical :  Z.16. 
on  a  surfivce :  M<^m.22. 
•Rectifying:  developable:  5727. 

•  line  :  5726,-51  :  N.73. 

•  plane:  5726. 

•  surface:  5730. 

ReHexion  :  from  a  revolving  line  : 

TE.28. 

from  plane  surfaces  :  A  A'>0. 

from  quadric  surfaces  :  iLsii. 

Refraction  curve :  AJlL 

R^gle  a  calcul :  CJS.  -.  N.69. 

•Regular  polygons  :  lAH  •■  A.21,cn24,39 : 
Lulia :  M.on6,13 :  N.42,44,47. 
convex  :  Mo. 74. 

eqs.  of  and  division  into  eqs.  of  lower 

degrees,  tr. :  AA&± 
in  and  circum  :  N'.45 :  Q.2. 
in  space :  Mc.75. 
spherical :  N.60.67. 
star:  JM.:  Mc.74 :  X.49. 

funicular:  N.49. 
5-gon :  MJii 
7-gon: 

7-  gon  and  13-gon  :  M.6. 

8-  gon:  A3x 

12-gon :  complete,  CLSL 
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Regular  Polygons — {rontiuued) : 

17-gon:  A.6:  J.cir24.75 ;  N.74;  and 

divi-sion  of  the  circle,  A^ii 
e(\s.  for  sides  and  diagonals  :  A .40. 
♦Regular  polyhedrons  :   2i>Z  :  A.ll,.  t7  : 

Pr  :U  :  Me.f.G  :  Q.li>. 
•    relation  of  angles  :     >1) :  Me.74. 
volumes  by  determinants  :  A.r>7. 
Related  functions :  i^L2iL 
Rt'lationship  problems :  E.35.38i. 
Relative  motion  :  X  -tit). 
Rents  :  A  .  to. 

Representative  functions  :  M.18. 
Representative  notation  :  Q.6. 
Reproduction  of  forms;  (,\t*7. 
Reptation :  N-.M.. 

Residues :  A.2>i:  C.12;a3.:V2,ap3-2,,41.44. 
49j  CM.l  :  J.-2.>,.:U.b9:  Lliii  M61. 
4j  N.4<>...Mem  ZiL 

ap.  to  infinite  products  :  C.17. 

ap.  to  integrals  whose  derivatives  in- 
volve the  roots  of  alg.  eqs.  :  (\'23. 

ap.  to  reciprocity  law  of  two  primes 
and  asymptotes  :  0.76. 

of  complex  numbers  :  Mo.8'1. 

primes  of  oth,  8th,  and  l*2th  powers : 
JJiL 

biquadratic  :  QAk  :  J .28.39  :  L.()7. 
cubic:  A.4;^t33  :  ('.79:  .1.28.32:  L.7>S. 
qua<iratic :  Ac.l :  J.2S.71  :  Q  1 

ext.  of  Gauss's  criticism  :  Mo.76. 

of  primes,  also  non-residues  :  L.42  : 
Mei.i. 

and  partition  of  numbers  :  J .61;. 
quintic:  ('.7^  :  ZumL 
septic  :  ('.80. 

of    9exp.(9exp.9)    by    division  by 
primes  :  AJi^L 
Residuation  in  a  cubic  curve:  Me.74. 
Rcsultantalg. :  MJjij  cxt(_'.583. 

and  discriminants  and  product  of  dif- 
ferences of  roots  of  eqs.,  relation  : 
Me.80. 

of  two  equations  :  J.3Q, 50,53,54  :  M.3  : 
l'.57.()8. 

of  two  integral  functions  :  Z.17. 

of  li  equations  :  An. 56. 

of  covariants :  JSLA. 

of  li  ternary  quadrics  :  J.57,  :  N.H9. 
Reversible  symbolic  factors  :  Q.9. 
Reversion  of  angles  :  LM.G. 
Rhizic  curves  :  Q.ll. 
Rhombus :  quadrisection  by  two  rect- 
angular lines :  Mom. 11. 

circumscribing  an  equil.  triangle  :  A. 

Rieraann's   surface :    LALH :    M.G.lSj : 
thsZ.1'2. 
of  3rd  species  :  M.17. 
new  kind  of:  M.7.10. 


Rieraann's  surface — (continued)  : 

irrationality  of :  M  .17. 
Riematin's  function  :A^:  .T.83  : 

ext.  to  hyper-goo. -functions  of  'ivari* 

ables  :  C.952. 
^-formula,  gz  :  Ac.3. 
•Right-angled  triangles  :  Zlfi :  prs 
with  commensurable  sides  :  jB.33. 
Right  cone :  Me.72.73. 75.76. 
Right  line :  A.49.57 :  (QAb  :  tJiM&M. 
and  circle  :  ths  N.56. 
coordinates  of :  G.IO. 
and  conic  :  C^J  ;  cn.  for  points  of  sec- 
tion, A.59.66 :  N.85. 

•  quadratic  for  abscissaj  of  the  points : 

4319. 

•  tg.e  of  the  points  :  4903. 

•  condition  of  touching:  4315,  4;?23, 

t.c50l7. 

•  drawn  from  x'l/  across  a  conic  :  quad- 

ratic for  the  segments  in  an  el- 
lipse, 4314;  parabola.  4221 ;  gen. 
eq.,  4494;  method,  4134. 

•  joining  two  points,   coordinates  of 

point  dividing  the  distance  in  a 
given  ratio:  4<X}2,  t.c4603,  5507. 

•  tg.  c<i.  of  the  point :  4879. 

•  joining  two  points  and  crossing  a 

conic  :  quadnvtic  for  ratio  of  seg- 
ments in  an  ellipse,  4310  ;  para- 
bola, 4214 ;  gn.  eq..  4487,  t.c  4678  ; 
method,  4131. 

•  constants,   relations    between :  sd. 

5515. 

•  coordinates  of,  relation  between  the : 

4807. 

•  and  curve:  4131 — 5:   ths.  in  which 

paii-s  of  segments  have  a  constant 
length.  C.836;  a  constant  product, 
C. 82^1,83.. ;  a  constant  ratio,  C.83 ; 
ths.  in  which  systems  of  seg- 
ments have  a  constant  product, 
C.83i. 

crystallogi-aphy :  A  .34. 

•  equations  of  :  4052—66,  p.c  4107,  t.c 

4605—8;  sd  5523,  q.c  5541. 
geometry  of :  A.64  :  ths  J  .8. 

•  at  infinity  :  4612—4.  tg.c  4898. 

•  cond.  for  touching  a  curve :  490<.). 
pencils  of:  0.70 :   L.72 :  quadruple, 

and  plane:  prsGILl  and  CM.2 :  t.c 

and  q.c  Q.5. 
pole  of :  t.c  4671:  tg.e  4674. 

•  and  quadric :  5676 ;  harmonic  divi- 

sion, 5687. 
and  quadric  of  revolution  :  2LB2i 
six  coordinates  of :  CP.Il. 
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Rij^hfe  line — {emitinued)  : 

system  of  :  Af.  >>H  :  G.9.10.16. 
of  1 8t  degree,  (i.6  ;  of  2nd,  0.7. 
in  space  :  G.II3.I2  :  L.-k). 
and  planes,  geo.  of  2ud  kind  :  At. 
60. 

•  three,  condition  of  intersection:  4097: 

t.c4617. 

•  three  points  lying  on,  cond. :  4036, 

t.c  4015. 

•  through  a  point :  4073, 4088—9,  4099, 

t.c4<>08. 

•  condition:  4101. 

•  and  perp.  or  paral.  to  a  given  line : 

•  through  two  points  :   4<J83,  8d5537 ; 

t.c4616,  4789  ;  p.c410l»  :  on  a 
conic,  equation  of,  ellipse  4324, 
parab.  422o. 
throuijh  four  lines  in  space:  A.l  : 
C  AI .3  :  Gergonne's  pr.  and 
N.17. 

•  touching  a  surface  :  condition,  6786. 

•  quadric  :  5703. 

planes  or  points  tlirough  or  on  given 
points,  lines,  or  planes,  number 
of  such  :  Z  r>. 

•  two:  angle  botweon  them:  4112; 

sd5520, 6.353  :  l:IL2  :  N.<>ti. 

•  bi.sector  of  the  angle  :  4113,  sd5.!>40, 

q.c554:3. 

•  cond.  of  parallelism  :  4^376  ;  t.c4618 ; 

sd5531. 

•  cond.  of  perp. :  4078  ;  t.c4020  :  sd 

5532. 

•  cond.  of  intersecting  on  a  conic,  gn. 

eq:  4962. 

•  cond.  of  either  touching  the  conic  : 

4904. 

•  cond.  of  intersection  :  sd5533. 
coordinates:  4O90,  t.c4611. 

•  shortest  distance  :  8d5534 — 6. 
drawn  to  the  points  of  section  of  a 

right  line  and  conic,  ei\.  of  :  A. 69. 

•  through  origin,  eq.  of:  4111. 
under   given   conditions  :    C.73,74  : 

under  four,  C.68. 
•Right  solid  :  M.  L  of,  6018  :  tliAJLL 
Koflriquo's  th.  :  Mo.8U,84j. 
Rolling  cones  :  L.5:;. 
Rolling  and  sliding  solids  :  geo  thsC.46. 
Rosettes:  N.4.S. 

Rotation:  ('M.3 :  LM.32:  infinitesimal, 

of  system  of  lines  drawn  through 
points  on  a  directrix,  modulus 
of:  (12L 
Roots  of  algebraic  fractions :  N.40. 


•Roots  of  an  equation  (sec  also  "Equa- 
tions ")  :   50.402  :   AJ_t  :  PAf '2  : 
LULS:    KIM:   J.20.31  :   y.42.56 : 
P.  1798.37.64:  Q.  1.5.6. 
of  a  biquadratic,  cn  :  N.44. 
by  parab.  and  circle  :  N.87. 

•  commensurable  :  502  :  N.45.th57. 

limits  to  the  number  :  N..'>9. 

•  common  :  Url    (.'.SO.88  :  N. 55.69. 
as  continued  fiuctions  :  CM.3. 
continuity  of :  N.76. 

in  a  converging  series :  C.23.:38. 
of  cubic  :  LAt :  X^i2^ 
of  cubic  and  biquadratic  :  An.lih  :  L. 
55. 

as  definite  integmls  : 

as  determinants  of  the  coefficients  : 
A. 59.61. 

•  discrimination  of:  409  :  A  .-Wk 

•  equal  :  432-47  :  CD.5  :  Kliii  :  Mdl.l  : 

P.1782:  Q.9.18. 
with  equal  differences  :  G.15o. 
existence  of:   A. 15:  CD.2:'  CP.10: 

K.36  •  (L2_:  J.5.44.88 :  LM.l  :  Q. 

U:  TI.26. 
expanded  in  power  scries  :  J.4S. 
of  the  form  a  +         v'c-}-  :  X.  1-5. 
forms  for  quadrics,  cubics,  and  quar- 

tics :  Z.24. 

•  functions  of  the  roots  of  another  eq. : 

425.44{0  ;  products  in  pairs,  Q.13. 

•  squares  of  differences :  64J  :  ap.N. 

as  functions  of  a  variable  parameter  : 

functions  of  :  similar,  L.54 ;  relation 

to  coefficient.s,  TK.28. 
geo.  cn  of:  3 P.  10. 
in  g.p  :  N.H9. 
in  a  given  ratio  :  XJiL 

•  imaginary:  408-1  geo.cn. A.15.45  :  C'.2t. 

86—88:  JP.ll:  L.50 :  N.4<),47, 
683:  approx.  N. 45.53 :  Q.9. 

between  givi  ii  limits  :  A    1  :  J.  ii. 

Newton's  rule  :  Me.80  :  N.67  :  Pr. 
LL 

Newton-Fourier  rule :  Q.16. 

•  Newton-Sylvester  rule:   530 :  C. 

99. :  LM.l  :  Afe.66  :  Pr.l4:  : 
TI.24. 

•  incommensurable  :  506  (see  "  Sturm's 

th.") 
infinite :  N.41...  15. 
in  infinite  series  :  A. 69. 

•  integral,   by   Newton's   method  of 

divisors  :  4.')9. 
least  :  AU>  :  'VK.'iH. 

•  limits  of:  4=t8:  ('.58.60.93:  geo  CP. 

12:  N.43.45.59,,72,80,,81. 

6  B 


922 


INDEX. 


Boots  of  an  eqaation — {continued)  -. 

number  between  given  limits  :  A.l  : 

G.9 :        -  L.40. 
the  eq.  containing  only  odd  powers 
of  Jf:  N.63. 

•  Rolle's  th. :  ^£Ai  AJ.-i:  N.44:  ext 

LJLL 

Rolle,  Fourier,  and  Descartes  :  A.l. 
number  satisfying  a  given  condition  : 
C.40. 

product  of  differences  :  Me .80 :  P.61. 

•  of  a  ()uadratic :  50—3. 

of  a  quartic  and  of  a  Hessian,  rela- 
tion: E,34. 
ofquintics:  C.59.60 :  LMJJl:  TI  1H 
rationalization  of  :  Jli  798.14. 
real:  A.36.58 :   dfil :  .T-50  JPIOr 
N.50 : 

of  a  cubic  :  : 

Fourier's  th.  :  N.44. 

developed  in  a  series  :  L.78 :  N-.V). 

limits  of:  J.l :  N.53.79. 

series  which  give  the  number  of: 

to  find  four  :  AilSvL 

•  rule  of  signs:  416—23:  A  .SA C.92. 

98j.993 :  N.4;^.46.47.67.69.79. 
separation  of  :  A.28.70  :  N.68-, 
72,74,70.80,. 
by  differences  :  N.54. 
for  biquadratics  :  A.47. 
for  numerical :  C.89.92 :  £Lfi. 
simultaneous  cqs. :  CJi. 

•  squares  of  differences  :  Ml :  CM.l : 

N .42.44 :  Q.4. 

•  suras  of  powers  :  bM.  :  IL23.:  thUJ: 

N.53.75  :  gzMe  85  :  Q.19. 
in  sums  of  rational  functions  of  the 

coefl&cients :  AilS. 
surd  forms  of :  CM. 3 

•  symmetrical  functions  of :  534:  A. Id: 

AJ.l:  An.54;.55.60 :  C.44,4.5 :  G. 
5.11:  J  .19.54.81 :  Mp  HI  :  y.48. 
50.55.66.84 :  P-57  •  ElS:  Q.4: 
TT 

do.  of  the  common  roots  of  two  eqs. : 

N.60:  ZMi. 
do.  of  differences  of  roots :  C.9R. 
which  are  the  binary  products  of  the 

roots  of  two  eqs.  :  An.79. 
with  a  variable  parameter :  GJjL 
which  satisfies  a  linear  d.e  of  2nd 

order:  C.94. 
•Roots  of  numbers:  IDE:  A.17.26.35 : 

r.5R  •  E.3H-  Mp  75  :  N.61.70. 

•  square  root:  'AL^  C.93 :  y.45a.4d.61. 

•  as  a  continued  fraction  :  195 :  A.6. 

12.49  :  CM.2s:  L^:  Mfl^: 
Mpm  10-  TR.5  ZA2. 


Boots  of  numbers — {continued) : 
to  25  decimal  places :  Me.77. 
•   cube  root :   Horner's  method :  32 : 
AJiL 

of  2  to  28  decimal  places :  Me.76,78. 
and  sq.  root,  limit  of  error:  N.48. 
fourth  root :  AJilL 
nth  root  as  a  fraction  :  A. 46. 
•Boots  of  unity  :  475—81 :  C.38  :  XJO : 
L.38.54.59  :  MfiJS^  N.43t :  TE. 
21:  Z,22. 

cubic  roots,  alg.  and  geo.  deductions : 

CJi4. 

function  theory :  Z.22. 

2Ii  roots,  composition  of  number  47  : 

J.55.56. 

•Roulettes :  5229  :  Ac.63  :  r.70-  CP  7  : 
JL£t5:LmSl:KMj  XILlfi:  ZJ^ 
areas  of,  and  Stciner's  transf. : 
generated  by  a  circle  rolling  on  a 
circle :  .fp.21. 
by  focus  of  ellipse  rolling  on  a  right 

line:  A.4H, 
by  centre  of  curvature  of  rolling 
curve:  LuiS. 
Ruled  surfaces:   An.68:   CD.fi:  GJi: 
T..78 :  N.fil. 
areas  of  parallel  sections :  Z<2Q. 
and  guiding  curve :  AJiL 
of  minimum  area :  L^42. 
octic  with  4  double  conies :  CfiQ. 
P.  D.eq.of:  Me.77. 
quadric :  MfixSi 

quartic  :  A.65;  with  2  double  lines, 

A  d^. 
quintic :  J.67. 

represented  on  a  plane  :  C.8oi. 
of  species,  p  =  0 :  M.5. 
symm.  tetrahedral :  LLd2.. 
torsal  line :  M.I  7 
transformation  of : 
•Scales  of  notation  :  342:  J.l  :  L.48.5ry, 
lL^ry,20ry:  Phil.  8oc.  of  Glasgow, 
vol.  8. 
Screws:  Tr-2.i. 

Scrolls  :  A.53  :  CD  7-  CP.ll  :  J.20.67  : 
Mil :   cubic,  MJ.  :  P.63.64.69  : 
Pr.12.13.16 :  Z.cn28. 
condensation  of :  liM  13. 
cubic  on  a  quadric  surface  :  M£.£L 
flexure  and  equilib.  of  :  TiM.lg. 
ruled :  A  .68  :  z  =  nuey^,  .A  .55. 
tangent  curves  of  :  M.  12. 
•Sections  of  the  cone:  1150. 
•Sectors  and  segments  of  conies  and 
conicoids  :    6019  —  6162  :    0.1 : 

Secular  eq.  has  real  roots  :  J .88. 
•Self-conjugate  triangle  :    4755,  4967  : 
G^:  iLfil:  Q.5.10. 
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Self-conjugate  triangle — {continued) : 
*   of  2  conies  :  MaJZZ ;  of  2  conies,  6025. 
and  tetrahedron  in  eonics  and  quad- 
rics  :  Z-6. 

Self  •  enveloping  curves  and  surfaces  : 

Z  9.2. 

Self -reciprocal  surface :  Mo  78. 
•Self-reciprocal  triangle  :  1020. 
Seminvariants  :   Ail :   E.th42.6  :  Q. 
19—21. 

critical  and  Spencian  functions:  Q.4,6. 
and  symm.  functions  :  AJ.ffr 
Septic  equations :  AIo^ 
•Series:  Vsee  also  "Summation"  and 
Expansions  ") :  Uk  —  Oj^  149— 
69,  248—95,  756—817.  1460, 1471 
—2, 1500-73, 2708—9,  2743—60, 
2852-64,  2880.  2ni— 68,  3781. 
3820  :  A.4.5i.9.14.1 8.23.60  :  ^0.39. 
47,:  C.29,pr92 :  CJU* :   G.IO:  J. 
3.17  .34,:'.8.th53  :  L.th56,81, :  Me. 
64^  N.59.th62.70 :  Q.3:  Z.15.16. 
23. 


Uaeftd  8ummcU{o7ia  ; 


'-2+3- 

21  21 
''+3!-^Ki+- 


1— X 

=  log(l-fir):  155. 

,  =ilog}±-*:  152. 
1 — X 

=  tan-»»:  Z2L 
=  e'-l :  m 


=  1--^  : 


_5i 


2 

=  sin  X 


764. 


2  ' 
=  1— cosx:  Z65. 


21  ^   til  ^ 
4!''"6! 

l''+2''+  ...  H-n":  2939  :  AMi  Me.78. 

p  =  1.2.3.  or  4:  2Iii:  A .64:  E.34. 
l>_2P  +  y—  ...  AlP— y  +         ...  : 

J.7. 
In-*"  : 

2(a-f  n)*j;":  KM. 
2(o,-K6,x')g*-"  :  Z.15. 
l-!^3^(n^4)  (n-5)_  j 
2  2-Jl 


Series — (cou/inMed) : 
a±nb+C{it,  2)c±&c. :  J.31. 

•    W— n  (n— ir+  C  (n.  2)  (»— 2)'-  —  .. . ; 
285;  r  =  n.CM.l. 

aj  =  l,J^ 
1 


(a+tMJ)» 
deductions  from 


LM.9. 

•    1^1  +  3!^..  andlii+Li...: 

2940-4  :  :  LLLS :  02  :  with 
2t  =  1,2.. .8;  294,5 ;  E.::2.39  ;  CLIO  ; 
N.79 ;  Zl^    Note  that  by  (2391), 


2^:  M^m.ll:  with  x  =  l^  J.5. 


2  -,  :  A.61. 


2^A^ 
o" 


x7  xlS 

*~  71     iTi  ~  '••  •  ^-^^^  with  x  =  l. 


71  13! 


n ! 


50. 


(a+2n)(l-/:) 


•   2  an*^"' :  2709. 


2(-l) 
2 


n-Kl! 
LJi  ..  2»-l 


:  A^6. 


2tl2!l(2»  +  l) 

^  (^-1)(^--1)  ^ 

(7--l)(^'*'-l)(7"-l)(7'*'-l)  o 
(q-l)(?S-l)(9--l)(7--'-l) 
+  ...  :  J.32.70. 


AJi5. 
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Series — (coutinnt'd) 


2  A'„ 


,  ^  a  pos.  integer  <  a, 

K„  =  the  general  terra  of  some 
recurring  series  :  Cti6. 


n 


AM, 


ML 


•    2  (       2u  4- 1 0  )  /     :  J.5i ;  with    =  2, 

2960-1, 
2  8in^r2/»-|-l)<^  /  (i/i-l-l)*:  EJJ2. 

l(-","^J/n-.L.73. 

cos  p 
^    2  n  sin  nd 


29C2:  MA 


2  il.  cos-  5      ne  :  Z-L 
sin 

•  S^i^°(a+n^):  800: 

•  783; 

•  ^~rcts<°+»^)'788. 


2     tan  : 

2 /(hj)  :  Ii.51  ■      2  J,  «^  (»)  J.25.28. 
.r/(.+  ^):A,22. 
from  j  X  {l—x)"  dx  :  A.47. 

w 

from  ( '  cos2  x  log  .  QAiL 

Jo  1 — sin,*' 

of  Abel :         :  N.R'>. 
application  :  thA.48  ;  to  arith,  Q.7. 
in  a.p :  see  **  Arithmetical  progres- 
sion." 

analogous  series :  N.69. 
a.p  and  g.p  combined  :  A .9. 
with  Bernoulli's  nos. :  AiLiiii;  andbi- 
nomial  coetBciciits,  A.2iL 


Series — {continued)  : 

binomial  (see  *'  Binomial  theorem")  : 
analogous  series  :  EJiii :  Ji32  :  N. 
ti2 ;   with  inverse  binomial  co- 
efficients, Me.bO. 

coefficients  indepeudeiitlj  deter- 
mined :  A. lid. 

whose  coefficients  are  the  sums  of 
divisors  of  the  exponents,  sq.  of 
this  series :  Me.bo. 

combination  :  A.2d. 

•  convergent :         A.2.6.8.U.2t>.  n.67. 

tiih  Nn.44:  C.10.11„2a,.40.4a,=  J. 
2.a,.I1.13.16,22.42.4o.7(>:  L.39— 
i2j  M.10.2'}-22 :  ^&Mi  N.45. 
46.67,69.70., :  £^  :  Z.10.11. 
and  of  sLi  with  a  periodic  factor : 

power-series :  A. 25. 
representing  integrals  of  d.e :  C.40i. 
representing  functions  :  M.5.22. 
in  Kepler's  problems  :  Ac.l799. 
multiplication  of :  M.24. 
and  products,  condition  :  M.22. 
whose  terms  are  continuous  func- 
tions of  the  same  variable  :  C.36. 
with  constant  ultimate  differences  : 
Fr.5,. 

converted  into  continued  fractions  : 
J.32,:^3 ;  Miimii;  into  products 
of  an  infinite  no.  of  factors,  J. 12 : 

in  cosines  of  multiple  angles:  C.44 : 
Mem. 15. 

and  definite  integrals  :  LxB2  :  Man. 

derived :  A .22 ;  from  tan~ '  ^  A  .16. 
developed  in  elliptic  integrals  of  1st 
and  2nd  kind  :  An.6'.'. 

•  difference  :  2<i4i  A.2;?,24. 
differential  transf.  and  reversal  of: 

and  differentiations  :  A.llL:  J.36. 


^(")  - 


Dirichlet's  f.  for 

discontinuous:  CP.6    L.54 :   Me.  78. 

82:  N.S5. 
divergent  :   A .64  :   No.6S  :   C.  17.20: 


CP.8.10  :  J.ll.lo.41  :  MJii:  Z.lO. 
division  of :  AJ.o. 
double :  C.63. 

doubly  infinite:  (:D.6  :  M.24. 
ext.  of  by  any  parameter  :  A  48. 
•    factorial:  2^:  M<?m.20 :  ILtil :  TE. 
2li 

of  fractions  :  L.4<3. 

Fourier's:  AM:  C.91.92.96  :  CM^  : 
of  Gauss  and  Heine  :  C.73  :  G.9. 
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Seriea— {continued) : 

•  Gregory's  :  791. 
harmonic  periodic  :  J.23.25. 
of  Hertnite,  a  th. :  IL2S. 

from  infinite  products  :  Me. 73a. 
integration  of  infinite  :  A.3. 
irrationality  of  some  :  J.:j7. 
involving  two  angles  :  L.74. 
Klein's  higher :  An.71. 
of  liagrange :  C.2:j.3  ^o2-j :  L.r>7  :  N. 
76,gz85  :  Q.2;  remainder.  C.53. 
an  analogous  series:  C.99. 

of  Lambert ;  2  ~    :  A.IO  :   An  fifi  : 
1 — at" 

Laplace's  (d.c) :  CM. 

of  Laplace's  functions:  27,,  C.88a : 

in  Legendre's  function  Xn :  An.^fi : 

CM. 
of  Leibnitz :  J.89. 

limits  of:  A.2Q:  Mc.76;  remainders, 
CJM  ;  by  the  method  of  means, 
JL15. 

from  logQ+a:),  (l+a-)"  and  e'  by  in- 
termitting terms  in  the  expan- 
sions :  A  .21. 

modular:  C19- 

multmle :  C.19j ;  "  regulatcur  "  of, 
neutral :  CP.IL 

obtained  by  inversion  from  Taylor's 

series:  Mdm.ll. 
of  odd  numbers  :  A  di. 
a  paradox  :  Me. 72. 
periodic,  critical  values  of :  CPA 
of  polynomials :  C.96. 
of  posterns :  GLfi. 

•  of  powers  (see  also  "  Numbers  ")  : 

22L  C.87  :  02.:  cubes,  LJlland 
Oh:  M^:  MQ.7a  :  Q^:  ZuL 

approximate  fractions :  IML 

of  a  binomial :  Mem.  13. 

in  a  convergent  cycle,  constants 
in: 

like  numbers  :  N.71,77. 
or  multiples  of  3 :  A.27j. 
of  terms  in  ar.p  :  Ti -tfl. 
products  of  contiguous  terms  of ; 

of  reciprocals :  Q.8. 

•  recurring  :  2ld  :  doubly,  An..^7 :  J.33. 

38:  Me.66  :  Mdm. 24.26  :  2iM :  of 
circles  and  spheres,  N.62  :  f,  Z.U. 
represented    by  rational  fractional 
functions :  J.3U. 

•  reversion  of:  551 :  J.52.54 :  LM^ : 

of  Schwab :  KiilL 
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Series — {continued) : 

self-repeating :  CP.9. 

of  spherical  functions:  An. 75. 

of  Sterling,  for  transformation  :  .1.59. 

with  terms  alternately  positive  and 
negative :  C.6-i. 

whoso  terms  are  the  coefficients  of 
the  same  power  of  a  single  vari- 
able in  a  multiple  integral :  C,2(L 

in  theory  of  numbers  :  C.89j. 

transformation  of :  C.o9  :  J.7.9  :  into 
a  continued  fraction,  Mc^m.20, 
;  of  2  f/(/,  0  dt  and  others, 
C.13. 

in  a  triangle  problem  :  A  .64.. 

trigonometrical  (see  above) :  Aii3  : 
Ar.2  :  C.95,97  :  M.4-6. it),.  17.22. 
21:  J. 71,72.:  representing  an 
arbitrary  function  between  given 
limits,  iLl;  conversion  in  mul- 
tiples of  arc,  L.51 ;  symbolic 
tran.sf.  of,  Q.3. 

triple:  £L2. 

two  infinite,  multiplication  rule :  J.79. 
♦Seven-point  circle :  4754c. 
Seven  planes  problem  :  IL5fi» 
Sextactic  points  of  plane  curves  :  Pr. 
13.14. 

Sextic  curves :  aa:l+byi-\-c^  =  0,  Q.15 ; 
mech.cn,  TiM.2. 

bicursal:  LM.7. 

and  ellipse,  pr :  J.33. 
Sextic  developable :  Q.7.9. 
Sextic  equation  :  C.64 :  Mx2(L 

irreducible :  J  37. 

solution  when  the  roots  are  connected 
by  {a-Ji)  {b-y)  {c-aH 
{a-^BJW-c)  (y-a)  =  0 :  lAL 
Sextic  torse :  An. 69;. 
Sextinvariant  to  a  quartic  and  quart- 
invariant  to  a  sextic  :  AiLL 

•Shortest  distance  :  between  two 

lines :  5534 :  A.4() :  QA :  N.49.6d. 
between  two  point.s  ou  a  sphere  :  A. 

14i  N.14.67.68. 
from  the  centre  of  a  surface  :  A^filL 
of  a  point  from  a  line  or  plane  :  N.44. 
Shortest  line  on  a  surface  :  A.23,37,64 ; 

in  spheroidal  trigonometry,  A^ML 
Signs:  CP.2.11  :    JL12:    Mc.73 ;  (=), 
Me.75;  {±),  CD.G.7;  RsiM  :  N. 
4j8.49. 

Similarity :  of  curves  and  solids  : 

AJ3. 

Similarly  varying  figures :  LM.16. 
Simson  line  of  a  triangle:  E.29. 
•Simpson's  f.  in  areas  :  2992  :  C.78. 
Sines  of  higher  orders:  C.91 4,9-2.;  ap.  • 
to  d.e,  C.903,91.  ~^ 
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Sines,  natural,  limit  of  error  :  N.43a. 
Sind<e-^:  geo.N.75. 

Sine  and  cosine :  extension  of  mean* 

ing :  AM  :  C.86,. 

•  in  fat-tors  :  8112 :         :  JL22 :  LM. 
of  infinity:  CP.H-  Me.71  :  Q.ll. 

of  multiple  arcs  (see  also  "  Expan- 
sions ") :  CM.4:  ILL 

•  of  particular  angles:  690;  3',6',...to 

suras  of  powers  :  An.l, 

•  tables,  formation  of :  fiSfi :  A .66  :  N. 

values  near  0  and  90' : 

•  of  {a±b) :  627j  A.6.21.36. 

Six-point  circle  of  a  triangle:  Mc.82. 

83,. 

Six  points  on  a  plane  or  sphere  :  LM  2, 
Skew  surfaces  :  see  *'  Scrolls." 
Sliding  rule  :  T.M 
•Small  quantities  of  second  order  :  1410. 
Smith's  Prize  questions,  solutions :  Mc. 

71,723.-4.  TL 
Solid  angle:  A^ ;  section  of,  No.l9. 
Solid  harmonics  :  Mc.80. 
Solid  of  revolution  :  A.60.67. 
between  two  ellipsoids  :  A^ 

•  cubature  and  quadrature  of:  5877 — 

M:  AM:  N 
Space  homology  :  G.20. 
Space  theories:  An.70 :  LM.U:  P.70: 
Z. 17.18. 
absolutely  real  space  :  G.6. 
continuous  manifoldness  of  two  di- 
mensions :  IiM.8. 
space  of  constant  curvature:  An. 69. 

Plucker's  "  New  geometry  of"  :  0  8- 

L.66 :  P.ll :  Z.11.12. 
Grassmann's  "  Ausdehnungslehre  "  : 

AJ.l  :  CP.  13  :  M.7.12:  Z.24 ;  ap. 

to  mechanics.  Af-12. 
non  Euclidean  or  n-dimensional :  A. 

6.29.58 :  thB64:  AJ^:  An.71  : 

e  rr,  :     G.6.10.12.23  :  M.4.5a-7: 

Me.th368,72 :  Fr.37. 
3-dim.,  J.83 ;  4-dim.,  J.83,  M.24;  6- 

dim., 

angles  (4-dimen.) :  A. 69. 
areas  and  volumes  :  AJi2  :  CD.Z. 
bibliography  of:  A  J.  1.2. 
circle:  G.12.16.18. 
conies  :  AJ.iL 
curves  :  C.79  :  iLlS. 
Feuerbach's  points :  QJLfi* 
hyperboloid :  Z.13. 


Space  theories— (con/»nu*<i) : 
imaginarj*  quantities  :  Z.23. 
loci  (anal.) :  C2-i. 
planes  (4-dimen.) :  A .68. 
plane  triangle :  A. 70. 
point  groups  :  thsAc.7. 
polars  and  alg.  forms :  J-84. 
potential  function  :  An.82.83. 
projection;  M.19 ;  4-dim.  into  3-dim.. 
AJ^ 

qnadric,  saper  lines  of  (5-dim.) :  Q.12. 
quaternions  :  CP. 13. 
regular  figures  :  AJ.3. 
reversion  of  a  closed  surface:  AJ.l. 
representation  by  correlative  figures  : 
C.81,. 

simplicissimum  of  nth  order  :  EA^. 
screws,  theory  in  elliptic  space :  LM. 
15,16. 

21  coordinates  of :  T-iM.lO. 
Sphere :  geo,C.92 :  ths  and  prs  M.4  ; 

q.c  Me.62. 
and  circle:  geo.A^^ 
cn.  from  4l  conditions  :  JP.9. 
cutting  ^  spheres  at  given  angles: 

An..51 :  2L83. 
cutting  a  sphere  orthogonally  and 

touching  a  quadric,  locus  of  cen> 

tre  :  TI.26. 
diameters,  no.  of  all  imaginable :  Aj2^ 

•  equation  of:  5582. 

5  points  of:  N.84. 

illumination  of : 

kinematics  on  a :  LM.12. 

sector  of  (eccentric) :  A ,65. 

small  circle  of :  Me^i 

touching  an  equal  sphere:  E.31,32 ; 

as  many  as  possible,  A.55I 
4l  spheres,  pr.  :  ii.4d. 
4  touching  a  5th  :  ALlS. 
a  touching  i  planes  :  EJ2  :  N..")0. 
Ifi  touching  4  spheres  :  J.37  :  JP  IO  : 

Me.cn82:  M<?m.lO_:  N.44,47.65, 

66.84 :  Z.14,. 

•  volume.  Ac.  of  segment  and  zone : 

6050  :  A.3,32.39  :  \n.h7  : 

•Spherical :  areas :  9liL 

catenaries  :  J.33. 

class  cubic8  with  double  foci  and 
cyclic  arcs  :  Q.15. 

conies  :  thQ.3  ;  and  quadrangle,  Q.L3 ; 
homofocal,  L.60. 

coordinates  :  CD.l  :  CM.l4ip2 ;  ho- 
mogeneous, G.6. 

•  curvature  :  5728.'4<;>.'47 :  thEJil. 
curves  :  A.35.36  :  Mero.lO. 

of  3rd  class  with  i  single  foci :  Q. 
IL 

of  4th  class  with  quadruple  foci : 
q'i8. 


d  by  Google 


927 


•Spherical :— — cnrves — (continued) : 
of  4th  order  :  J.43. 
with  elliptic  fuuction  coordinates  : 

equidiiitant :  An.  71 :  iL2L 
and  polars :  No. 63. 
roctitication  of :  An .54. 
ellipse:  t.cQ.8. 

quadrature,  &c. :  Ti.4n  :  N.484.54. 
epicycloid  :  G.12. 
excess:  M61.2  :  cn.N.46  :  f.Z.6. 

of  a  quadrilateral :  Me. 75. 
figures,  division  of :  J.25. 
geometry  :   QA  •■  J.6.8.13;.thsl5  and 
22  :  MJi  :  N.-l-H.-.H,.r,9  :  ^:  TlK 
harmonics  or  "  Laplacu's  functions  "  : 
An.683:  C.86.P9 :  CD.l:  GALij 
J.2<5,56,60,ffeo  68.70,80,82,90 :  L. 

:  LM.9  :  Me.77.78;,85:  EJJ. : 
rr.8,18 :  Q.7.  :  Z.24. 
analogues  of ;  ijifi  :  LM.ll. 
and  connected  d.i :  Q.19;. 
as  determinants :  Me.77. 
and  homogeneous  functions  :  (1&L2. 
and  potential  of  ellipse  and  ellip- 
soid :  P.79. 
and  ultra-spherical  functions  :  ZJL2L. 
P"  (cos  y),  n  =  00  :  J.90. 

(    Pitirdfi,  &c.  :  Q.17. 
h'l  by  continued  fractions  :  JP.28 ; 

loci  in  spherical  coordinates  :  TR.12i. 
oblong  :  A  11.52  ;  area,  JJiL 
polygonoraetry  :  lUL 
polygons  in-  and  circum-scribed  to 
small  circles  of  the  sphere,  by 
elliptic  transcendents :  J.5. 
quadrilateral :  A.4.40 :  tb.E.28  :  N.45. 

surface  of :  A .342.352. 
qaartics :  foci,  Q.21  ;  4-cyclic  and 

3-focal,  LMJ2r~ 
representation  of  surfaces:  C. 68.75. 

94„96  :  MJIL 
surface  represented  on  a  plane :  Me.ZIL 
triangle:  A.9,11.20.th850,65 :  E.f30  : 
J.10,pr28:  UL^ 
ambiguous  case :  Mo.77,85i. 
angles  of,  calculated  from  sides  : 
A. 51. 

by  small  circles,  area :  N.53. 
•      and  circle :  898  :  A.29.33. 
cos  {A+B+C),  L  :  Me.72. 
and    dififcrentials    of    sides  and 

angles :  A.IO. 
and  ex-circles :  828 :  E.30. 
graphic  solution :  AJjL 


Spherical :  triangle — (contintwd) : 

and  plane  triangle  :    A.l ;  of  the 
chords,  AJ13  :  An .54  :  ZJL 

•  right  angled  :  881 :  AJd. ;  solution 

oy  a  pentagon,  A.ll. 
of  very  small  sides  :  ILfii 
two,  relations  of  sides  and  angles : 

A  9. 

•  trigonometry:  876:  A.th82,ll, 13,28, 

aZj    J.pr86,13,:   LM.ll:  HJ^: 

d.e  of  circles  :  Q.20. 

•  cot  a  sin  6:  Me^;  mnemonic,  825: 

CM  .3. 

derived  from  plane  :  A. 26.27. 

•  formula3  :  882  :  A.5.16.24.26 :  N.45, 

4^.53  :  graphically,  A .25:  ap.  in 
elliptic  functions,  A .40. 
geodetic  reduction  of  a  spherical 
angle :  A.Slt. 

•  Cagnoli's  th. :  204. 

•  Gauss's  eqs. :  82Z :  A.13,17  :  J.7.12 

LM.3.13. 

Legendro's  th. :  C.96  :  JA^    lAl : 
MA:  NM:  Zm 

•  Llhuillier's  th.:  2iKL: 

•  Napier's  eqs. :  A.3,17:  CM.3  : 

LM.3.13. 

•  Napier's  rules :  SSL 
supplement  to.  and  geodesy :  A.2iL 

•Sphero-conics:  5655a:  tg.c.Q.8,0j :  McJL 
Z.6.23. 
homofocal:  CLiiQ. 
mechanical  cn : 
Sphero-conjugate  tangents  :  An. 55. 
Sphero-cyclidcs  :  LM.16. 
Spheroidal  trigonometry :  J.4;^  :  M.22- 
Spheroidic  transformation  f.  of  Bessel : 

•Spheroids  :  5604, 6152  ;  cubaturo,  6158, 

Spieker's  point :  A. 58. 

Spiral:  A^  :  L.69. ;  N.79  :  Z.U. 

•  of  Archimedes  :  5296:  A.65.66. 
conical :  N.45. 

•  equiangular:  5288. 

•  hyperbolic :  5302. 

•  involute :  of  circle,  5306 ;  of  4th  order, 

C.66,. 
Squares :  J .22. 
whose  diagonals  are  chords  of  g^ven 

circles:  A.64. 
maximum  with  given  sides  :  J.25. 
maximum  in  a  triangle  :  .LliL 
whose    sides   and    diagonals  are 

rational:  J. 37. 
whoso  sides  pass  through  4  points : 

64  transformed  into  65^  goo. :  Me.77. 
sum  of  three :  G.15 ;  of  four,  L.^ 
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Standanls  of  l«>tiEfth  :  Pr.8,21. 
Statistics  :  '/.:2t]- 

Steinor'a  ths.  and  prs. :  A .53  :  J.13.U.16. 
18.2:j.2o.36.71.73:  N.48.56,.59,.62 ; 
Hexagon,  A  8  •     Ray  -  Hystems, 

Stercographic  projection:   A  .39  r   J  P. 

Stereograms  of  surfaces  :  LlMJL 
Stereometry:  JP.L  :  ths  A.10.31. 43.57  ; 
J  .1.5. 

multiplication :  lAQ^ 
quadric  and  cubic  eqs.  and  surfaces : 
J.49,. 

Stcmpolygon  and  sternpolyhcdron  :  A. 

Stigmatic8  :  see  "  Clinant." 
Stewart's  geo.ths.  :  LIM^  :  L^  :  TE. 
2,15. 

Striction  lines  of  conicoids  :  Z.28. 
Strophoids  :  A  J  .7  :  N  .75^ 
•Sturm's  functions:  5<  >6  :   \.6'2  :  C.36. 
6-2Mi  :  G.1.20:  .1.48  •  L.46.48. 
tiZj  Mo.58.78 :  N.43.4<3.52.54.a6. 
♦37.81 :  Q.3. 
and  addition  tl).  for  elliptic  functions 

of  Ist  kind:  Z.17. 
ext.  to  simultaneous  oqs. :  C.35. 
and  IL  C.  F. : 

and  a  quartic  equation  :  A  ..34. 

and  their  reciprocal  relations :  Mo. 

remainders  :  J.43,4jj. 
tables:  EJil:  Pr.8. 
ap.  to  transcendental  eqs. :  J.33. 
ap.  to  transf.  of  binomial  eqs. :  Tj.423. 
Subdeterminaiits  of  a  symm.  system  : 

J  ■■■^3:  M.82. 
Subfactorial  ii:  MaJS. 
Subiuvariants  =  sorainvariants  to  bin- 
ary quantics  of  unlimited  order  : 
A  J  .5. 
•Subnormal:  1160. 
•Subsidiary  angles  :  726^ 
Substitutions  :  A .62  :  C.th866  and  67. 
74.76.79  :  G.9.1Q..11.14.19  :  L.65. 
22^  M  13. 
ap.  to  functions  of  six  or  fewer  vari- 
ables :  r  '?^ 
ap.  to  linear  d.e  :  ('.78. 
by  approximation,  of  the  ratio  of  the 
variables  of  a  binary  qnantic  to 
another  function  of  the  same 
degree  :  <--H0. 
canonical  forms  of :  L.72. 

and  conjugate  substitutions :  C.2U.22. 

"-^ 

of  the  form  Q(r)se  {r"-^+ar  ^  )  : 
linear :  C.98 :  J.84 :  M.  19.20;. 


Substitutions  :  Vuiear— (continued)  : 

of  a  determinant :  An .84. 

and  integral :  ^f  24. 

powers  and  roots  of  :  r.94. 

retlnction  of :  C  90  :  JRj2^ 

for  reduction  of  elliptic  functions 

of  1st  kind  :  An .58. 
successive  :  AJiii. 

which  transform  quadric  functions 
into  others  which  contain  only  the 
squares  of  the  variables  :  J .57. 

of  n.  letters  :  geo.  for  u  =  3.4.5.6.  and 
mystic  hexagram  :  An .83. 

no.  of  in  a  given  no.  of  cycle.'' :  A .68. 

permutable  amongst  themselves : 
C.2I3. 

of  equidistant  numbers  in  an  integral 
function  of  a  variable  :  N.51. 

of  systems  of  equations  :  N.81 . 

of  six  letters  :  ('.63. 

a  th.  of  Sylvester :  AjLL 

which  admit  of  a  n-al  inversion  :  .1.73* 

which  do  not  alter  the  value  of  the 
function  :  C.21;. 

which  lower  the  degree  of  an  eq.  in 
two  variables  and  their  use  in 
Abelian  integrals  :  0.15. 
Sum  and  difference  calculus  :  A .24.. 
Sum  of  squares  of  lines  drawn  from  a 
point  to  cut  a  curve  in  a  given 
angle  :  J. 11. 
•Summation     of     series     (see  also 
"Series"  and  "Expansions"): 
3781  :  A.IO— 13,26,.30..>^62  :  No. 
84^  C.87.88  :  J.  10.31 .33:  LM.4. 
7a:  Mdm.20.30:  P.1782.I7^^— 7.— 
91.— 98.  1802,— 6,— 7,— 11,— 19  : 
Pr.14. 

•  approximate  :  3820  :  Lh :  1-24. 
of  arcs :  AJilL 

BernoulU'.s  method :  J.31. 

Cauchy's  th. :  MA 

C{n,r)    products   of  a.  a-ffc.  ■  .  a  + 

{n-l)h:  Q.18. 
by  definite  integrals  :  A.4,6.38  :  J. 17, 

38.42.46.74  :  Man.ifi:  M^m.ll. 
of  derivatives  and  integrals  :  C.44-. 

•  by  differences  :  264 :  Mem .30. 

by  differential  formulae  :  hJU. :  M^m. 
IL 

by  ^  {^) :  2757. 

formulae  :  A.47  :  An .55  :  J. 30. 

Maclaurin's,  C.86. :  /(A.D)  Z)F(n), 
Q.8:    Lagrange's.   JJil:  Pjkl: 
V  andermonde's,  L.41. 
of  terms  of  a  high  order :  tlj]2- 
Kummcr's  method:  ('.64. 
Lejeuue  Dirichlet's :  CIL2. 
periodic :  UJL 
selected  terms : 
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•Summation  of  Beries— (continued) : 
of  sines  and  cosines  :  .T.4. 

•  theorem  ro  £  X/  (x,  k)  cbc :  2708. 

of  transcendents  in  alg.  differentials  : 

trigonometrical  and  infinite  :  Mc.64. 
Superposition:  TE.21.23. 

•  of  small  quantities  :  1515. 
•Supplementary  :  angles  :  620. 

•  chords:  1201. 
cones  :  thN.48. 

•  curves:  4917—20:  Mnn.n4. 
Supplement  integrals  : 

•Surds:  liMj  N.47. 

quadratic  (see  '*  Roots  of  numbers.") 
^  {u'+b-^),     (o2— fc2)  approximately  : 
IJJL 

•  ^/(a±^&):  12Ij   A.3.13  :   J.17.20 : 

MemJIL  N.46.48. 

•  1/  (a±  ^/6) :  122;  y  (a±  i2A. 

•Surface  of  centres  :  5774 :  A^:  An. 
^    C.7Q,71, ;  Ejmru41.58: 
IMA  :  M.5,16. 
curvatures  of  the  two ;  relation  :  C. 
74.79. 

the  two  focal  conies  of  a  system  of 

homofocal  quadrics :  C.53a. 
of  a  quadric  :  Q.2. 
bitangents  of:  Q13. 
model  of :  M£i£2! 
principal  axes  of  :  N.48. 
Surface  curves  :  A.39.t)0  :  AjlM:  C.21. 

80, :  IlM  :  (LIS  :  i2 :  N.54.84. 
an  an  tdg.  surface  :  An.^ 
on  cubic  surfaces  :  M.2L 
curvature  of :  N.65. 
on  a  developable:  An .57;  the  oscu- 
lating plane  making  a  constant 

angle  with  it,  L.47. 
on  an  ellipsoid :  An  .51 :  CD.3 :  geoL.50. 
groups  of  rational :  MJL 
of  intersection  :  ]itL2 :    K£& ;  of  2 

(juadrics,  AJA 
multiple :  G.143 ;  singularities  of,  MJL 
on  a  one-fold  hvpcrbola  :  CHA. 
on  cjuadrioe :  ti.Td. 
rectification  of  :  A.3fi. 
relation  to  their  tangents  :  r'.82. 
on  surfaces  of  revolution  :  Z.  18.28. 
and  osculating  sphere  :  0.73. 
•Surface  or  surfaces  :  5770  :  A.14,f32,41, 

59.60.62  :  An .51  —  3.55.00>.61.05. 

ZL:   At..'-)? :  C.17.33.37.49.ths.^H. 

61.64.67.69.80.86.99,:  G.3.21  :  J. 

9.thsl3.5H.03.64.85.98  :  J  P.  19.24. 

25.33 :  L.  4t,47.51,.r>0 :  M.2.4,7.9,. 

cnl9:  Mo.82.833.84 :  N.03,6.->;,68, 

22:  TT14:  Z.7..8.2Q. 


•Surface  or  surfaces— (con<t?iw«(0  : 

~n        ,,n  „n 

^  +  ?f +-  =  1:  A^ 
a      o  c 

a  =  fe  =  c  =  L 

areas  of:  GJ>2:  N.52. 

argument  of  points  on  :  LM.l  6. 

complex:  M  5 ;  of  4th  order  and 
class,  MjL 

whose  coordinates  are  Abelian  func- 
tions of  two  parameters  :  (L22 : 
Af-19. 

of  corresponding  points  :  M.4. 

•  cut  orthogonally  by  spheres  :  3393  : 

CM. 
deficiency  of :  M^Sx 

•  definitions:  5770. 

determined  from  two  surfaces  of  cen- 
tres :  A  .68. 
Dirichlet's  problem  :  An.ZL 
Dupin's  theorem  :        :  CM.4  :  Q.12. 
doubly  circumscribing  an  H-tic  sur- 
face :  UtL 
of  elliptic  cone  :  AilM^ 
of  equal  slope  :  CL28 :  N.65. 

•  equation  of :  gn5780  :  A.3 ;  for  points 

near  origin,  5803. 
of  even  order  :  A.Zll. 
families  of  :  C.70  :  Mc^ 
flexure  of :  J. IS;. 

Gau8sinn  theory  of:  IMA2:  ^..^Q. 
generation  of :  C.94.97  :  (L2  :  J.49, : 

L.56.83 :  M  18. 
implexesof:  C. 79.82. 
of  minimum  area  :    C.57  :  J.8,13  : 

LJiiL  Q.U. 
of  nth  order  :  rnM.23  ;  2nd,  3rd  and 

4th,  mUL 
of  normals  :  N.59. 

whoso  normals  all  touch  a  sphere  or 
conical  surface  :  ■rP  4  ;  do.  for 
surface  of  revolution,  .IP..''*. 

number  under  H  conditions  :  ( '.62. 

octic  of  zero  kind  :  G^LL 

order  determined :  Mp.8.'^ 

one-sided  :  A. 57. 

parabolic  points  of :  CT).2. 

and  p.  d.  e :  ('.13:  CI). 2-  ZJL 

and  plane  curves  :  J. 54.72 :  M  .7. 

and  point  moving  on  it :  L.7t>.77. 

and  point  at  oo  on  it :  J.65. 

relation  of  in  Rieniann's  sense  :  M.7. 

representation  of:  .T-Kl. 
on  a  plane  :  An.68.71.76. 
one  upon  another :  An.ZZ 

of  revolution  :  CHti  :  (f  .4. 

•  areas  and  volumes  :  5877, — 9  :  A.4.H. 
of  a  conic  about  any  axis  in  .'<paco  : 

of  constant  mean  curvature  :  L.41a. 

6  c 
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Surface  or  surfaces — icontinttcd) : 

meridian  of :  a  lernniscate,  0.21  ; 

generation  of,  C.85. 
meridian  and  contour  curves  of: 

Z.  J  I. 
oblicjuc :  Q.6. 

passing  through  a  given  line,  tan- 
gent plane  of :  N.K-l. 
in  perspective  :  JiL2LL 
of  reg.  polygon  about  a  side,  vol. : 

A.-)7. 

quadric  :  A  .So  :  LjKL 

shortest  line  on :  A .38. 

superposable:  ( '.ft*) :  N.81 . 
Riemann's  symmetrical ;  and  perio- 
dicity modulus  of  the  related 
Abelian  integral  of  the  1st  kind : 

ruled,  with  generators  part  of  a  linear 

complex :  CLSl^ 
ruled  octic  with  5  quartic  curves : 

screw,  parallel  projection  of  :  cnZ.18. 
section  of,  homogeneous  eq. :  LM.15. 
self-reciprocal :  T^At  2 ;  quadric,  E.36. 
sextic  or  first  species  :  M.21. 
singularities  of:  \:2^,:  An.79  CT).7- 
CM .2  :  J.72  :  M.9  :  N.f4 :  Q  9 

cubics  :  M.4 ;  and  quadrics,  A.l  7. 

lil  singular  points  :  C.92s. 
solutions  by  infinites  of  3rd  order : 
geoCeOj. 

SteinePsTTMAli :  M^l 

touching  a  plane  along  a  curve: 

CD.3  :  r:M  2. 
touchinga  fixed  surface  always :  G.20. 
transformation  of:  Sf.l9. 
and  transversal,  th. :  N.-tO. 
trapezoidal  problem  :  Z.14-. 
two  series  of :  prsAnwS. 
web- system  :  J  .82. 

which  cuts  the  curve  of  intersection 
of  two  alg.  surfaces  in  the  point 
of  contact  of  the  stationary  oscu- 
lating planes :  L.63. 

Surveying  :  liiMK  :  geo.  th.A.37. 

Symbolic  geometry  :  (Hamilton),  CD. 

Symbolical  language :  E.2&;. 
Symmedian  line  :  K  42  ■  N.83— 5:  Q.20,. 
*Symmedian  point :  4754c. 
Symmetrical :  conies  of  triangles  : 

AM. 

connections  by  generating  functions  :  ] 

'   expressions :  219. 
figures :  J.44. 

functions  :  QJ^ :  J.69.93.98 :  LM.13 : 
Q.20:  Z.4. 
BrioscEi's  th. :  C.98. 


Symmetrical — {continued) : 

of  the  common  sol.  of  several  eqs. : 

An.58, 
multiplication  of :  Me.85. 
of  any  number  of  variables  :  C.82. 
simple  and  complete  :  M.  18.20. 
tables  of  :  A.f  "> ;  of  12-ic,  AJ.5. 
points:  of  1st  order:  A  .(nO  r  cnA.6-t. 
of  tetraliedrons  :  A  HQ. 
of  a  triangle  :  A..58j. 
products  :  P.61  :  Pr.ll, 

with  prime  roots  of  unity  :  Mft  STi. 
tetrabedral  surfaces:  Z.ll. 
Symmetry ;  plane  and  in  space  :  N.47. 
Synthesis  :  CJiL 
•Synthetic    division  :   2fi ;  evolution, 

Mem 
•Syntractrix :  5282. 
Tables  :  mathematical ;  Sect.  con- 
tents, p.  xi. 
of  Bernoulli's  nos.,  logarithms,  Ac., 

calculation  of :  JJL 
for  empirical  formulfiB  :  AJJL 
in  theory  of  numbers  :  Q  l. 
of  e',e-',  logige',  logije ' ^^"X£J3, 
Tac-loci :  Me.H3. 
Tamisage:  LAr.l4. 
•Tangencies  (circles,  points,  and  lines) : 
SaZj  tr^  Q.2.8. 
Tangential  eq.  with  the  intercept  and 
angle  of  inclination  for  coor- 
dinates of  the  line :  P. 7 7. 
•Tangent  cone  at  a  singular  point :  5783. 
•Tangents:  1160:  cnA.4.33  ;  J.56b.73 : 
N.42:  ZJii 
and  contact-point  in  loci  and  en- 
velopes :  C.85  :  CDy.57. 
conjugate  (and  Dupin's  th.) :  An-f^V 
construction  of :  M±22 :  N-BO. 
double:  03. 

•  e<^.  of ;  tofind  it :  4120,-32;  ^^M. 
faiaceaux  of :  N.50. 

cut  by  lines  at  a  constant  angle : 
locus  of  intersections  of  three  :  LM. 
1^ 

at  a  multiple  point,  cn. :  JPxl^ 

•  and  normals  :  5100 ;  relations,  A.51. 
parallel:  'S.-io. 

•  segments  of :  4307 ;  equality  of,  C.Sly 

•  of  a  surface :  5781 ;  at  singular  points  : 

5783:  M.11,15. 
•Tangent  planes :  5770,-82  ;  p.c5790  : 
CM.A^  N.4o. 

•  and  surface ;  intersection  of :  5786 

—9:  hJS. 
to  equidistant  surfaces  :  cnZ.28. 
triple:  C.77. 
tan  120' :  P.8.18. 

tan  If  as  a  continued  fraction  :  Z.ltt ; 
do.  tan  twr,  Me.  74. 
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tan  uj- :  f.  in  N 
taiLii  (x-f /</):  Z  U. 
•tanh  ^:  2-213. 
tantochrone:  L.  U  •  An.o:^ 
♦Taylor's  theorem:  loOO,— 20,— 23  •  A. 
8.13 :  AJ.4.  extl :  LLLhi  cil.l : 
J.ll:  L.37.38,-t5.5H,gz64 :  M.2L, 
Me.72,.73.75:  Mc<fn.2(Tr^ 
52.t)3,70,74-,.79 :  TA.7.8 :   Z.gz  2 
atid  2ll 
analogues  of:  JO. 

converperico  of  :   C.60.74— G  :   ^22  : 

L.7;{. 

Cox's  proof:  CD.fi. 
deductions  :  iLLL 
for  an  imaginary  variable  :  Me.79. 
kinematic  meaning  of  :  J.3G. 
reduced  forms  of:  C.8k 
♦    remainder  :  1503  :  An.:.P  :  C.13  :  J.17: 
N.(;0/j3:  Z.-k 
a  transformation  of  :  C.78. 
Terminology:  LiM.lt. 
Ternary  bilinear  forms :  (i^2\ 
Ternary  cubics :  A  J. 2.3  :  C.56.9Q  :  CD.l : 
J.39.00  :  JP.31.32:  U^:  M.  1.4.9. 
in  factors  :  An  7r> :  qj, 
as  four  cubes  :  LM.lO. 
parameter  of  the  canonical  transf. : 
LM.12. 

reduction  to  canonical  form  :  ('.81 
transformation  of :  J.tiii 
Ternary  forms  :  At.68  :  G. 1.9. 18. 
order  of  discriminant :  LM.3. 
with    vanishing    functional  deter- 
minants :  A1.18. 
Ternary  quadric  forms :  At.t)5.  :  C.92. 
94.96:  G.5.8:  J^40,70.77;  transf. 
of,  71.78  and  TH    L.t,9.77  :  F.ri7 
and    corresponding  hyperfuchsian 

functions  :  Ac  X. 
indefinite  :  .1 .47  ;  with  2  conjug.  inde- 

terminates,  C.68. 
representation  by  a  square :  An. 75. 
simultaneous  system  :  d^L 
table  of  reduced  positive  :  J.41. 
Ternary  quartic  forms:  C.^tJ,:  An.82  : 

M.17..20. 
Terquem's  tb. :  Q.4. 
Tessolatiou  pr. :  LMx2x 
Tesseral  harmonic  analogues  :  CP.13. 
Tetradrometry,  differential  f.  :  AJii : 

Tetragon,  analogue  in  space :  CD.L 
Tetrahedroid  :  J.87. 

•Tetrahedron  :    902  :    A.3.16.23,.51.56  : 
Jjili  :  liM  4  •  Me.62.6>>..82  :  Mdl. 
2:  N.pr 74,80.81  :  Q.o  :  geo 
determined  from  coordinates  of  vor- 
tices :  J. 73. 


Tetrahedron — {coiifiuned) : 
of  given  surface  :  .J.H'A 
with  opposite  edges;  equal,  N.79 ; 

at  right  angles,  iMp-8-i 
with  edges  touching  a  sphere  :  N.74. 
and  four  spheres  :  LM.1'1.. 
homologous :  J.hH. 

and  quadric :  CD.H :  thX.?]  ;  2  quad- 

rics,  Q.8. 
fi  dihedral  angles  of,  oq.  :  N. 46.67. 
theorems  :  A.9.10.31 :  N.61i.6fe  :  Q.3,5. 

two:  M.V.K   

*   volume:  5569:  A.45.,57  •  LM^  •  N 

67:  Z.ll.  " 
volume  and  surface  in  c.c  and  g.c  • 

A^:  Unji:  N.6S. 
volume  and  normal,  relation  :  N"  .^4 
Tetratops  :  A.69j. 
Theoretical  value  function  :  J..')5. 
Theta-fiinctions  :  Ac..3  :  C^.thsyo  :  J.61. 

<j'>.74 :  M.17:  Me.ap78:  P.80.82 ; 

thsZ.\±  

analogues  of:  (].93. 
addition  theory  :  J.88.89  :  LM.IH. 
ap.  to  right  line  and  triangle  :  A.3. 
argument:         :  4MiMH.-  Afltr 
characteristic  of:  complex  A-Ld  :  C. 

th.  of  Riomann  :  J.88. 
as  a  definite  integral  :  Me. 76. 
double :  r.M  9  :  Q.  transf.  2L 

and  M  nodal  (juartic  surface  :  J.83. 
85.87.88. 
formula  of  Riemann  :  .1.93. 
Jacobian,  num.  value  :  M.7.1 1. 
modular  integrals  :  trAn. 52.54  :  J.71. 
multiplication  of :  LM.l  :  M  17. 
quadruple:  A  J.6,. :  .T.83. 
reduction  of,  from  two  variables  to 

one:  C  U4. 
represenUition  of :  M.6 :  Z.ll. 
transf.  of:  A.l  :  An.Z^:  JJii  :  Lm-. 
M.252. 

linear:  Me.8t:  Q.21. 
triple:  J.87. 

in  two  variables:  C.92-:  M. 
14.24. 

Theta-serics  :  constant  factors  of,  J.98': 
Mn8l 

n-tuplo:  J.48. 

=  a^c-x)/ {c(c-x)-//3}  :  Q.15. 

•Three  -  bar    curves  :    54^30  :    LM.7.9  : 
Me.76. 

triple  generation  of:  Me. 83. 
Toothed  wheels  :  cnTK.28. 
Topologv  with  tables:  M.  19.24. 
Tore  :  section  of :  (MO-  y.59,61.64a.65« 
circular,  LH  and  tiK 

and  bi*tangent  sphere  :  N.74. 
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and  suspended 


Toroid  :  A^:  rcctif.  Ac,  A^:  ^.U. 
Toroidal  functions  :  \1M  :  Vr.'M. 
Torse:  sex  tic  :  VIWU.:  Q.li. 

circuniscribinir  two  qnadrics  :  Me.7'2. 
depending  on  elliptic  functions:  Q.14. 
and  curve:  Q.ll;  and  splierc,  LLLL 
•Torsion:  A.ll'.t/J.^ij :  lAiil:  angle  of, 
.'»725;  r)f  involute,  'j7'j'\;  of  evo- 
lute,  hl-A. 

•  inflected,  infinite 

o7:w :  N.iV 
constant : 

•Tortuons  curves  :  .''»721  :  Ac .2  :  C.19,43. 
o8.cn()2  :  G.  <-.^.21  :  .T.lr}..^9.9;? : 
JI'.2.18:  L.:><>.tliol..02^:  M.5.19. 
th25:  Mn.H2  :  N.t^O:  Q. 

•  approximate  coordinates  of  a  point 

near  the  origin  in  terms  of  the 
arc  :  5755. 

•  circular  curvature  of :  5722  :  An.til}  : 

CD.9:  ,}.(•>«>:  JP.15,:  Q.6. 

•  locus  of  centre  of  do. :  5741,  5748 

—50. 

with  circular  and  .spherical  curvature 

in  a  con.stant  ratio  :  Fi.-M. 
cn.  upou  ruled  cubics  and  quartics  : 

LJAL 

with  coordinates  rational  functions  of 

a  jianimeter  :  ^^ 
cubic  :  J.27.Hn, :  M.20  :  7.  07 

•  d'  finitions :  5721. 
dctcrmiticd  from  relation  of 


curva- 
ture and  torsion  :  A  fto, 
cubics  :    An.5S,59  :    C.45 :    L.57 :  of 
3rd  claiis,  J.5tj;   four  tangents, 
M.l:?. 

and  developable  surfaces  :  CD. a : 
L.45  :  M  1.S 

elements  of  arc  :  N.733. 

generation  of:  ('.94 :  L.83 ;  by  two 
pencils  of  corresponding  right 
lines,  £L23. 

with  horaog.  coordinates  :  Q.3. 

the  loci  of  similar  osculating  ellip- 
soids ;  d.o  of  same :  C.78. 

with  loops :  M.18. 

with  a  max.  or  min.  property:  M^m.LL 
on  a  one-fold  hyperboloid  :  C.53. 
with  the  siimc  polar  siu-faco,   d.e : 

c.7a,. 

quadrics  :  .T-20. 

quartics:  ('.54-^ ;  Ist  species,  iL23. 
cn.  of  two  :  ('.53. 
intersection  of  quadrics  :  0.54. 
quintics  :  C 543, 58. 


radii  of  curvaiure  and  torsion  : 

T>-48  •  Mf^m.l8. 
and  right  line  method  :  5743. 
sextics,  classification  of :  LLIiL 


i739 : 


•Tortuous  curves — {eontimied) : 
singularities  of:  C.»>7  :  lA^^ 
*    spherical  curvature  :  5728, — 40, — 47: 
AJiL 

triple,  and  their  parallels  :  A.65. 
•Tractrix  :  5279 ;  area,  K.3.5. 
•Trajectory:  524<>:  Mn.so 

ot  a  displaced  line  ;  oscul.  plane,  Ac, : 
C.7Q,76. 

of  3  horaofocal  conies  :  An.64 

of  meridian  of  surface  of  revolution: 

surface  of  points  of  an  invariable 
figure  whose   displacement  is 


subject  to  4  conditions 
of  a  tortuous  curve  :  L.4:{ 
Transcendental :  arithmetic 


:  iiiL 


curves 
equations 


An.Zli :  AL2± 


C.5.59.72.94:  G.6.10 :  J. 
22:  L^:  y.55.56. 
mechanical  solution  :  CPA. 
separation  of  roots  by  "  compteurs 


logarithmiques  " :  (!.44 
without  a  root :  J.7o. 
•Transcendental    functions  ( 
"  Function.s"'):  14<»1  : 
8tb  J.3.th9.2i  > :  51 
of  ulg.  differentials  :  1-23 


[see 
AM 

T4  44. 

)0 


altio 
:  C. 


arithmetical  properties  : 
classification  of :  L.37. 
connected  with  elliptic  :  C.17. 
decompo.sition  into  factors  by  calcu- 
lus of  residues  :  LULL 
and  definite  integrals  :  P.57. 
expansion  of :  .I  -  IH. 
integral :  C. 94.95  :  G.23  :  J.98. 
reduction  of:  Mr.72. 


squares  of :  M. 


theorem  of  Sturm  :  L.3(>j. 
whose  derivatives  are  determined  by 
cubic  eqs.  ;   summation  of  the 
same  :  J.ll. 
which  result  from  the  repeated  integ- 
ration of  rational  fractions  :  J. 30. 

Transformation:  bilinear:  .iLi. 

birazionale :  QJ. ;  of  6th  deg.  in  2 

dimensions,  TiMA  5. 
contact :  M.8. 
»    of  coordinates  :  pi. 4048  ;  cb.5574— 81  : 
A.13:  A.Ofir  CM.l,:  .lAi 
Nrt3 

in  3  dimensions  :  A.13  :  Q.2  :  J.S. 
rectangular  into  elliptic  :  MilA 
Cremona's  :  M.4. 
of  curves :  L.49,50. 
of  differential  equations  :  Me.82. 
of  equations  :  A. 40  :  N.64j ;  3  vari- 
ables, G.5. 
of  a  characteristic  eij.  by  a  discri- 
minant: AilM. 
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Transformation — {cmtiyiued) : 
quadric  :  CM.2  :  Klh  : 
simultaneous:  Q.ll. 
of  figures  in  a  plane  :  AA  :  N.64,774. 
in  space  :  C.94.952.96  :  N.79,80i. 
douijle  reciprocal  by  normals  to  a 
sphere  :  C.oG. 
formulae  :  JJii. 

of  functions :  An.SQ ;  in  an  inf.  scries, 
AJL 

by  substitution  :  M<^m.Hl. 
quadric:  Q.2 ;  quadric  differential, 
J.ZiL 

{ay-hxr-^{hz-cyy2-\-{cx-azr-  : 

two  variables :  Mom.lL 
nomographic  plane  :  Ti.^l. 
ill  geometry :  C.71  :  .T.fi7  :  JP.2o. 

descriptive :  G.13  :  Z.9. 

•  linear:  582.  179-t:  CD.1.6:  : 

iMQ.84. 
groups  of :  M.  12.16. 
methods  of:  CLS2;  which  preserve 
an  invariable  relation  between 
derivatives  of  the  same  order, 
C.82:  LJsL 
which  preserve  the  lines  of  curva- 
ture :  n.92. 

•  modulus  of :  1*304. 

•  orthogonal:  584.  1799. 

for  equations  of  dynamics :  C.67. 
plane  :  ALi ;  and  in  space,  G.16. 
of  powers  into  binomial  coefficients  : 
Nq.7o. 

of  product  of  n  factors  :  An.^l. 
quadratic,  of  an  elliptic  differential : 

in  rational  space  :  An.Z2 :  LM.3. 

rectangular  :  LtiLLL 

reciprocal :  C.92:  G.l?:  N.64.82.83. 

of  rectilineal  space  coordinates  :  J.63. 

by  series  doubly  infinite  :  An.56. 

space,  for  representation  of  alg.  sur- 
faces :  MJL 

of  surfaces:         :  N.69:  Q.12. 

of  symbolic  functions  into  isotropic 
means :  C.43. 

of  tan '  ^  ^        ^  symmet.  y,  z  : 
CD.9. 

Tschimhausen's  :  An  .'iH :  P.62.65 : 
Pr.11,14. 

ext.  to  quintics  and  higher :  E.la,4 : 
J. 58}. 

•  uniraodular :  1605. 

of  variables  :  GLii :  No. 78. 
Transitive  function  :  of       quantities  : 

doubly,  of  ii  or  ti  variables  :  C.21,22. 


Transitive  function — {conHnned) ; 
reduction  to  intransitive  :  C.21. 
•Transversals:  967—74:  A.13,18,27.30. 
^  CD.5 :   CM.l:  iB^  -.^M\ 
Me.t.c68„75 :  N.43t.48  :  TE.t.c24. 
orthogonal :  AT.3. 
of  plane  alg.  curves  :  Z^lfi. 
of  two  points  :  AJitL 
parallel:  A.13.57. 

of  spherical  triangle  and  quadrangle  : 

Trees,  analytical :  AIJu 
Triads  of  once-paired  elements :  Q.9. 
♦Triangle:  TMa  A.  17, 19.22.29,33,36,43. 

cn46.61  :  LLiil  :  .L5ii:  M.gool7  : 

Me.q.c62 :  N.42,.43. 

•  angles  of :  677:  738 — :  A.65  :  P.28  : 

division,  A.51,58 :  sum,  goo960  : 
C.69.70 :  dirterouce,  ^ 

•  area :  707.  4^j36— 41 :  A.4.3.57  :  CM.2 

M^m.l3. 

•  bisectors :  of  angles  :  709.  742. 

932.  4628,-30. 

•  of  sides  :    738,  922i,  951,  4631  : 

M<?m.prlQ,13. 

•  central  line  :  95774644. 

and  circle,  ths. :  A.9,40,47,60  :  Q.7.8. 

m 

and  2  concentric  circles :  Me.85. 

of  il  intersecting  circles  :  Q.21. 
circle  and  parabola :  Q.15. 
and  conic  :  N.70. 

•  of  constant  species :  977. 

•  construction  of  :  9o0. 

•  equilateral,  sum  of  sqs.  of  distances 

of  any  point  from  its  vertices  : 
221] :  Aji9 :  gzl094. 

formed  by  joining  the  feet  of  bisec- 
tors of  a  triangle  :  A.64t. 

Gauss's  equations  for  a  plane  tri- 
angle :  A.iL 

•  notation:  4629:  E.U. 

•  orthocentre :  952,  4634. 
pedal  line  of :  Me^SiL 

•  perpendicular  bisectors  of  sides  :  713, 

4639. 

•  perpendiculars  on  sides  :  952,  4633  : 

Mem.l3.  ^ 
and  point :  Q.5. 

and  polars :  circle,  G.ll ;  conic.  Q.7. 

of  mid-points  of  sides,  t.cQ.8. 
quadrisection  of :  M(^m.9. 
rational:  A.51.56. 

•  remarkable  points  of  (see  also  "  In- 

centre,"«&c.):  955 — 9 :  A.  four,  42  ; 
two,  ^\  five,  52;  66.67 :  E.28. 
30.-tO  :  LM.  nine,  14, :  N.70.73.83  : 
Z.11,15. 

•  of  reference  in  t.c  :  4006. 
and  right  line  : 
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Triangle — {continued) : 
gcalciiity  of :  Me.6t),<>8. 
sideH  of :  bisectors  :  A. 12. 
division  of  :  A.6^{ :  N  KV 
containing  conjugate  poles  with 

re»pect  to  four  conies  :  An.62. 
cubic  eq.  for  in  terms  of  A,  B,  and 
r:  i2ll 

similar :  C.79j ;  under  3  or  i  condi- 
tions, C.7i^. 

•  solution  of  :  718,  SiiS :  A.3.51 :  J -44, : 

THIO. 
six-point  cirri''    Q  LiL 
BVm»i.  'T''  1,  proportifs  :  :  Pr.ll. 

theorem^  :    A  9,43.  l.>..)5.57.60.61 3.63. 

J.o&71.pr28;  Q.9,t.c7  andH, 

geoi,2,  and^ 
.ting  to  triangles  of  same  peri- 
meter under  four  other  condi- 
tions :  C.84. 

•Triangular :  numbers  :  282 :   EJJQ  : 

J. 69 :  L.ths63. 
prism  :  thN.42. 
pyramid:  Af,  19  ■  No.pr32. 
Tricircular  and  tetraspheric  geometry : 

An.77. 
•Trigon.  in  t.c  :  4006. 
•Trigonometry:  filXh  A.li,2,8,ll. 13,30  : 
G.13  :  f'TtM  3.'^. 
formulae  :  A .27.65  :  Me.81,gzl  :  N.77: 
gcoQ.5.10. 

•  formula? :  627700.823  :        :  N.46.80. 
functions  :    P.1796  ;    in  factorials, 

A  43 

in  binomial  factors  :  L^43x 

in  partial  fractions  and  products  : 

functions  closely  allied  to :  A.22x 
tables,  cn :  A.l,2^i«,2o. 
theorems  :  A.2.50,51  :  Q.pr7. 

on  product  of  i  sines :  Mo-ftl  - 

:Q.15.16. 

cos^  g  sini  ^  -f  2  sin  a  cos  a  sin  <f>  cos<f> 
-f-siu^  a  cos*  <^  =  0  : 

Trihedron  :  about  a  parabola,  locus 

of  vertex :  iLdi. 
and  quadric  :  N.71. 
and  tetrahedron  :  A. 57. 
Trili near  forms:  C.92,93. 
Trilinear  relation  of  piano  systems : 

•Triplicate-ratio  circle  :  4754b :  E.40.42, 
43t,44. 

Twisted  surface :  see  "  Scrolls." 
Twist  of  a  bar :  Me.80. 
•Umbilics  :  5777,  5819—23  :  IM :  JP. 
IS:  MJS: 

•  of  qua  dries:  6603;  5834:  cm 


Uuderdeterminants  of  a  symm.  deter- 
minant   {i.e.,    successive  first 

minors) :  J-91. 
Undctcrminants,  <tc.  :  A .59 


on 


UnicurHal  curves 

cubics,  ths.  re  inflexion 
quartics  :  T.M  16:  N.84 


A  .60:  C. 78.94.96 


surfaces,  transf.  of :  MJid. 
Uniform  functions  :  C.92jS 47,95,963. 
with  an  alg.  relation  :  C.91;. 
of  an  anal,  point  ^y  :  Ac.l :  C.94. 

two  points :  C.96.97. 
with  "  coupures  " :  C.96. 
with  discontinuities  :  C.94. 
doubly  periodic :  C.94. 
from  linear  substitutions  :  M. 19.20. 
with  a  line  of  singular  points,  decom- 
position into  factors  :  C.92. 
monogenons  :  Ac.4. 
in  the  neighbourhood  of  a  singular 

point:  C.89. 
of  two  independent  variables :  C.94.9o. 
•Units  of  elasticity,    electricity,  and 
heat :  p.2. 

•Vanishing  fractions  :  1582:  M  l 5:  Q.l. 
Vanishing  groups :  CD.2.3.6.7.8. 

ap.  to  qnantics  :  CD.2.3.6. 
•Variation:  7ih  QAL 

of  arbitrary  constants  :  L.38. 

•  calculus  of:  3028—91:  A.3.prs42  : 

An,52: :  C.16.50:  rD.3  :  CM.2: 
J.l 3.prl 5,41 ,54,6o,pn^74.82  :  JP. 
17^  LJIj  M.2a,lo;:  Me:prs72 : 
Mo.57  :  Xm :  Q.prlO :  and  d.e, 
LJiSand  CJiL 
history :  y.51. 

•  imracaiate  integrability  :  3090. 
and  infinitesimal  analysis  :  C.17.40. 

•  relative  max.  and  rain. :  3<}69  :  L.42. 
of  multiple  integrals  :  J.15,56,f59  : 

transformations :  J. 55;. 
two  dependent  variables  :  3051. 
two  inaependont  variables :  3175. 
integral,  of  functions  :  C.40i. 
of  parameters  :  th2714, 3243 :  y.77. 
of  second  order :  3087 :  A  .4  :  J. 55  : 

Q.14:  zjia. 

•  of  higtiTorder:  3089:  42Z: 
•Versiera  or  Witch  of  Ayn^si  :  5335. 
•Volumes :  of  solids  :  .=>871— 83  :  A. 

31.32,36  :  J .34:  N.f57.80. 
approximate :  C.95. 
of  frustums :  A .33  ;  of  conicoids, 

of  right  cylinders  and  cones  in  abso- 
lute geometry :  AJiO. 
of  surfoce  loci  of  connected  points  : 


^      d  by  Google 
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Volumes — (continued) : 
and  surfaces  by  curvilinear  coor- 
dinates :  CJjS. 
•Wallis's   formula:  2456:  A.39.gz39 : 

Waring's  identity  :  N.49,6'2  :  extMc.fir). 
Wave    surface  :    C.13.47,78,geo82,92  : 
CD.7.8:  CP^  LAL  UeM^J^ 
76.78.79  ;  N.63.82 ;  El32:  Q.2,3h 
4.5.9.1 5,aL 
asymptotes :  C.97. 
and  cone :  Q.23,26. 
cubature  of:  An. 61. 

f generation  and  on  :  0.90}. 
ines  of  curvature :  An. 59 :  C.97. 
normals  and  centres  of  curvature : 

§eoC.64. 
ICS,  geo :  0.88,. 


Wear  of  gold  coins :  E.43. 

Web  surfaces :  see  "  Net  surfaces." 

Weieratrass's    function    2n  b"  cos  a"stir 

0 

with  a  >  1  and  <  1 :  (jLlS :  J. 
63.90. 

expansion  in  powers  of  the  modulus  : 

C.82,,85.86 :  L.79,. 
•Wilson's  theorem  :  aZl :  A^  :  dLS: 
J .8.1 0.20  :  Me.83  : 
generalisation  :  J .31  :  Me.G4 :  M6\.'2  : 
N.45. 

Wronski's  methods  :  Ci»2  :  L.82.83. 
formula  of  1812  :  N.74, :  Q.thl2. 

Zotafuchsian  functions :  Ap.5. 
Zonal  conies  of  tetrazonal  qnartics  : 
Q.10. 
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